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Preface 


This book is the new edition of the original two-volume book, published in 
1994, and of its corrected second printing published in 1998. The first volume 
dealt with linearized problems, while the second one was dedicated to fully 
nonlinear problems. 

The current edition is new in many significant ways. 

In the first place, the two volumes have been merged into one. This seems 
to me a more appropriate choice that on the one hand, provides a natural logi- 
cal unity to the subject, and on the other hand, furnishes a better presentation 
of the topics. In fact, nonlinear problems cannot be addressed properly with- 
out a careful analysis of their suitable linear counterparts, and, conversely, 
linearized problems can find full justification only as approximations of the 
complete nonlinear model. 

In the second place, I have added two entirely new chapters (Chapter VIII 
and Chapter XI). The motivation for this addition comes from the increasing 
effort that mathematicians, especially over the past decade, have devoted 
to problems describing the interaction of a viscous liquid with rigid bodies. 
For this reason, I dedicated the above chapters to a systematic and updated 
analysis of a fundamental question of liquid-solid interaction, namely, the 
steady flow of a viscous liquid around a body that is allowed to translate and 
to rotate. In the years 2003 through 2010, over fifty relevant mathematical 
papers, directly or indirectly dedicated to this subject, have been published. 
Therefore, I deem it very useful for the interested researcher to have a place 
where all significant basic results are collected and treated in an organized 
and detailed fashion. 

Furthermore, several important new contributions to the field that were 
published after 1998 have led me to update numerous sections extensively, as 
well as to add other new ones, not to mention the corresponding substantial 
increase in the number of bibliographic items. Among the above contribu- 
tions, I would like to point out especially those dedicated to the regularity 
of solutions to the nonlinear problem in arbitrary dimension, as well as those 
concerning the asymptotic behavior in two-dimensional exterior domains. 


Vii 


viii Preface 


Another new feature of this edition is that most of the proofs given in 
the previous editions, not only for the main results but also for those on the 
periphery, have been clarified either through a simplification or else through 
an extended treatment. For completeness, I also have included the proofs of 
several basic theorems that were not provided in the previous editions. 

Finally, again for the reader’s sake, I have included an introductory section 
collecting the basic properties of Banach spaces and related results that are 
very often referenced in the text. 

Last, but not least, I take this opportunity to convey my warmest thanks 
to all my colleagues from whose collaboration I have benefited enormously in 
writing this new edition, and in particular to Josef Bemelmans, Paul Deuring, 
Reinhard Farwig, Mads Kyed, Anne Robertson (who is not “just” a collabo- 
rator), Ana Silvestre, Christian Simader, and Hermann Sohr. 

In conclusion, I hope that the interested scientist will enjoy this book and 
derive great benefit from reading it just as I did while writing it. 


Pittsburgh, Beechwood Blvd 
April 2011 G.P. Galdi 
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Steady-State Solutions of the Navier—Stokes 
Equations: Statement of the Problem and 
Open Questions 


O muse o alto ingegno or m’aiutate. 
O mente che scrivesti cid ch’io vidi 
qui si parra la tua nobilitate. 


DANTE, Inferno II, vv. 7-9 


Introduction 


Let us consider a viscous fluid of constant density (in short: a viscous liquid) 
£ moving within a fixed region Q of three-dimensional space R*. We shall 
assume that the generic motion of £, with respect to an inertial frame of 
reference, is described by the following system of equations: 


Ov 
sete: Ve) = Av —Vir- x,t), 
o( lu pf (x,t) (10.1) 


V-v=0, 


where ¢ is the time, « = (#1, 22,73) is a point of 2, p is the constant density 
of Liv = v(x, t) = (v1 (2, t), v2(a, t), v3(x, t)) and 7 = m(a,t) are the Eulerian 
velocity and pressure fields, respectively, and the positive constant jz is the 
shear viscosity coefficient. Moreover, 


3 
Ov 
v-Vv= x Vi—— 
i=1 
is the convective term, and 
3 
02 
A=) ae 
—i Ox 
i=1 
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a 
Ox," 0x2’ 0x3 


is the Laplace operator, while 


is the gradient operator, and 


V-v 


3 Ov; 
=i Ox; 
is the divergence of v. Finally, —f is the external force per unit mass (body 
force) acting on L. 

Equation (1.0.1), expresses the balance of linear momentum (Newton’s 
law), while (1.0.1), ensures that the velocity field is solenoidal and represents 
the equation of conservation of mass (incompressibility condition). Notice that 
in contrast to the compressible scheme, here the pressure 7 is not a thermo- 
dynamic variable; rather it represents the “reaction force” that must act on 
£ in order to leave any material volume unchanged. 

System (1.0.1) was proposed for the first time by the French engineer 
C.L.M.H. Navier in 1822, cf. Navier (1827, p. 414), on the basis of a suitable 
molecular model.! However, it was only later, by the efforts of Poisson (1831), 
de Saint Venant (1843), and mainly by the clarifying work of Stokes (1845), 
that equations (1.0.1) found a completely satisfactory justification on the ba- 
sis of the continuum mechanics approach.” Nowadays, equations (I.0.1) are 
usually referred to as Navier-Stokes equations.® In the language of modern 
rational mechanics we may say that the underlying constitutive assumption 
on the liquid £ that leads to (I.0.1) is that the dynamical part of the Cauchy 
stress tensor T is linearly related to the stretching tensor D, namely, 


T =—nI + 2uD, (1.0.2) 


' In this regard, we wish to quote the following comment of Truesdell (1953, p. 455): 


“Such models were not new, having occurred in philosophical or qualita- 
tive speculations for millennia past. Navier’s magnificent achievement was 
to put these notions into sufficiently concrete form that he could derive 
equations of motion for them.” 


? A detailed account of the history of the Navier-Stokes equations can be found in 
the beautiful paper of Darrigol (2002). 

Some authors, showing questionable semantic taste, often speak of “incompress- 
ible” and “compressible” Navier-Stokes equations. The latter definition is given 
to the generalization of (1.0.1), that takes into account the variation of the density 
in space and time. Besides the awkward nomenclature, it should be observed, for 
the sake of precision, that C.L.M.H. Navier never obtained such a generalization 
and that it was derived for the first time by S.D. Poisson in 1829 (Poisson 1831), 
and later clarified on a sound and clear phenomenological basis by G.G. Stokes 
(Stokes 1845). 
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where J is the identity matrix and D = {Dj;} with 


1 (Ou, Ov; 


Liquids satisfying the constitutive equation (1.0.2) are also called Newtonian 
liquids.4 

In several mathematical questions related to the unique solvability of prob- 
lem (1.0.1), two-dimensional solutions describing the plane motions of L de- 
serve separate attention. For these solutions the fields v and p depend only on 
2X1, £2 (say), and t, and, moreover, v3 = 0. Consequently, the relevant (spatial) 
region of flow 2 becomes a subset of the plane R?. 


Till a few decades ago (early 1930s), there was unanimous opinion that the 
Navier-Stokes equations were useful (in agreement with the experiments, that 
is) only at “low”-velocity regimes. It is also thanks to the efforts of outstanding 
mathematicians such as Jean Leray, Eberhard Hopf, Olga Ladyzhenskaya, and 
Robert Finn that they are nowadays regarded as the universal foundation of 
fluid mechanics, no matter how complicated and unpredictable the behavior of 
its solutions may be. In fact, when we struggle to give an answer to a “simply” 
formulated problem, we never know whether it is because of lack of sufficient 
mathematical knowledge or because of some hidden physical phenomenon. 
In any case, there is a firm belief in the mathematical community that these 
equations hide many mysteries and secrets that are still far beyond our current 
reach. 


When dealing with equations (1.0.1), the primary goal is to study such 
significant and basic properties of solutions v, 7 as existence, uniqueness, and 
regularity, and asymptotic behavior in space (when 2 is unbounded) and in 
time.° Of course, these properties may be rather different according to whether 


* Roughly speaking, the relation (I.0.2) states that the shear stress in a viscous liq- 
uid produces a gradient of velocity that is proportional to the stress. In Newton’s 
words: “Resistentiam, que oritur ex defectu lubricitatis partium Fluidi, czeteris 
paribus, proportionalem esse velocitati, qua partes Fluidi separantur ab invicem” 
(“The resistance, arising from the want of lubricity in the parts of a fluid is, c@- 
teris paribus, proportional to the velocity with which the parts of the fluid are 
separated from each other”); see Newton (1686, Book 2, Sect. IX, p. 373). 

We wish to observe that with a view to solving the above-mentioned questions, 
the Navier-Stokes equations can be considered the mathematical prototype of 
more complicated models that can be used to take into account other than 
purely mechanical phenomena of the liquid, such as thermal conduction in the 
Boussinesq approximation or electrical conduction in the nonrelativistic (incom- 
pressible) magnetohydrodynamic scheme. In fact, for these more general systems, 
one can prove results that are qualitatively analogous to those achieved for the 
simpler system (1.0.1) and that present for their proof approximately the same 
degree of difficulty one encounters for (1.0.1). However, the situation becomes 
completely different, and, in principle, more complicated, if the liquid is modeled 


oa 
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we are interested in steady or unsteady flows of £, that is, according to whether 
the velocity and pressure fields depend or do not depend explicitly on time. 


Throughout this book we shall consider steady motions, for which system 
(1.0.1), with 0v/Ot = 0 and f = f(x), takes the form 


vAv=v-Vuv+Vopt+f, 


1.0.4 
V-v=0, ( ) 


where p = 7/p, and v = p/p is the kinematic viscosity coefficient. We shall 
continue to call p “the pressure” (or “the pressure field”) of the liquid L. 

In order to perform our study, however, we need to add to (1.0.4) appropri- 
ate supplementary conditions that may depend on the physics of the problem 
we want to address, which, in turn, can be broadly characterized in terms of 
the type of region {2 where the flow occurs. To this end, we shall distinguish 
the following cases: 


(i) 2 is bounded; 
(ii) Q is the complement of a bounded region (in short: 2 is an exterior 
region). 


In both circumstances (2 has a bounded boundary. However, it is also of 
great relevance to study flow in regions with an unbounded boundary, such as 
infinite tubes or pipes. Therefore, we shall also consider the following situation: 


(iii) Q has an unbounded boundary. 


In all three cases (i), (ii), and (iii), the associated mathematical problems 
present several difficulties and basic open questions. The aim of the following 
sections is, for each case, to formulate these problems, to outline the related 
difficulties, and to point out those fundamental questions that still have no 
answer. 


I.1 Flow in Bounded Regions 


Usually, for flow in bounded regions, the driving mechanism is due either to 
the movement of part of the boundary, as in the flow between two rotating, 
concentric spheres, or to the injection and removal of liquid through the per- 
meable part of the boundary, as in the case of a flow in a region with a finite 
number of “sources” and “sinks.” In such situations, we append to (1.0.4) the 
following condition: 


v(y) =v.(y), ye OQ, (1.1.1) 


by a constitutive equation different from (1.0.2). These latter liquids are called 
non-Newtonian. We refer the reader to the Notes at the end of this chapter, for 
the basic mathematical literature related to certain relevant non-Newtonian liquid 
models. 
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that describes the situation in which the velocity field is prescribed at the 
bounding walls 02 of the region 2.° 

It is worth noticing that in particular, condition (I.1.1), often referred 
to as a no-slip boundary condition, requires that the particles of the liquid 
“adhere” to the boundary 02 in the case that OQ is motionless, rigid, and 
impermeable (v, = 0). This fact appears to be verified within a very good 
degree of experimental accuracy.’ 

Because of the solenoidality condition (1.0.4)2, and in view of Gauss the- 
orem, it turns out that the field v, must satisfy the compatibility condition: 


| v.:-n=0 (1.1.2) 
OQ 


with n unit outer normal to 02. From the physical viewpoint, relation (1.1.2) 
requires that the total mass flux through the boundary must vanish. If 02 is 
constituted by the union of m > 1 closed non-intersecting surfaces I\,..., Lm, 
condition (1.1.2) becomes 


m 


eA 0, iy = Se =0 (1.1.3) 
i=l é i=1 


with n; unit outer normal to J;. 

The problem of proving or disproving existence of solutions to (1.0.4), 
(1.1.1), and (1.1.2) under no restrictions on v, (other than (1.1.2) and, of 
course, certain regularity requirements) and on the number m of surfaces I; 
is among the most outstanding and still open questions, not only in the steady- 
state case but in the whole mathematical theory of Navier-Stokes equations. 


° Instead of (1.1.1), one may consider different boundary conditions. A popular 
alternative is the so-called stress-free (or pure slip) boundary condition, which 
consists in prescribing the normal component of the velocity and the tangential 
component of the stress vector at the boundary. This type of condition is often 
used in stability problems, since it considerably simplifies the calculations (Chan- 
drasekhar 1981). Throughout this book we shall always assume condition (1.1.1) 
at the bounding walls. We refer the reader to the literature quoted in the Notes 
at the end of this chapter for other work related to the Navier-Stokes equations 
with boundary conditions different from (1.1.1). 
The adherence condition is quite reasonable, at least for liquids filling rigid ves- 
sels under ordinary conditions (Perucca 1963, Vol. I, p. 451). However, such a 
condition need not be satisfied in different situations. For instance, assuming ad- 
herence at the contact line I’ of a free surface of a liquid with a rigid plane wall 
steadily moving along itself would lead to an infinite dissipation rate of the liquid 
near I’ (Pukhnacev & Solonnikov 1982, pp. 961-962). Furthermore, the adher- 
ence condition is not expected to hold for fluids other than liquids. In particular, 
experimental evidence shows that in high-altitude aerodynamics an adherence 
condition is no longer true (Serrin 1959b, §64); see also Bateman, Dryden, & 
Murnaghan (1932; §§1.2, 1.7, 3.2), and Truesdell (1952, §79). 
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Actually, so far, one can prove its solvability only when the fluxes &; through 
Ij; satisfy, in addition to (1.1.3), a condition of the type 


S "|| < cv, (1.1.4) 
t=1 


where c depends only on 92. Notice that in view of (1.1.2) and (1.1.3), inequality 
(1.1.4) is automatically satisfied if m = 1; otherwise, it becomes an extra 
requirement. 

It is not clear whether the above restriction is really needed. This is a typ- 
ical example, which we mentioned previously, where we do not know whether 
the fact that we are unable to give an answer is due to a lack of a sufficient 
mathematical knowledge or to a “hidden” physical phenomenon that we are 
not able to see. The mathematician often experiences similar situations while 
studying the Navier-Stokes equations, and probably, it is just for this reason 
that these equations are so particularly fascinating. 

Referring the reader to Chapter IX for a detailed analysis of the question, 
here we may wish to briefly explain why it may be difficult to avoid restriction 
(1.1.4). The resolution of (1.0.4), (I.1.1), and (1.1.2) relies, usually, on some 
approximating procedure whose convergence requires a uniform a priori bound 
on the approximating solutions. If v, = 0, following the ideas of Leray (1933, 
1936), this bound can be simply obtained by the following formal computation. 
We dot-multiply through both sides of (1.0.4), by v and use the known identity 


V-(pw)=w-Vetyev-w 


together with (1.0.4), to obtain® 
—VVv:Vu+V: Cau —pv- 50) =f-v. 


Integrating this expression over (2 and taking into account v = v, = 0 at 0”, 


8 For A = {A;;} and B = {Bj;} second-order tensors in the n-dimensional Eu- 
clidean space R” we set, as is customary, 


A:B= Ss Ajj Bis, |A| = (32 asa) 2 
i,j=l1 ijl 
Moreover, if a is a vector of R", by the symbols 


a:-A and A-a 


we mean vectors with components 


n n 
> ai Aij and > aj Aij, 
i=l i=l 


respectively. 
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we deduce? 


vy | Vou:Vou=—] f-v. (1.1.5) 
Q Q 


By the well-known inequality (see (II.5.1)1°) 


| wv <1f Vu: Vu, (1.1.6) 
2 Q 


where y depends on (2, from (1.1.5) and the Schwarz inequality we obtain 


Vu: Vu<./ f, in 
Q VIQ 


which (formally) furnishes the a priori bound for v when v, = 0. When v, F 0, 
again following the ideas of Leray (1933) and Hopf (1941, 1957), one writes 14 


v=ut+V, (1.1.8) 


where V is a (sufficiently smooth) solenoidal vector field in 2 that equals v, 
at 092. Placing (1.1.8) into (1.0.4), and proceeding as before, we arrive at the 
following identity: 


vf Vu: Vu=- [ (u-VV-u+V-VV-ut+vVV: Vutf-u), (1.1.9) 
Q 2 


which generalizes (1.1.6) to the case v, 4 0. By use of the Schwarz inequality 
and (1.1.6), it is easily seen that the last three terms on the right-hand side 
of (1.1.9) can be increased, for instance, as follows: 


1/2 1/2 
lV-VV-u < yisup|vi (| vv: vv) ( Vu: Vu) 7 
Q Q Q Q 


1/2 1/2 
vf Iv vu <v( viv) ( vu: Vu) , 
Q Q Q 


1/2 1/2 
|f-u <7 #) ( Vu: Vu) . 
Q Q Q 


Placing these inequalities back into (1.1.9), we obtain 


1/2 
yf vu:vus—fuvw-u+e( Vu: Vu) ; (1.1.10) 
Q Q Q 


° Unless their use clarifies the context, the infinitesimal volume and surface elements 
in the integrals will generally be omitted. 

10 That is, the first display in Section 5 of Chapter II. 

" For another approach, again due to Leray, we refer the reader to the Notes for 
Chapter IX. 
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with C depending only on 2, V (i.e., v.), and f. Therefore, in order to obtain 
a bound depending only on the data for the quantity 


Vu: Vu, 
2 


or, what amounts to the same thing, for 


Vu: Vv, 
2 


it is sufficient to prove the following one-sided inequality: 


-| u-VV-u<k] Vu: Vu, (1.1.11) 
Q Q 


with some constant & (depending on V and 2) such that 
k<v, (1.1.12) 


and for all smooth solenoidal vector fields w vanishing at 02. Of course, if we 
do not want to impose restrictions on v, we should be able to prove that for 
any k > 0 there exists a solenoidal field V = V(x;k) assuming the value v, 
at O02 and satisfying (1.1.11) for all the above specified vectors u . However, 
Takeshita (1993) and, more recently, Heywood (2010) showed by means of 
counterexamples that in general, the latter property does not hold if 02 is 
composed by more than one surface I, and consequently, if one follows in 
such a case the method of Leray—Hopf, one must impose some restrictions 
on v or, equivalently, on v,. To date, the best one can show, in general,!? is 
that (1.1.11) and (1.1.12) are certainly satisfied, provided the fluxes ®; satisfy 
the restriction (1.1.4). As already observed, (1.1.4) becomes redundant if the 
number of surfaces I’; reduces to one.!3 


1.2 Flow in Exterior Regions 


The most significant physical problem that motivates this type of study is the 
motion of a rigid body 6 through a viscous liquid. Such a problem originates 


12 Tn some special cases of plane flow, one can remove the extra condition (1.1.4); 
see the Notes to Chapter IX. 

13 Tt is interesting to observe that for a certain class of non-Newtonian liquids, where 
the shear viscosity coefficient 44 depends in a monotonically increasing way on the 
magnitude of the stretching tensor |D|, the corresponding steady-state problem 
in the bounded domain 2 can be solved under the sole compatibility condition 
(1.1.2); see the Notes at the end of this chapter. 
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with the pioneering work of G.G. Stokes (1851) on the effect of internal friction 
on the movement of a pendulum in a liquid. 

Usually, the influence on the motion of 6 of the boundary walls of the 
container of the liquid £ can be safely disregarded, and this leads to the 
mathematical (simplifying, in principle) assumption that £ fills the whole 
space region {2 complementary to 6, and that it is at rest at spatial infinity. 
Hence, 92 becomes an exterior region. 

Another classical problem that can be formulated as an exterior problem 
is the flow past an obstacle, where the center of mass of B is held in place by 
appropriate forces and the liquid flows past 6 tending to a uniform velocity 
field at large distances from B (as in a wind tunnel). 

In the above situations, it is convenient to describe the motion of the 
liquid from a frame of reference S attached to B. This is because the region 
occupied by the liquid then becomes time-independent. However, since, in 
general, 6 may rotate, the frame S is no longer inertial, and consequently, 
we have to modify the original equations (1.0.1) accordingly, in order to take 
into account the fictitious forces. Assuming that the angular velocity, w, of 
B with respect to the initial frame is constant in time (a case of particular 
interest in many applications), this amounts to adding, on the right-hand side 
of (1.0.4)i, the term 2w x v representing the Coriolis force (per unit mass), 
while the centrifugal force (per unit mass), w x (w x a), can be formally 
absorbed in the pressure term. Equations (1.0.1) then modify to the following 
ones (see, e.g., Batchelor 1999, pp. 139-140, or Galdi 2002, §1): 


UD ger he Dee a: 
Ot (1.2.1) 


V-v=0, 


where now v has to be interpreted as the velocity of the particles of £ relative 
to S, and we have still denoted by p the original pressure field modified by 
the addition of the term —$(w x x)”. The steady-state counterpart of (1.2.1) 


thus becomes 
vAv =v-Vvu+2wxv—Vp+f, 
(1.2.2) 
V-v=0. 


These equations must be endowed with a condition on v at the bounding 


walls 09 and at infinity. For the former, we will adopt (I.1.1), whereas the 
latter will be taken to be of the form 


| _ (v(x) + Voo(x)) = 0, (1.2.3) 
with vx = v9 +w x x, and vg a constant vector. A most significant situation 
described by the problem (I.2.2)—(I.2.3), is that of a rigid body moving with 
constant angular velocity w in a liquid that is quiescent at large distances. In 
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such a case, the vector vo can be viewed as the velocity of the center of mass 
of B with respect to S, assumed to be a constant.!4:15 

The problem just described is formulated for three-dimensional motions. 
However, it also has a very significant counterpart in the case of plane motions 
of £. Specifically, assuming that the relevant region of motion is located in 
the plane IT, we have that the vector vo is prescribed parallel to IT, while w 
is orthogonal to it. A classic example of such flows is furnished by the motion 
of £ past a fixed long and straight cylinder C, of cross-section S, and axis a 
assuming that the velocity field v tends to a given constant at large distances 
from C. In a region of flow sufficiently far from the two ends of C and including 
C, one can assume that v is independent of the coordinate parallel to a and, 
moreover, that there is no motion in the direction of a. The plane JZ is thus 
orthogonal to a, while 2 becomes the region of IT exterior to S. 


The study of problem (1.2.2), (1.1.1), (1.2.3) and the description of the 
corresponding known results is tightly related to whether we consider three- or 
two-dimensional flow. Therefore, we shall analyze these two cases separately. 


1.2.1 Three-Dimensional Flow 


The cases w = O and w ¥ O will be referred to as the irrotational and 
rotational cases, respectively. 


Irrotational Case. In this situation, problem (1.2.2), (1.1.1), (1.2.3) reduces 


to 
vAv=v-Vvu4+Vp+f 
inf, 


V-v=0 


(1.2.4) 
v=v, at on, 


lim v(x) = —vo. 
|x|—+0o 
As in the case of a bounded region of flow, the first fundamental contri- 
bution to the existence problem was given by Leray (1933), who showed that 


' Tt is worth noticing that even though the velocity of the center of mass G is 
constant in S, it can be time-dependent in an inertial frame Z. In fact, denoting 
by 7 the velocity of G with respect to Z, we find that vo is constant in S if and 
only if dn/dt = w x n, that is, if and only if G moves, in Z, with constant speed 
along a circular helix whose axis is parallel to w. However, the components of 7 
and vo along w must coincide, that is, 7-w = vo-w. Thus, in particular, the 
velocity of G will be constant also in Z if and only if it is parallel to w (in which 
case 7 = Uo), and the helix degenerates into a straight line. On the other hand, 
if 7 is orthogonal to w (or, equivalently, vo is orthogonal to w), the helix will 
degenerate into a circle lying in a plane orthogonal to w, which means that the 
motion of the body reduces to a constant rotation around an axis not necessarily 
passing through G. Further details can be found, e.g., in Galdi (2002, §1). 

' For other interesting (unsolved) exterior problems, we refer the reader to the 
Notes at the end of this chapter. 
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an a priori estimate of the type (1.1.7) suffices to ensure the convergence of a 
suitable approximating procedure to a regular solution to (I.2.4);!° see Chap- 
ter X. However, the outstanding problem Leray left out was the investigation 
of the asymptotic behavior at large distances of such solutions. This question 
is of primary importance since, as is easily realized, it is intimately related 
to the physical properties that any solution that deserves this name should 
possess. For example, solutions must satisfy the energy equation 


2v [ Deo : D(v) a [(v. + vo): T(v,p) — 5(v« + v0)?v%] > oe 
+ f : (wv + Vo) _ 0, 
2 


with D and T stretching and stress tensors (1.0.2), which represents the bal- 
ance between the power of the work of external force, the power of the work 
done on the “bodies” represented by the connected components of R* — Q, 
and the energy dissipated by the viscosity. Also, if f,v., and vo are “suffi- 
ciently small” with respect to the viscosity v,!" the corresponding solutions 
are expected to be unique. In addition, in the case when vp 4 0, the flow 
must exhibit an infinite wake extending in the direction opposite to vo, and 
the order of convergence of v to —vo has to be rather different according 
to whether it is calculated inside or outside the wake. Finally, in conformity 
with the boundary layer concept, the flow is expected to be potential outside 
a small neighborhood of the bodies and of the wake, which means that the 
vorticity should decay sufficiently fast at large distances and outside the wake. 

If vo A O, the above questions found a definitive answer through the 
fundamental work of R. Finn, K.I. Babenko, and their co-workers during the 
years 1959-1973. In particular, using the results of Finn, Babenko has shown 
that the solution constructed by Leray admits an asymptotic development 
at infinity in which the dominant term is a solution to the corresponding 
linearized equations, which, for v9 4 0, are the Oseen equations; see also 
Galdi (1992b), Farwig & Sohr (1998). Therefore, Leray’s solution behaves at 
infinity in such a way as to ensure the validity of all the above-mentioned 
properties; see Chapter X. 

If vo = O, the picture is much less clear: the methods adopted by the above 
authors generally do not work. Nevertheless, by means of completely different 
tools, and following the approach given by Galdi (1992c), one can show that 
conclusions somewhat analogous to the case vp 4 O can be drawn also when 


'® As a matter of fact, Leray proved (1.2.4)4 only for vo = 0, while for vo # 0 he 
proved only that v tends to vo in a weaker sense. (As Leray himself noted, his 
proof for vo = 0 fails if vo 4 0.) The validity of (1.2.4)4 when vo 4 0 was shown, 
independently, by Finn (1959a) and by Ladyzhenskaya (1969, Chapter 5 Theorem 
8 and p. 206). 

7 More precisely, if a suitable nondimensional (Reynolds) number depending on v., 
f,v, and 2 is “sufficiently small.” 
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vg = O, provided, however, that v. and f are not too large compared to 
v.18 Specifically, under the stated restrictions on the data, the solution con- 
structed by Leray admits an asymptotic development at large spatial distances 
whose dominant term behaves like the solution of the corresponding linearized 
equations that, for vp = 0, are the Stokes equations. However, as shown by 
Deuring & Galdi (2000), the dominant term in this expansion cannot be a 
solution to the corresponding Stokes equations. In fact, more recent results 
due to Korolev & Sverdk (2007, 2011) establish that the leading term in the 
asymptotic expansion coincides with a suitable exact, singular solution of the 
full nonlinear problem obtained by Landau (1944); see Chapter X. 

Thus, if v = 0, several basic questions remain open, among others the 
following: 


(i) Given v, and f, no matter how smooth but of unrestricted size, do there 
exist corresponding solutions satisfying the energy equation? 

(ii) Do these solutions, if they exist at all, admit a suitable asymptotic ex- 
pansion for large |x| whose leading term is the corresponding Landau 
solution? 


It is quite clear that in order to answer these questions, one has to employ 
ideas and methods that go well beyond the simple perturbative analysis, by 
which the “small” data results referred above are obtained. 

Another puzzling question that arises in the case v9 = 0 is the following 
Liouville-like problem. Consider 


vAv=v-Vvu+Vp 
in R3, 


Viv=e (1.2.6) 
lim v(z) =0, Vu: Vu<o. 
|z|—00 R3 


As will be shown later on, in Chapter X, all possible solutions (v, p) to (1.2.6) 
are infinitely differentiable, and moreover, all derivatives of v and Vp tend to 
zero as |x| — oo. Of course, the null solution v = Vp = 0 is a solution to 
(1.2.6). The question is this: 


(iii) Is the null solution the only (smooth) solution to (1.2.6)? 


In connection with this problem, it is worth emphasizing the following facts. 
In the first place, if the homogeneous condition at infinity is replaced by 
lim),|00 U(@) = Vo, for some nonzero vo, then one can show that the only 
solution is v(x) = vo, Vp(x) = 0, for all x € R°; see Chapter X. In the 
second place, the n-dimensional counterpart of this question, i.e., obtained by 
replacing, in (1.2.6), R°? with the n-dimensional Euclidean space R", n > 2 
and n # 3, admits a positive answer, so that only the case n = 3 remains 
open; see Chapter X and Chapter XII. 


18 See footnote 17. 
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We shall finally describe another interesting question that might deserve 
an appropriate investigation. For the existence of Leray’s solution it is not 
required that the total mass flux through OW), i.e., 


P= | Ve N, (1.2.7) 
aQ 


satisfy the vanishing condition (1.1.2). For, unlike the case of flow in a bounded 
region, (1.1.2) is no longer a priori a compatibility condition. This latter fact 
can be explained as follows. By the incompressibility condition (I.0.4)2, the 
flux & is equal to the flux pz of v through the surface Sp of a ball of radius R 
surrounding the bodies 6;. Since the behavior of the velocity field v at large 
distances is expected to be, in general, like |z|~!,®p need not vanish as R 
tends to infinity, and so @ need not be zero a priori. However, to date, one is 
able to prove existence only if @ is sufficiently small with respect to v. Thus: 


(iv) Is it possible to prove existence for arbitrarily large values of ®? 


Rotational Case. As probably expected, the rotational case presents further 
and new challenges, and, consequently, more unresolved issues, if compared to 
the irrotational case. To describe these latter, we begin by observing that, as 
shown in Chapter VIII and Chapter XI, after a suitable change of coordinates 
(Mozzi—Chasles transformation) problem (1.2.2), (1.1.1), and (1.2.3) with w Z 
0 is formally equivalent to the following one: 


vAu = (u—-Aw-wxa)-Vut+wxutVpt+f 
in Ql, 
V-u=0 


U= Vet Voo = Ux at OD, (1.2.8) 


lim u(x) =0, 
|a|—00 
where wu := U+ Uo, A:= U9: w/|w)?, p is the “original” pressure field and Q 
is a suitable exterior region. 

The characteristic feature of problem (1.2.8) is that the term w x «-Vu 
has a coefficient that becomes unbounded at large distances. Therefore, the 
rotational case cannot be viewed as a perturbation of the irrotational case. 

Despite this difficulty, one can show with relative ease that for data of 
arbitrary “size” (in appropriate function classes), problem (1.2.8) has at least 
one solution. As in the cases previously described, the proof of such a result, 
originally due to Leray (1933, Chapter IIT),? is based on the fact that (1.2.8) 
admits the following formal a priori estimate 


| Vu: Vu<M, (1.2.9) 
Q 


'9 Tn his 1933 memoir, Leray proved (I.2.8)4 only in a certain weak sense. The first 
proof of (1.2.8)4 is due to Galdi (2002, Theorem 4.6). 
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where M is a positive constant depending on the data, Leray (1933, §17); 
see also Borchers (1992, Korollar 4.1) and Chapter XI. In analogy with the 
case w = O (and the case of a bounded domain as well), solutions to (1.2.8) 
satisfying (1.2.9) will be called Leray solutions. Such solutions can be shown 
to possess as much regularity as allowed by the data, so that the next and 
crucial question is whether they exhibit all fundamental properties expected 
on physical grounds, already described in the previous section for the case 
w = 0. To date, the answer to this question depends on whether vg - w 4 0 
or Uo: w = 0 (namely, 4 4 0 or A = 0). 

If v9-w 4 0, Galdi & Kyed (2011a) have proved that the velocity field (re- 
spectively, its gradient) of every Leray solution corresponding to f of bounded 
support is pointwise bounded above, at large distances, by a function that be- 
haves like the solution (respectively, its gradient) to the (linearized) Oseen 
equations. In particular, it exhibits a wake region extending in the direction 
opposite to w if v9 -w > 0, and along w otherwise, satisfies the energy equa- 
tion and is unique, in the class of Leray solutions, for sufficiently “small” data. 
However, the investigation of Galdi & Kyed leaves unanswered the following 
important question: 


(v) Do Leray solutions admit an asymptotic expansion for large |x| whose 
leading term is a solution to the Oseen equations? 


If vg -w =0, the physical properties of the solution originally constructed 
by Leray are known to hold, to date, only for “small” data. In particular Galdi 
& Kyed (2010) have shown that under these assumptions, the velocity field 
and its gradient are bounded above, at large distances, by the corresponding 
quantities of a function that behaves like a solution to the Stokes equations. 
One significant property that follows from this result is that Leray solutions 
satisfy the energy equation, but for “small” data only. Therefore, question (i) 
listed previously for the case w = 0 continues to be a significant open question 
in the case w #0 as well. However, on the bright side, and in contrast to the 
case Up: w #0, one is able to furnish a detailed asymptotic expansion of the 
velocity field and of its derivatives for large |x|, but again, for small data. In 
fact, under these circumstances, Farwig & Hishida (2009) and Farwig, Galdi, 
& Kyed (2010) have shown that, as in the case w = 0, the leading term of 
the expansion is a suitable Landau solution. Consequently, question (ii) listed 
previously for the case w = 0 is a significant open question also in the case 
wA#0. 


1.2.2 Plane Flow 


The results and open questions considered so far refer to three-dimensional 
solutions of the problem described by (1.0.4), (1.1.1), and (1.2.3). The two- 
dimensional solutions representing plane motions of £, deserve separate con- 
sideration. As is well known, for these solutions the fields v and p depend 
only on 2, x2 (say) and, moreover, v3 = 0. Therefore, the relevant region for 
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a description of the motion becomes a two-dimensional one. We shall restrict 
ourselves to the case Vo(7) = vo, that is, w = 0.7 

Again, the first contribution to the resolution of the existence problem of 
plane flow in an exterior region is due to Leray (1933). Given f and v,, with 
v, satisfying condition (1.1.2), he proved the existence of a regular pair v,p 
satisfying (1.0.4) and (1.1.1). However, in contrast to the three-dimensional 
case, Leray was unable to show whether the velocity field v satisfies condition 
(1.2.3). This is because the only information available on the behavior of v at 
large distances is the finiteness of the Dirichlet integral: 


Vu: Vu<o. (1.2.10) 
Q 


Condition (1.2.10) alone does not even ensure that v remains bounded at large 
spatial distances.2! The question left open by Leray has been reconsidered, 
more than forty years later, by several authors (Gilbarg and Weinberger 1974, 
1978; Amick 1986, 1988; Galdi 2004); see also Chapter XII. One of the main 
results found by these authors is that if v,p is the solution constructed by 
Leray, or if v, p is any (regular) solution to (1.0.4) corresponding to v, = f = 
0, with v satisfying (1.2.10), then there exists a vector v to which v converges 
uniformly pointwise; also, the pressure field tends pointwise and uniformly at 
infinity to some constant. Notice that in general, no information is available 
about v. In principle, v can be zero even though v. #4 0. The fundamental 
question that still needs an answer is then 


(vi) Does the vector v coincide with Vso? 
A somewhat related question is 
(vii) Ifv 40, does v tend pointwise to 0??? 


Another question that naturally arises is that of the order of decay of v at 
infinity. Here one may expect that if v satisfies (1.2.10) and tends uniformly 
pointwise to some limit v, then v can be represented asymptotically by an 
expansion in “reasonable” functions of r = || with coefficients independent 
of r. However, if v = 0, not every such solution can be represented in this way, 


20 In this regard, it is worth noticing that to date, the case w ¥ O is virtually 
untouched. See also the Notes at the end of this chapter. 
21 Take, for instance, 2 the exterior of the unit circle, and 


v(x) = log® |z|, 0< a < 1/2. 


Clearly, v vanishes at 02, has a finite Dirichlet integral, and becomes unbounded 
for large |x|. 

? Concerning this question, it should be observed that under suitable conditions 
on the symmetry of the flow, it admits a positive answer; see Amick (1988) and 
Chapter XII. Unfortunately, the proof of the result reported in Galdi (2004, The- 
orem 3.4) is not correct. 
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for one can exhibit examples of solutions that satisfy (1.2.10) and decay more 
slowly than any negative power of r (see Hamel 1916 and cf. also Chapter 
XII). It is interesting to remark that for these solutions the flux ® defined 
in (1.2.7) is not zero. Nevertheless, it should be observed that if v(x) tends 
uniformly pointwise to v 4 0, and satisfies (1.2.10), Sazonov (1999) has shown, 
with the help of the results of Smith (1965), that v admits such an expansion, 
where the leading term is a solution to the (linearized) Oseen equations; see 
Chapter XII. This property can be considered the analogue of that established 
by Babenko for the three-dimensional case. 
In view of what we said, the following question deserves attention: 


(viii) Is it possible to characterize the behavior, in a neighborhood of infinity, 
of a solution v satisfying (1.2.10) and tending uniformly to v = 0? 


The most important feature of Leray’s solution is that it is global in the 
sense that it does not require restrictions on the size of the data. On the 
other hand, by what we have seen, one does not know, to date, whether 
such a solution satisfies condition (I.2.3).?? Thus, we may wonder whether, 
using a different construction, we could prove existence in the full problem 
(1.0.4), (1.1.1), and (1.1.2) at least in the small, that is, by imposing suitable 
restrictions on the size of the data. Here again, we have to distinguish between 
the cases vx #0 and v~ = 0. In the former case, the answer is positive and 
is due to Finn and Smith (1967b) and Galdi (1993); see also Chapter XI. 
If, however, v4, = 0, no result is available. So we are led to formulate the 
following questions: 


(ix) Does existence in problem (1.0.4), (1.1.1), and (1.1.2) with v. = 0 hold, 
even for small data f and v, ? 

(x) Can the solution of Finn and Smith be related to that of Leray with the 
same data??* 


My conjecture is that for generic data, the answer to (ix) is negative. This 
view is reinforced by the fact that the analogous problem for the linear case, 
obtained by formally suppressing the term v - Vv in (1.0.4), admits an affir- 
mative answer if and only if the data satisfy a finite number of compatibility 
conditions, or in other words, the space of the data has finite codimension; see 
Section 7 in Chapter V. (For an analogous situation in the three-simensional 
case, see Galdi 2009.) 

Question (x) can be framed within the more general problem of the unique- 
ness of two-dimensional solutions. In this regard it should be pointed out that 
such a subject is still essentially obscure and that no significant result is avail- 
able, with the exception of that of Finn and Smith (1967b) and Galdi (1993), 


23 For this reason, in dimension two, the Leray solution strictly speaking should not 
be called a “solution” to the steady-state exterior problem. 

4 See the previous footnote. It should be observed that the solution of Finn and 
Smith has a bounded Dirichlet integral. 
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which concern a somewhat restricted class of solutions; see Chapter XII.?° 
The main reason for the lack of results is that the traditional methods usually 
employed to test the uniqueness of solutions of Navier-Stokes equations abso- 
lutely do not work in such a case. Perhaps the introduction of genuinely new 
tools to attack uniqueness will open new avenues to a better understanding 
of the entire problem of plane flow. 

All the above considerations raise the question of whether the classical 
two-dimensional exterior problem with v.. 4 0 is indeed solvable for data of 
“arbitrary size.” This question has been analyzed by Galdi (1999b). In that 
paper it is assumed that v. = f = 0, v~ 4 O, and that R?-— 2 F O is 
sufficiently smooth, and symmetric around v., and it is shown that if there 
is U such that (1.2.4), with the above data and vp = vo, has no solution for 
all |v5.| > 0, then the homogeneous problem 


Au =u:-Vu+Vr 
inf, 


V-u=0 


| ae u(x) =O uniformly pointwise , 
x|—0o 


with w satisfying (1.2.9), must have at least one nonzero smooth solution 
(u, 7) that is also symmetric (in a well defined sense) around v.. Although 
at first glance, this possibility seems to be easily ruled out, a mathemati- 
cal proof showing that problem (1.2.11) admits only the zero solution is not 
yet available, and it is probably far from being obvious. We thus have the 
following: 


(xi) Is u= Vr =0 the only solution to (1.2.11) in the specified class? 


It is worth emphasizing that the possibility that (1.2.11) may admit a 
nonzero smooth solution is very questionable on physical grounds, and the 
occurrence of such a situation would cast serious doubt on the meaning of the 
two-dimensional assumption. 


1.3 Flow in Regions with Unbounded Boundaries 


Even though some basic issues were formulated quite long ago, a systematic 
study of flow in region with unbounded boundaries began only more recently, 
in the period 1976-1978, through the fundamental work of J.G. Heywood, 
C.J. Amick, O.A. Ladyzhenskaya, and V.A. Solonnikov. Therefore, it is not 


25 Tn fact, the uniqueness results given by these authors are of such a “local” type 
that it is not known whether the solution of Finn & Smith coincides with that of 
Galdi. 
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surprising that several basic questions are still far from being answered. Here, 
we wish to mention a few of them. 

It might be surprising that we don’t find any direct contribution of Jean 
Leray to the subject; however, one of the main questions still open seems to 
be in fact due to him (Ladyzhenskaya 1959b, p. 77, 1959c, p. 551). Let us 
describe this problem. Let 2 be a “distorted tube” of R” (n = 2,3) with two 
semi-infinite cylindrical ends (strips, for n = 2),7° i-e., 


a) (1.3.1) 


where (2) is a smooth bounded subset of 2, while 2;,7 = 1,2, are disjoint 
regions that, in possibly different coordinate systems (depending on (2;, 1 = 
1,2), reduce to straight cylinders (strips, for n = 2), that is, 


2; = {x ER": 2, > 0, z= (a1, ols AC) E di}, (1.3.2) 


with ©; bounded and simply connected regions in R"~!. Denoting by Y’ any 
bounded intersection of 2 with a plane, which in 2; reduces to X;, and by n 
a unit vector orthogonal to 2’, oriented from 2; toward {22 (say) owing to the 
incompressibility of the liquid and assuming that v vanishes at the boundary, 
we at once deduce that the flux @ of v through » is a constant: 


P= | v-n = const. (1.3.3) 
x 


Therefore, a natural question that arises is that of establishing existence of 
a flow subject to a given flux. This condition alone, of course, may not be 
enough to determine the flow uniquely, and similarly to what we do for flows 
in exterior regions, we must prescribe a velocity field voc; as |a| — co in 
the exits 2;. However, in contrast to the case of flows past bodies, vo; need 
not be uniform, and in fact, if  # 0, it is easily seen that v; cannot be 
uniform. Thus, one has to figure out how to prescribe v.;. What is most 
natural to expect is that the flow corresponding to a given flux & should tend, 
as |x| > oo ineach 2;, to the Poiseuille solution of the Navier-Stokes equation 


in 2; corresponding to the flux ®, that is, to a pair (v6, p), where 


vi) = (0,..., vg? (2’)), Vf? = 0,...,-Ci) (1.3.4) 
for some constants C; = C;(®), and 
n—-lag (i) 
oe SG. te 
j=l Ox; (1.3.5) 


vw =0 at OX}. 


26 Entirely analogous considerations could be performed for the case of more than 
two “outlets” (Q;. 
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If, for instance, n = 3 and the sections are circles of radius R;, the solution 
to (1.3.4), (1.3.5) is the Hagen—Poiseuille flow 


i 1 
vp) (a) = O:R? (1 — |x'?/R?). 


The problem of determining a motion in a region 2 with cylindrical “exits,” 
subject to a given flux @ and tending in each “exit” to the Poiseuille solution 
corresponding to ®&, is known as Leray’s problem (Ladyzhenskaya 1959b, p.77, 
1959c, p. 551). This problem has been the object of deep research by Amick 
(1977, 1978), Horgan and Wheeler (1978), and Ladyzhenskaya and Solonnikov 
(1980). However, its solvability has been shown only for ® sufficiently small. 
We are therefore led to the following basic question: 


(i) Is Leray’s problem solvable for any value of the flux &? 


Despite the seemingly different natures of the two physical problems, due 
to the quite different shape of the regions of flow, from the mathematical point 
of view question (i) appears to be intimately related to the analogous problem 
in a bounded region, which we discussed in Section 1. 

Similar questions can be formulated for regions having “outlets” to infinity 
whose cross sections are not necessarily bounded. So, assume that (2 is of the 
type (1.3.1), (1.3.2), where now, the sections are allowed to vary with x, 
and become unbounded as z,, tends to infinity.2” This time, the condition 
that the limiting velocity fields v.,; are zero is no longer in conflict with the 
conservation of flux (1.3.3), and we may try to solve problem (1.0.4), (1.1.1) 
(with v.. = 0) under the condition of prescribed flux and vanishing velocity 
as |x| tends to infinity in each “outlet” 9;. 

Unlike flow in exterior regions, here the case of two-dimensional solutions 
presents results more complete than in the case of fully three-dimensional 
motions, thanks to the thorough investigation of Amick and Fraenkel (1980). 
Specifically, these authors prove the existence of solutions and pointwise 
asymptotic decay of the corresponding velocity fields under different assump- 
tions on the “growth” of X’; and with a “small” flux if the sections have a 
certain rate of “growth.” However, two important issues are left out, that is, 
uniqueness of solutions and their order of decay at large distances. These two 
problems have been recently studied and solved for “small” flux by K. Pileckas 
in the particular case that each QQ; is a body of revolution of type 


{x €R?: x2 >0, |x| < gi(z2)}, 


provided the (smooth) positive functions g;(#2) satisfy suitable “growth” con- 
ditions as 72 — oo. As expected, the decay rate of solutions is related to the 
inverse power of the functions g;; see Pileckas (1996c, 1997); see also Nazarov 
& Pileckas (1998). 


27 We also assume that 7 cannot shrink to a point, that is, the measure |)| of Sis 
bounded below by a positive constant. 


20 I Steady-State Solutions: Formulation of the Problems and Open Questions 


On the other hand, several fundamental questions remain open for three- 
dimensional flows. Actually, one can prove that if the sections 3’; become 
unbounded at a sufficiently large rate, then a solution exists that, in the mean, 
converges to zero at large distances; otherwise, the problem admits only partial 
answers, and in some cases, it is completely unsolved. Let us briefly explain 
why. The leading idea is to try to obtain, as in previous instances, a bound on 
the Dirichlet integral D (say) of the velocity field v. Now if the cross sections 
become unbounded, we may distinguish the following two possibilities:?° 


(a) fo [Ei Paes <00, 1= 1,2, 

0 

wo) f |34|—dey = 00, = 1,2; 
0 


In case (a), using inequality (1.1.6) one can show that the condition of constant 
flux is compatible with the finiteness of D, and in fact, using more or less 
standard, tools one proves an a priori bound that allows us to obtain the 
existence of a solution to the problem for arbitrary flux ® (Ladyzhenskaya and 
Solonnikov 1980). However, in general, one cannot prove a pointwise decay of 
v at large distances; rather, only a weaker behavior in the mean is achieved. 
We are thus led to formulate the following questions: 


(ii) In case (a), is it possible to prove the pointwise decay of solutions whose 
velocity field has a bounded Dirichlet integral? 

(iii) Is it possible to relate the asymptotic behavior of such solutions to the 
rate of growth of cross sections 3); ? 


There is one particular, though interesting, situation in which both ques- 
tions (ii) and (iii) are positively answered, namely when each outlet (2; “de- 
generates” into a half-space (Borchers & Pileckas 1992, Chang 1992, 1993, 
Coscia & Patria 1992, Galdi & Sohr 1992); see also Chapter XIII. In such a 
case, 2 becomes the so-called aperture domain (see Heywood,1976): 


Q={x ER": a, 40 ore’ € S}, 


with S a bounded region of the plane (the “aperture” ). However, unlike the 
results of Ladyzhenskaya and Solonnikov, the results of all the preceding au- 
thors require that the flux © be sufficiently small. Therefore, we have the 
following question: 


(iv) Is it possible to show the known results for three-dimensional flow in the 
aperture domain for an arbitrary flu 6? 


It should be remarked that the two-dimensional analogue of this problem 
appears to be difficult to treat, and all methods employed by the above authors 


?8 Of course, we may assume that one section verifies (a) and the other verifies (b). 
The considerations to follow should then be modified accordingly which, however, 
would produce no conceptual difference. 
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do not apply there. Nevertheless, by different tools, one proves the existence of 
a solution that tends to zero at large distances uniformly pointwise for any & 
(Galdi, Padula, and Passerini 1995); however, the asymptotic structure of such 
solutions is completely characterized only for small and, more importantly, 
when the aperture S is symmetric around x2 (Galdi, Padula and Solonnikov 
1996; cf. also Chapter XIII).?° Therefore, we have the following question: 


(v) Is it possible to characterize the asymptotic structure of plane flow in an 
aperture domain when the aperture is not symmetric, even for a small 
flux &? 


Let us next consider case (b). Again using inequality (1.1.6), one shows 
that the nonzero flux condition becomes incompatible with the existence of 
solutions whose velocity field has a bounded Dirichlet integral. However, if?° 


C= | |,|~39/2+1dz3 << 00, i=1,2, someq>2, (1.3.6) 
0 


one can show that solutions may still exist with corresponding velocity field 
v satisfying the condition 


. (Vv: Vv)i/? <oo, q>2. (1.3.7) 
Q 


Therefore, a subspace S, (say) of functions satisfying (1.3.7) seems to be a 
“most natural” space in which to set the existence problem. Whether this 
conjecture is true is yet to be ascertained in the general case. However, if 92; 
is a body of revolution defined by a smooth positive function g;, K. Pileckas 
(1996c, 1997) has proved the existence of solutions in the class (1.3.7) for 
arbitrary flux ®, provided g; satisfies certain conditions at large distances more 
restrictive than those merely required by (b) and (I.3.6).°! Corresponding 
decay estimates are also given. 

A last possibility arises when the sections become unbounded in such a 
way that the integrals G; defined in (1.3.6) are infinite for every value of 
q > 1. For such regions of flow it is not even clear in which space the problem 
has to be formulated. In this regard we should not overlook the approach of 
Ladyzhenskaya and Solonnikov (1980), who, in a rather large class of regions 
2 with outlets 2; of unbounded cross section, prove the existence of a solution 
whose velocity field has a finite Dirichlet integral on every bounded portion 
of 2. Growth estimates from above on such a quantity are then provided in 
terms of the growth of the cross sections of 2;. The question whether these 
solutions tend to zero at infinity is, however, left open. 


2° In fact, the asymptotes are given by suitable Jeffery-Hamel solutions; see Rosen- 
head (1940). 

3° Notice that since || > So > 0, in case (b) the integrals G; are infinite for any 
q <2. 

31 In such a case, |7;| = 7g? (a3). 
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Notes for Chapter I 


Section I.1. The study of the properties of solutions to the Navier-Stokes 
equations has received substantial attention also under boundary conditions 
other than (1.1.1). A popular one is the following: 


v+Pn-T(v,p)xn=b,, at On, (x) 


where ( is a constant, n is the outer unit normal at 02, T(v, p) is the Cauchy 
stress tensor (1.0.2), and b, is a prescribed vector field. Condition (*) was 
introduced for the first time by Navier (1827).°? If @ = 0, (*) reduces to 
to (1.1.1), and v is totally prescribed (no slip), while if 1/3 — 0, only v- 
nm is prescribed, and we lose information on the tangential component v; 
(pure slip). However, if @ # 0 and finite, (*) allows for v,; to be nonzero, 
by an amount that depends on the magnitude of the tangential stress at the 
boundary (partial slip). 

The Navier condition («), with 1/3 4 0 or — 0, has been employed in a 
wide range of problems. They include free surface problems (see, e.g., Solon- 
nikov 1982, Maz’ja, Plamenevskii, & Stupyalis 1984), turbulence modeling 
(see, e.g., Parés 1992, Galdi & Layton 2000), and inviscid limits (see, e.g., 
Xiao & Xin 2007, Beirao da Veiga 2010). 

Concerning the use of (*) in steady-state studies, after the pioneering work 
of Solonnikov and Séadilov (1973), where pure slip boundary conditions are 
used along with a linearized system of equations (Stokes equations), in the last 
few years there has been considerably increasing interest. Besides the papers 
of Beirao da Veiga (2004, 2005), which generalize and simplify the proof of the 
results of Solonnikov & Séadilov, we refer the interested reader, for example, 
to Ebemeyer & Frehse (2001) for flow in bounded domains, Mucha (2003), 
Konieczny (2006), and Beirao da Veiga (2006) for flow in infinite channels and 
pipes, to Konieczny (2009) for flow in exterior domains, and to the literature 
cited therein. 

It is conceptually interesting to notice that some of the basic problems left 
open for liquids modeled by the Navier-Stokes equations may find a complete 
and positive answer for liquid models whose constitutive assumptions differ 
from that given in (1.0.2). Such models are generically referred to as non- 
Newtonian.*? Among the most successful and widely adopted models of non- 
Newtonian liquids are those called generalized Newtonian, where the shear 
viscosity coefficient js is no longer constant, but depends on the “amount of 
shear,” namely, on |D(v)|, with D the stretching tensor defined in (1.0.3). 


8° Navier proposed (+*) (or better, an equation equivalent to (*) with b. = 0) in 
alternative to the “adherence” condition (1.1.1), with the objective of explaining 
the difference between the discharges in glass and copper tubes, as experimentally 
observed by Girard (1816). 

33 For this type of models and their range of applicability, we refer the interested 
reader to the monograph of Bird, Armstrong, and Hassager (1987). 
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For example, in an appropriate range of shear, for liquids such as latex paint, 
styling gel, molasses, and blood, yz is found to be a decreasing function of 
|D(w)| (shear-thinning liquids), whereas for others, such as a mixture of corn 
starch and water, and clay slurries, ju increases with |D(wv)| (shear-thinning 
liquids). A prototypical example of the generalized Newtonian model is the 
one with jy related to |D(v)| by the following formula (power law model) 


= po + €1|D(v)|", (+) 


where the (material) constants fo, €1, and €2 satisfy uo > 0, €1 > 0, and 
€2 € (—1, co). Thus, for e, > 0, the model is shear-thinning if ¢2 € (—1,0) and 
shear-thickening if €2 € (0,00), whereas we recover the Newtonian (Navier— 
Stokes) model if either <1 or €2 is zero. Now, for a given io, and €1, €2 > 0 ar- 
bitrarily small, one can show (Ladyzhenskaya 1967, §4, Galdi 2008, §2.2.1(b)) 
that the boundary value problem obtained using the constitutive assumption 
(««), namely, 


V - [(uo + €1|D(v)|*)D(v)] = pu- Vu + Vot+ f — 
V-v=0 (x * *) 


v=v, atOon, 


where 92 is a bounded (sufficiently smooth) domain with a possibly discon- 
nected boundary, has a solution for any v,, f in a suitable function class, and, 
more importantly, with v. satisfying the “natural” compatibility condition 
(1.1.2). As we have emphasized, unless 02 is connected, this is an outstand- 
ing open question for the Navier-Stokes model, obtained by setting ¢, = 0 
or €2 = 0.°4 The above result is conceptually very intriguing, in that it can 
be rephrased, in common and provocative words, as follows: “what we do not 
know whether it is true for water, becomes certainly true if we add to water 
a pinch of corn starch”! 

Along the same lines, Galdi & Grisanti (2010) have considered (***), with 
QQ an exterior region of R? and v, = 0, along with the asymptotic condition 
(1.2.4). They have shown that for arbitrary ¢; > 0 and eg € (—1,0), the 
resulting boundary value problem possesses a solution for any choice of f in 
an appropriate function class, and for arbitrary vp € R?. As we pointed out in 
Section 1.2, this is another fundamental open question for the Navier-Stokes 
model. 


Section I.2. Among the many other significant “exterior” problems that we 
can formulate, and that we will not treat in this book, of particular interest is 
the steady flow of a Navier-Stokes liquid under the action of a given constant 
shear. This problem, which has received great attention in the applied science 
community thanks to the fundamental work of Saffman (1965) on the effect 


34 This result can be extended to more general constitutive assumptions than (#«); 
see Galdi, (2008). 
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of shear on the lift of a sphere, amounts to solving (1.2.4) with v, = f = 0, 
along with the following condition at large distances: 


lim (v(@) —¥.6o) =0, Vo := Kx2E1, 
||—o0 
where «& is a nonzero constant and e, is the unit vector in the direction 7}. 
Unfortunately, the classical methods for existence of steady state solutions 
in exterior domains, with which the reader will become familiar by flipping 
through the pages of this book, all fail for the above problem. For instance, it 
seems very unlikely that one could prove a bound of the type (1.2.9) for the 
field uw := v — Ugo, even for small data. I take this opportunity to bring this 
intriguing open question to the attention of the interested mathematician. 


Il 
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Introduction 


In this chapter we shall introduce some function spaces and enucleate certain 
properties of fundamental importance for further developments. Particular 
emphasis will be given to what are called homogeneous Sobolev spaces, which 
will play a fundamental role in the study of flow in exterior domains. We shall 
not attempt, however, to give an exhaustive treatment of the subject, since 
this is beyond the scope of the book. Therefore, the reader who wants more 
details is referred to the specialized literature quoted throughout. As a rule, 
we give proofs where they are elementary or relevant to the development of 
the subject, or also when the result is new or does not seem to be widely 
known. 


II.1 Preliminaries 


In this section we collect a number of preparatory results. After introducing 
some basic notation, we shall recall the relevant properties of Banach spaces 
and of certain classical spaces of smooth functions as well. We shall finally 
define and analyze the properties of special subsets of the Euclidean space. 


G.P. Galdi, An Introduction to the Mathematical Theory of the Navier-Stokes Equations: 25 
Steady-State Problems, Springer Monographs in Mathematics, 
DOI 10.1007/978-0-387-09620-9_2, © Springer Science+Business Media, LLC 2011 
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II.1.1 Basic Notation! 


The symbols N and N+ denote the set of all non-negative and of all positive 
natural numbers, respectively. 


For X aset, we denote by X™, m € Ni, the Cartesian product of m copies 
of X. Thus, denoting by R the real line, R” is the n-dimensional Euclidean 
space. Points in R” will be denoted by x = (#1,...,%,) = (a) and corre- 
sponding vectors by u = (w1,...,Un) = (u;). Sometimes, the ith component 
u; of the vector u will be denoted by (w);. More generally, for T a tensor of 
order m > 2, its generic component T;j;...~; will be also denoted by (T’)ij...x1- 
The components of the identity tensor I, are denoted by 6;; (Kronecker delta). 

The distance between two points x and y of R” is indicated by |a — y|, and 
we have 
1/2 


lz —y| = Se — i)? 


i=1 


More generally, the distance between two subsets A and B of R” is indicated 
by dist (A, B), where 


dist(A,B)= inf |x —y. 
ist (A,B) = | inf |e —4l 


The modulus of a vector u is indicated by |u| (or by wu) and it is 


Given two vectors u, v, the second-order tensor having components u,v; 
(dyadic product of u,v) will be denoted by u® v. 


The canonical basis in IR” is indicated by 
{e;}= {e1, ae en 
with 
e, = (1,0,...,0), e2 = (0,1,0,...,0),  ...,e, = (0,...,0,1). 
We also set 


Ri = {a € R”: gn > 0} 


R" = {2 ER": 2, < O}. 


' For other notation, we refer the reader to footnotes 8, 9, and 10 of Section I.1 
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For r > 0 and x € R” we denote by B,(a) the (n-dimensional) open ball 
of radius r centered at 2, i.e., 


B,(x) ={y ER": |x-yl <r}. 


For r = 1, we shall put 


and for « = 0, 
B,(0) = B,. 


Unless the contrary is explicitly stated, the Greek letter 2 shall always 
mean a domain, i.e., an open connected set of R”. 


Let A be an arbitrary set of R”. We denote by A its closure, by Ac = R"—A 


fe} 
its complementary set (in R”), by A its interior, and by 0A its boundary. For 
n > 2, the boundary of the n-dimensional unit ball centered at the origin (i.e., 
the n-dimensional unit sphere) is denoted by S"~?: 


So 9a 
Moreover, 6(A) is the diameter of A, that is, 


6(A) = sup |x — yl. 


@,yEA 


If 2° C B, for some p € (0,00) and with the origin of coordinates in 2°, 
we set 


2, = QB, > p, 


If A is Lebesgue measurable and py, is the (Lebesgue) measure in R”, we 
put 


|A| = ux (A). 
The measure of the n-dimensional unit ball is denoted by w,; therefore, 
Qnr/2 
Yn =~ nl (n/2)’ 
where I’ is the Euler gamma function 
By c, ci, C, Ci, i = 1,2,..., we denote generic positive constants, whose 
possible dependence on parameters £),...,&m will be specified whenever it is 


needed. In such a case, we write c = c(&1,...,&m), C = C(&1,.--,&m), OF, 
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especially in formulas, cg, ,...¢,,, Cé,,...,g_, ete. Sometimes, we shall use the 
symbol c to denote a positive constant whose numerical value or dependence 
on parameters is not essential to our aims. In such a case, c may have several 
different values in a single computation. For example, we may have, in the 
same line, 2c < c. 


For a real function u in 2, we denote by supp (u) the support of u, that is, 
supp (u)={xE MQ: u(x) AO}. 


For a real smooth function wu in 92 we set 


Ou Oru 


iv Ox,’ ie Ox4,OX 5 


likewise, 
Vu = (Dyu,..., Dru) 


denotes the gradient of u, 
D?u => {Diu} 


is the matrix of the second derivatives. Occasionally, the gradient of u will be 
indicated by D!u or, more simply, by Du. We also set? 


Au = Diu 
is the Laplacean of wu. 
For a vector function u = (u1,..., Un), the divergence of u, V-u, is defined 
by 
V-u= Dyuj 5 
and, if n = 3, 


V x u= (D2u3 — Dgu2, D3u, — Dy uz, Dyu2 — D2u1) 


denotes the curl of u. Similarly, ifn = 2, V x u has only one component, 
orthogonal to u, given by (Dyu2g — Dou1). 


If a is an n-tuple of non-negative integers a;, we set 


and 


? According to Einstein’s summation convention, unless otherwise explicitly stated, 
pairs of identical indices imply summation from 1 to n. 
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The n-tuple a is called a multi-indez. 
If D is a domain with |D| < co, and wu: D> R", n > 1, we denote by Mp 
the mean value of the function u over the domain D, namely, 


= = | 
UD= a Uu, 
ID| Jp 


whenever the integral is meaningful. 
We shall also use the following standard notation, for functions f and g 
defined in a neighborhood of infinity: 


f(x) = O(g(z)) means |f(x)| < Milg(e)| for all |x| = Ma, 
f(e) = o(g(2)) means lim |f(2)|/Ig(@)| =0 


where M, M2 denote positive constants. 
Finally, the symbols 0 and M@ will indicate the end of a proof and of a 
remark, respectively. 


II.1.2 Banach Spaces and their Relevant Properties 


For the reader’s convenience, in this subsection we shall collect all relevant 
properties of Banach spaces that will be frequently use throughout this book. 

Let X be a vector (or linear) space on the field of real numbers, with 
corresponding operations of sum of two elements, x + y, and multiplication 
of an element x by a real number a, ax. Then, X is a normed space if there 
exists a map, called norm, 


|- Ix :2 EX > |lallxy ER 
satisfying the following conditions, for all a € R and all x,y € X: 


(1) |lal|x = 0, and |[a'||x = 0 implies « = 0; 
(2) |laa'||x = Jal |lallx; 
(3) [le + yllx S llellx + llyllx - 


In what follows, X denotes a normed space. 

Two norms ||-||x and ||-||% on X are equivalent if c1||-||x < ||-|/k < call-|Lx, 
for some constants cy < co. 

A sequence {x,} in X is convergent to x € X if 


jim |v, —2||_x =0, (II.1.1) 


or, in equivalent notation, x, — x. 
A subset S of X is a subspace if ax+ fy is in S, for all z,y € S and all 
a,BeER. 
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A subset B of X is bounded if there exists a number M > 0 such that 
sup||z||x <M. 
xzeEB 


A subset C of X is closed if for every sequence {x,} C C such that x, > x 
for some x € X, implies x € C. 

The closure of a subset S of X consists of those points of x € X such that 
vp — x for some {rz} CS. 

A subset K of X is compact if from every sequence {x,} C K we can find 
a subsequence {xx} and a point « € K such that xy — @. 

A subset of X is precompact if its closure is compact. 

A subset S of X is dense in X if for any x € X there is a sequence {x,} C S$ 
such that x, — x. 

A subset of X is separable if it contains a countable dense set. We have 
the following result (see, e.g. Smirnov 1964, Theorem in §94). 


Theorem IT.1.1 Let X be a separable normed space. Then every subset of 
X is separable. 


A space X is (continuously) embedded in a space Y if X is a linear subspace 
of Y and the identity map 7: X — Y maps bounded sets into bounded sets, 
that is, ||xz||y < c|la||x, for some constant c and all x € X. In this case, we 
shall write 

XOoY. 


X is compactly embedded in Y if X — Y and, in addition, 1 maps bounded 
sets of X into precompact sets of Y. In such a case we write 


Xo y. 


Two linear subspaces X,, Y; of normed spaces X and Y, respectively, are 
isomorphic [respectively, homeomorphic] if there is a map L from X onto 
Y,, called isomorphism [respectively, homeomorphism], such that (i) L is lin- 


ear; (ii) L is a bijection, and, moreover, (iii) || Z(«)||x = ||2||y [respectively, 
ci\|a|lx < ||Z(x)|ly < c2||a||x, for some cy < ca], for all x € X 1, where || - || x, 
and || - ||y denote the norms in X and Y. 


A sequence {2} C X is called Cauchy if 
given e > 0 there is ™ =7(e) EN: ||z_ — ry \|x <e for allk,k’ > 7. 


If every Cauchy sequence in X is convergent to an element of X, then X 
is called complete. 

A Banach space is a normed space where every Cauchy sequence is there 
convergent or, equivalently, a Banach space is a complete normed space. 

If X is not complete, namely, there is at least one Cauchy sequence in X 
that is not convergent to an element of X, we can nevertheless find a uniquely 
determined? Banach space X, with the property that X is isomorphic to a 


3 Up to an isomorphism. 
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dense subset of X. The space X is called (Cantor) completion of X, and 

its elements are classes of equivalence of Cauchy sequences, where two such 

sequences, {x,}, {x’,,}, are called equivalent if jim |x; — x} ||x = 0; see, e.g., 
00 


Smirnov (1964, §85). 

Suppose, now, that on the vector space X we can introduce a real-valued 
function (-,-)x defined in X x X, satisfying the following properties for all 
z,y,z€X andalla,GeER 


(i) (w, y)x = (y,2)x, 
(ii) (ax+Py,z)x =a(x,z)x+B(y,2z)x, 
(iii) (@,x)x > 0, and (x,x)x = 0 implies « = 0. 


Then X becomes a normed space with norm 


lIzl|x = V(z,2)x. (11.1.2) 


The bilinear form (-,-)x is called scalar product, and if X, endowed with the 
norm (II.1.2), is complete, then X is called Hilbert space. 

A countable set 8 = {x,} in a Hilbert space X is called a basis if (i) 
(x;,0~) = dyn, for all x;,a, € B, and limy—.~ || ye (@, oe) re —2\|x = 0, 
for alla ec X. 

A linear map £: X — R on a normed space X, such that 


se= sup |&(ax)|< oo (II.1.3) 
tEX;||2||x =1 


is called bounded linear functional or, in short, linear functional on X. The set, 
X’, of all linear functionals in X can be naturally provided with the structure 
of vector space, by defining the sum of two functionals ¢; and 2 as that @ € X’ 
such that €(2) = ¢;(x) + (a) for all « € X, and the product of a real number 
a with a functional ¢ as that functional that maps every x € X into al(x). 
Moreover, it is readily seen that the map ¢ € X' — ||¢\|x, = se € R, with 
s¢ defined in (II.1.3), defines a norm in X’. It can be proved that if X is a 
Banach space, then also X’, endowed with the norm ||-||x/, is a Banach space, 
sometime referred to as strong dual; see, e.g. Smirnov (1964, §99). 

A Banach space X is naturally embedded into its second dual (X‘)! = X” 
via the map M: 2 € X > J, € X", where the functional J; on X’ is defined 
as follows: J,(@) = &(a), 2 € X’. One can show that the range, R(/Z), of M is 
closed in X” and that M is an isomorphism of X onto R(/); see e.g. Smirnov 
(1964, Theorem in §99). If R(W) = X”, then X is reflexive. 

We have the following result (see, e.g. Schechter 1971, Chapter VU, The- 
orem 1.1, Theorem 3.1 and Corollary 3.2; Chapter VIII, Theorem 1.2). 


Theorem ITI.1.2 Let X be a Banach space. Then X is reflexive if and only 
if X’ is. Moreover if X' is separable, so is X. Therefore, if X is reflexive and 
separable, then so is X’. Finally, if X is reflexive, then so is every closed 
subspace of X. 
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A sequence {2,} in a Banach space X is weakly convergent to « € X if 


jim C(a,) =a, forall le X’, (11.1.4) 


or, in equivalent notation, x, —> x. In contrast to this latter, convergence in 
the sense of (II.1.1) will be also referred to as strong convergence. It is imme- 
diately seen that a strongly convergent sequence is also weakly convergent, 
while the converse is not generally true, unless X is isomorphic to R”; see 
e.g. Schechter (1971, Chapter VIII, Theorem 4.3). The topological definitions 
given previously (closedness, compactness, etc.) for subsets of X in terms of 
strong convergence, can be extended to the more general case of weak conver- 
gence in an obvious way. We shall then speak of weakly closed sets, or weakly 
compact sets, etc. Moreover, we shall say that a sequence {x,} is weak Cauchy 
if the following property holds, for all @ € X’: 


given ¢ > 0 there is 7 = N(e, 0) € N: |C(a, — xg)| < € for all k,k’ > 7. 
A Banach space X is weakly complete if every weak Cauchy sequence is weakly 


convergent to some x € X. 


Some significant properties related to weak convergence are collected in 
the following. 


Theorem IT.1.3 Let X be a Banach space. The following properties hold. 
(i) If {2,} C X with x, — x, then there is C independent of k such that 


\|zx||x < C. Moreover, 


\|a||x < lim inf ||az||x ; 
k—-o0o 


see, e.g., Smirnov (1964, §101, Theorem 1 and Theorem 5). 

(ii) The closed unit ball {x € X : ||a||x <1}, is weakly compact if and only 
if X is reflexive; see, e.g., Miranda (1978, §§28, 30). 

(iii) IfX is reflexive, then X is also weakly complete; see, e.g., Smirnov (1964, 
8101 Theorem 7). 


Property (ii) will be sometime referred to as weak compactness property. 


This property has, in turn, the following interesting consequence. 


Theorem II.1.4 Let X be a reflexive Banach space, and let € € X'. Then, 
there exists © € X such that 


Iléllx = |€(@)|, [2 llx = 1. (II.1.5) 


Proof. If € = 0, then (II.1.5) is obviously satisfied. So, we assume ¢ 4 0. By 
definition, we have 
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Ilx7= sup [€(z)|. 
vEX;||x||x=1 


Therefore, there exists a sequence {x,} C X such that 


léllx: = Jim |e(xx)], wellx = 1, for all k EN. (11.1.6) 


In view of Theorem IT.1.3(ii), there exist a subsequence {xx} and  € X such 
that 
gps (11.1.7) 


Evaluating (II.1.6) along this subsequence , with the help of Theorem IT.1.3(i), 
we obtain that Z satisfies the following conditions 


lx =@I, lIFllx <1. (11.1.8) 
If F = 0, it follows ||¢||x- = 0 which was excluded, so that T 4 0. Thus, since 


()| 


[Zl] x 


[ell x = 


Fi 


from this relation and (II.1.8) we prove the result. 


In the sequel, we shall deal with vector functions, namely, with functions 
with values in R”, whose components belong to the same Banach space X. We 
shall, therefore, recall some basic properties of Cartesian products, X%, of N 
copies of X. It is readily checked that X% can be endowed with the structure 
of vector space by defining the sum of two generic elements x = (x1,...,0N) 
and y = (y1,.--,yn), and the product of a real number a with x in the 
following way 


St y= (14 71,..,2n + yn), 28 = (O21,...,.00y). 


Furthermore, we may introduce in XV either one of the following (equivalent) 
norms (or any other norm equivalent to them) 


N 1/q 
Ilzll(q) = (>: oS +7 (1,00), [lalloo) =, max, |leillx, Bex , 
i=1 : 


i€{1,...N 
(11.1.9) 
in such a way that (as the reader will prove with no pain) X“ becomes a 
Banach space. 


We have the following. 
Theorem II.1.5 If X is separable, so is X‘ . Moreover, X is reflexive if so 
is X, 


Proof. The proof of the first property is obvious, while that of the second one 
is a consequence of Theorem II.1.3(ii). 
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The next result establishes the relation between (X)’ and (X’)%. 


Theorem II.1.6 Every L € (XY)! can be written as follows 


N 
C= Me, (II.1.10) 
k=1 
where (; € X',i=1,...,.N are uniquely determined. Moreover, the map 


T:LE (xy — (41,...,€n) € (X’)% 


is a homeomorphism of (X‘)' onto (X’)%. If, in particular, we endow X% 
and (X)' with the following norms 


|ellx» = lela), [Ellarnx = ILll(oo) - 
then T is an isomorphism. 


Proof. The generic element L € X can be represented as in (II.1.10) where 
f(a) = L(a1,0,...,0), €o(a) = L(0,22,...,0), etc. Obviously, each func- 
tional £;, 7 = 1,...N, can be viewed as an element of X’. We then consider 
the map T in the way defined above. It is clear that T is surjective and injec- 
tive and linear. From (II.1.10), it readily follows that 


ILll(xxy = sup IL(x)] < IIT(L) I(x) - 


LEXN;|L\| yn =1 
Moreover, by definition of supremum, we must have 
Idillxe < Lllexxy, 


so that we conclude ||L]|(xy = ||T(L)||(oo), which shows that T is an isomor- 
phism. If, instead, we use any other norm of the type (II.1.9), we can show by 
a simple calculation that uses (I1.3.2) that T is, in general, a homeomorphism. 
The proof of the lemma is thus completed. 


We next recall the Hahn—Banach theorem and one of its consequences. 
A proof of these results can be found, e.g., in Schechter (1971, Chapter II 
Theorem 2.2 and Theorem 3.3). 


Theorem IT.1.7 Let M be a subspace of a normed space X. The following 
properties hold. 


(a) Let ¢ be a bounded linear functional defined on M, and let 


|= sup [é(a)|. 
reEM;|\x\|x=1 


Then, there exists a bounded linear functional, @, defined on the whole 
of X, such that (i) (x) = @(x), for allx € M, and (ii) ||¢||x- = ||]. 
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(b) Let xo € X be such that 


d= inf ||ao —al|x >0. 
reEM 


Then, there is £ € X' such that ||¢||x» = 1/d, €(ap) = 1, and &(x) = 0, 
for alla ec M. 


We conclude this section by reporting the classical contraction mapping 
theorem (see, e.g., Kantorovich & Akilov 1964, p. 625), that we shall often 
use throughout this book in the following form. 


Theorem IT.1.8 Let M be a closed subset of the Banach space X, and let 
T be a map of M into itself. Suppose there exists a € (0,1) such that 


T(x) —T)||x < alle — yllx, for alla,y € M. 


Then, there is a unique %p € M such that T(ao) = 20. 


A map satisfying the assumptions of Theorem II.1.8 is called contraction. 


II.1.3 Spaces of Smooth Functions 


We next define some classical spaces of smooth functions and, for some of 
them, we recall their completeness properties. 

Given a non-negative integer k, we let C*(Q) denote the linear space of 
all real functions u defined in 2 which together with all their derivatives D“u 
of order |a| < k are continuous in §2. To shorten notations, we set 


We also set - 
CP ay= ("| C2): 
k=0 


Moreover, by the symbols C#(2) and C5°(Q) we indicate the (linear) sub- 
spaces of C*(2) and C™®(Q), respectively, of all those functions having com- 
pact support in 2. Furthermore, C#(2), 0 < k < oo, denotes the class of 
restrictions to 2 of functions in C¥(IR"). As before, we put 


C§(2) = Co(2), CEQ) = Co(M). 


We next define C*(2) (C(Q) for k = 0) as the space of all functions u for 
which Du is bounded and uniformly continuous in §2, for all 0 < Ja| < k. 
We recall (Miranda 1978, §54) that for k < oo, C*(Q) is a Banach space with 
respect to the norm 


= Du). IL.1.11 
allow ran ul ( ) 
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Finally, for A € (0, 1] and k € N, by C**(2) we denote the closed subspace 

of C*(22) consisting of all functions u whose derivatives up to the kth order 

inclusive are Holder continuous (Lipschitz continuous if A = 1) in 2, that is, 
|D° u(x) — D°u(y)| 


[u]x,\ = max sup. — 7 
OS|al<k x yeQafZy |a _ y| 


C*(Q) is a Banach space with respect to the norm 


lu llow. = llulloe + [ulz,a, (II.1.12) 


(Miranda 1978, §54). 


Exercise II.1.1 Assuming 92 bounded, use the Ascoli-Arzela theorem (see, e.g., 
Rudin 1987, p. 245) to show that from every sequence of functions uniformly 
bounded in C*t!(2) it is always possible to select a subsequence converging in 
the space C**(Q). 


II.1.4 Classes of Domains and their Properties 


We begin with a simple but useful result holding for arbitrary domains of R”. 


Lemma IJ.1.1 Let 2 be an arbitrary domain of R". Then there exists an 
open covering, O, of 2 satisfying the following properties 


(i) OD is constituted by an at most countable number of open balls {8;}, 
k € I CN, such that 


8B, CN, forallk eT, Urner Br = 2; 


(ii) For any family § = {B)}, 1 € I’ with I’ C I, there is B € (O — F) such 
that (Urer Bi] NBA 0; 

(iii) For any 8,8’ € 9, there exists a finite number of open balls B; € O, 
i=1,...,N, such that 


BB, 40, BnNB’ AO, BNB4140, fHl1,...N-1. 


Proof. Since 2 is open, for each 2 € 2 we may find an open ball B,.,(x) C 
92. Clearly, the collection € = {B,,(x)}, « € 2, satisfies UzeQB,, (x) = 
92. However, since 9 is separable, we may determine an at most countable 
subcovering, 9, of € satisfying condition (i) in the lemma. Next, assume (ii) 
is not true. Then, there would be at least one family 3’ = {Bz}, k’ € I’, with 
I' ¢ T such that 
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LU me] 2=0, for all B € (DO — F). 


Brel! 


Consequently, the sets 


A= US, &= U ® 


k’er’ ke(I-I’) 


are open, disjoint and satisfy A; UA = 92, contradicting the assumption that 
2 is connected. Finally, let 8,8’ € O and denote their centers by x and 2’, 
respectively. Since 2 is open and connected, it is, in particular, arc-connected. 
Therefore, we may find a curve, y, joining x and 2’, that is homeomorphic 
to the interval [0,1]. Let D’ C 9 be a covering of y. Since 7 is compact, we 
can extract from 9’ a finite covering that satisfies the property stated in the 
lemma. 


We next present certain classes of domains of R”, along with their relevant 
properties. We begin with the following. 


Definition IT.1.1. Let 2 be a domain with a bounded boundary, namely, 2 
is either a bounded domain or it is a domain complement in R” of a compact 
(not necessarily connected) set, namely, Q is an exterior domain.* Assume 
that for each xo € O92 there is a ball B = B,(xo) and a real function ¢ defined 
ona domain D Cc R"~! such that in a system of coordinates {x1,...,%»} with 
the origin at xo: 


(i) The set 0229 B can be represented by an equation of the type 2, = 


C(@1,---,;€n—1)} 
(ii) Each « € QB satisfies x, < C(a1,..-,@n—1). 


Then 2 is said to be of class C* (or C*-smooth) [respectively, of class CP 
(or C*>-smooth), 0 < A < 1] if ¢ € C*(D) [respectively, ¢ € C**(D)]. If, in 
particular, ¢ € C°1(D), we say that 2 is locally Lipschitz. Likewise, we shall 
say that o C 02 is a boundary portion of class C* [respectively, of class CP) 
ifo = 020 B,(xo), for some r > 0,29 € OM and o admits a representation 
of the form described in (i), (ii) with ¢ of class C* [respectively of class C*). 
If, in particular, ¢ € C°(D), we say that o is a locally Lipschitz boundary 
portion. 

If 2 is sufficiently smooth, of class C!, for example, then the unit outer 
normal, n, to 0 is well defined and continuous. However, in several inter- 
esting cases, we need less regularity on 92, but still would like to have n 
well-defined. In this regard, we have the following result, for whose proof we 
refer to Necas (1967, Chapitre II, Lemme 4.2). 


Lemma IJ.1.2 Let 2 be locally Lipschitz. Then the unit outer normal n 
exists almost everywhere on 092. 


* Hereafter, the whole space R” will be considered a particular exterior domain. 
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We shall now consider a special class of bounded domains 2 called star- 
shaped (or star-like) with respect to a point. For such domains, there exist 
= € 2 (which we may, occasionally, assume to be the origin of coordinates) 
and a continuous, positive function h on the unit sphere such that 


ve {eeR” :|e-E| <h (== )h. (11.1.13) 
LD 


Some elementary properties of star-shaped domains are collected in the fol- 
lowing exercises. 


Exercise II.1.2 Show that 2 is star-shaped with respect to % if and only if every 
ray starting from @ intersects 092 at one and only one point. 


Exercise II.1.3 Assume {2 star-shaped with respect to the origin and set 
Q”) = {x ER”: x = py, for some y € 2}. (1.1.14) 


Show that 2° C1 if p € (0,1) and 2 DNif p>1. 


The following useful result holds. 


Lemma II.1.3 Let 2 be locally Lipschitz. Then, there exist m locally Lip- 
schitz bounded domains G,,...,Gm such that 


(i) 02 CUM, Gi; 
(ii) The domains Q§ = QN Gi, i = 1,...,m, are (locally Lipschitz and) 
star-shaped with respect to every point of a ball B; with B; C 9. 


Proof. Let x9 € 09. By assumption, there is B,(xo) and a function ¢ = ¢(2’), 
OS Gi,uxpgiges) € DCR suck that 


IKE) — C7) < wlé—a'|, E09 € D, 


for some k > 0 and, moreover, points x = (2’, 2%) € 02M B,(xo) satisfy 


Ln = C(x’), ze D, 
while points 7 € 29 B,(xo) satisfy 
tye Ca), 2 ED. 


We may (and will) take xo to be the origin of coordinates. Denote next, by 
yo = (0,...,0,yn) the point of 2 intersection of the x,-axis with B,(xo) 
and consider the cone I'(yo, a) with vertex at yo, axis 2,, and semiaperture 
a < 1/2. It is easy to see that, taking a sufficiently small, every ray p starting 
from yo and lying in (yo, a) intersects 02M B,(x%o) at (one and) only one 
point. In fact, assume p cuts 02M B,(xo) at two points z™) and z@) and 
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denote by a’ < a the angle formed by p with the x,,-axis. Possibly rotating 
the coordinate system around the z,,-axis we may assume without loss ° 


2) = (2, 0,...,0,¢(24?,0,...,0)), 2 >0 
2) = (2),0,...,0,C(2,0,...,0)), 22 >0 


and so, at the same time, 


tana’ = Ti) ill 
¢(z4 ’ 0, ’ 0) — Yn 
(2) 
tana’ = ey A 
C(zy , 0, . ,0) — Un 
implying 
¢(20,...,0) — c(z’,0,...,0 1 1 
1 1 = S 
jz? _ 2?) ~ tana’ — tana’ 


Thus, if (say) 


1 
t <— 
ana < On? 


p will cut 02.9 B,(xo) at only one point. Next, denote by o = o(z) the 
intersection of (yo, a/2) with a plane orthogonal to x,-axis at a point z = 
(0,...,2n) with z, > yn, and set 


R= R(z) = dist (Oo, z). 


Clearly, taking z sufficiently close to yo (z = Z, say), o(Z%) will be entirely 
contained in (2 and, further, every ray starting from a point of o(Z) and lying 
within I’(yo, a/2) will form with the x,-axis an angle less than a and so, by 
what we have shown, it will cut 092M B,(a#o) at only one point. Let C be a 
cylinder with axis coincident with the x-axis and such that 


CONAN =I (yo, a/2) NON. 


Then, setting 
G=Cn B,. (x0), 


we have that G is locally Lipschitz and that GN 2 is star-shaped with respect 
to all points of the ball Brig) (Z). Since ap € OM is arbitrary, we may form an 
open covering G of 02 constituted by domains of the type G. However, 02 
is compact and, therefore, we may select from G a finite subset {G1,...,Gm} 
satisfying all conditions in the lemma, which is thus completely proved. 


° Clearly, the Lipschitz constant « is invariant by this transformation. 
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Other relevant properties related to star-shaped domains are described in 
the following exercises. 


Exercise II.1.4 Assume that the function h in (I1.1.13) is Lipschitz continuous, 
so that, by Lemma IJ.1.2, the outer unit normal n = n(x) on 02 exists for a.a. a. 
Then, setting F(x) = n(x) - (a — Z), show that ess inf F(a) >0. 

re 


Exercise II.1.5 Assume 2 bounded and locally Lipschitz. Prove that 


where each §2; is a locally Lipschitz and star-shaped domain with respect to every 
point of a ball B; with B; C Q;. Hint: Use Lemma II.1.3. 


We end this section by recalling the following classical result, whose proof 
can be found, e.g., in Netas (1967, Chapitre 1, Proposition 2.3). 


Lemma II.1.4 Let K be a compact subset of R", and let O = {O1,---,On} 
be an open covering of K. Then, there exist functions w;, 71 = 1,...,N satis- 
fying the following properties 


(ii) wi € C§(O;), += 1,...,.N; 
(iii) 7M, dil) =1, for allne K. 


The family {w;} is referred to as partition of unity in K subordinate to the 
covering O. 


II.2 The Lebesgue Spaces L? 


For q € [1,00), let LY = L9(2) denote the linear space of all (equivalence 
classes of) real Lebesgue-measurable functions u defined in 2 such that 


Ilullq = (/, lt) < 00. (11.2.1) 


The functional (II.2.1) defines a norm in L’, with respect to which L4 becomes 
a Banach space. Likewise, denoting by L° = L°(2) the linear space of all 
(equivalence classes of) Lebesgue-measurable real-valued functions wu defined 
in 2 with 
||u||o0 = ess sup |u| < oo (II.2.2) 
Q 


one shows that (II.2.2) is a norm and that L° endowed with this norm is a 
Banach space. For a proof of the above properties see, e.g., Miranda (1978, 
847). For g = 2, L4 is a Hilbert space under the scalar product 
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(u,v) = f Uv, u,v € L?. 
Q 


Whenever confusion of domains might occur, we shall use the notation 


Il-llae, Il llee, and (-,-)g. 


Given a sequence {tm} C £9(92) and u € £4(2), 1 < q < 00, we thus have 
that tm — u, namely, {uw} converges (strongly) to u, if and only if 


lim |luz — ullg = 0. 
k-o0o 


The following two basic properties, collected in as many lemmas, will be 
frequently used throughout. The first one is the classical Lebesgue dominated 
convergence theorem (Jones 2001, Chapter 6 §C), while the other one relates 
convergence in L% with pointwise convergence; see Jones (2001, Corollary at 
p. 234) 


Lemma II.2.1 Let {um} be a sequence of measurable functions on (2, and 
assume that 
u(x) = lim u(x) exists foraa rE, 
m—-oco 


and that there is U € L1(2) such that 


lUm(a)| < |U(x2)| foraareQ. 


lim Un = U. 


Lemma II.2.2 Let {um} C £9(2) andu € L9(Q2),1<q< ow, withum — u. 
Then, there exists {um} C {um} such that 


Then u € L'(Q) and 


lim Um (v)=u(#), foraa ceEN. 


m!—o0o 


We want now to collect some inequalities in L% spaces that will be fre- 
quently used throughout. For 1 < q < ov, we set 


q =4a/(q—1); 
one then shows the Holder inequality 


I jue] < [lulallolle (11.2.3) 


for all u € L4(Q), v € LY(Q) (Miranda 1978, Teorema 47.1). The number 
qd’ is called the Holder conjugate of q. In particular, (II.2.3) shows that the 
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bilinear form (u,v) is meaningful whenever u € L4(Q) and v € L®(). In 
case q = 2, inequality (II.2.3) is referred to as the Schwarz inequality. More 
generally, one has the generalized Holder inequality 


[esata < [allele “++ TRtnllons (OLR) 
where m 
ui E LV (2), 1<q@<oo, i=1,...,m, area. 
4=1 


Both inequalities (II.2.3) and (II.2.4) are an easy consequence of the Young 
inequality: 


q 1, bt 
ab< “+ e-V/9_ (a,b, > 0) (11.2.5) 
qd q 
holding for all g € (1,co). When g = 2, relation (II.2.5) is known as the 
Cauchy inequality. 
Two noteworthy consequences of inequality (II.2.3) are the Minkowski in- 


equality: 
ut olla < lull + lvlla, uv € £42), (11.2.6) 


and the interpolation (or convexity) inequality: 
elle < lll fea 2-® (11.2.7) 
valid for all u € £°(2)N L'(Q) with l<s<q<r<o, and 
gq +*=0s14+(1-6)r-!, 6 € (0,1). 


Another important inequality is the generalized Minkowski inequality re- 
ported in the following lemma, and for whose proof we refer to Jones (2001, 
Chapter 11, §E).° 


Lemma II.2.3 Let 22,, and 22 be domains of R” and R™, respectively, with 
m,n > 1. Suppose that wu: 2, x Q2 — R is a Lebesgue measurable function 
such that, for some q € [1, oo], 


1/q 
| (| |u(a, iN") dy < oo. 
Qo Qy 
q 1/q 
(/ | u(a, y) dy a) <0oo, 
Qy Qo 


and the following inequality holds 


Then 


? 


® Actually, it can be proved that (II.2.6) is just a particular case of (II.2.8), hence 
the adjective “generalized”; see Jones (2001, p. 272). 
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(/, i. u(aw, y) dy ‘e) < I (/, (alae) dy. (11.2.8) 


Exercise II.2.1 Assume (2 bounded. Show that if u € L°({2), then 


lim ||ul|q = ||tlloo. 
q-0o 


Exercise II.2.2 Prove inequality (11.2.5). Hint: Minimize the function 


t/q—tt+1/d. 


Exercise II.2.3 Prove inequalities (II.2.6) and (11.2.7). 


We shall now list some of the basic properties of the spaces L7. We begin 
with the following (see, e.g. Miranda 1978, §51). 


Theorem II.2.1 For 1 < q < «, L4 is separable, Co(2) being, in particular, 
a dense subset 


Note that the above property is not true if g = oo, since C(Q) is a closed 
subspace of L°(2)); see Miranda, loc. cit.. 

Concerning the density of smooth functions in D7, one can prove something 
more than what stated in Theorem II.2.1, namely, that every function in L7, 
1 <q < ©, can be approximated by functions from C§°(2). This fact follows 
as a particular case of a general smoothing procedure that we are going to 
describe. To this end, given a real (measurable) function u in 92, we shall 
write 


u € Lh (2) 


loc 


to mean 
u € L1(Q'), for any bounded domain Q with Q' cM. 


Likewise, we write 
u € Li (2) 
to mean 
u€ L4(2'), for any bounded domain Q' CQ. 


Clearly, for 2 bounded we have L#,.(Q) = L4(Q). Now, let j € C§°(2) be a 
non-negative function such that 


(i) j(@) = 0, for |e] > 1, 


(ii) pia 
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A typical example is 
(2) cexp[—1/(1 — |z|)] if |a| <1 
7A 
: 0 if |x| > 1, 


with c chosen in such a way that property (ii) is satisfied. The regularizer (or 
mollifier) in the sense of Friedrichs uz of u € Lj.,,.(@) is then defined by the 
integral 


Ue(x) = a: j (: = ) u(y)dy, ¢ < dist (a, 022). 


This function has several interesting properties, some of which will be recalled 
now here. First of all, we observe that u- is infinitely differentiable at each 


x € 2 with dist (z,02) > e. Moreover, if u € Li,,.(2) we may extend it by 
zero outside §2, so that uz becomes defined for all ¢ > 0 and all x € R”. Thus, 
in particular, if u € L4(2), 1 < q < ov, one can show (Miranda 1978, §51; see 


also Exercise II.2.10 for a generalization) 


|uella < llullg for alle > 0, 
(11.2.9) 


Jim, ue ~ alla = 0. 
Exercise II.2.4 Show that for u € Co(2), 
lim, Ue(x) = u(x) holds uniformly in « € 2. 
e—0 
Exercise II.2.5 For u € L%(2), 1 <q < ov, show the inequality 
sup |D*ue(x)| < 27" jl|q7,z |lull,2, lal > 0. 


Rn 


We next observe that, by writing u-(«) as follows: 


ue(t) =e [3 (£) wie+ eye, 


it becomes apparent that, if u is of compact support in 2 and ¢ is chosen less 
than the distance of the support of u from 02, then ue € C§°(2). The latter, 
together with (II.2.9), and the density of Co in L’, yields that Co°(2) is a 
dense subspace of L7(2), 1 < q < co. The proof of this property, along with 
some of its consequences, is left to the reader in the following exercises. 


Exercise II.2.6 Prove that CG°({2) is dense in L"(2), 1 < q < co. Hint. Use the 
density of Co(Q) in L4() (Miranda 1978, §51) along with the properties of the 
mollifier. 
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Exercise II.2.7 Prove the existence of a basis in L*(2) constituted by functions 
from C§°(2). Hint: Use the separability of L* along with the density of C§° into L?. 


Exercise II.2.8 Let u € L1(2), 1 < q < oo. Extend u to zero in R” — 2 and 
continue to denote by u the extension. Show the following continuity in the mean 
property: Given ¢ > 0 there is 6 > 0 such that for every h € R” with |h| < 6 the 
following inequality holds 


/ ju(a +h) —u(x)|? dx <e%. 
Q 


Hint: Show the property for u € C§°(2), then use the density of CG¢° in L?. 


Exercise II.2.9 Assume u € Lj,.(). Prove that 
i uy =0, for all W € C§°(2), implies u = 0, ae. in 2. 
Q 


Hint: Consider the function 
lifu>0O 
signu = 
-lifu<0. 
For a fixed bounded Q’ with Q’ Cc Q, 
signu € L'(2’) 
and so sign u can be approximated by functions from C5? (2’). 
Exercise II.2.10 Let u € L7(R”), 1 <q < o, and for z € R” and k <n set 
2(k) = (21, Brae , Zk) 5 2) = (Zr41, suas Zn) 


Moreover, define 


—k . { Xk) — Yk 
WK),.(€) = € a (He) ulycry, y) dyn 
R 


Show the following properties, for each y ER": 


qRk S Ilu(-, 7) I]ome for alle > 0, 


Ilecx),| 
im, Jue — uC¥ JIlg.ae = 0. 


Hint: Use the generalized Minkowski inequality, the result in Exercise II.2.8 and 
Lebesgue dominated convergence theorem (Lemma II.2.1). 


Let v € £7 (2), with q’ the Hélder conjugate of g. Then, by (II.2.3), the 
integral 
(uw) =|} vu, ue L1(2) (II.2.10) 
Q 
defines a linear functional on L’. However, for g € [1, 00), every linear func- 


tional must be of the form (II.2.10). Actually, we have the following Riesz 
representation theorem for whose proof we refer to Miranda (1978, §48). 
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Theorem II.2.2 Let ¢ be a linear functional on L4(2), q € {1,co). Then, 
there exists a uniquely determined v € L4(Q2) such that representation 
(II.2.10) holds. Furthermore 


eCa)Iltcocayr = sup |€Cu)| = ole (1.2.11) 


Jullg=1 


From Theorem II.2.2 we thus obtain the following. 


Theorem II.2.3 The (normed) dual of L‘ is isomorphic to L? for 1 < q < 
co, so that, for these values of q, L% is a reflexive space. 


Exercise II.2.11 Show the validity of (I1.2.11) when q € (1,00). Hint: Use the 
representation (II.2.10) . 


Exercise II.2.12 Let u € Lj,.(), and assume that there exists a constant C' > 0 
such that 


|(u, w)| < Cllv||,, for some qg € [1,co) and all w € C§° (2). 


Show that u € L* (Q) and that |lul|g < C. Hint: » — (u,w) defines a bounded 


linear functional on a dense set of L4(2). Then use Hahn—Banach Theorem II.1.7 
and the Riesz representation Theorem II.2.2. 


Riesz theorem also allows us to give a characterization of weak convergence 
of a sequence {ux} C L2(2) to u € L4(2), 1 <q < ov. In fact, we have that 
uz — u if and only if 


Jim (v, uz —u) =0, for allv € LY (2), qd =q/(q—-1). 


In view of Theorem II.1.3(iii) and Theorem II.2.3, we find that L? is weakly 
complete, for q € (1,00). In fact, this property continues to hold in the case 
q = 1; see Miranda (1978, Teorema 48.VII). 


We wish now to recall the following results related to weak convergence. 


Theorem II.2.4 Let {um} C L1(2), 1 < q < w. The following properties 
hold. 


(i) If Um — u, for some , u € L4(2), then there is C independent of m such 
that ||Um||q < C. Moreover, 


lg < Him int [tla 
In addition, if 1 < q < ow, and 


[ull = lim sup |[um lla, 
m—oo 


then Um wu. 
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(ii) If1 <q < @ and |lum||q < C, for some C independent of m, then there 
exists a subsequence {Um} and u € L4(Q) such that Um: > u. 


Proof. The statement in (ii) follows from Theorem II.1.3(ii), while the first 
statement in (i) is a consequence of the general result given in Theorem 
II.1.3(i). A proof of the second statement in (i) can be found, for example, 
in Brezis (1983, Proposition III.5(iii) and Proposition II.30). However, for 
q = 2 the proof of (i) becomes very simple and it will be reproduced here. By 
hypothesis and Riesz theorem we have that for all v € L? and < > 0 there 
exists m’ € N such that 


\(Wn —u,v)|<e, for allm>m/’. 
If we choose v = um, with the help of the Schwarz inequality we find 
I[Uumll3 < [lellal|umll2 +e. 


Using Cauchy inequality on the right-hand side of this latter relation we con- 
clude 
I[umlld < lula + 2e, 


which proves the boundedness of the sequence. We next choose 
v=u, €=nllull2, >, 
to obtain, again with the aid of Schwarz inequality, 
I|ull2 < |ltmll2 + 7, 


which completes the proof of the first part of the statement in (i). The second 
part is a consequence of the assumption and the identity 


[um = Ulld = [lee] + [letmll3 — 2(tm, w)- 


We conclude this section with some observations concerning L%-spaces of 
vector-valued functions. Let [L4(Q2)|% be the direct product of N copies of 
L4(Q). Then, as we know from Subsection 1.1.2, [L4(2)|% is a Banach space 
with respect to any of the following equivalent norms: 


N l/r 
r) = a : ’ € |l, oo) = illq> 
ella) (Sots) r€ (1,00) Iullao) = max, ull 


where u = (u1,..., Un). Moreover, in view of Theorem II.2.1, Theorem II.2.3, 
and Theorem II.1.5, we have. 


Theorem II.2.5 [L4()|‘ is separable for q € [1,00), and reflexive for q € 
(1,00). 
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Also, the Riesz representation theorem can be suitably extended to this more 
general case. In fact, let 


N 
(v,u) = S-(ui,vi), we [LUQ)N, ve [L(Q))% 1/q4 t/q =1 


i=1 


In view of Theorem II.1.6 and of Theorem II.2.2 , we then have that for every 
Le ([L9(Q))%)’, there exist uniquely determined v € [L% (Q)]", such that 


L(u) = (v,u), 


and that the map M : £ — v is a homeomorphism. Actually, if we endow 
[L9(2)|% with the norm ||t||q,(q) = ||ul|q, the map M is an isomorphism, as 
stated in the second part of the following lemma, whose proof can be found 
in Simader (1972, Lemma 4.2).” 


Theorem II.2.6 Let 2 be a domain of R", and let q € (1,00). Then, for 
every LE ([E1(Q))%), there exists uniquely determined v € [L% (Q)|", such 
that 

L(u)=(v,u), we [L4(Q)]%. 


Moreover, 


WLllqzacayyyy = sup |L(x)| = |lv|lq- 
WE[L2(Q)|X, |/U||q=1 


II.3 The Sobolev Spaces W"™? and Embedding 
Inequalities 


Let u € L},,(2). Given a multi-index a, we shall say that a function u(® ¢€ 


Lj,.(@) is the ath generalized (or weak) derivative of u if and only if the 
following relation holds: 


| uD* yp = (ie! f uMy, for all y € C§°(22). 
Q Q 


It is easy to show that wu‘ is uniquely determined (use Exercise II.2.9) and 
that, if u € Clel(Q), uw is the ath derivative of u in the ordinary sense, and 
the previous integral relation is an obvious consequence of the well-known 
Gauss formula. Hereafter, the function u‘”), whenever it exists, will be indi- 
cated by the symbol Du. 


” The assumption made in Simader loc. cit., that Q is bounded, is completely 
superfluous, since it is never used in the proof, as it was also independently 
communicated to me by Professor Simader. 
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Generalized derivatives have several properties in common with ordinary 
derivatives. For instance, given two functions u, uv possessing generalized 
derivatives D;u, Djv we have that Gu+yv (6,7 € R) has a generalized 
derivative and D;(Gu + yv) = GDj;u+ yD;v. In addition, if 


uv, uDjv + vDju € Lj,.(2), 
then uv has a generalized derivative and the familiar Leibniz rule holds: 
D,(uv) = uDjvt+ vDju. 
The proof of these properties is left to the reader as an exercise. 


Exercise II.3.1 Generalized differentiation and differentiation almost everywhere 
are two distinct concepts. Show that a function y that is continuous in [0,1] but not 
absolutely continuous admits no generalized derivative. Hint: Assume, per absurdum, 
that y has a generalized derivative ®. Then, it would follow 


ola) = [ eOd +00), ©€ 02) 


which gives a contradiction. On the other hand, one can give examples of real, 
continuous functions f on [0,1] that are differentiable a.e. in [0,1] and with f’ € 
L*(0,1) which are not absolutely continuous (Rudin 1987, pp. 144-145). In this 
connection, it is worth noticing the following general result (Smirnov 1964, §110): a 
function u € Lj,.(@) (Q CR") is weakly differentiable if u = a.e. in Q, with & 
absolutely continuous on almost all line segments parallel to the coordinate axes and 
having partial derivatives locally integrable. 


Exercise II.3.2 Let u € Lj,,(Q@) and assume that D°u exists. Show 


D* (ue(x)) = (D°u)e(x), dist (7,02) >. 


Exercise II.3.3 Let Q C R”, and let w € C’(2) map 2 onto 2, C R”, with 
w! € C'(Q). Assume u possesses generalized derivatives Dju, j = 1,...,n, and 
set v = uoy*. Show that also v possesses generalized derivatives Djv, 7 = 1,...,n, 
and that the usual change of variable formula applies: 


Dyu(e) = $2 Dyoly), y= ve), 


fora.a.x€ 2 andy € 2. 
For q € [{1, co] and m EN, we let 
wed = Ww™(Q) = {u € LM) : D*u € L1(2), 0<|a| < m}. 


In the linear space W™4(2) we introduce the following norm: 


50 II Basic Function Spaces and Related Inequalities 


1/q 
lltIlma =| >S> (|DeullZ ifl<q<oo 
Oslalsm (11.3.1) 
I[Ullmjoo = max ||D°ulloo if g = 00. 


O<|a|<m 


If confusion of domains arises, we shall write ||t||m,q,q@ and ||U||m,oo,@ in place 
of ||t||m,q and ||u||m,.o- Owing to the completeness of the spaces L’ and taking 
into account the definition of generalized derivative, it is not hard to show 
that W™4% endowed with the norm (II.3.1) becomes a Banach space, called 
Sobolev space (of order (m,q)). Along with this space, we shall consider its 
closed subspace W4""? = W,'"4(2), defined as the completion of C§°(2) in 
the norm (II.3.1). Clearly, we have (see Exercise II.2.6) 


Wd = Wy? = Lt. 


In the special case g = 2, W™4 (and thus W,""") is a Hilbert space with 
respect to the scalar product 


(U,U) im = i (Du, D*v). 


0<|a|<m 


Exercise II.3.4 Prove that, for any 2, W,"" (2) is a closed subspace of W™ (2). 
Prove also Wj" (R") = W™7(R"), 1 < q < cw. Hint: To show the second assertion, 
take a function y € C*(R”) with y(a) = 1 if |x| < 1, v(x) = 0 if |a| > 2 (“cut-off” 
function) and set 


Um(x) = y(a/m)u(z), we W™"*(R"), meEN. 
Then, u is approximated in W™4(R”) by {(um)-} C Cee (R”). 


Remark II.3.1 Sobolev spaces share several important properties with Le- 
besgue spaces L?. Thus, for example, since a closed subspace of a Banach space 
X is reflexive and separable if X is (see Theorem II.1.1 and Theorem II.1.2), 
and since W™4(Q) can be naturally embedded in [L4()|‘, for a suitable 
N = N(m), one can readily show, by using Theorem II.2.5 and the fact that 
Ww"4(Q2) is complete, that W"4((2) is separable if 1 < q < o and reflexive 
if 1 < q < oo; for details, see, e.g., Adams (1975, §3.4). As a consequence, by 
Theorem II.1.3(ii), we find, in particular, that for g € (1,co), W"% has the 
weak compactness property. a 


Exercise II.3.5 Let u € Lj,.(@) and suppose |ue||mq.8 < C,m >0,1<q<oo, 
where B is an arbitrary open ball with B C Q, and C is independent of ¢. Show 
that u € W727(Q) and that ||ul|mqB < C. 
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Another interesting question is whether elements from W"™ ?(2) can be 
approximated by smooth functions. This question is important, for instance, 
when one wants to establish in W™? inequalities involving norms (II.3.1). 
Actually, if such an approximation holds, it then suffices to prove these in- 
equalities for smooth functions only. In the case where (2 is either the whole 
of R” or it is star-shaped with respect to a point, the question is affirma- 
tively answered; cf. Exercise IT.3.4 and Exercise II.3.7. In more general cases, 
we have a fundamental result, given in Theorem II.3.1, which in its second 
part involves domains having a mild property of regularity, i.e., the segment 
property, which states that, for every « € O02 there exists a neighborhood U 
of x and a vector y such that if z € QNU, then z+ty € Q, for all t € (0,1). 


Exercise II.3.6 Show that a domain having the segment property cannot lie si- 
multaneously on both sides of its boundary. 


Theorem II.3.1 For any domain 92, every function from W™?(Q), 1 < 
q < ©, can be approximated in the norm (11.3.1), by functions in C™(2) 
W™4(Q). Moreover, if Q has the segment property, it can be approximated 
in the same norm by elements of C9°(22). 


The first part of this theorem is due to Meyers and Serrin (1964), while 
the second one is given by Adams (1975, Theorem 3.18). 


Exercise II.3.7 (Smirnov 1964, §111). Assume 92 star-shaped with respect to the 
origin. Prove that every function u in W™ (2), 1 < q < co, m > 0, can be 


approximated by functions from Cg° (2). (Compare this result with Theorem II.3.1.) 
Hint: Consider the sequence 


u((1—1/k)a) if « € Q&/F-Y)) 
u(x) = | ee 
0 ifadg Qk/(k-21)) 


with 2) defined in (II.1.14). Then, regularize uz and use (II.2.9) and Exercise 
IL-3.2: 


We wish now to prove some basic inequalities involving the norms (II.3.1). 
Such results are known as Sobolev embedding theorems (see Theorem II.3.2 
and Theorem II.3.4). To this end, we propose an elementary inequality due 
to Nirenberg (1959). 


Lemma II.3.1 For all u € C§°(R”), 


1 
< 5 |Vuls. (11.3.2) 


Proof. Just to be specific, we shall prove (II.3.2) for n = 3, the general case 
being treated analogously. We have 


52 II Basic Function Spaces and Related Inequalities 
1 CO 
Ju(a)| < >| |Dyuldx, = Fi (x2, x3) 
Oya 


and similar estimates for x2 and x3. With the obvious meaning of the symbols 
we then deduce 


|2u(a)|2/? < [Fy (we, ws) Fo(a1, 03) F3(x1, 22)]'?. 


Integrating over x1, and using the Schwarz inequality, 


oo oo 1/2 
/ |2u(x)|3/2dx1 <[Fi(ae, v3)]*/? (/ Fey ta)de1) 


- —oo 


ioe) 1/2 
x (/ P(xy,2)dz) : 


Integrating this relation successively over x2 and x3 and applying the same 
procedure, we find 


1/3 3 
alae < (f Dru f Dan} [ [Dau ) < (1/3) > f Diu, 
RS RS RS = JR? 


which, in turn, after employing the inequality ! 


(a1 t+ag+...+am)% <m? (af +a2+...+0%,), a, >0,q>1 (113.3) 


with m = 3,q = 2, gives (11.3.2). 


For q > 1, replacing u with |u|? in (11.3.2) and using the Holder inequality, 
we obtain at once 


1/q 
q = 
lletllon/en—1) = | —= lula 2/4 Veall a! (1.3.4) 
2/n 


Inequalities (II.3.2), (II.3.4), and (11.2.7) allow us to deduce more general 
relations, which are contained in the following lemma. 


Lemma IJI.3.2 Let 


r€[q,nq/(n—q)], ifqe€ [1,n), 


and 
ré€ [q,coc), ifqg>n. 


Then, for all u € C§°(IR”) we have 


' See Hardy, Littlewood, & Polya 1934, Theorem 16, p. 26. 


II.3 The Sobolev Spaces W'*? and Embedding Inequalities 53 


Xr 
alles (SS) dul Avul (11.3.5) 


where 
c1 = max(q,r(n—1)/n), A=n(r—q)/r¢. 


Proof. We shall distinguish the two cases: 
(i) q<r<qn/(n—1), 
(ii) r > qn/(n— 1). 
In case (i) we have by (II.2.7) and (11.3.4) 
q ane 0—1)/q+1 1-0 
ae < Helse ay < (se) Tulle eH Vulo 


with 


Substituting the value of @ in the preceding relation furnishes (II.3.5). In case 
(ii), we replace wu in (11.3.2) with |u|"-/”" and apply the Hélder inequality 
to obtain 


a 1) [r(n—1)—n]/n qr(n — l)-n 
eer!" < Ills Vala, 8=— 
n/n n(q-1) 
Notice that q < G. Moreover, it is 
B<r forr<ngq/(n—q), ifq<n 


and 
B<r foralr<o, ifq>n. 
In either case we may use (II.2.7) to obtain 
r(q—n) +nq 
(r — g)[r(n—1) —n] 
Substituting this inequality in the preceding one gives (II.3.5), and the proof 
of the lemma is complete. 


lull < llellglulle’, 8 = 


Lemma II.3.2 can be extended to include L%-norms of derivatives of order 
higher than one. A general multiplicative inequality is given in Nirenberg 
(1959, p.125). We reproduce here this result, referring the reader to the paper 
of Nirenberg for a proof. Set 


luke = (0 | \Deul? 
Q 


|é|=k 


1/p 


We have the following. 
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Lemma II.3.3 Let u € L1(R"), with D°u € L™(R"), jal = m>0,1< 
qr < co. Then, D°u € L*(R"), |a| = 7, and the following inequality holds 
for0 <j <m and some c = c(n,m, j, q,7, @): 


lulse< clultellullg (11.3.6) 
where i , ; 
m 
w= t40(2-%) +(1-a)-, 
s on ron q 
for all a in the interval ; 
Lge 1, 
m 


with the following exceptional cases 


1. Ifj7 =0,rm <n, q = © then we make the additional assumption that 
either u(x) > 0 as |x| — 00, or u € L7(R") for some J € (0, 00). 

2. ifl <r < oo, andm-—j-—n/r is a nonnegative integer then (*) holds 
only for a satisfying j/m<a< 1. 


From Lemma II.3.2 we wish to single out some special inequalities that 
will be used frequently in the theory of the Navier-Stokes equations. First of 
all, we have the Sobolev inequality 


ieee 
2 


(n—q)/n 


derived for the first time by Sobolev (1938) by a complete different method 
and for g € (1,n).? Inequality (II.3.7), holding a priori only for functions 
u € C§°(R”), can be clearly extended, by density, to every u € Wo 102), 
1 <q<_n. We then deduce, in particular, that every such function is in 
L” (92) with r given in (11.3.7). 


|Vulla, 1Sq<n, r=ng/(n—4Q), (II.3.7) 


Exercise II.3.8 Let 2 = B, or 2 = R", n > 2. Show, by means of a counterex- 
ample, that the Sobolev inequality does not hold if g = n, that is, a (positive, finite) 
constant y independent of u such that 


Ilulloo SylVulln, we Cor (2), n> 2, 
does not exist. (In this respect, see also Section II.9 and Section II.11.)? 


Remark II.3.2 In connection with (II.3.7) we would like to make some com- 
ments. When 2 is an unbounded domain (in particular, exterior to the closure 
of a bounded domain) the investigation of the asymptotic properties of a so- 
lution u to a system of partial differential equations is strictly related to the 


? In this regard, see Theorem II.11.3 and Exercise II.11.4. 
3 A sharp version of the Sobolev inequality when q = n and 2 is bounded, is due 
to Trudinger (1967). 
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Lebesgue space L*({2) to which u belongs and, roughly speaking, the behavior 
of u at large distances will be better known when the exponent s is lower.* 
Now, as we shall see in subsequent chapters, the inherent information we derive 
from the Navier-Stokes equations in such domains is that u (a generic compo- 
nent of the velocity field) has first derivatives D;w summable with exponents 
q; Which, however, may vary with x;,1=1,...,n. Therefore, we may wonder 
if (11.3.7) can be replaced by another inequality which takes into account this 
different behavior in different directions and leads to an exponent s of summa- 
bility for u strictly less than the exponent r given in (II.3.7). This question 
finds its answer within the context of anisotropic Sobolev spaces (Nikol’skii 
1958). Here, we shall limit ourselves to quote, without proof, an inequality 
due to Troisi (1969, Teorema 1.2) representing the natural generalization of 
(11.3.7) to the anisotropic case. Let 


DG 005. GS Lye dag: 


Then, for all u € CG°(R"”) the following Troisi inequality holds: 


lulls sc] Dw", Stapt>1, s=—"™,—. —(13.8) 
i=1 i=l (ee _ 1) 

If q; = q, for alli = 1,...,n, (11.3.8) reduces to (II.3.7). On the other hand, 

if for some 7 (=1, say), q1 <q =q =... =n, from (11.3.8) we deduce 


oo <0. 


(g-—m) +u(n—g) 
|_| 


Other special cases of (II.3.5) are now considered. We choose in Lemma 
1.3.2 n =q =2 and r = 4 to deduce the Ladyzhenskaya inequality 
7 1/2 1/2 
Jala < 2-27! Vell”, (11.3.9) 
shown for the first time by Ladyzhenskaya (1958, 1959a, eq. (6)). It should 
be emphasized that (II.3.9) does not hold in three space dimensions with the 


same exponents (see Exercise II.3.9). Rather, for n = 3, gq = 2, and r = 4, 
inequality (II.3.5) delivers 


2" 1/4 3/4 
lulla < 348 ello’ Vella’. (II.3.10) 


Furthermore, for n = 3, g = 2, r = 6 the Sobolev inequality (II.3.7) specializes 
to 


“Tt is needless to say that the possibility of lowering the exponent s depends on 
the particular problem. 
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2 
V3 


In two space dimensions there is no analogue of (II.3.11), and so, in particular, 
for n = 2, a function having all derivatives in L?(R?) need not be in L"(R?), 
whatever r € [1, co]. ° 


Ilulle < S=||Vulle. (1.3.11) 


Exercise II.3.9 Let y be the C™ “cut-off” function introduced in Exercise [1.3.4 
and set Um(x) = p(x) exp(—m|a|), m € N. Obviously, {um} C Co°(R”). Show that 
for n = 3 the following inequality holds 


R(m) = ——lietmllt > ome & vidy 
Jum|[31|Vumlls ~~ fo e-24y?dy’ 


with c a positive number independent of m. Since R(m) — co as m — oo, a constant 
7 € (0,00) such that 


1/2 2 fore) 
llulla < llulla/*Vulls’?, uw € Co?(R’), 


does not exist. 


The case q > n of Lemma II.3.2 can be further strengthened, as shown by 
the following lemma. 


Lemma II.3.4 Let g >. Then, for all u € C(B(x)) we have 


1—1/q 
_ 2 q—-—1 
jue) <n Muay +5" (FZ) ula) (3.12) 


and so, in particular, for all u € C§°(R"), 


sup |u(x)| < cow7z/4|lulla gre (I1.3.13) 
xrER” 


ey} 
cg = max ¢ 1, . 
q-n 


Proof. It is enough to prove (II.3.12), since (II.3.13) follows by using the 
Holder inequality in the first term of (II.3.12). From the identity 


with 


Iz! Qu(x + re) y—-2 
u(x) — u(y) = — aaNet dr, e= UV, 113.14 
(2) — uy) = - f o a (113.14) 


° For example, for a € (0,1/2), take u(x) = In“ |a|, if |r| > 1 and u(x) = 0 if 
|z| <1. The problem of the behavior at large spatial distances of functions with 
gradients in L7({2), 2 an exterior domain, will be fully analyzed in Section II.7 
and Section IT.9. 


II.3 The Sobolev Spaces W'*? and Embedding Inequalities 57 


we easily show 
wnle(e)| <lus.oe)+ f | Vae)| le — Pa (1.3.15) 


Applying the Hélder inequality in the integral in (II.3.15) and dividing the 
resulting relation by w, we prove (II.3.12). 


We want now to draw some consequences from Lemma II.3.2 and Lemma 
11.3.4. Employing the Young inequality (II.2.5) and the density of C§°(2) in 
W’4(2), from (II.3.3), (11.3.5), and (II.3.13) we find, in particular, that a 
function u € W’4(Q) is also in L’(Q), for all r € [gq,nq/(n — q)], if 1 < 
q <n, and for all r > q, if gq = n. Moreover, if g > n, u coincides a.e. in 22 
with a (uniquely determined) function of C(Q). Finally, u obeys the following 
inequalities: 

Itul <Cillullng LS a<m, gsr ss 


(II.3.16) 


lleulle < Callullag =n, aer<oco 
llulle < Csllullig @>n 


with C; = Ci(n,q,r), 7 = 1,2,3. Now, using (II.3.16) and an iterative argu- 
ment we may generalize (II.3.16) to functions from W '"""(2), to obtain the 
following embedding theorem whose proof is left to the reader as an exercise. 


Theorem II.3.2 Let u € Wy""(2), q>1, m > 0. Ifmq < n we have 
Wo'"(2) > L"(2) 


for allr € [q, rll if mq <n, and for all r € [q, 00) if mq =n. In particular, 


there are constants c;, i = 1,2, depending only on m,q,r and n such that 


llul]r < c1|[ullm,q for allr € [q, 47], ifmgq <n, 


(II.3.17) 
lull» <c2||Ullmq for allr € [g,co), ifmq=n, 


Finally, if mq > n, each u € W4'"4(Q2) is equal a.e. in Q to a unique function 
in C¥(Q),0<k<m-—n/q, and the following inequality holds 


Ilullow < ¢3||ttllm,as (II.3.18) 

with c3 = c3(m,q,7, 7). 
We wish now to generalize Theorem II.3.2 to the spaces W""4 (2), 2 A R”. 
One of the most usual ways of doing this is to construct an (m, q)-ertension 


map for 92. By this we mean that there exists a linear operator E : W™4(Q) > 
w4(R”) such that 
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(i) u(v) = [E(u)](a), for all x € 2 
(ii) E()|Im.q,a- S CllUl|ma,2, 


for some constant C' independent of u. It is then not hard to show that in- 
equalities (I1.3.17) and (I1.3.18) continue to hold in W™4(Q). For instance, 
to prove (II.3.17) from (i) and (ii), we notice that 


Ilullr.2 S |E@)|lppm < ¢lE(@)|lmqem S ¢Cllullm.q.2- 


Results on the existence of an extension map can be proved in a more 
or less complicated way, depending on the smoothness of the domain. In this 
regard, we shall now state a very general result due to Stein (1970, Chapter VI, 
Theorem 5; see also Triebel 1978, §§4.2.2, 4.2.3) on the existence of suitable 
extension maps called universal or total in that they do not depend on the 
order of differentiability and summability involved. Specifically, we have the 
following theorem whose rather deep proof will be omitted. 


Theorem II.3.3 Let Q be locally Lipschitz. Then, there exists an (m, q)- 
extension map for 2, for all q € [1,00] and m > 0. 


On the other hand, results similar to those of Theorem IT.3.3 can be proved 
in an elementary way, provided the domain is of class C’ (see, e.g., Lions 1962, 
Théoréme 4.1, and Friedman 1969, Lemma 5.2). This is because, for such a 
domain, the boundary can be locally straightened by means of the smooth 
transformation: 


y=a ifl<i<n—-1, Yn =&n—C(a1,...,Ln—-1). 
The extension problem is then reduced to the same problem in R", for which 


a simple solution is available, as shown by the following exercise. 


Exercise II.3.10 For x € R”, we put 2’ = (a1,...,2n-1). Let u € Cg? (Ri.) and 
set 


u(x) ifrn >0 
Eu(z) = 4 mH 
(=) So Asule’, —ptn) if In <0 
p=1 


where 
m+1 


Seley 1, FSO 
p=1 
Show that €u € C”(R") and that, moreover, for all g € [1, co] and all |3| € [0,m] 
||D°Eullann < CDP ullary 
Therefore, € can be extended to an operator EF: W™?(R%) = W™?7(R”), which is 


an (m,q)-extension map for R”. 


® Actually, Stein’s theorem applies to much more general domains (with bounded 
or unbounded boundary) and precisely to those which are “minimally smooth,” 
see Stein (1970, Chapter VI, §3.3). 
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Exercise [1.3.11 Let u € Wj"?() and set 


u(x) ifa € Q 
u(x) = 
0 ifEe QQ. 


Show that u€¢ W™?7(R”). 


On the strength of Theorem II.3.3 we thus have 


Theorem IT.3.4 Suppose 2 locally Lipschitz. Then all conclusions in The- 
orem II.3.2 remain valid if we replace Wo" (Q) with W"™4(Q) for some con- 


stants c; = e(m, g,7, 1, £2), t= 1, 2, 3. 


We wish to remark that, by using alternative methods due to Gagliardo 
(1958, 1959), one can show the results in Theorem II.3.4 under more general 
assumptions on 2 (see also Miranda 1978, §58). 


Exercise II.3.12 Assume 2 locally Lipschitz. Use Theorem II.3.3 to show that, 
under the assumptions on r, g, and n stated in Lemma II.3.2 the following inequality 
holds for u € W'4(Q): 

Jul] < ella “Mella 


(II.3.19) 


19? 


where c is independent of wu and \ = n(r — q)/rq. 


Exercise II.3.13 Let u: 22 — R” and let e be a given unit vector. For h 4 0 the 
quantity 
u(x + he) — u(x) 

h 
is called the difference quotient of u along e. (a) Show that, if Q’ is any domain 
with 2 C Q, the following properties hold for all u € W'4(): 


(i) A’ u(a) € L9(2’), for all h < dist(Q’, Q) ; 
(ii) A” u(a)[lq.ar < |Vulla,o; 
(iii) If Q = Rt and e is orthogonal to e,: 


A’ u(x) = 


h 
|A°u(x)|laer < ||Vullare - 


Hint: For a smooth function u and e parallel to e; (say) it holds 
1 rh 
A’ u(z) = ; | Djyu(a1,..., i +7,...,0n)dn. 
0 


(b) Conversely, assume u € L*(Q) and that for all Q’ with Q’ C 2 and for all 
h < dist(Q’, Q) it holds ||A”ul|q.a: < C, with a constant C independent of 2’ and 
h. Then if e is parallel to e;, show that 


(iv) Dyu exists; 
(v) ||Diullae <C. 
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We wish to end this section by recalling a useful characterization of the 
normed dual space (Wj”"4(Q))’ of the space Wj"4(Q). An analogous result 
can be given for W"4(Q). A functional £ on Wi""(Q) belongs to (Wg""(Q))’ 
if and only if 

lll (we2cayy’ 7 ee |€(u)| < oo. 
Let us consider in (W"""())’ the subspace constituted by functionals F of 
the form ; 
F(u)=(f,u), fel? (2). (II.3.20) 


Clearly, F € (W4'"4(Q))’. Setting 


Ilfll-ma = sup |F(u)|, (I1.3.21) 
wEWg”’4(2);||ullm,g=1 


we easily recognize that (II.3.21) is a norm in L% (Q), and that the following 
inequalities hold: 


Ilfll-m.a < IIfllar 
IF(u)| S [Fll-m.q’|lellm.- 


Let us denote by Wo 7? (Q) the negative Sobolev space of order (—m,q’), 
obtained by completing L” (Q) in the norm (II.3.21). The following result 


due to Lax (1955, §2) ensures that for g € (1,00) the two spaces We ™* (2) 
and (W;’""(Q))' can be identified (see also Miranda 1978, §57). 


(II.3.22) 


Theorem II.3.5 The spaces We ™* (2) and (Wj""())', 1 < q < ©, are 
isomorphic. 


Throughout this book the value of a functional F € We ™* (2) at ue 
Wo"""(2) will be denoted by 


(F,u) (duality pairing). 
If, in particular, F € LY (Q), we have (F,u) = (F,u). 


Remark II.3.3 A characterization completely similar to that of Theorem 
II.3.5 can be given also for the space (W'™4(2))’. Precisely, denoting by 
W-™41 (Q) the completion of L% (Q) in the norm 


LE seca = sup |F(u)| , 
wEeW™4(2);||ul]m,qg=l 


with F(u) defined in (II.3.20), one shows that W7" (Q) and (W™4(Q))’, 
1 <q < ™, are isomorphic; see Miranda loc. cit. Notice that, obviously, 


IIfll-m.a SMF lena" - 
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II.4 Boundary Inequalities and the Trace of Functions of 
wma 


As a next problem, we wish to investigate if, analogously to what happens 
for smooth functions, it is possible to ascribe a value at the boundary (the 
trace) to functions in W"?(2). If Q is sufficiently regular, the considerations 
developed in the preceding section assure that this is certainly true if mq > n, 
since, in such a case, every function from W4((2) can be redefined on a 
set of zero measure in such a way that it becomes (at least) continuous up to 
the boundary. However, if mq < n we can nevertheless prove some inequalities 
relating W™?-norms of a smooth function with Z’-norms of the same function 
at the boundary, which will allow us to define, in a suitable sense, the trace 
of a function belonging to any Sobolev space of order (m,q), m > 1. To this 
end, given a sufficiently smooth domain with a bounded boundary (locally 
Lipschitz, say) we denote by L4(02), 1 < q < oo the space of (equivalence 
classes of) real functions u defined on O02 and such that 


1/q 
|ullg,ae = (/ ultae <o, l<q<wo, 
OQ 


||ul|0,ag =esssup |u| <oo, q=o, 
an 


where o denotes the Lebesgue (n —1)-dimensional measure.! It can be proved 
that the space £7(02) enjoys all the relevant functional properties of the 
spaces L7(2). In particular, it is a Banach space with respect to the norm 
| - lg,a2, 1 < ¢ < oo, which is separable for 1 < q < o and reflexive for 
1<q<_o (see Miranda 1978, §60). 

In order to accomplish our objective, we need some preliminary consider- 
ations and results that we shall next describe. 

We shall often use the classical Gauss divergence theorem for smooth vec- 
tor functions. It is well known that this theorem certainly holds if the domain 
is (piecewise) of class C'. However, we need to consider more general sit- 
uations and, in this respect, we quote the following result of Neéas (1967, 
Chapitre 2, Lemme 4.2 and Chapitre 3, Théoréme 1.1). 


Lemma II.4.1 Let 2 be a bounded, locally Lipschitz domain in R". Then 
the unit outer normal n exists almost everywhere on O§2 (see Lemma II.1.2) 
and the following identity holds 


Veu= f un, 
2 a2 


for all vector fields u with components in C'(). 


' As usual, if no confusion arises, the infinitesimal surface element do in the integral 
will be omitted. 
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A generalization of this result to functions from W1+4(Q) will be considered 
in Exercise II.4.3. 

We are now in a position to perform a study on the traces of functions 
from W™4, Let 2’ be a locally Lipschitz, star-shaped domain (with respect to 
the origin) and let u be an arbitrary function from C§°(2’). From the identity 


|u|"Dj25 = Dj(x,|u\") — xjDj\ul", r € [1, 00) 
and Lemma II.4.1 we easily deduce 
| x-niul” < nilull” o +r6(2) f |u|” "|Vul. (11.4.1) 
aa , aa 
Using the Hoélder inequality in the last integral in (II.4.1) and noting that 
inf (a - = 0 
ess in (a@-n(a)) =c> 


(see Exercise II.1.4), we obtain 


llulltan S (m/e)llullr.ar + (r8(2)/o)lullye—1y,alVullaa (I-42) 


We now choose r € [q, (n—1)q/(n—q)], if ¢ < n, and arbitrary r > q, ifq > n. 
Observing that r < q'(r — 1), in the light of Exercise 1.3.12 (see (II.3.19)), 
inequality (II.4.2) then furnishes for all u € C§°(.2’) 


(1-A 
ella SC (eller lal cor + lll 


(r=1)(1=A)) FACED) aye 
co he) 
(11.4.3) 


r (1—4)(1—-A) tA(1— 4) 
< 2'/"C (lel ollull? tq + Well 4.0" Iu ull GQ! ) 


where \ = n(r — q)/q(r — 1), C = C(n,r, g, 2’), and where we used (II.3.3). 

Employing Lemma II.1.3 and Lemma II.1.4, we can now establish (II.4.3) 
for an arbitrary locally Lipschitz domain 2. In fact, let G = {Gi,...,Gn} 
be the open covering of 02 constructed in Lemma II.1.3 and let {y;} be a 
partition of unity in 02 subordinate to G. Setting Q; = QNGi, for u € C§°(2), 
we have 


N N N 
llu|,00 = >. ditll,ae < >— llullneanc: < >> |lulla0, 
w=1 w=1 i=l 


and therefore, using in this inequality (1.4.3) with 2’ = Q;, we deduce 


. is (1—4)(1—A) 14+)(1—2) 
lullo0 S$ 2/°NC (eels? go + Male e aleRIE PY 
(11.4.4) 


Let now {2 be locally Lipschitz, and denote by ¥ the linear map which to 
every function f € C§°({2) associates its value at the boundary 7(f) = flan, 
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and let u € W14(2). By Theorem II.3.1, there is a sequence { f,} C C3°(Q2) 
converging to u in W!-4(Q). On the other hand, by (II.4.4) this sequence will 
also converge in L" (02), for suitable r, to a function wu € L”(O2). Since, as can 
be easily shown, wu does not depend on the particular sequence, the map y can 
be uniquely extended, by continuity, to a map from W14(Q) into L"(0Q) that 
ascribes, in a well-defined sense, to every function from W14(Q) a function 
on the boundary which, for smooth functions u, reduces to the usual trace 
ulag. This result can be fairly generalized to spaces W™4 with m > 1. In fact, 
from Theorem II.3.4 and an iterative argument based on (II.4.4), we obtain 
the following result whose proof is left to the reader as an exercise. 


Theorem IJ.4.1 Let 2 be locally Lipschitz. Assume 


r € [¢,q(n —1)/(n — mq)] , if mg < n, 


r € [q, 00) ,ifmq >n. 


Then there exists a unique, continuous linear map y from W'™4(Q2), 1 <q< 
co , m > 1, into L"(OQ) such that for all uw € C§°(Q) it is y(u) = ulan. 
Furthermore, form = 1 the following inequality holds 


1-A (1-#)(1-A) e+A(1—4) 
whoo <C (ales lage + llega llullpay 7), (4.8) 


where C = C(n,r,q, 2) and X = n(r — q)/q(r — 1). 


Exercise II.4.1 Let 2 be locally Lipschitz. Starting from (II.4.5), show that for 
any € > 0, there exists C = C(n,r, q, 2,¢) > 0 such that 


Iy(u)llr,a2 < Cllullae + €llVullae » 


with the exponents q and r subject to the restrictions stated in Theorem II.4.1. 
Hint: Use (11.2.5). 


Theorem II.4.1 allows us to define, in a natural way, higher-order traces. 
Actually, since for u € W™4(Q) we have D*u € W™*4(Q2) for 0 < |a| < 
é<m, the trace of D®u is well defined and, moreover, it belongs to L"(022) 
for suitable exponents r > 1. In particular, if 2 is sufficiently regular, we can 
give a precise meaning to the ¢th normal derivative on O22: 


Ofu 
—= y ne Du, ne Sn ns. ene, 
ant 

la|=€ 


of every function u € W™4(2),m > > 0. Thus, noticing that n° € L~ (02), 
we can construct a linear map 


Tan) : W™(2) = [L"(a2Q)]"™ (11.4.6) 


with 
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Ou om—tu 


Fm) (u) = (« = 0(u), — =n1(w),..., et ‘m-a(t) ) : (11.4.7) 


Obviously, if u € Wo""(2), Im(u) = 0 a.e. on OQ. The converse result also 
holds and we have (see Neéas 1967, Chapitre 2, Théoréme 4.10, 4.12, 4.13). 


Theorem II.4.2 Let Q be locally Lipschitz if m = 1,2 and of class C™! if 
m > 3. Assume 
wEWw™t(Q), L<q<w, m>l, 


with Iy,(u) = 0 a.e on O2. Then u € Wy" (2). 


A more complicated study, which is nonetheless fundamental for solving 
nonhomogeneous boundary-value problems, is that of determining to which 
Banach space B C [L"(02)]|” a function w = (wo, Wi,.--,Wm-—1) must belong 
in order to be considered the trace, via the mapping [(), of a function in 
W™4(Q), i.e., ye(u) = we, for some u € W™4(2), for all 2=0,1,...,m—1. 
A counterexample due to J. Hadamard shows that B6 is, in general, strictly 
contained in [L"(02)]", whatever r > 1 (Sobolev 1963a, Chapter 2, §5; De 
Vito 1958). Here we shall only briefly describe the answer to the problem, 
referring the reader to Gagliardo (1957) and Neéas (1967, Chapitre 2, §§4,5) 
for a fully detailed description of it. Let us first consider the case m = 1. 
Denote by W!~!/%4(@Q2) the subspace of L4(0Q) constituted by functions u 
for which the following functional is finite: 


I[ull1-1/q.q(a2) = llullaae + ((u)) 1-1/4, (IL-4.8) 


(Cal va 
((u) = 0 [ TENN ae de ‘ . (11.4.9) 
N-aa = an Jan = ae ae ee 


It can be proved (Miranda 1978, §61) that W!~!/%9(0Q) is a dense subset 
of L4(022) and that it is complete in the norm ||u||1~1/9,q(aq). Furthermore, 
it is separable for q € [1, 00) and reflexive for g € (1,00), and, for 2 smooth 
enough, the class of smooth functions on 02 is dense in W!~!/4%4(9Q2). We 
have the following theorem of Gagliardo (1957), which characterizes the trace 
operator +. 


Theorem II.4.3 Let 2 be locally Lipschitz and let q € (1,00). Ifu € 
W14(Q), then y(u) € W1-1/%4(0Q) and 


where 


Ily(u)lla—1/¢,q(02) S e1|lulla,g.e- (I1.4.10) 


Conversely, given w € W1—1/%4(9Q), there exists u € W'4(Q) with y(u) = w 
such that 
Ilull1a,.s2 S cally) lla-1/4.9(0.2)- (IL-4.11) 


The constants c;,1 = 1,2, depend only on n,q, and 22. 
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Since, by Theorem II.4.2, we have, for 9 locally Lipschitz, ui,u2 € 
W14(Q) with y(u1) = y(uz) then uy — u2 € Wy’4(Q), Gagliardo’s theorem 
can be equivalently stated by saying: The trace operator y is a linear bounded 
bijective operator from the quotient space W+*4(2) /Wo(@) onto the space 
W1-1/449(9). 


Remark IJ.4.1 Gagliardo proved this result by making a clever use of two 
elementary inequalities due to G. H. Hardy and C. B. Morrey, respectively. 
Though the proof of Theorem I.4.3 is well beyond the scope of this mono- 
graph, we may wish nevertheless to sketch a demonstration of (II.4.10) in the 
case when 2 is the square 


S={(z,y) €R?:0<2<1,0<y<1}? 


We begin to notice that, in view of Theorem II.4.1, it suffices to show that 
the double surface integral in (II.4.7) is bounded above by the norm of wu in 
W19(S), ie., 


’ 
uO, u) — wy!) u(y)’ ete wy) (ley) = u(y) | dy dy’ 
u(z, 0) — ula’, 0) asda: SS u(w, 1) = (a, 1)’ eae 
rT 2 ae 
<Cllulligs 
(I1.4.12) 


with a constant C independent of u. By Theorem II.3.1, we can assume u € 
C§°(S). Consider the first integral on the left-hand side of (II.4.11) and denote 
it by Z. Making the change of variables 


€=r+y, N=y-Z, 


(a rotation of an angle 7/4) we may write 


U(n,n) wee ee oN Suen, 
—7 
where é 
= Ee 
(€, ) =u ( 9 ’ <<") 
Setting 
$() = U(n, 7) 


? In fact, following Gagliardo, it is not difficult to prove that the case of a general 
locally Lipschitz domain can be reduced to the present one. 
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for 0 <7! <7 <1 we have 


lo(n) — o(n')| 1 aU 1 "| @U | 
eaag <f) Br Av)| aa + 7h On eh) du 
and thus, by (II.3.3), 
» _ |d(n) — o(n') |" = 1 au plea 
=|. 29 ——_ A, dX 


: (11.4.13) 
+ al ool} 


We now recall the following inequalities due to G.H. Hardy (Hardy, Littlewood 
and Polya 1934, p. 240): 
b 1 x q q qd b 
| da / f(t)dt| < (4) i |f(t)|\{dt, «>a,q>1 
a T—ASgq q — 1 a 
b 1 b q q aq pb 
| dx —/ f(t)dt) < (| —— , |f(t)\"dt, «<b, q>1. 
a b aX Sy gq — 1 a 


Integrating (I1.4.13) first in 7 € (n’, 1] and then in 7 € [0, 1] and using (II.4.14) 
we obtain 


(II.4.14) 


1 1 q ak 0U 
.1!)d 4 dr! | |—(,7!)| dd 
| (ffm n) n 7-1 . mx | n 
Pan | 7) “ay 
< one 
(1.4.15) 


with ca suitable constant. Interchanging the roles of 7 and 1’ in (1.4.15) and 
noticing that f(7, 7’) = f(n',7) one also has 


7 ( f(n, ryt’) dn < el|Vull? s- (II.4.16) 


Adding (II.4.15) and (1.4.16) we find 
T < 2cel|Vulli.s- 


Since the other integrals on the left-hand side of (II.4.12) can be analogously 
increased, the proof of (II.4.12) is accomplished. | 


Exercise II.4.2 According to the method just described, the case q = 1 of Theorem 
11.4.3 is excluded because Hardy’s inequalities (II.4.14) hold if g > 1. Show, by means 
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of a counterexample, that (II.4.14) does not hold when gq = 1. Hint (Gagliardo 1957): 
Take f(t) = (t — a)~*(log(t — a))~?. (For the characterization of the trace when 
m = q =1, see Gagliardo (1957, Teorema 1.II)). 


The extension of Theorem II.4.3 to the space W™4(Q), m > 2, is for- 
mally analogous, provided we introduce a suitable generalization of the space 
W1-1/%4(9Q). To this end, assume of class C1! and let {B,} and 
{Cc}, k = 1,2,...,8, be a family of open balls centered at x, € OM with 
02 C Bx, and of functions of class C™—!1+(D,), respectively, defining the 
C™—11 _ regularity of 0 in the sense of Definition II.1.1. Assuming that 

ok) — Cea, ee ao) ), (x*), a ) € Dr 


7 tn —1 


is the representation of 02M By, for a function u on O02 we set 


k k k k 
Uk = u(at ” Seis att, w(as Y ee ., @*),)) 
and define : 
||t2|| m—1/¢,q(02) = oS [es |e ere ee (I1.4.17) 
k=1 
where 


ss |D°ux|lq,De + ((Uk))m—1/q4 


0<|a|<m-1 


les aes area y' |" ——__—_. hk dydy/ 


la|= 
(I1.4.18) 
We next denote by W™~1!/%4(9Q) the linear space of functions u for which 
the functional defined by (II.4.17)—(II.4.18) is finite. It can be shown that 
the definition of W™"—!/%4(9Q) does not depend on the particular choice 
of the local representation {B,}, {¢,} of the boundary. In fact, if {By}, 
{¢j,/} is another such a representation and IlIln—1/q,q(0.2) is the corresponding 
functional associated to u, there exist constants c,, cg > 0 such that 


Wel leave acts 


Ill] m—1/q,(02) S CallUllin—1/q,q(a2) S C2llUllm—1/a,q(02) 


(Neéas 1967, Chapitre 3, Lemme 1.1). As in the case of W!~!/49(9Q), one 
shows that the space W™—1/%4(9) is a dense subset of L4(02), which is 
complete in the norm (II.4.17)—(I1.4.17), separable for g € [1, oo) and reflexive 
for q € (1, 00) (Neéas 1967, Chapitre 2, Proposition 3.1). 

Set 


Wr.g(O2) = W™ V/49(8Q) x W™1-V/49(8Q) x... x W498). 


We then have the following characterization of the trace operator I) defined 
n (I1.4.6)—(I1.4.7) (Neéas 1967, Chapitre 2, Théoréme 5.5, 5.8). 
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Theorem II.4.4 Let Q be of class C™—'', m > 2. If 
wEew™t(Q2), L<q<o, 
then 
Tm) (u) € Wm,q(O2) 
and for all@=0,1,...,m—1 it is 
II¥e(24) ll m—e—1/9,9(02) < €1||Ullmg,22- (11.4.19) 
Conversely, if Q is of class C™!, given 
w € Wm,q (OL) 
there exists u€ W"™4(22) with 


Frye) = W 
and the following inequality holds 
m—-1 
[lel] ,a,2 Sc D> [lre(u)Ilm—e-1/4,9(02): (II.4.20) 
£=0 


The constants c;, 1 = 1,2, depend only on n,m, q, and 22. 


As in the case of the operator y, the operator I(m) can also be charac- 
terized, in view of Theorem II.4.2 and Theorem II.4.4, as a bounded linear 
bijection of W"4(Q) /W4'’"(2) onto Wm,q(O2) (topologized in the obvious 
way). 

Remark IJ.4.2 If 2 is not globally smooth but has a smooth boundary 
portion o, we can still define the trace on o of functions from W™4(2) and 
the space Wn,q(a). In particular, inequality (II-4.19) continues to hold with 
a in place of 0 (see Neéas, loc. cit.). Oo 


Remark II.4.3 Problems of trace on the plane {x,, = 0} for functions de- 
fined in R"~+ will be considered in Section II.10. a 


Exercise II.4.3 (Neéas 1967, Chapitre 3, Théoréme 1.1). Let 2 be bounded and 
locally Lipschitz. Show the following Gauss identity: 


[ovu=[ dun | uve (11.4.21) 
Q an Q 


for all vectors uw with components in W14(Q) and scalars ® from W1'"(Q) where q 
and r satisfy 
(i) gitrt<(n4l)/n if l<q<n, 1<r<n; 
(ii) r>1 if q>n; 
(iii) g>1 if r>n; 
Hint: Use Lemma II.4.1 and Theorem II.3.3 and Theorem IJ.4.1. 


Remark II.4.4 An extension of (II.4.21) to functions u with less regular- 
ity than that required in Exercise II.4.3 will be given in Section III.2, see 
(III.2.14). r] 
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II.5 Further Inequalities and Compactness Criteria in 
wma 


We begin to prove some inequalities relating the L¢-norm of a function with 
that of its first derivatives (Poincaré 1894, §IIT, and Friedrichs 1933). Through- 
out this section we shall denote by Lg a layer of width d > 0, namely 


La = {a € R”: -d/2 <a, < d/2}. 


Theorem II.5.1 Assume 2 C La, for some d > 0. Then, for allu € Wo’4(2), 
l<q<o, 
Ilulla < (d/2)||Vulla. (11.5.1) 


Proof. It is enough to show the theorem for u € C§°(2). For such functions 
one has 


28 Ot Bay scony€) i Ou(x1,..-,&) 
ee al GEER EL 2 EN | 
Ju(xr In)| L DE . a DE . 
which implies 
d/2 
ju(ax)| < 2) f |\Vul dx. (11.5.2) 
aaa 


From this relation we at once recover (II.5.1) for g = ov. If g € [1, co), em- 
ploying the Hélder inequality in the right-hand side of (II.5.2) yields 


d/2 


lu(x) |? < (d2-1/29) / [Vul%de, 
—d/2 


which, after integrating over Ly, proves (II.5.1). 


Exercise II.5.1 Inequality (11.5.1) fails, in general, if 2 is not contained in some 
layer La. Suppose, for instance, 2 = R” and consider the sequence 


Um = exp[—|z|/(m+4+1)], mEN. 


Show that 
uml _ mtd 


[Vumlla 4 
Modify this example to prove the invalidity of (II.5.1) for Q an arbitrary exterior 
domain or a half-space. 


The special case g = 2 in (II.5.1) plays an important role in several applica- 
tions. In particular, it is of great interest in uniqueness and stability questions 
to determine the smallest constant yw such that 
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Ilulld < wllVulld. (11.5.3) 


The constant 4 (sometimes called the Poincaré constant) depends on the 
domain 2, and when (2 is bounded one easily shows that 4 = 1/A1, where A; 
is the smallest eigenvalue of the problem 


—Au=Au inf, uw=0 aton; (11.5.4) 


see Sobolev 1963a, Chapter II, §16. An estimate of A; comes from (II.5.1) and 
one has 
Ar > 4/[5(2)]?. 


However, a better estimate can be obtained as a consequence of the following 
simple argument due to E. Picard (Picone 1946, §160).1 In fact, assume as 
before (22 C Lg for some d > 0 and consider the function 
u(x) 
U(«) = —————_— Coo (82). 
"l= SiG. taoya oe 


Since U(a) is bounded in Lg and vanishes at —d/2, d/2, integrating by parts 


2, Ou ot (an +d/2)])\? d/2 / Ou \? 
< = 4 ___ = 
0< I. {=~ ule) cot | 7 |} dx», = (7) din, 


Boo EA oA n, 


d/2 d/2 2 
/ wdatn < (any? f (=) din, 
—d/2 —d/2 OLn, 


llull2 < (d/m)||Vullo. 


Hence 


which implies 


Therefore, one deduces 
ws d?/n? 
and, if 92 is bounded, 
WS [5(2)/a)’. 


Notice that these estimates are sharp in the sense that when n = 1 and 
Q = La we have from (11.5.4) uw-! = Ay = [r/6(2)]? = (r/d)?. 

Generalizations of (II.5.1) and (II.5.3) are considered in the following ex- 
ercises. 


' This proof was brought to my attention by Professor Luigi Pepe. 
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Exercise [1.5.2 Let 2 Cc {# € R” : —d/2 < a; < d/2, i=1,...,n}. Use Picard’s 
argument to show the following estimate for the Poincaré constant pu: 


p< d?/nn. 


Exercise [1.5.3 Let 2 C La, for some d > 0. Show that 
||Vull2 < (d/7)|| Aulle 
for all wu € Wj’? (2) NM W??(Q). Thus, in particular, 
llull2 < (d/7)*||Aulle. 
Hint: Consider the identity: (u, Au) = —||Vulle. 


Exercise II.5.4 Let Q be of finite measure and let u € Wy’?(2), 1 < q < oo. Show 
the inequality 


lIulla < BQ)" ||Vullg (11.5.5) 
where | 1) 
q(n — , 
i ai ifq<n 
p= 
in ifq>n. 


Hint: Use (11.3.5) and the inequality 


llulla < QI°/P-E Jule, > a 


Exercise II.5.5 Let 92 be bounded and let u € Wo’? (2), q > n. Show that, for all 
qi € (n,q), the following inequality holds 


llullo Sellullg VE Vall’ , 
with c= c(n,q,q, 2). Hint: From (I1.3.18) and (11.5.1) we find ||ul|c < ¢||Vull¢. 


Exercise II.5.6 Let 2 be bounded and C!-smooth, and let u be a vector function 
with components in W'4(Q2), 1 < q < oo, and u-n =0 at OM (n being the outer 
normal). Show the inequality 


ella SC |Vullg, CS 4(2)(lq—2| +n +1). 


Hint (due to L.H. Payne): Integrate the identity: 
> (Diluewyujlul? 7] — (Dies)ajuylul?? — [ult — usary Difujlul*7]) = 0. 


t,j=1 


An inequality of the type (II.5.1) continues to hold even though u is not 
zero at the boundary, provided one replaces u with u— Tp. We shall begin to 
prove the following result which traces back to Poincaré (1894). 
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Lemma II.5.1 For a> 0 let 

C={x ER" :0<2; <a}. (11.5.6) 
Then, for allu € W14(C), 1 <q <0, 


lu — Uallq < nal|Vullg- (II.5.7) 


Proof. For simplicity, we shall give the proof in the case n = 3. Clearly, in 
view of Theorem II.3.1, it is enough to show (II.5.6) for u € C!(Q). Consider 
the identity 


Ly fa) rt fa) 
u(r1, £2, £3) — ulyi, Ya; y3) =, selGeaca)ag +f By usted 


y2 


3 Ou 
ae He Yi 2 GIG. 


Integrating over the y-variables and raising to the gth power, we deduce 


lu(a, 22, 23) — Tol? < |C|-2 G [twee 2s)lae 
0 


a a qd 
+0 | / |Vu(yi,7, v3)|dyidn +a f IVulac| : 
0 0 C 


Employing in this relation the inequality (II.3.3) along with the Holder in- 
equality and integrating over the x-variables we obtain 


| lu — Tol < stat | \Vul%, 
Cc Cc 


which completes the proof. 


Remark II.5.1 An extension of (II.5.7) to arbitrary locally Lipschitz do- 
mains will be given in Theorem II.5.4. Here, however, we wish to observe 
that, unlike Theorem II.5.1, some regularity assumptions on {2 are strictly 
necessary for inequalities of type (II.5.7) to hold, as shown by means of coun- 
terexample in Courant & Hilbert (1937, Kapitel VII, 88.2); see also Fraenkel 
(1979, and §2 in particular). oO 


Let us now analyze some consequences of Lemma II.5.1. Suppose 2 is a 
cube of side a and subdivide it into N equal cubes C;, each having sides of 
length a/N‘/". Applying (II.5.7) to each cube C; and using the Minkowski 
inequality and (II.3.3) one recovers 
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N , a n(1—q) qd 
eos) 2 ( ) i udC; 
qg,2 2 Ni/n C; 


Therefore, introducing the N independent functions 


n(1—q)/q 
W(x) = 9(a-1)/4 (5) xi (x) 
L Ni/n 7 5) 


(2na)? 
gyal 


+ Vell? o- 


with y; characteristic function of the cube Ci, from the previous inequality 
one has the following result due to Friedrichs (1933). 


Lemma II.5.2 Let C be the cube (I1.5.6) and let 
ueWwryCc), 1<q<o. 


Then, given an arbitrary positive integer N, there exist N independent func- 
tions Wj; € D(C) depending only on C and N such that 


N q 
lulc so] f vim 
ja IVC 


Inequality (II.5.8) is very useful in proving compactness results, as we are 
about to show. In fact, let Q be bounded and let {um} C Wo’4(Q), 1 < q¢ < 00, 
be uniformly bounded in the norm ||-||1,,. Extending u,, by zero outside 2 and 
denoting again by u,, such an extension, we thus have that {u,,} is uniformly 
bounded in W14(C), for some cube C (see Exercise I1.3.11), and therefore, 
by Lemma II.5.2, Theorem II.2.4(ii) and Theorem II.3.2, it is not difficult to 
show the existence of a subsequence {u,,;} that is Cauchy in L7(C) and, as 
a consequence, converges strongly in £4(2). On the other hand, by Lemma 
II.3.2 and by Exercise II.5.5, it follows that {u,,/} converges also in L"(Q2), for 
allr € [1,nq/(n—q)), ifq <n, for all r € [1, co) if ¢g =n, while it converges in 
C(Q) if ¢ > n. We have proved the following compact embedding result (see 
Rellich 1930). 


Theorem II.5.2 Assume 92 bounded, and let q € [1, 00). Then 


(2na)? 
2Na/n 


+ |Vulldc: (11.5.8) 


Wo'4(2) a LQ), 


with arbitrary r € [1,nq/(n—4q)), ifq <n, and arbitrary r € [1, 00), if¢ =n. 
Finally, if ¢ > n, then Wy’4(Q) o— C(M) 


In Theorem II.5.2, when g < n, the exponent g* = ng/(n—q) is excluded. 
Actually one proves by means of counterexamples that the strong convergence 
is, in general, ruled out in this case. For, in the ball B, consider the sequence 
of functions 


m("—9/9(1 — mal) if |x| <1/m 
0 if |a| > 1/m 
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with q <n. One has 

|Vemnllg = C1, lltrmllax = C2, 
with C, and C2 independent of m. Since 


lim Um(x)=0 ae. in By 


m—- oo 
it follows that no subsequence can converge strongly in L4*(B;). 


Theorem II.5.2 admits the following counterpart in negative Sobolev 
spaces. 


Theorem II.5.3 Let Q be bounded. Then L4(Q) > W, '"(Q), for any 
1<q< o. Precisely, if {um} C L£4(2) is uniformly bounded, there exists a 
subsequence {Um} and u € L4({2) such that 


lim ||u—Um-||-1,q =0. 


m!— oo 


Proof. In view of inequality (II.5.1), we may endow W,’4() with the equiv- 
alent norm ||V(-)||~. We observe next that, by assumption and by Theorem 
II.2.4(iii), there are u € L4(2) and a subsequence {um} such that um > u. 
Set Um: =U — Um. By Theorem II.3.5 and Theorem II.1.4, for each m’ € N, 


we can find wm € We (2) such that 
[Ur l|—1,q = (Um, Wm), [Vuela = 1. (II.5.9) 


Then, by Theorem II.5.2 and Theorem II.1.3(ii), there exist a subsequence 


{wm} and w € Wet (2) such that wm” — w in LY (Q), and so (IL5.9) 
delivers 


[Um lla, S [Om w)| + [Om [qllomy —wllar S (Om, w)|+€ [Om —wlla ; 


which, in turn, gives the desired result since Uj — 0 in L4(Q) and wm > w 
in L? (22). 


Some generalizations of Theorem II.5.2 are proposed to the reader in the 
following exercises. 


Exercise II.5.7 Assume 2 bounded and let q € [1,00), m > 1. Show that 
Wot (2) G3 L"(Q) 


with arbitrary r € [l,nq/(n — mq)) if mq < n and all r € [1,0o) if mq = n. 
Finally, show that if mq > n, then Wj""(2) G— C*(Q), for all k € N such that 
0<k<1—md/n. 
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Exercise II.5.8 Prove that, when §2 is bounded and locally Lipschitz, Theorem 
II.5.2 and Exercise II.5.7 continue to hold if Wg"7(Q) is replaced by W'4(.2). 
Hint: Use Theorem II.3.3 and (II.3.19). 


We want now to obtain further inequalities as a consequence of the com- 
pactness results just derived. The following theorem extends the Poincaré 
inequality (II.5.7) to more general domains. 


Theorem IT.5.4 Let 92 be bounded and locally Lipschitz. Then, for all u € 
W1:4(2), 1 <q < 00, we have 


lu — Talla < dllVull, (11.5.10) 
where c = c(n,q, 22). 


Proof. To simplify notation, we omit the subscript (2. If (II.5.10) were not 
true, a sequence {tum} C W14(Q) would exist such that for all m € N 


Um =90, |lUmilg=1, ||Vumllg < 1/m. (I1.5.11) 


Therefore, from (II.5.11)2,3 and Exercise II.5.8 there is a subsequence con- 
verging in the norm of W!4(Q) to some u € W'4(Q) which, by (II.5.11), 
should have Vu = 0, @ = 0, namely, wu = 0 a.e. in 2 and |lu||, = 1. This gives 
a contradiction that proves the theorem. 


Theorem II.5.4 admits several interesting consequences, some of which are 
left to the reader in the following exercises. 


Exercise I1.5.9 Let Q be an arbitrary domain and let u € W,)) (2). Show that, if 
Du = 0, then there is uo € R such that u = uo a.e. in 2. Using this result, show 
that, more generally, if u € W/'(Q) with D°u = 0, |a| = m, then u= P ae in Q, 
where P is a polynomial of degree < m — 1. Hint: Use Lemma II.1.1. 


Exercise II.5.10 Assume Q bounded and locally Lipschitz and let u € W'4(). 
If q € [1,n), prove the following Poincaré-Sobolev inequality : 


ju — Tall < ell Vue, (11.5.12) 


where r = nq/(n—q) and c = c(n, q, 2). Moreover, show that, if ¢ > n, the following 
inequality holds 
lu — Talla < c1||Vull¢- (1.5.13) 


Hint: Use Theorem II.5.4 and (I1.3.16)1,3. 


Exercise II.5.11 Let u ¢ W'"(B,(20)), q > n. Show that the following inequality 
holds 


max u(x) — u(xo)| < er'~”/2||Vul 
re B,(xo) 


with c = c(n,q). Hint: Use (I1.5.13) on the unit ball and then rescale the result for 
a ball of radius r. 


q,Br(zo) > 
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Another consequence of Theorem [1.5.4 furnishes an interesting generaliza- 
tion of the Wirtinger inequality (Hardy, Littlewood, and Polya 1934, p. 185), 
which we are going to show. Denote by V*u the projection of Vu on the unit 
sphere S"—! in R", n > 2. We have 


Ou 


Ee 
\V*ul? = ae 


*||Vul? — 


] ; r= lal, (II.5.14) 


For a function f defined on S"~! we may write 


2"n 
\|f - File gn- f= ST _ mit FIle.0: (I1.5.15) 
where 
= ear fis’ (11.5.16) 
Sn-1 


and 2 is the spherical shell of radii 1/2 and 1. Noting that 


=a fs, 


we may employ Theorem II.5.4 to obtain 
If — fllf.e S MNVENG 2 = call VFS, gna 


Thus, combining (11.5.15) with the latter inequality, we deduce the desired 
Wirtinger inequality: 


If — flla.s»-1 S eallV*fllgsn1,, 1S q< 00, (IL.5.17) 


with f defined in (II.5.16), and cg = ca(n, q). 


Exercise I1.5.12 (Finn and Gilbarg 1957). Show that, for gq = 2, the smallest 
constant ¢2 for which (II.5.17) holds is ce: = (n—1)~'/?. Hint: Consider the associated 
eigenvalue problem A*u + Au = 0, where A* denotes the Laplace operator on the 
unit sphere. 


In the exercises that follow, we propose to the reader the proof of some 
useful inequalities, easily obtainable by using the same compactness argument 
adopted in the proof of Theorem II.5.4. 


Exercise II.5.13 Let 2 be bounded and locally Lipschitz and let »’ be an arbitrary 
portion of 0 of positive ((n — 1)-dimensional) measure. Show that for all wu € 
W'4(Q), 1 <q < ©, the following inequality holds 


lull < ¢(iVulle + Lf é 
PH 


) (II.5.18) 


with c= c(n,q, 2, »’). 
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Exercise [1.5.14 Let (2 be bounded and locally Lipschitz, and let u€ W™7(2). 
Then, there exists c = c(n,q, 2,w) such that 


lula <e | So ]D%llg + i lu (1.5.19) 


w 
|ja|=m 


where w is an arbitrary subdomain of 2 of positive (n-dimensional) measure. Hint: 
Use Exercise IT.5.9. 


Exercise II.5.15 Let 2 be bounded and locally Lipschitz and let u be a vector 
function in Q with components from W14(Q), 1 < q < oo. Assuming u-n = 0 at 
022, show that there exists a constant c = c(n,q, 2) such that 


[ella < ellVulla- 


Hint: Use Exercise II.5.8. 


Exercise I1.5.16 (Ehrling inequality) Let (2 be bounded and locally Lipschitz. 
Show that for any ¢ > 0 there is c = c(e,n, q, 2) > 0 such that 


[Vella < cllulla + el|D°ulla, (I1.5.20) 


for all u € W?4(Q), 1 < q < oo. The regularity assumption on 2 can be removed if 
we Wet(2). Hint: Use Exercise II.5.8 and Theorem II.5.2. 


Remark IJ.5.2 Inequalities of the type given in Exercise II.5.13 and Exercise 
II.5.14 are relevant in the context of the equivalence of norms in the spaces 
wWw™-4, A general theorem, that contains these inequalities as a particular case, 
can be found in Smirnov (1964, §114, Theorem 3). Oo 


We end this section by giving another significant application of the 
contradiction-compactness argument used in the proof of Theorem II.5.4, that 
generalizes the result given in Galdi (2007, Lemma 5.4). To this end, we set 


Wi(2) ={ue WI): uly =O}, (1.5.21) 


where » is an arbitrarily fixed locally Lipschitz boundary portion of 022. It 
is easily shown that W1(Q) is a closed subspace of W!4 (Exercise II.5.17). 
Moreover, in view of Exercise II.5.13, we find that a norm equivalent to ||(-)||1,¢ 


is given by ||V(-)||,, and we shall endow w4(Q) with this latter. 
We recall that a sequence of of linear functionals, {¢;}, on a Banach space 
X, is called complete if 


é;(u) =0, for allt EN, implies u=0 in X. 


We have the following result. 
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Lemma II.5.3 Let 2 be locally Lipschitz, and let {l;} be a complete se- 
quence of linear functionals on w4(2), 1<q<o. Then, given ¢ > 0 there 
exist N € N and a positive constant C such that 


N 
llull < ellVullg +O >> lu), 
i=1 
where ||u|| = ||ul|, with r € [1,ng/(n — q)), ifq <n, andr € [1, 00), ifq=n, 
while ||u|| = |lull|c if¢ > n. The numbers N and C depend on 92, <, q, and 
also onr ifq <n. 


Proof. We give a proof in the case q < n, the other two cases being treated in 
a completely analogous way, with the help of Theorem II.5.2. Thus, assume, 
by contradiction, that there is = > 0 such that, for all C > 0 and all N EN 


we can find at least one u = u(C, N) ewh(2) such that 


N 
lull, > EllVullg + C S- |li(u)]. 


i=1 


We then fix N = N, and find a sequence {u,,}, possibly depending on Nj, 


such that 
Ni 


lume > EIVeemllg +m >) [ti(tm)| - 


i=1 
Setting Wm = Um/||Vumllq,? from the preceding inequality we find 
Ni 


mle FEMS [li(wm)], |Vwmllg=1, mEN. (1.5.22) 


i=1 
From (II.5.22) we then deduce that 
l|mlli,g < Cr (II.5.23) 


with Cy = C1(2,2,q) > 0. So, by Theorem II.5.2 and by the weak com- 
pactness property of the unit closed ball (see Remark II.3.1), there exist a 


subsequence, again denoted by {wm}, and w) ew'4(@) such that 


Wm — w) in L(Q) 
; (I1.5.24) 
Wm > win wh4(Q). 


Using these latter properties along with (II.5.22) we infer, on the one hand, 


? Of course, we may assume, without loss of generality, that ||Vum||q 4 0, for all 
meEN. 
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Ni 
S>lli(w)| = 0, 


and, on the other hand, 
jw |p SE. 


Moreover, from (II.5.22)g, (II.5.23), and (I1.5.24) we obtain 


jw |]. + Jw |a.g < Ce 


with Cy = Co(D,S,r,q). We next fix N = No > N, and, by the same pro- 


oO 
cedure, we can find another w?) €y!4(Q) satisfying the same properties as 
w), By iteration, we can thus construct two sequences, {N;,} and {w*)}, 
with {NN} increasing and unbounded, such that 


Nr 
Sli(w)| = 0, 
i=1 


(II.5.25) 
jw ||. + Jw |I1,¢ < C2 
jw ||, > E, 


for all k € N. By (11.5.25)2 and again by Theorem II.5.2, it follows that there 
are a subsequence of {w‘*)}, which we continue to denote by {w“*)}, and a 


function w) ew4(@) such that 


w) = w in L9() 


; (I1.5.26) 

w*) * wO in wha). 

In view of (I1.5.25)3 and of (I1.5.26)1, we must have 
||w |g > E- (1.5.27) 


We now claim that w©) = 0, contradicting (II.5.27). In fact, if w #4 0, by 
the completeness of the family of functionals {1;}, we must have, for at least 
one member of the family, lz, that 


E(w) £0. (1.5.28) 


By (I1.5.26)o, it is 
Jim E(w) = E(w), (1.5.29) 


while from (II.5.25), evaluated at all Ny, > 7%, we find 
I-(w)) =0, for all sufficiently large k. 


However, in view of (II.5.29), this condition contradicts (II.5.28). Thus, w) = 
0 and the lemma is proved. 
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Exercise [1.5.17 Show that the space defined in (I1.5.21) is a closed subspace of 
wt7(Q). 

Exercise II.5.18 Prove the following abstract formulation of Lemma II.5.3. Let 
X,Y be Banach spaces with norm || - ||x and || - ||y, respectively. Suppose that X is 
reflexive and compactly embedded in Y. Moreover, let {@;} be a complete sequence 


of functionals in X. Show that, given « > 0 there exist N = N(e) € N and a constant 
C = C(e) such that 


N 
lull < eljullx + Cy |€i(u)|, for allu eX. 


a=1 


II.6 The Homogeneous Sobolev Spaces D”™? and 
Embedding Inequalities 


In dealing with boundary-value problems in unbounded domains it can happen 
that, even for very smooth and rapidly decaying data, the associated solution 
u does not belong to any space of the type WW". This is because the behavior 
at large distances can be different for each derivative of u of a given order and, 
as a consequence, the corresponding summability properties can be different. 
As a simple example, consider the Dirichlet problem 


Au=0 inQ=R®°-B,, uw=1 at oan, 
lim u(x) =0. 


|az|—+0o 

The solution is u(a) = 1/|a| and we have 

Due LT(2), 1<r<o, 

Vue L8(2), 3/2<s<a, 

we L(Q), 3<t<o. 
Thus, to formulate boundary-value problems of the above type, one finds it 
more convenient to introduce spaces more “natural” than the Sobolev spaces 
W'™ 4, and which, unlike the latter, involve only the derivatives of order m. 
These classes of functions will be called homogeneous Sobolev spaces, and we 
shall devote this and the next few sections to the study of their relevant 
properties. 

For m € N and 1 < q < oo we define the following linear space (without 
topology) 
Dt = D™1(2) = {u €1;,,(2) i D'a € 14(Q), |) mm}: 


In order to investigate some preliminary properties of D7, we introduce 
the following notation. If wu satisfies 
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Diu € LQ), 0< |e) <m, for all bounded Q with M cA, 


we shall write 
ue WPRet(Q). 


loc 


Likewise, if 
Diu € L(2), O< |e) <m, for all bounded 2! c Q 


we shall write 
ue Wret(Q). 


We have the following. 


Lemma II.6.1 Let 2 be an arbitrary domain of R", n > 2, and let u € 
D™1(Q),m > 0, q € (1,00). Then u € W7"(Q) and the following inequality 
holds 


lullmaw SE] DY D°ellaw + Wella. (II.6.1) 


|2|=m 


where w is an arbitrary bounded locally Lipschitz domain with @ C 92. If, in 
addition, Q is locally Lipschitz, then u € W/??4(Q) , and (11.6.1) holds for all 
bounded and locally Lipschitz domains w C 2. 


Proof. Clearly, proving that u € W'™4(w), for any w satisfying the prop- 
erties stated in the first part of the lemma, implies u € W,??4(Q2). Let 
d = dist (Ow, 092) (> 0), and extend wu by zero outside 2. For d > 1/k > 0, 
k € N, we denote by ug the regularizer of u corresponding to ¢ = 1/k. Obvi- 
ously, ur € W™4(w); moreover, by Exercise II.3.2, we have 


(D‘u),(x) = (D*uxz)(x), for all € with |¢) =m, and all x € w. 


We may thus use (II.5.19) to find, for any k,k’ € N, 


luk — Ue" llmiaw SC {DY (D%u)a —(Deu)ellqw + lee — walla |, 


|é|=m 


for some C = C(N,q,w). Observing that, by (II.2.9)2, (D*u)x, |¢| = m, and uz 
converge (strongly) in L4(w) and L'(w) to D‘u and u, respectively, as k — 00, 
from the previous inequality we deduce that {uz} is Cauchy in W"?(w), as 
well as the validity of (11.6.1). The first part of the lemma is thus proved. In 
order to show the second part, we begin to observe that, by Exercise II.1.5, 
we can find a finite number of locally Lipschitz and star-shaped domains 92;, 
i=1,...,7r, satisfying the following condition 


i=l 
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If we thus show that u € W™4(Q;) for each 1 = 1,...,1r, the stated property 
follows with the help of Exercise II.5.14. For a fixed i, we extend ula, to 
zero outside (2;, and continue to denote by wu this extension. By means of 
a translation in R”, we may take the point x;, with respect to which 92; is 
star-shaped, to be the origin of the coordinates. Then, the domains 


2) = {a ER": (L-1/k)zE Qi}, hEN={MEN: m>}}, 
satisfy a) > 2;, for all k € MN; see Exercise II.1.3. Setting 
Up = U(x) = u((1—1/k)2), ce 2, 


and ho = maxzeaq, |x|, we find that the mollifier, (u,)-, of uz belongs to 
Ww"4(Q2;), if we choose (for example) € = ho/(2k—2). With the aid of (II.2.9),, 
we deduce 


I[u— (wx ella.2, S [lu—uella.a, + [le — (ux ella.a, < llu—Uella,e,+[lu-uallaa 5 
which, in turn, by (II.2.9)2 and by Exercise II.2.8, implies 
im, Ju — (ux )ella,a; = 0. (11.6.2) 
We next set x(a) = D’u(x), |¢| = m. Observing that, by Exercise II.3.2 and 
Exercise II.3.3, it is 
D*(ug)e = (1— 1/k)™[x((L—1/k)a)le © € 2%, 

we may repeat an argument similar to that leading to (11.6.2) to show 

jim || D°u — D®(ux)ella.a, = 0- (1.6.3) 
Now, with the help of (II.6.2) and (11.6.3), we can use the same procedure used 


in the proof of the first part of the lemma with w = (2;, to show the statement 
contained in the second part. The lemma is thus completely proved. 


Remark II.6.1 From Lemma II.6.1 it follows, in particular, that if 2 is 
bounded and locally Lipschitz, then u € D™2(2) implies u © W™4(2), 
so that D™2(2) = W™4(Q2) algebraically, and, in fact, also topologically, 
if we endow the space D™7(2) with the norm >/ig_,, || Doullq + llulli. On 
the other hand, if 2 is unbounded in all directions, these latter properties 
no longer hold, since a priori one loses information on global summability of 
derivatives of order less than m, and one can only state local properties in the 
sense specified in Lemma II.6.1. | 


Exercise II.6.1 Let u € D™*%(R"), n > 2, m > 0, q € (1,00). Show that u € 
w”’?(Br), for all R > 0, and there exists a constant C = C(.R) such that 


& 
I[UllmaBr LC (> ||D°ullaze + io.) 


l=m 


Hint: Adapt the arguments used in the proof of the first part of Lemma II.6.1 
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In D™ 4 we introduce the seminorm 


1/q 


|u| mq = > fue (II.6.4) 
2 


|[é|=m 


Let Pm be the class of all polynomials of degree < m — 1 and, for u€ D™4, 
set 
[ulm = {we D™4:w=u+P, for some P € Py}. 


Denoting by D™4 = D'™4(Q) the space of all (equivalence classes) [u]m, 


u€ D™4, we see at once that (II.6.4) induces the following norm in D’?: 
I[Ulmlm.g = [Ulmq> UE [ulm- (1.6.5) 


We shall now show that D4 equipped with the norm (11.6.5) is a Banach 
space. 


Lemma II.6.2 Let Q be an arbitrary domain of R", n > 2. Then D™4(Q) 
is a Banach space. In particular, if q = 2, it is a Hilbert space with the scalar 
product 


Proof. It is enough to show the first part of the lemma, the second follows 
easily. We shall consider the case m = 1, leaving the more general case as an 
exercise. We also set [u], = [u]. Let {[us]} be a Cauchy sequence in D1-4(); 
we have to show the following statements: 


(i) For any {v,} with vs € [us], s € N, there exists wu € D'4(2) such that 
lim ||Djvs — Diu||g =0, i=1,...,7; 
s—Co 
(ii) For any {vs}, {v5}, with vs, v4 € [us], s € N, and with u, u’ corresponding 
limits, we have u’ € [u]. 


It is seen that (ii) easily follows from (i). In fact, since vs, v4 € [us], from (i) 
we have 
(Diu, y) = (Diu’, vy), for all py € CS°(2), 


which, in view of Exercise II.5.9, implies (ii). Let us show (i). By the com- 
pleteness of L%, we find V; € £9(Q2), i =1,...,n, with 
Divs > V;. in L4(Q). (11.6.6) 


Let 9 be the open covering of 2 indicated in Lemma II.1.1 and let By € O. By 
the Poincaré inequality and (II.6.6) we deduce the existence of u\ € L4(Bo) 
such that 
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Us — Us, uO in L1(Bo). 


Since for all yp € C§°(Bo) it is 


| Vip = tim, f Djyvsy = lim (0 ~ Ton, )Dve = - f uw Diy, 
Bo soo Jog, Bo 


s—Cco Bo 
by definition of the weak derivative, it follows 
Vi = Dyu ae. in Bo. (1.6.7) 


By the property (ii) of OD, we can find B, € (DO — Bo) with B1NBo = Bi» F 
(). As before, we show the existence of u@) € L4(%1) such that 


Vi = Diu ae. in By. (II.6.8) 


Thus, wu) = u + ¢ ae. in 81,2, for some c € R. Therefore, we may modify 
u() by the addition of a constant in such a way that u@) and u) agree a.e. 
in $1.2. Continue to denote by u) the modified function and define a new 
function u- that is equal to u in Bp and is equal to u in 81. By (II.6.6)— 
(11.6.8) we deduce that uO), DjuO) € L9(B% 9 UB1), with Vj = Diu ae. 
in Bo U By. In view of the property (iii) of the covering D, we can repeat 
this procedure to show, by a simple inductive argument, the existence of 
u € Li. .(Q) satisfying the statement (i) of the lemma, which is thus completely 


loc 
proved. 


Notation. Sometime, and unless confusion arises, the elements of D™4(Q) will 
be denoted simply by u, instead of [u], with u a representative of the class 
[U}m: 

The functional (II.6.4) defines a norm in the space C§°(2). We then in- 
troduce the Banach space Dj"? = Dg"""(2) as the (Cantor) completion of the 
normed space {C§°(2), | - |m,q}- 


Remark II.6.2 Since Co°(2) can be viewed as a subspace of D™4(Q) via 
the natural map 


i: u € CS°(Q) > i(u) = [ulm € D™ (2), 


it follows that, for any domain 92, Dj’"(2) is isomorphic to a closed subspace 
of D™4(Q). More specifically, [u]m € D™™4(@) belongs to Dj" (2) if and only 
if there is u € [u]m and corresponding {uz} C C§°(2) such that limp oo |ux — 
Ulm,q = 0. Other characterizations of the spaces Dj’" will be given in Section 


II.7. We finally observe that (see Exercise IT.2.6) 


Dy'(2) = D°(Q) = L4(2), qh. 
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Remark II.6.3 If 2 is contained in a layer, then by means of inequality 
(II.5.1) and Lemma II.6.1 one can easily show that || - ||m,q is equivalent to 
|-|miq + Il + lq and to |-|m,q- Therefore, if we endow W,""(2) with this latter 
norm, we find that Dj’?(2) and W;"""(Q) are isomorphic. Oo 


Exercise II.6.2 Show that D™? and D5"" are separable for 1 < q < oo and 
reflexive for 1 < q < co. Thus, for g € (1,00) these spaces are weakly complete and 
the unit closed ball is weakly compact (see Theorem II.1.3(ii)). Hint (for m = 1): 


Let 
Ou Ou 


w= {wel w= (Fo. 2), for some we BY}, 


W is isomorphic to D7, and, since D'4 is complete, W is a closed subspace of 
[L?|". Therefore, W is separable for 1 < q < oo and reflexive for 1 < q < oo (see 
Theorem II.2.5, Theorem II.1.1 and Theorem II.1.2), which, in turn, gives the stated 
properties for D'4, Since De is isomorphic to a closed subspace of Dh, the same 
properties are true for De see also Simader and Sohr (1997, Theorem I.2.2). 


Our next goal will be to investigate global properties of functions from 
D™1(Q2), including their behavior at large distances, when 2 is either an 
exterior domain or a half-space. 


Remark IT.6.4 It will be clear from the context that, in fact, most of the 
results we shall prove continue to hold for a much larger class of domains. This 
class certainly includes domains 2 for which any function from D'4(Q) can 
be extended to one from D!-4(R") with preservation of the seminorm | - |1,9. 
For the existence of such extensions, we refer the reader to the classical paper 
of Besov (1967); see also Burenkov (1976). Oo 


Our following objective is to prove some embedding inequalities that en- 
sure that derivatives of u of order less than m belong to suitable Lebesgue or 
weighted-Lebesgue spaces. Such estimates, unlike the bounded-domain case, 
where they give information on the “regularity” of u, furnish information on 
the behavior of u at large distances. We begin to derive these inequalities for 
the case m = 1 (see Theorem II.6.1, Theorem II.6.3), the general case m > 1 
being treated by a simple iterative argument (see Theorem II.6.4). 


We recall that, if qg € [1,n) every u € C§°(2), satisfies the Sobolev in- 
equality (11.3.7), that we rewrite below for reader’s convenience: 


jajpe=2 
2 


(n—q)/n 


We shall next consider certain weighted inequalities that (in a less general 
form) were first considered by Leray (1933, p. 47; 1934, §6) and Hardy (Hardy, 
Littlewood, and Polya 1934, §7.3). Specifically, if u€ Cp°(2), we have 


luli.g, for all gq € [1,n), s=ngq/(n—4q). (11.6.9) 


q 
(n — q) 


\|ula — zo\~" Iq < |uli,q, for all g € [1,n). (11.6.10) 
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In fact, consider the identity 
V - (glul?) = |ul?V-g+g- Viul? (1.6.11) 
with 
g = (@ — x0) /|z — xo". (I1.6.12) 
Since 
V-g=(n—-4@)/|x — 20", 
integrating (II.6.11) and using the Hélder inequality proves (II.6.10). Notice 


that if ¢g > n and 
2° D Ba(xo), some a > 0, 


then by the same token one shows the validity of the following inequality: 


||ula — xo|~" Iq < lulig, for allg>n; (I1.6.13) 


a 
(q—n) 
see also Exercise I1.6.7. In case g = n (4 1) and if 

2° D Ba(xo), some a > 0, 
we have instead 


Ju [2 — xo] In(| — xo|/a)]" ||n < |ul1,n- (II.6.14) 


nm 
a(n—1) 
To show this latter, we use again identity (II.6.11) with 


= (a — 20) 
9 Te = ao|"[n(|2 — ola)" 
Since 
V-g= a(n—1) 


[|e — xo| In(|a — xo|/a)]” ” 
substituting into (II.6.11), integrating over 22, and applying the Holder in- 
equality to the last term on the right-hand side of (II.6.11) proves (II.6.14). 


We shall next analyze if and to what extent inequalities similar to (II.6.9), 
(1.6.10), (II.6.13), and (1.6.14) continue to hold for functions from D14(), 
where the domain 2 can be either an exterior domain or a half-space.' In 
order to perform this study, we need to know more about the behavior at 
large distances of functions of D!:4(2). In this respect we have 


Lemma II.6.3 Let 2 CR”, n > 2, be an exterior domain and let 
u€D'4(2), 1<q<n. 


Then, there exists a unique uo € R such that, for all R > 6(°), 
| |u(R,w) — uo|%dw < oR? | |Vul%, 
gmat QR 


where yo = [(¢—1)/(n— q)]*"1 ifq > 1 and y =1 ifg=1. 
' See Remark II.6.4. 
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Proof. Let r > R > 6(°), and consider first the case gq > 1. For a smooth u, 
by the Holder inequality we have 


r q r qd 
I a prdpdsr! = f | a rap) asv-1 
RJgn-1 |Op sr-1 LJR | OP 
tT qd 
[Be 
> | ” a : ql = pines f _ fut) — uN, 
s (/ pti-n-dp) s 
R 


(I1.6.15) 
while, by the Wirtinger inequality (II.5.17), it follows that 


[oro joruras) a 
R gn-1 
>qtf ( d ju ayeas-*) pp, 
R \Jgn-1 


T= (run) fs 


D(R)= f |Vult 
Rr 


and taking into account that, by (II.5.14), |Ou/Or|?, (|V*ul/r)? < |Vul?%, we 
find 


where 


Therefore, setting 


Ds(R)>ptR-4f Ju(r) — w(RYI 


D,(R) = otf ([ _ lun njras"-1) ar 


In view of Lemma II.6.1, and with the help of Theorem II.3.1, one shows that 
(11.6.16) continues to hold for all functions merely satisfying the assumption 
of the lemma. Letting R,r — co, into (II.6.16)1, we deduce that wu converges 
(strongly) in L4(S"~') to some function u*. Set 


(II.6.16) 


ug = UX, W=U-— U0. 


Obviously, 
lim w(x) = 0. (11.6.17) 


|x|—00 J gn-1 


Rewriting (II.6.16) with w instead of u, we recover the existence of a sequence 
{rm} C Rx, with limo Tm = co such that 
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lim |w(1'm) — W(rm)|% = 0, 
moo J gn-1 


which, because of (II.6.17), furnishes 


lim |w(rm)|? = 0. 
MOO J gn-1 


Inserting this information into (II.6.16); written with w in place of u and 
letting r — oo completes the proof of the lemma when q > 1. If q = 1, we 
easily show that 


ie 


Therefore, replacing (II.6.15) with this latter relation and arguing exactly as 
before, we show the result also when gq = 1 


p”deds”* > R* | lu(r) — u(R)|. 


Ou 
Op Sn-1 


Exercise II.6.3 The previous lemma describes the precise way in which a function 
u, having first derivatives in L4(Q), 1 < q <n, 2 an exterior domain, must tend 
to a (finite) limit at large spatial distances. Show by a counterexample that the 
condition q < n is indeed necessary for the validity of the result. Moreover, prove 
that if g > n the following estimate holds, for all r > ro > max{1, 6(2°)}: 


i ju(r, w)|%dw < 29-1 (/ 7 Ju(ro, w)|?dw + HrIIulb a 2oyu) , (116.18) 


where 
(log r)"—+ ifg=n 
h(r) = 
a-D/(q—n)J* rr" ifg > n. 


Finally, using (11.6.18), show 


lim (h(r))~* i ju(r, w)|"dw = 0. 


T—0o 


(For pointwise estimates, see Section II.9.) Hint: To show (II.6.18), start with the 
identity 


u(r, w) = u(ro,w) + [ (@u/evsae, 


TO 


and apply the Holder inequality. 


This preliminary result allows us to prove the following, which answers 
the question raised previously; see also Finn (1965a), Galdi and Maremonti 
(1986). 


Theorem IT.6.1 Let 2 CR”, n > 2, be an exterior domain, and let 
u€é D2), 1<q<ow. 


The following properties hold. 
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(i) Ifq € [1,n), set 
W=U— UO 


with ug defined in Lemma II.6.3. Then, for any x9 € R”, we have 
w|x — to|~* € L4(2 (a0), 


where 
92% (x0) =f)- Ba(2o), Ba (xo) =) S26, 


and the following inequality holds: 


(= 


If |vo| = aR, for some a > ap > 1 and some R > 6(2°), we have 


UU. 


where c = c(n, gq, 40). Furthermore, if Q is locally Lipschitz, then 


w(a) 


q 1/q P 
dx < ——— : II.6.19 
xr — Xo >) i (n— gy wl a.2%o) ( ) 


w(x) 


q 1/q 
az) < ¢elwlig.er, (I1.6.20) 


wt — XO 


we L*(Q), s=ngq/(n—4@), (11.6.21) 

and for some 7 independent of u 
llwlls < yalwli¢- (I1.6.22) 
(ii 


Na 


If q € [n, oo), assume 2 locally Lipschitz with Q° D Ba(ao), for some 
a> 0, and set 


|x — x|~1 ifg>n 
(1.6.23) 


(|x — xo|In(|x — zo|/a))~! ifq=n. 


Then, if u has zero trace at 02, we have wu € L4(§2), and the following 
inequality holds, for all R > 6(Q°), 


|| to tilly tue) < Cy enemies ‘ (I1.6.24) 
where Qr(xo) = 2M Br(ao), and Cy = q/(q—n), if q > n, while 
Cy =n/la(n—1)], ifq=n. 


Proof. As in the proof of Lemma II.6.3, it will be enough to consider smooth 
functions only. We begin to prove part (i). Let us integrate identity (II.6.11), 
with w in place of u and g given by (II.6.12), over the spherical shell: 


22" (2g) = Q2N(Br(r0) — Br(xo)), > R. 
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We have 


(n — q) | 
QE” (x9) 


w(x) 


xt — XO 


q 
av< ff genjujtr-a ful 
OBR(ao) OB,(x0) 


+a f la|lw|2—| Ve, 
QF" (ao) 


where 7 is the unit normal to 0Br(ao) pointing toward xo. This yields that 
the first term on the right-hand side of this latter equation is non-positive. 
Thus, estimating the integral over 0B,(x9) with the help of Lemma II.6.3, we 
deduce 


(n—q@) if 
QR" (ao) 


where cy = ci(n,q). Now, if gq = 1 the result follows by letting r — co 
into this relation; otherwise, employing Young’s inequality (11.2.5) with e = 
[(q—1)/A(n —q)]*~1, 0 < A <1, in the last integral at the right-hand side we 
obtain 


— 


w(x) 


L— 2X 


qd 
dv <er f Volt +a f lal|eo|2-2| Ve, 
2" (xo) QF (x9) 


q 
Cy 
de < 1 | Vw? 
(n—q)(1 —A) Jar(eo) 


—1)¢-1 
os | |Vwl?. 
(1 = A)A (n = q) QE (x9) 


We now let r — oo into this relation and minimize over \, thus completing the 
proof of the first part of the lemma. To show the second part, for r > (a+2)R 
we set 


&L— XO 


2 = 2 (B,(x0) — Br), 


and so, operating as before, we derive 


qd 
(n- [ ax < f genjuje+ raf lw 
QR OBR OB,(x0) 


+af Ja||w|2-2} Ve]. 
QR (xg) 


If q > 1, we use Young’s inequality in the last integral, then Lemma II.6.3 
to estimate the surface integral over 0B,(ao). Letting r — co we may then 
conclude, as in the proof of the first part of the lemma, the validity of the 
following inequality: 


is 


w(x) 
ZL — XO 


w(x) 


q 1 
de < = | g-nlwl! 
endian 


(q—-1)t* . 
toate fall 


w&— XO 


(II.6.25) 
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for all \ € (0,1). Now, if « € OBp it is 
|2 — xo| 2 |xo| — |x| > (a0 — 1)R, 


and so 
|a(x)| < ja — ao|*~4 < [(ao — 1) R]*~4, x € OBr. 


From this inequality and Lemma II.6.3 we obtain the following: 


es Yo 
g njwlt< ——. | Jw|? < 1 | |Vwl%, 
= (ao _ 1)4 I Sn-1 (ao = 1)4 I QR 


which, once replaced into (II.6.25), proves (II.6.20) for g > 1. The proof for 
q = 1 is similar and therefore is left to the reader. To complete the proof of 
part (i), it remains to show the last statement. To this end, let p € C!(R) be 
a nondecreasing function such that y(€) = 0 if |€| < 1 and y(€) = 1 if |é| > 2. 
We set for r > 2R > 6(2°) 


Notice that 
[Vxr(x)| <e/r, c= cl). 


Evidently, w# € Wo *1((), and we may apply Sobolev inequality (11.3.7) to 
deduce 
lw Ils <yw* liq, s=ng/(n—4), 


which, by the properties of yr and x; in turn implies 
[oF Is Ser (wl + [lllaenen + lel" “lae,20) » 


with c, = c1(R, y,n,¢). We now let r — oo into this relation. By inequality 
(1.6.19) the last term on the right-hand side must tend to zero. Using this 
fact along with the monotone convergence theorem, we recover 


Ilw|]s,a28 Se (wag + Wlwllaenen) - (I1.6.26) 


We next apply the inequality (I1.5.18) to the integral over Qr2R to deduce 


1/q 
lidietieet tliat ( ie hl?) | 
OBRUOB2R 


Using Lemma II.6.3 in this inequality, we finally obtain 


I|wl||s,.a2% < c3|wlt¢- (I1.6.27) 
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We now want to estimate w “near” O02. We set 
Cr(x) = 1— (|x|/2R) 
and notice that 
Crw € WY4(22). 
Employing the embedding Theorem II.3.4, we obtain 


\|w||s,Qon < C4 (|wl1,¢ + atl aoe a) 


We may now bound the last term on the right-hand side of this relation by 
|wli,q, in the same way as we did for the analogous term in (II.6.26), thus 
deducing 

Ilwlls.a2n S cs|wla.¢- 


The last claim in part (i) of the lemma then follows from this latter inequality 
and from (II.6.27). We shall prove the claim in part (ii) when g > n, the 
case q = n being treated in exactly the same way. We integrate (II.6.11) over 
Qp(xo), with arbitrary R > 6(2°). Recalling that u has zero trace at 02, we 
find 


u|? 
@—n) fo ef genta fg Vu 
QR(xo) |x — xo| OBrR(2o) QR(xo) 


The surface integral in this relation is non positive, so that, proceeding as in 
the proof of (II.6.13) we obtain 


q 
; ee ee i \Vul?, (I1.6.28) 
QR(xo) |2 — 29 (q—n) QR(xo) 


which, in turn, by the arbitrarity of R proves the claim. 


Exercise II.6.4 Let L4(), ¢ >n > 2, be the class of (measurable) functions v 
such that wv € L4(2), with to defined in (1.6.24). Show that L%, (2) endowed with 
the norm ||tw(-)||q is a Banach space. 


Exercise II.6.5 Let u € D'4(B”), q€ [1,n). Show that wu satisfies (1.6.21), with 
2 = B®, with a constant 7 independent of R. 


Exercise II.6.6 Let u € D'"(Br(xo)), n > 2, q¢ > n, R > 0. Show that the 
following inequality holds 


I|(u — u(xo))/|x — xol| 


Hint: Integrate (I1.6.11) over Br(xo) — Bz(ao), ¢ < R. Then, use the results of 
Exercise II.5.11 and let « — 0. (Notice that u(ao) is well defined, because, for q > n, 
D'4(Q) C W'*(Br(a0)) C C(Br(a0)); see Lemma II.6.1 and Theorem II.3.4.) 


aBatooy = O/(¢ — 2) lUligexteo) - 
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Exercise II.6.7 Let 2 be an exterior, locally Lipschitz domain, and assume that 
u € D'4(Q2), q > n, with zero trace at 02. Show that, for all R > 6(2°) and all 


ro € Qr, 
qd 


q-—n 
where tv is defined in (I1.6.23),. Hint: Integrate (II.6.11) over Qr — Bz-(xo), for 
sufficiently small ¢. Then use the results of Exercise II.5.11 and let ¢ — 0. 


||to(u — u(ro))llaen S lulta2r > 


Exercise II.6.8 Let @ be an exterior domain of R”, n > 2, and let u € D'4(Q), 
q € [1,00), satisfy the following generalized version of “vanishing of the trace” at 
ON: 
wu e Wo(Q), for all  € CS? (R”). (I1.6.29) 
(a) Assume q > n and that 2° D Ba(xo), for some tp € R” and a > 0. Show 
that u satisfy (I1.6.24) 
(b) Assume q € [1,n), and that the constant uo associated to u by Lemma II.6.3 
is zero. Show that u € L"4/“"— (Q) and that there exists C = C(n, q, 2) such that 


I|2¢llna/(m—a) <Clulig- 


Theorem II.6.1 ensures, in particular, that, for 2 an exterior locally Lip- 
schitz domain and for q € [1,n), every function from D!4(Q2), possibly mod- 
ified by the addition of a uniquely determined constant, obeys the Sobolev 
inequality (II.6.22), even though its trace at the boundary need not be zero. 
Our next goal is to perform a similar analysis, more generally, for Troisi in- 
equality (11.3.8). Specifically, assuming that the seminorms of u appearing on 
the right-hand side of (II.3.8) are finite, we wish to investigate if u € L”(2) 
and if (11.3.8) holds. To this end, we will use a special “anisotropic cut-off” 
function whose existence is proved in the next lemma; see Galdi & Silvestre 
(2007a) and Galdi (2007). The lemma will also include properties of this func- 
tion which are not immediately needed, but that will be very useful for future 
purposes; see, e.g., Chapter VIII. 


Lemma II.6.4 For any a,R > 0, there exists a function Wa,r € C§°(R”) 
such that 0 < Wa,r(x) < 1, for all x € R” and satisfying the following 
properties 


jim Wa,R(%) =1 uniformly pointwise, for alla >0, 


Oe R Cl OW R Cy 
- <— : <— — ae 
| Ox, () = Re | Ox; (x) —~ R?’ : , a 
(11.6.30) 
C2 


|Ava,2(@)| <5. 


(e, x 2): Vea,r(x) =0 for allz € R3, 


where C1, C2 are independent of x and R. Moreover, the support of OWe,r/Ox;, 
j =1,...,n, is contained in the cylindrical shell Sp = so) al se?) where 
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" R 
sf) = {re R” : —<r<V2R, I 


V2 
(2) pn. fe a fs 2k 
Sr = {eer 2 <ini<vinbu{rer: 2 <a<—= 
V2 V2 =a 


(11.6. 5 
and where r = (x3 +---«?)!/?. In addition, the following properties hold for 
alla > 0 


ana R Oa Rk 


€ L4(R3), for allg> **+1, | 5 < C3, 


qd 


Ty, 
||(u — uo) |Vva,rl Ils < Ca jul pe, forallue D'4(R"),1<s<n, 
1,8, Q V2 


(11.6.32) 
where uo is the constant associated to u by Lemma II.6.3, 6 = min{1, a}, and 
C3, C4 are independent of R. 


Proof. Let w = w(t) bea C, non-increasing real function, such that ~(t) = 1, 
t € [0,1] and 2(t) = 0, t > 2. We set 


2 
inate) = fete) rer" 


so that we find 


2 
ae 24 r 
1 if Ra + RE So 
ar) : (1.6.33) 
Ly r 
0 if Ree + R2 2 4 
The first property in (II.6.30) then follows at once. Moreover, since 
Oa, x xt r2 
a) SS ee ee ee 
Ox, R&\/ x2 + 20-272 R R 
OWa,R XL; ; oF r? . 
= — — + — ee 
aa, — RR toat pe \V eat pe] POP 


the uniform bounds for the first derivatives hold with C := max;>9 |W’ (#)|. 
The estimate for the Laplacean of War is easily obtained with Cz depending 
on C; and max;>o |W’(t)|. Moreover, the orthogonality relation (II.6.30)4 is 
immediate if we take account the above components of VWo,r and the fact 
that ey X v = —@3€2 + &2e3. Denote next by » the support of Vwe,r. From 
(I1.6.33) we deduce that 


me 2 
Ec {rer 1< get <tten. 
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Consider the following sets 


2 2 
on. £4 1 r 1 
Sia{rer's Fo<sane<sh, 


2 2 
Sy = {2 eR": fax > Band Fe > 2h. 


Clearly, 5° > S; US». Therefore, by de Morgan’s law, we get 31 C S§ NSS 
and we conclude, from (II.6.31), that © C S, since SF S§ = S. It remains 
to prove (II.6.32). The first property follows at once from the estimate for 
OWe,r/Ox, given in (II.6.30) and the fact that the measure of the support of 
OWa,R/Ox1 is bounded by a constant times R°+"~!. Furthermore, we observe 
that, for all z € Sp, it is |x| < C\/(R?°% + R?), with C a positive constant 
independent of R. Thus, from (II.6.30) we find, with w = u— uo, 


Iw |Vva,allls,.a = |lw|Vea,rlllssx < C2 |lw/lallls.s2 < Callw/lall oi? 
3: 2 


with C2 a positive constant independent of R and w. The second property in 
(I1.6.32) then follows from this latter inequality and from (II.6.19). The proof 
of the lemma is complete. 


We are now in a position to prove the following result. 


Theorem IT.6.2 Let 2 CR", n > 3, be an exterior locally Lipschitz domain. 
Assume u € D!*(Q) and 

) 

-—€ I"(2), 1<q <2. 

Ox, 
Then, denoting by uo the uniquely determined constant associated to u by 
Lemma II.6.3, we have 


2nqi 


w=u—u €L'(2), r= —————__., 
: we) 2+(n—3)qi 


and 


M1 i=2 


imi sc (| [Limite ts) (I1.6.34) 


with C = C(qi,n, 22). 


Proof. Let ¢, = ¢)(x) be asmooth “cut-off” function that is 1 for ¢ € Q,, it is 
0 for x € 27, and that satisfies maxreg |Vo,(x)| < M, with M independent 
of z. We thus have w = ¢,w + (1 — ¢,)w = wi + we. We begin to show the 
following property: Dyw2 and Dj;we2, i = 2,...,n, can be approximated, in 
L™L? and L?, respectively, by a sequence of functions from C§°(R”). To this 
end, we set Won = We,R,W2, Where wo,r the function constructed in Lemma 
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II.6.4 with a choice of a that we specify later in the proof, and where {R;} is an 
unbounded sequence of positive numbers with Ro sufficiently large. We thus 
have that the support of wo, is compact in R”. Therefore, its regularizer, 
(Wo,n)e is in Cg°(R”). Observing that D;(Wex)- = (DjWazr)e, 7 =1,...,n 
(see Exercise II.3.2), in view of (II.2.9) we may choose a vanishing sequence 
{ex} such that 

Jim, ||DjWe,n — Djw2,k|ls; = 0 ; (11.6.35) 


where wo, = (Wox)e,, 51 € {m,2}, and s; = 2 for 7 = 2,...,n. By the 
Minkowski inequality, we also obtain 


|| Djwe — Djw2 tls; < ||Djwe — DjW2,klls; + || DjW2,n — Djwe,rlls; , (T1636) 


so that, in view of (I1.6.35), to show the stated property we have to show that 
the first term on the right-hand side of (I1.6.36) tends to 0 as k — co. We 
now observe that 


|| Djw2 — DjWarlls; SNC — Ya,r,) Dj walls; + [|Diba,r, walls; {I1-6.37) 


and so, in view of (II.6.30)1, the property follows if we prove that the second 
term on the right-hand side of (II.6.37) vanishes as k — oo. Take j = 1 and 
8; = q first. Since 


Diva,m Walla, <lDr¥arull 200, lltall an, eom/vt 


and, by Theorem II.6.1, we € L?”/("-2)(Q), we take a > (n — 1)[2n — (n — 
2)qi]/[8nqi — 2(n + q1)] to deduce, from the properties of ta,r, 


Jim ||Diw2 — Ditiatllq = 9- (I1.6.38) 
We next choose s; = 2, 7 =1,...,n, and obtain, with the help of (I1.6.32), 
|Dito,R, Walle < C |!we/lalllp grysv7 > 
which, by (II.6.19) and (II.6.37) implies 
jim || Djw2 — D;t2,1\]2 = 0. (I1.6.39) 
From (II.6.35), (I1.6.36), (II.6.38), and (II.6.39) it then follows 
jim, ||Djwe — Djwazlls, =0, 7 =1,...,n, (II.6.40) 


which proves the desired property. Notice that, by Theorem II.6.1, (I1.6.40) 
yields 
im, ||w2 — we,kllan/(n—2) = 0- (I1.6.41) 


We next observe that each function w2,, obeys, in particular, Troisi inequality 
(11.3.8) with s =r, q. = q and qg = --: = q, = 2. In fact, this inequality 
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shows also that {w2,,} is Cauchy in L"(2) and thus it converges there to some 
@. In view of (II.6.40) and (II.6.41), it is simple to show that W = wa, a.e. in 
92, and that the inequality continues to hold also for the function we: 


Owe 


ae [| Pivalle- (1.6.42) 


q1 i=2 


Ilwall <¢ 


Furthermore, by the fact that w € L?”"/("-2)(Q), it follows w, € L"(Q), and 
since w = wi +We2, we deduce w € L"(2). It thus remains to prove the validity 
of (I1.6.34) when 2 # R”. Recalling that w2 = ¢,w, we readily obtain 


n 


[[Pwlle 


1 i=2 (II.6.43) 


l|wall? < c 


+2 [(llwlla.o + wh 2)lellas + levllaclwlta'] | 


where @ is the (bounded) support of V¢,. We now suitably apply the Hélder 
inequality in the o-terms in square brackets and then use (I1.6.22) with g = 2. 
Consequently, (II.6.43) furnishes 


n 


[| Piwlle + ¢3 wl? 2 - (II.6.44) 


1 i=2 


l|wally < c 


Finally, from Exercise II.3.12, we readily find that 


I[willr < ca ([eell2,07 + |wli,2) ; 


with o’ the (bounded) support of ¢,. Then, inequality (II.6.34) follows from 
this latter inequality, from (II.6.22) with g = 2 and (I1.6.44). 


Exercise II.6.9 Show that if 2 = R”, the last term on the right-hand side of 
(1.6.34) can be omitted. 


We would like now to extend the results of Theorem II.6.1 to the case 
when 2 is a half-space (see Remark II.6.4).? We begin to observe that, given 
u € D'4(R%), 1 < q < 00, we may extend it to a function u’ € D'4(R") 
satisfying (see Exercise II.3.10) 


u(z)= u(x), zceERt, 
(1.6.45) 
w'l1aRm S cluliary S clu'li are - 


If 1 <q<_n, by Lemma II.6.3, there is a uniquely determined ug € R such 
that (u’ — uo) € L'(R"), s = nq/(n — q), and, moreover, 


? As a matter of fact, also Theorem II.6.2 can be extended to 2 = R'. However, 
for our purposes, this extension would be irrelevant. 
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lu’ — voller Salut g.R-- 
This relation, together with (II.6.45), then delivers 
l|u — uolls,rn < Y3/uligr, 
which is what we wanted to show. It is interesting to observe that if wu has 


zero trace at the boundary 2, = 0 then ug = 0.3 Actually, denoting by @ the 
function obtained by setting u = 0 outside R‘, one easily shows 


@€ D'(R") 
[Zl1¢r> S |uligre 


(see Exercise II.6.10). Setting S"~' = S"-! AR", by Lemma II.6.3 we deduce 
|uo|2|S2—7] < I... |u(R, w) — uo|4dw < yoR* tl 408, 


for all R > 0, which furnishes uo = 0. By the same token, we can show 
weighted inequalities of the type (II.6.19) and (II.6.20). Next, if g > n, we 
notice that, if u has zero trace at the plane x, = 0, we may apply the results 
of part (ii) in Theorem II.6.1 to the extension @, to show that the same results 
continue to hold for 2 = R% , and with an arbitrary vp € R"™. Actually, we can 
prove a somewhat stronger weighted inequality, holding for any u € D!4(R’,), 
q € (1,co), that vanishes at x, = 0. We start with the identity (valid for 
smooth u) 


0 |u|? 1 dlult |u|? 
AL at = oe + {1 =) —— 9 
Ofn | (1+ 2p) (1+ 2p) OXn (1+ an) 
Integrating this inequality over the parallelepiped Pa, = {x € RY : |a’| < 
b, tm € (0,a)}, a = (@1,--- ,@n-1), and using the fact that wu vanishes at 


Zt, = 0 along with the Hoélder inequality, we deduce 
q 
|u/(1+2n)|lq,Pa» S Tattle Pas: 


Since D'-4(R7) C W14(P.»), by a density argument we can extend this 
latter inequality to functions merely belonging to D'4(R’,) having zero trace 
at Z, = 0. Thus, in particular, letting b — oo, we find, for all a > 0, 


q 


1+2n z 
|u/ + ea)llate < 


|tlaq.Le « (II.6.46) 


where 
Le = {2 € RE: ty € (0,a)}. (11.6.47) 


We may summarize the above considerations in the following. 


3 Notice that since u € W'%(C) for every cube C of R% with a side at an = 0, the 
trace of wu at x, = 0 is well defined. A more general result for uo to be zero is 
furnished in Exercise II.7.5 and Section II.10. 
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Theorem II.6.3 Let n > 2 and assume 
ué D'4(R7), 1<q<oo. 
(i) If q € [1,n), there exists a uniquely determined up € R such that the 


function 
W=uU— UO 


enjoys the following properties. For any xp € R”, it is 
wl\x —29|~* € L9(2"(20)), 


where 
2 (29) = RY _ Br(Xo) 


and the following inequality holds: 


( 


Furthermore, if x9 € Rt, |vo| = aR, for some a > ag > 1 and some 


R>0, we have 
Uh. 


with Q® = R' — Br and c= c(n, q, ao). In addition, 


w(x) 


q 1/q 
is) < q/(n — Q)|W|1,4,27(20): (I1.6.48) 


L— 2X 


w(x) 


q 1/q 
az) < ¢lw|i 9,08 


«L— XO 


we L'(R¢), s=ng/(n-q) (II.6.49) 
and for some 72 independent of u 


Ilw|ls < y2lwl1,9- 


If the trace of u is zero at tx, = 0, then uo = 0. 

(ii) Ifq > n, and wu has zero trace at x, = 0 then tw u € L4(R‘) and inequality 
(11.6.24) holds with any rp € R".4 

(iii) Ifq € (1,00) and u has zero trace at x, = 0, then u/(1+ 2p) € L4(R%) 
and inequality (11.6.46) holds for all a > 0. 


By means of a simple procedure based on the iterative use of (II.6.22) and 
(1.6.49) one can show the following general embedding theorem for functions 
in D™4(Q2), whose proof is left to the reader as an exercise. 


Theorem IT.6.4 Let 2 Cc R", n > 2, be either a locally Lipschitz exterior 
domain or 2 = R%, and let u € D™1(2), m>1,1<q< oo. 


4 So that (II.6.24) holds with Qr(xo) = R%. 
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(a) Ifq € [1,n), let ¢ € {1,...,m} be the largest integer such that lq < n. 
Then there are € uniquely determined homogeneous polynomials M ,_,, 
r=1,...,¢, of degree <m-—r such that, setting 


k 
Um—k = Mm-r REAL cool}, 


f=1 


we have 
(i) (u — Um—z) € D™-™% (2), 
£ 


(ii) Solu —Um-slm—kar Selena 5 
k=1 
where gy = ngq/(n — kq). 

(b) Ifqg >n, 24 R", and the trace of D“u, |a| = m-—1, is zero at 02, then 
tw D°u € L1(Qpr(xo)), with w and QR(xo) given in part (ii) of Theorem 
II.6.1 and Theorem I1.6.3, and (11.6.24) holds with u = D@u. 

(c) Ifue D™4(R1), ¢ € (1,00), and the trace of D“u, |a| = m — 1, is zero 
at tn = 0, then D°u/(1+2,) € L4(R%) and inequality (1.6.46), with 
u = D%u, holds for alla > 0. 


Our final objective is to establish embedding inequalities for functions from 
D™4(Q) that vanish at 02. We wish to prove these results without assuming 
any regularity on 02, and so we introduce the following generalized version 
of “vanishing of traces at the boundary” for u € D'™4(Q2) (see Simader and 
Sohr 1997, Chapter I) 


wu € Wo"4(2), for all w € C§°(R"). (II.6.50) 


Remark II.6.5 In view of Theorem II.4.2, we find at once that, if 2 has the 
regularity specified in that theorem, condition (II.6.50) is equivalent to the 
condition I,(u) = 0 at 02. Oo 


Theorem IT.6.5 Let 2 be an exterior domain of R", n > 2, and let u € 
D™1(Q2),m > 1, q € [1, co), satisfy (11.6.50). 

(i) Assume 2° D B,, for some a > 0. Then, the following inequality holds 
for all R > 6(Q°) 

Ill m—1,9,2n <mC |U|m.¢,2r ’ 
where C = n7V/IR1t+@—-1)/dg—n)/4_, 

(ii) Assume q € [1,n) and let @ € {1,...,m} be the largest integer such 
that (q < n. Then, if the homogeneous polynomials M,,_,, r = 1,...,4, 
defined in Theorem II.6.4(a) are all zero, the properties (i) and (ii) of that 
theorem hold. 


Proof. For any given R > 6(°), let w € C§°(R”) to be 1 in MjR and 0 in 
23%, By (II.6.50), we know that there is {us} C Wj"""(Q) converging to wu. 
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Thus, it is enough to show the statement in (i) for u € Cf°(2) and for m = 1. 
If we extend u to 0 in 92°, we find 


lel Du 
u(v)= | or x/al)dr. 


By using the Holder inequality in this identity, we derive 


R 
ju(a)|% < Retain | |\Vulir"—tdr. 
a 
Therefore, by multiplying both sides of this inequality by r”~!, and by inte- 
grating the resulting relations over r € [a, R] and again over the unit sphere, 


we obtain the desired inequality. Under the stated assumptions in part (ii), 
from Theorem II.6.4(a) we find 


£ 


> ener cme ne: <C |Ulmqs (11.6.51) 
k=1 


while, by a repeated use of (II.6.9), it follows that 


gL 
» al cme eee ae ©) |uslm¢ : 
k=1 


Passing to the limit s — oo in this relation, and recalling the properties of w, 
we deduce 


L oa m 
> | m—k, <2 rn a (>: |U|m—k,q,Qarar + oe |U|m—k,q,Por,or + ing] : 
k=1 k=1 k=€+41 
Combining this inequality with (1.6.51), we find 


£ 


yy [Ae reife ea) <C (llellm—2—1,¢,@an,an + [tél mazes) ; (11.6.52) 
k=1 


and the result follows from (II.6.52) and part (i). 


Exercise II.6.10 Let u € D'4(2), 1 < q < co. Assume 21M B,(2xo) locally Lip- 
schitz for every zo € O92 and some r > 0. Show that if u has zero trace at O22, 
then its extension @ to R", obtained by setting u = 0 in 2°, is in D'4(R"). Hint: 
Take arbitrary from Co°(R”). and let B be an open ball with B D supp (vy). Then 
pu € Wy4(QNB), and one can argue as in Exercise II.3.11. 
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II.7 Approximation of Functions from D™? by Smooth 
Functions and Characterization of the Space Dj”? 


In the preceding section, we have defined the space Dj'"({2) as the (Cantor) 
completion of the normed space {C§°(2) , |-|m,q}. As such, the generic element 
of Do’4(Q2) is an equivalence class of Cauchy sequences. Our main objective 
in this section is to furnish a “concrete” representation of Dj’’"({2), up to an 
isomorphism, when (2 is either an exterior domain or a half-space. 

In order to reach this objective, it is of the utmost importance to inves- 
tigate the conditions under which an element from D’?(Q) can be approx- 
imated by functions from C§°({2) in the seminorm (II.6.4) (see Galdi and 
Simader 1990, and Remark II.6.4). As a by-product, we shall also find condi- 
tions ensuring the validity of this approximation by functions from C§°({2). 
Like we did previously in analogous circumstances, we shall consider the case 
m = 1, leaving the case m > 1 to the reader (see Theorem II.7.3 through 
Theorem II.7.8). 


Theorem IT.7.1 Let 2 C R”, n => 2, be an exterior domain, and let u € 
D'1(Q), 1 < q< ov. Then, u can be approximated in the seminorm | - |1,q4 by 
functions from C§°(2) under the following assumptions. 


(i) Ifq € [1,n), u satisfies (I1.6.50) with m = 1, and up = 0, where uo is the 
constant of Lemma II.6.3; 
(ii) If ¢ € [n, 00), u satisfies (I1.6.50) with m = 1,. 


Proof. We shall follow the ideas of Sobolev (1963b), combined with the argu- 
ments used in the proof of Theorem II.6.2. Let ~ € C§°(R) be nonincreasing 
with (€) = 1 if || < 1/2 and w(€) = 0 if |é| > 1 and set, for R large enough, 


vr(x) =v () (11.7.1) 


Notice that, for a suitable constant c > 0 independent of R, 


Cc 1 


De < —- —_—_ =m2>1 II.7.2 
| VR(z)| = ThnihnR jz] In [a] |a| We ( ) 

and D%pp(x) #0, |a| > 1, only if c € Qe, where 
Qn = {a €Q:expvInR < |2| < R}. (II.7.3) 


Next, let u € D'4(Q), q € [1, 00), satisfying (II.6.50) with m = 1, and with 
uo = 0 if g € [1,n). We write u = (1—wWr)ut wru. By (1.6.50) we then have 


wru € Wy’4(2) (II.7.4) 


for all R > 6(Q°). So, given « > 0 we may find a sufficiently large R and a 
function ur.- € Cp°(2) such that 
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lure — VRUli.g <€, 
and 
ju—UreligSl( — vr) Vullg + Vorullg + lure — brullig < 2€ + ||VeRullq- 


The lemma will then follow from this inequality, provided we show that the 
last term on its right-hand side tends to zero as R — oo. Setting 


&(R) = ||Verulla (II.7.5) 


in view of (II.7.2) and (II.7.3) we can find a constant c; > 0 such that 


|u(7, w) _ 
QR ———_ rt“ dwdr. 
(Rs ane -[ 1 (nr)! ve 


Now, by Lemma II.6.3 and Exercise I1.6.3, recalling that uo = 0 if q € [1,n), 
we have 


[elt cag) 
Snr-l1 
where, in particular, 
(Inr)?—1 ifg=n 
gr) S45 7e ifgAn,qA#l 
ri" lula er if q=1. 


Therefore, if g = n we obtain 


R 
QR)" < aac | Sanya < co(InIn R)'~"; (11.7.6) 
: exp VIn 


andifgAn, ql, 


R (1-q)/2 
C2 =9..=7 C2 (In R) 
£(R)t < ————— l dpa 
(2)" S Tam Ry [eet " Think)! (q—-) 
(11.7.7) 
Finally, if g = 1, we have 
ini 7 Inr)-tr7 ge? 
OUTED leads) eet = Oh 
(11.7.8) 
So, for all g € [1, 00), we recover 
li = 
ee i 


which completes the proof of the theorem. 
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Remark II.7.1 If the trace of wu does not vanish at the boundary, that is, 
if u does not satisfy (II.6.50), Theorem II.7.1 should be suitably modified. In 
fact, on the one hand, the function wu does not satisfy the condition (II.7.4) 
but, rather, it verifies the following one: 


wrucW'4(Q), for all R> 6(°). 


So, from Theorem II.3.1 it follows that, if 2 is locally Lipschitz, given ¢ > 0, 


we may find a sufficiently large R and a function ur,- € Cp? (2) such that 
|UR.< = wWRult,q <Sé 


and, as in the proof of Theorem II.7.1, we can prove that any u € D14(2Q) 
can be approximated in the seminorm | - |1,q by functions from O§°(2) for 
q > n. However, the same result continues to hold also when 1 < gq < n. In 
fact, it suffices to notice that, for any u € D'4(Q) with uo 4 0, the function 
Wr(u — uo), with uo defined in Lemma II.6.3, is of bounded support in 2, 
belongs to W'4(2) and approaches u in the seminorm | - |;,,. We thus have 
the following. 


Theorem II.7.2 Let Q be locally Lipschitz, and let u € D'4(Q). Then, u 
can be approximated in the norm | - |1,q by functions from C§° (22). 


Exercise IT.7.1 Let 2 be locally Lipschitz. Show that O§° (2) is dense in D'"7(). 


The technique employed in the proof of Theorem IT.7.1 and Theorem II.7.2, 
along with the results of Theorem II.6.4, allow us to generalize the previous 
results to the space D™4(2), m > 1, in the following theorems, whose proofs 
we leave to the reader as an exercise. 


Theorem IJ.7.3 Let 2 C R”", n > 2, be an exterior domain and let u € 
D™41(2),1<q<oo,m>1. Then u € D™4(2) can be approximated in the 
norm |-|m,q by functions from C§°({2) under the following assumptions. 


(i) Ifq € [1,n), u satisfies (I1.6.50) and the following conditions hold: 
me =0, (11.7.9) 


where ¢ € {1,...,m} is the largest integers such that lq < n and the 
polynomials Uy,—¢ are defined in Theorem II.6.4. 
(ii) If ¢ € [n, 00), u satisfies (1.6.50) 


Theorem IT.7.4 Let 2 be a locally Lipschitz, exterior domain of R", n > 2. 
Then, every u € D™4(2) can be approximated in the seminorm | - |m,q by 
functions from O§°(2). 
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We are now in the position to prove a characterization of the space 
Do'""(Q). For the sake of argument, we shall first consider the case m = 1. 


Set 
{u € D'4(2Q) : |lu 
Dy4(Q) = if q € [1,n) 


{u € D'4(Q2): wu satisfies (I1.6.50) with m = 1}, if g € [n, co) 
(1.7.10) 


=a. < 00, w satisfies (1.6.50) with m = 1}, 


where, if g >, we assume (2° > B,, for some a > 0. on 

With the help of Exercise II.6.8, it is not difficult to show that De(Q), 
1 < q < ow, endowed with the norm | - |;,¢ is a Banach space, and that this 
norm is equivalent to the following one 


l-lag+I-Ina7m-a if@€ [1,7) 
(II.7.11) 
l-lt¢+l@C)Ile if ¢ € [n, 00). 


where tv is defined in (II.6.23). 


Theorem II.7.5 Let Q be an exterior domain of R", n > 2. Then Dj“(Q), 
q € [1,00), is isomorphic to Do’ (), where 2 # R”, ifq > n. Ifq > and 
Q=R", then Dj4(R") is isomorphic to D'-4(R"). 


Proof. We first consider the two cases: either (i) q € [1,n), or (ii) q € [n, co) 
and 2 # R”, and begin to construct a suitable map J: Dj4(Q) > Do(Q). 
Let wu be a generic element in Den), that is, an equivalence class of Cauchy 
sequences, and let {u,} € wu. Then {Djux}, j =1,...,n, are Cauchy sequences 
in L7(2) and, therefore, there exist corresponding V; € L7({2), such that 


Jim ||Djux —Vjllg=0, f= 1,---50. (II.7.12) 


Moreover, in view of Exercise II.6.4, {ug} is a Cauchy sequence also in 
Lra/(m—9)(Q), if g € [1,n), and in L4(Q), if gq > n and Q # R”. Thus, 
there is u € L"4/("—9 (9), if q € [1,n), or u € LEQ), ifqg>nand QR", 
such that 


jim lux —Ullnajtingy = 0, ge [1,m) 


(1.7.13) 
Jim \|to(u, — U)\lg=O0, ifgen, QAR”. 


From the definition of weak derivative and from (II.7.12)—(II.7.13), it imme- 
diately follows that V; = Dju. Next, let ~ € Co°(R”). We have to show that 
wu can be approximated, in W!4(2)-norm, by a sequence {vz} C C§°(Q). 
Take uv, = Wug. From (I1.7.13) it is clear that ||wu — vz||, —- 0 as k — oo. 
Moreover, 

[bu — velig SC (lu valig + [lu — valla.x) 
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with K the support of w, so that, from this inequality and (II.7.12), (I1.7.13), 
we find |Wu — vp|1,q > 0 as k > oo, which concludes the proof of the desired 
property. We may thus infer u € Dyt(Q). Since, as it is readily checked, the 
function wu does not depend on the particular sequence {uz} € U, we may 
define a map, T, that to each & € Dj’4(Q) assigns the function u € Dj’4(Q) 
determined in the way described above. Of course, £ is linear and it is also 
an isometry, and, in addition, 


Julig = jim Jurlig = lulie = E10 


It remains to show that the range of T coincides with Dy4(). This amounts 
to say that, for each wu € Dy4(Q) we can find {ug} C Ce°(Q) such that 
|x — Ul|1,q + 0 as k — oo. However, the validity of this property is assured by 
Theorem II.7.1. Finally, the case 2 = R” and q > n. In view of Remark I1.6.2, 
we only have to show that the natural map 7 is surjective, namely, that for any 
[u] = [uw], € Do’(R"), we can find {ug} C C§°(Q) such that |uz — v|1.q — 0, 
as k — oo, v € [u]. This property follows from Theorem II.7.1, and the proof 
of the theorem is complete. 


We may thus summarize the above theorem with the following represen- 
tation of the spaces Doj’4(Q) (up to an isomorphism). 


If q € [1,n): 


Do'(Q) = {u € D'4(Q) : |/ullng/(n—q) < 00, U Satisfies (I1.6.50) with m = 1}, 
(IL.7.14) 
with equivalent norm given in (II.7.11),. 


If g>n, and 2° D Ba, for some a > 0: 
Do4(2) = {u € D'4(Q) : u satisfies (11.6.50) with m=1}, — (IL7.15) 


with equivalent norm given in (II.7.11)2. 
Ifg>nand 2=R": 


Do'*(R") = {[u] : u € D™4(R”)}, (1I.7.16) 
where 
[u] = {v € D1-4(R”) such that v=ut+c,cER}. 


By combining Theorem II.7.3 with the arguments used in showing Theo- 
rem II.7.5, one is now able to furnish the following representation (up to an 
isomorphism) of the space Dj’"*(2), for arbitrary m > 1. 


Theorem IT.7.6 Let 92 be an exterior domain of R", n > 2. The following 
representations hold. 
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— 
me 
Nar 


Ifq <n, let @ € {1,...,m} be the largest integer such that q < n. If 
£<m, we assume 2° D B, for some a > 0. Then: 


£ 
Dp#(2) = {« € D0): Soult 
k=1 


—¢_ < 00, u Satisfies (II.6.50) >, 
(1.7.17) 
with equivalent norm 
£ 
I|24||m—1,4,2n, =F > [the maliti= lea) a |Ulm,q ; 
k=1 
where Ro is a fixed number strictly greater than 6(2°) . 
(ii) Ifq>n, assume Q° D B, for some a > 0. Then: 

Di™1(Q) = {u € D™4(Q) : u satisfies (11.6.50)} , (I1.7.18) 


with equivalent norm 


Ill m—1,4,2ro + |ulmyq , 


where Ro is a fixed number strictly greater than 6(2°) . 
(iii) Ifq<n,mq>n, and 2Q=R": 


L 
Do’? (R”) = {tin € D™1(Q2) : So ltlm—e,a2ee < ~| (II.7.19) 
k=1 


where ¢ (< m) is the largest integer such that lq < n, and where, we 
recall, 
[U]m—e = {v € D™7(R") :u =ut Pm_e_i} , 


with Pm—¢—-1 polynomial of degree <m—f—-1. 
(iv) Ifqg>nand 2Q=R": 


Di4(R") = {[ulm,u € D™9(2)} (1.7.20) 


The proof of the above theorem is quite straightforward. In fact, it is 
obtained by combining the procedure used in Theorem II.7.5, with the results 
of Theorem II.7.3 and Theorem II.6.5. We leave the details to the reader. 


Exercise II.7.2 Show that the space defined on the right-hand side of (II.7.19) is 
a Banach space with respect to the norm |[u]|m,g = |ulm,q, u € [ulm—e. Hint. Follow 
the arguments of the proof of Theorem II.7.1. 


Remark II.7.2 From Theorem II.7.6 we deduce that, unless mq < n, the 
space Dj'"(R") is a Banach space whose elements are equivalence classes of 
functions that differ by polynomials of suitable degree. In particular, if g > n, 
then Dj’! (R") = D'™4(R"). In this respect, see also the following exercise. 
Oo 
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Exercise II.7.3 Let {uz} be a Cauchy sequence in Dj’"(R"), where mq > n, and 
let. [ulm € D™4(R") be such that Jug — ulm.q + 0 as k > 00, u € [uJm. Show, by 
means of an example, that even though u € L°(Br), for all s € [1,q] and all R > 0, 
we may have ||ux||1,8, — co as k — oo, for all sufficiently large R. Hint (Deny & 
Lions 1954, §4): Take m = 1, g = n = 2 and choose 


ur(x) = -[ (tInt)~ ‘a, (t) dt, 
|x| 

where ax = ax(t), k € N, is a smooth, non-negative function of CG° (IR) which is 0 

for t < 2 and for t > k +4, and it is 1 for t € [5/2,34+ k]. Then |uxz — uli2 — 0 

as k — oo, where u(x) = (\/Ja]Inx)~1a(a), with a(x) = 0 for |x| < 2 and = 1 for 

|x| > 5/2, while 


lim juz(x)| = oo, forall R>5/2. 


k—oo Br 


Exercise II.7.4 Let Q be an exterior domain and let u € D3*(Q). Show that 
|D*ul2,2 = ||Aull2. 
Hint: It is enough to show the identity for u € C5°(2). 


Results similar to those of Theorem II.7.3 and Theorem II.7.4 can be 
proved in the case when {2 = IR. In fact, as we already noticed, every function 
u€ D™4(R") can be extended to the whole of R” to a function u’ satisfying 
(I1.6.45). In particular, if the trace [j,(u) on every (bounded) portion of the 
plane x, = 0 is identically zero, we may take u’ as the function obtained by 
setting u = 0 outside R%. With this and Theorem II.6.4(c) in mind, one can 
show the following theorems, whose proofs are left to the reader. 


Theorem II.7.7 The following representation holds, for all m > 0, q € 
[1, 00). 
DP A(R?) = {ue D™ (RT): Datu) =0 on S}, 


with S arbitrary bounded domain in the plane x, = 0, with equivalent norm 
|Ulmg + [ell m—1,9,Lag > 
where L is defined in (II.6.47) and ao is a fixed positive number. 


Theorem II.7.8 Let u € D™*(R'), m > 0, q € [1,00). Then, u can be 


approximated in the seminorm | -|m,q by functions from C5°(R,). 

Remark II.7.3 Unlike the case 92 exterior, Theorem II.7.7 does not explicitly 
impose any restriction at large distances on the behavior of u when 1 <q <n, 
such as the vanishing condition (II.7.9) on the polynomials u,,—¢. Actually by 
means of an argument completely analogous to that preceding Theorem II.6.3, 
one can show that the polynomials u,,_¢ are identically zero as a consequence 
of the vanishing of the trace Ij,(u). Oo 
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Exercise II.7.5 (Coscia and Patria 1992, Lemma 5) Let u € D'4(R%), 1 <q<n. 
By Theorem II.6.3 there is uo € R such that u— uo € L°(R%), s = ng/(n — q). 
Show that if the trace y(u) at © = {# € R” : xn = 0} belongs to L"(), for 
some r € [1, 00), then uo = 0. This fact, together with Theorem II.7.8, implies that 
every such function can be approximated in the seminorm | - |1,q by functions from 
Cs" (R4). 


II.8 The Normed Dual of Dj”?(2). The Spaces Dy”? 


We begin to furnish a characterization of the normed dual space (Dj’"*(2))’ 
of Dg’*(2), when Q is either an exterior domain or Q = R” or 2 = Rt, 
analogous to the one we described at the end of Section II.3 for the space 
Wo""7(Q2). A (bounded) linear functional F belongs to (Dj’?(2))’ if and only 
if 
|F liom (ay = sup |F (u)| < oo. 
uEDG' 4 (2), |ulm,g=1 


Let us first take 2 exterior, 2 4 R” and satisfying the assumptions of Theo- 
rem IT.7.6, or 2 = R%. Consider the functional 


F(u) =(f,u), f €CS°(Q), allue Dj’4(Q). (II.8.1) 
Applying the Holder inequality in (II.8.1) we obtain 
IF(u)] < Illa llella,205 (II.8.2) 


where 29 = supp (f). Then, by Theorem II.7.6 and Theorem II.6.5(i), if Q is 
exterior, and by Theorem II.7.7, if Q = R'}, we find that inequality (II.8.2) 
implies 

IF (u)| S ell flla lela 
with c = c(). We now set 


we 6, Ga (11.8.3) 
ueDo7(2), |ulm,q=l 


Evidently, (I1.8.3) is a norm in C§°(2). Denote by po (92) the completion 
of C§°(2) in this norm. The following result holds. 


Lemma II.8.1 Let 2 be an exterior domain (4 R”) satisfying the assump- 
tions of Theorem II.7.6, or 2 = R';. Then, for any q € (1,00), functionals of 


the form (II.8.1) are dense in (Dg"""(92))’, and (Dj""(22))’ and oa (92) are 
isomorphic. 


Proof. Let 


S ={F € (Do""(2))': Flu) = (f,u) for some f € C>°(2)}. 
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™m,q 


Clearly, S is a subspace of (Dj°"(2))’. Let us prove that S is dense in 
(Do""(@))’. In fact, assuming by contradiction that S 4 (Dj'""(2))’, by the 
Hahn—Banach theorem (see Theorem II.1.7(b)) there exists a nonzero element 
Z € (Dg (@))” such that 


Z(F) =0, for all FES. 


Since Dg’’"(2) is reflexive for q € (1,00) (cf. Exercise II.6.2), the preceding 
condition implies that there exists a nonzero z € Dj"?(Q) such that 


F(z) =0, forall FES, 


that is 
(f,z) = 0, for all f € C§°(2), 


that is, z = 0, which leads to a contradiction. Following Lax (1955, §2), it is 
now readily seen that (Dj’’*(2))! and pe (92), 1 <q < ©, are isomorphic. 
To this end, let £ € (Dj'"(2))’ and let {fi} C C§°(Q) be such that the 
sequence Fy = (fx,u), k € N, wu € Dj’"(22), converges to £ in the norm 


| I(om-4(ayyr of (Dg"4(2))’. Since 


|Ficl (or 2(ayy! = Fe laraars (11.8.4) 


{fi} is a Cauchy sequence in poe (2) converging to some F € pom (2). 
Clearly, F depends only on £ and not on the particular sequence { f;,} and, 
in addition, it is uniquely determined. Likewise, to each F € Dg'”" (2) we 
may uniquely associate an £L € (Dg’"(2))’, thus establishing the existence 
of a linear bijection, &, between (Dj'"(2))! and Dg”? (2). However, from 
(11.8.4), it follows that Y is an isomorphism, and the proof of the lemma is 
complete. 


Let us now consider the case 2 = R”. For mq <n, we employ, in (11.8.1), 
the Hélder inequality and make use m times of the Sobolev inequality (II.3.7) 
to deduce 


|F(u)| < LF natreee yt llaaiinama < Ell lag? tae) Uleaie (11.8.5) 


If mq > n, by Theorem II.7.6 we know that elements from Dj"? (R"”) are equiv- 
alence classes [u]; determined by functions that may differ by polynomials P, 
of degree < s — 1, where 


—_ ifq>n, 


s=m-—f, ifq<nand é (< m) is the largest integersuch that fq <n. 
(11.8.6) 
Thus, if mq > n, functionals of the type (II.8.1) must satisfy F(u1) = F(u2) 
whenever u1, U2 belong to the same class [u],. This is equivalent to the fol- 
lowing condition on f: 
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| fPs =0, (11.8.7) 
R” 


where P, is an arbitrary polynomial of degree < s—1, with s satisfying (I1.8.6). 
As a consequence, from (II.8.7), for u € [u]; we have (with Br D supp (f)) 


elf =|ftor 


We may choose P, in such a way that, setting 


< fla rellu+Pslloee-  (IL8.8) 


Us =u—Ps, 


it follows 
1 


— D°u, =0, 0< lal <-s. 
IBrl Jor 


In view of these latter conditions, by a repeated use of the Poincaré inequality 
(II.5.10) in the last term on the right-hand side of (II.8.8), we obtain 


|F(u)| < call flla ze 


Now, if g > n, from (II.8.6) it is s =m —1 and so 


uls+i¢.Br: 


|uls+1.¢,Br < |Ulm,q,R” + 


If qg < n, again from (11.8.6), the Hélder inequality and (II.7.17) of Remark 
II.7.2, we deduce 


\uls+i.¢.Br = |Ulm—.4,Br < || m—£,ng/(n—£q),R” < ClU|m,q.R"- 


Thus, in all cases, we deduce 


|F(u)| S call flla ee 


Once (II.8.9) has been established, we may again use the arguments of Lemma 


IIL.8.1 to show that the spaces (Dj’"4(R”))/ and pe. (R"), 1 < q < oo, are 
isomorphic. 


Ulm,gR- (II.8.9) 


Thus, for q € (1,00), let us define §%m({2) as the class of functionals 
(11.8.1), which, if 2 = R” and n < mq < ov, verify, in addition, (II.8.7) for an 
arbitrary polynomial P, of degree < s—1, with s satisfying (II.8.6). The results 
just discussed along with those of Lemma II.8.1 can be then summarized in 
the following. 


Theorem IT.8.1 Let 2 C R” be either an exterior, locally Lipschitz domain, 
or §2 = R} or 2 =R”. The completion, Dy” 0g (2), of Fqm (2) in the norm 
(11.8.3) is Saomorpliie to (Do’4(2))’. 
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Remark II.8.1 If m = 1, a restriction of the type (II.8.7) occurs if and only 
if gq > n. In such a case, P, reduces to an arbitrary constant so that condition 
(11.8.7) becomes 


f=0. (II.8.10) 
R” 
5 


Hereafter, the value of F € D5"? (Q) at u € Dj4(Q) (duality pairing) 
will be denoted by 
[F, ul. 
Notice that if, in particular, F € C§°(2), we have 
[F, u] = (F,u). 


By an obvious continuity argument, the same relation holds, more generally, 
for all F € L8(2) A Do? (Q), s € [1,00) . 

Our next goal is to provide a useful representation of functionals on 
Ds (Q), valid for an arbitrary domain 2, as well as another characterization 
of the space (Dj’4(Q))’. Taking into account that Dj’"({) is a closed subspace 
of D'4(Q) (see Remark II.6.2), this representation becomes a particular case 
of the following important general result. 


Theorem IT.8.2 Let 2 be a domain in R”. Then, for any given F € 
(D'4(Q))', q € (1,00), there exists f € [L(Q)]" such that, for all u € 
D»4(9), 
F(u) =(f, Vu). (I1.8.11) 
Moreover, 
Fil oraca@y = WF ilar - (II.8.12) 


Proof. We recall that, for any g € (1,00), D.9(2) can be viewed as a subspace 
of [£7(Q2)]”, via the map 

Mine D'4(0) 3 h= Vee [L10). (II.8.13) 
Therefore, given F € (D'4(Q))’, by the Hahn—Banach theorem (see Theorem 


II.1.7) there exists a (not necessarily unique) functional £ € [[Z2(2)]"]’, such 
that 


£(h)=F(u), we DY), (I1.8.14) 
and that, moreover, satisfies 
Lllaeecayey = NF lloracayy (11.8.15) 


However, by Theorem II.2.6, we have that, corresponding to the functional £, 
there exists a uniquely determined f € [L" (Q)|” such that L(w) = (f, w) for 
all w € [L9(Q)|", with || fl|q¢ = ||Ll|[.2<(@))ny - Therefore, the theorem follows 
from this latter consideration, and from (II.8.14) and (II.8.15). 
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We would like to analyze some significant consequences of this result for 
the space Dj’4(Q). We begin to observe that, since Dj’4(Q) C D'4(Q), by 
Theorem II.8.2 the generic linear functional on Do4(2) can be represented 
as in (II.8.11), for all wu € Dj(Q), where the function f € [L%(Q)]” is 
determined up to a function f, such that 


(fp, Vu) =0, for all ue Dy4(Q). (II.8.16) 


Let L(Q) be the subspace of [L% ()|” constituted by all those functions 
satisfying (1.8.16). It is immediately verified that L“ (Q) is closed. Moreover, 
setting Go,q/(2) = M(Di"" (Q)), with M defined in (II.8.13), we can readily 
show that Go,q/(@) is also a closed subspace of [L% (2)|"; see Exercise 1.8.1. 
Now, let f € [L% (Q)]" and consider the problem: 


Find w € Dot (2) such that (Vw — f, Vu) =0, for all u € Dy’4(). 
(II.8.17) 
If 2 and f are sufficiently smooth, we can show that this problem is equivalent 
to the following classical Dirichlet problem 


Aw=V-finQ, w=O0at on, we DPT (2). 


Lemma II.8.2 Assume that, for any given f € [L” (Q)|", problem (IL8.17) 
has one and only one solution w € Dot (2). Then, the following decomposi- 
tion holds _ 

[E9 (2)|" = LE (2) © Gog: (2). (II.8.18) 


Conversely, if (II.8.18) holds, then, for any f € [L%(Q)|", problem (II.8.17) 
is uniquely solvable. Finally, the linear operator Iy : f € [L? (Q)|" — f, € 
Go,q'(@) is a projection (that is, ITZ, = II,) and is continuous. 


Proof. The last statement in the lemma is a consequence of (II.8.18); see 
Rudin (1973, Theorem 5.16(b)). Since both L% (2) and Go,q’() are closed, 
in order to prove (II.8.18), under the given assumption, we have to show 
that (a) L% (2) M Go,q(@) = {0}, and that (b) f = fot fi, fo € £7(2), 
fi © Go.q (2). Suppose there are I € L%(Q) and g = Vg € Go,q (2), for 
some g € Dy (2), such that 1 = g. This means, by definition of L (Q) 
that (Vg, Vu) = 0 for all u € Do’4(Q), which, in turn, by the uniqueness 
assumption on problem (II.8.17), implies Vg = l = 0. Thus, (a) is proved. 
Next, for the given f, let w € Dy4(2) be the corresponding solution to 
(I1.8.17) and set fy = f — Vw (€ L (Q)), and f,; = Vw (€ Go,q'). Then, 
f = fo +f; which proves (b). The converse claim, namely, that (II.8.18) 
implies the unique solvability of (II.8.17), is almost obvious and, therefore, it 
is left to the reader as an exercise 
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With the help of Theorem II.8.2 and Lemma II.8.2, we can now show the 
following result. 


Theorem II.8.3 Assume the hypothesis of Lemma II.8.2 is satisfied and q’ € 
(1,00). Then Dot (Q) and (Dy4(Q))' are homeomorphic. Specifically, the 
linear map 


M:w € DP" (Q) Mw) € (DY), (II.8.19) 


where 


[M(w), u] = (Vw, Vu), for allu € Dy’(2), (II.8.20) 


is a bijection and, moreover, for some c = c(q,n, 2) > 0, 


clwlig < IMw)Ilorecayy < wl (I1.8.21) 


Proof. By assumption, we find that St is injective, and, by Theorem II.8.2 
((II.8.11), in particular) and Lemma II.8.2, that Qt is surjective, so that It 
is a bijection. Furthermore, the inequality on the right-hand side of (II.8.21) 
is an obvious consequence of the Holder inequality, while the one on the left- 
hand side follows from the continuity of the projection operator I7y and from 
(I1.8.12). 


In view of the results of Theorem II.8.3, it is of great interest to investigate 
under what conditions problem (II.8.17) has, for a given f € [L(Q)]”", a 
unique corresponding solution w. As a matter of fact, such unique solvability 
depends, in general, on the domain 2 and on the exponent q’. In particular, 
we have the following. 


Theorem II.8.4 Let Q be either R", or R', or a bounded domain with 


a boundary of class C?. Then, for all q € (1,0), the spaces Di (2) and 
(De (a)) are homeomorphic, in the sense specified in Theorem II.8.3. If Q 
is an exterior domain of class C? (with 0Q #4) the same conclusion holds if 
and only if qd € (n/(n—1),n), ifn > 3, and qd’ = 2, ifn = 2. 


We shall not give a proof of this theorem, mainly, because a completely 
analogous analysis of unique solvability will be carried out in Chapters IV and 
V, in the more complicated context of the Stokes problem. Here we shall limit 
ourselves to observe that the restriction on the exponent q’, in the case of the 
exterior domain, comes from the fact that the Dirichlet problem (II.8.17) for 
n > 3 looses existence if 1 <q’ < n/(n—1) (q’ © (1,2) if n = 2), while it 
lacks of uniqueness if q/ > n, n > 3 (q' > 2, if n = 2). For further details, we 
refer the interested reader to the Notes at the end of this chapter. 


Exercise II.8.1 Show that Go,,(2), q € [1, 00), is a closed subspace of L*({2). 


Exercise IT.8.2 Show that the subspace S of (D'7(Q))/, q € (1,00), defined as 
follows 
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S={uECor(2): w=V-wa, for some w € CG°(2)} 


is dense in (D'4(Q))’. This result generalizes the one proved by Kozono & Sohr 
(1991, Corollary 2.3). Hint: Use Theorem II.8.2. 


II.9 Pointwise behavior at Large Distances of Functions 
from D14 


We begin to give two classical results of potential theory, in a form suitable 
to our purposes. 


Lemma II.9.1 Let A be a bounded, locally Lipschitz domain of R", n > 2, 
and let w € C?(A). The following identity holds for all x € A: 


wlaj=— | BW) I. wy) 2) ni @yao, 


Nun Ja Oy, |x —yl” NW, joy” 


where N = (N;) is the outer unit normal to OA. 


Proof. Denote by E(a — y) the fundamental solution of Laplace’s equation: 


(27) log |x — y| ifn =2 
E(a—y) = (11.9.1) 
[n(2 — nun] * |x — yl?” if n > 3. 


Employing the (second) Green’s identity! 


Ou Ov 
/, (vAu — uAv) = [ow — ua) 


with u(y) = w(y), u(y) = E(a@ — y), Ae = A— B-(x) and integrating by parts 


we deduce 
JE (x — y) Ow(y) | OE (x — y) 
SUE = —_———_N; d 
I Se Sf on mitanaey 


OE(@ = 9) nde 
m | wy SF Niland 


which, in turn, by the properties of € and a standard procedure, proves the 
result in the limit « — 0. 


Lemma IT.9.2 Let 


' As is well known, this identity is obtained by means of the Gauss divergence 
theorem which, by Lemma II.4.1, holds for locally Lipschitz domains and smooth 
functions u, v. 
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A<n, wn. 


Then, if \+ > n, there exists a constant c = c(A, 4,n) such that 


IZi(#)| < ela“, 


Moreover, let 
dy 


Tp(2) = / 
A(a)—Bi(a) [a= 


y|" log |yl’ 


with 


A(z) = {y ER": K1|2| < ly| < K|z|}, K1 €& (0,1), K2 € (1, 00) 


and x satisfying 


|x| > 2/K, « = min{1 — kK, Ko — 


Lay 


Then, there exist positive constants c,,c2 depending only on k1, K2, and n 


such that 


To(x) < c1 + ca(log|z|)~ 


Proof. Setting 


/ 


uv , y 
L= nae 


a] 
it follows that 


/ 
Zi(x)] <ele|-Ore—m) [| __t 


rn |x’ — y'|>|y"|4 


1 


Scere, 


To estimate Z, we rotate the coordinates in such a way that x’ goes into 


xo = (1,0,...0) so that 


dy 


| — 
rn |zo — yf |*|y’|" 


Thus, Z is convergent, since \ <n, uw<nand A+ > n, and it is independent 
of x. The first estimate is therefore proved. To show the second one, we put 
|x| = R and perform into Zz the same change of coordinates operated before 


to obtain 
To (x) 


where 


Le suntan FTP ORR 
'A'—Buyptes) 0 — YT" log (Rly) 


A’ = {y' ER”: k1 < |y/| < Ke}. 


Being R1/?|y'| > «1/K!/? > 1, we have log(Rly'|) > 


(log R)/2 and so 
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To(x) < 2(log|x|)~"{h + b}, 


with 
I= | |zo — y'|~ "dy! 
1/RS|xo—y!|<3%/4 
d Ul 
ie / oo. 
A’— B3,/4 (Xo) |x0 ~y | 
Clearly, 
In =b 
and, since « < 1, 
I, < alog |x|, 


where a and 0 are independent of x. The lemma is thus completely proved. 


The result just shown will be used in the proof of the following one; see 
also Padula (1990, Lemma 2.6). 


Theorem IT.9.1 Let 2 CR”, n > 2, be an exterior domain and let 
u € D'"(Q)N D'4(Q), for some r € [1,00) and some q € (n, 00). (II.9.2) 
Then, ifr <n, there exists wo € R such that 


lim |u(a) — uo| = 0 uniformly. (11.9.3) 


|2|—-00 


The same conclusion holds if (11.9.2) is replaced by the following one: there 
exists ug € R such that 


(u — uo) € L8(Q)N D'4(Q), for some s € [1,00) and some q € (n, 00). 


(11.9.4) 
Moreover, under the assumption (11.9.2), with r =n, we find that 
| lim |u(ar)|/(log |a|)"-Y/" =0, uniformly. (II.9.5) 
Finally, if 
u€ D'4(Q), for some q € (n,0o) , 
we have that 
lim |u(«)|/|a|9-™/4 =0, uniformly. (II.9.6) 


|a|—-00 
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Proof. We begin to observe that, by density, (II.3.12) continues to hold for 
all u € W!4(B(x)), q > n, and consequently, by Lemma II.6.1, for all u € 
D+4(Q), q>n. Thus, we find 


Iv(e)| <¢ ([lolls,5,¢) + lvlie.2,(@)) + for allv € DI4(2),q>n, (1L9.7) 


for some c independent of x. Now, under the assumption (II.9.2), by Theorem 
II.6.1 there exists uo € R such that 


|e — tallnr/(n—r) <©O. (11.9.8) 


Relation (II.9.3) then follows with the help of (II.9.8), by setting v = u— uo in 
(11.9.7), and then by letting |”| — oo. Under the assumption (II.9.4), we again 
use (II.9.7) with v = u — uo, and let |x| — co in the resulting inequality. Let 
us next prove relation (II.9.6). We take R so large that exp Vln R > 26(2°) 
and set 

u) = (1—wr)u, 


where wp is given in (II.7.1). Putting 
2’ =2Q-—B,, p=expvlnR, 


by the properties of the function qr (see (II.7.5), (II.7.7)), it follows for suf- 
ficiently large R that 


[uO ly g2¢ < |ult.g,e¢ + c(InIn R)7?. (II.9.9) 


Moreover, u“) € D'4(Q?) and, since u“) vanishes at 02°, by Theorem II.7.1 
there exists a sequence {us}sen C C§°(2°) converging to u™) in the norm 
|- |1,9- For fixed s, s’ € N, we apply Lemma II.9.1 to the function w(x) = 
h(a)|a|~7, where h(a) = us(x) — us:(x) and A D supp (w). We thus have 


Ia(ayllel < f |Va(y)|lyl- 7a — yl" dy 


oe I IA(y)|ly[-2-7 ke — play. 


Employing the Hélder inequality and (I1.6.13) with ao = 0, there follows 


1/q’ 
\a(a)||2|77 < clAlig.0° ( [ ly Ja — yl O-™4 iv) . 


where q/ = q/(q—1) and c= c(n,q). Taking y € (1 —n/¢,n—n/q) and since 
q > n, we may estimate the integral over R” by means of Lemma II.9.2 to 
deduce 

|A(z)||a|~7 < ¢lh|1,4,00|2|- 7-9/4. 
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Recalling the definition of the function h and letting s,s’ — oo, from this 
latter inequality we obtain 


Ju (a) | < clu |r ¢,20|2|-™/4, for all x € 2° 
and so, by the properties of Wr and by (II.9.9), it follows that 
|u(x)| < cr (lula,q,e0 + (InIn R)~+) |2|%-™/4, for all x € 2°, 


which proves (II.9.6). It remains to show (II.9.5). To this end, let x € 2 with 
|x| = R, R > 26(2°) and sufficiently large. Since 


We W'4(Qr/2,2R) ia W*"(Qr2,2R), 


we may use the density Theorem II.3.1 together with Theorem II.3.4 and 
Theorem II.4.1 to prove the validity of the identity in the statement of Lemma 
11.9.1 with A = Qp/o2R and w(y) = u(y)/(log |y|)-P/. We thus obtain for 
all € 2 with |z|=R 


|u(a)|/(log ||) "-Y/" < eI, +o +g +144 Is 4+ Ie), (II.9.10) 


where c = c(n) and 


n= | IVu(u)] [Clog lyl)"/" ke — yl!-Pay, 
QR/2,2R—-Bi(«) 

p= f [u(y)|{Goslyl)"/be ull" 
Byi(a) 

= | lu(v) [lvl og yl)” — yl!" 
QR/2,2R—-Bi(2) 

a= f  Ju(y)liyl-*og |yl)"-2.2 — ult", 
By (a) 

p= f(uly)l(os ly)!" — yi Moy, 
OBR/2 


Jo= f— |u(y)|(oglyl) |e — y|-tdoy, 
OBor 


Set 


(n—1)/n 
dy 
T(r)= i) = : 
( QR/2,2R—-Bi(x) le=4| cm) 


The following estimates are a simple consequence of the Holder inequality: 
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hs T(x) |Ulin,Qn/2,2n9 


Tn < ex (log R)O-™/™ ul 9, B(x) 


Fi 


On ee 
Uy 

I3 < T(x) i ————__dy ; 
( Qp/2,on (IY log ly) 


nyt, 
Iy<entlogryt2m/n( [AUT Gy) 
Bi (a) 


ly|? 


Moreover, since 
R/2 for y € OBR/2 
Iz —y| 2 


R for y € OBor 
it follows that 


1/n 
Is + Is < c3(log R)A-”)/” (/ ju(R/2,w) "a 
Sn-l 


+ (2 ORw)Ide) | | 


T(x) < c4 + e5(log |x|)~* 


By Lemma II.9.2, we have 


(II.9.11) 


while, by Exercise II.6.3, given ¢ > 0 there is a sufficiently large R such that 


for all R> R it holds that 
| ju(R/2,0) Mado + f |u(2R, w)|"dw < cge (log R)"~", 
gr-l Snr-l 


and 


i eo) ay < cre [ve logr)~'dr <cge. 
Qp/2,2R (\y| log |y|) R/2 


In addition, from (II.9.6), we find 


q 
| WWI ay < epR™. 
By (2) ly| 


Since, clearly, as R — oo, 


[tlh aa ces Juli.g,B, = o(1), 


in view of (II.9.11)—(II.9.15) we deduce in the limit R — oo 


(II.9.12) 


(II.9.13) 


(II.9.14) 


(II.9.15) 
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6 
i = 0(1) (II.9.16) 


and (11.9.5) follows from (II.9.10) and (II.9.16). The theorem is therefore com- 
pletely proved. 


Remark II.9.1 The result just shown applies, with no change to domains 
92 that possess an extension property of the type specified in Remark II.6.4, 
such as a half-space. Oo 


II.10 Boundary Trace of Functions from D™*?(R‘) 


Our next objective is to investigate the trace space at the boundary of a 
function u € D™4(Q2), for Q = Ry. Actually, if Q is an exterior domain, 
there is nothing to add to what was said in Section II.4, since, as shown in 
Lemma II.6.1, if 2 is locally Lipschitz then uw €¢ W"4(Qpr). On the other hand, 
ifu € D™4(R7) then u € W™4(C), for any cube C C R‘, and therefore, 
by the results of Section II.4, u possesses a well-defined trace I(m)(u) at the 
plane © = {x € R”: z, = 0} that belongs to the trace space Wm,q(2"), for 
every bounded portion %” of 3’. However, from those results we cannot draw 
any conclusion concerning the finiteness of the norms of I,,(u) on the whole 
of »’. Nevertheless, such global information is of primary importance in the 
resolution of nonhomogeneous boundary-value problems. 

A detailed investigation of the properties of the traces on 2’ of functions 
belonging to the spaces D™:4(R'}) has been performed by Kudrjavcev (1966a, 
1966b). Here we shall describe some of his results in the case where m = 
1, since this is the only case we need to consider in the applications. The 
interested reader is referred to Remark II.10.2 and to the work of Kudrjavcev 
(1966b, Theorems 2.4’ and 2.7) for generalizations to the case where m > 1. 

For a function u € D!4(R‘), we shall denote throughout by 7 its trace at 
+. From Theorem II.4.1 we derive, in particular, for any bounded (measur- 
able) 3” c X, 

[las Se (Itlion + llullaz) (11.10.1) 
where c = c(S”,n,q, B) and B any bounded, locally Lipschitz domain of R' 
with B > SX’. Let o be a non-negative, measurable function in ©. By the 


symbol 
I4(3,0), 1<q<ov, 


we denote the space of (equivalence classes of) real functions w on X’ that are 
L4-summable in with the “weight” o, namely, 


l]owlla < oo. 


We have 
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Theorem II.10.1 Let © = {a €R": 2, =0} and a’ = (a1,...,%n-1). 
Then, for any u € D'4(R") the trace @ of u at X satisfies 


TE L(L,01), 01 = (1+ [2'|)O-m/-, 
where €, is an arbitrary positive number, and the following inequality holds: 
llovTly.2 Scr (lulary + lulla.2,) 
with cy = c1(n,q,€1) and By = By MR‘. Moreover, if 1 <q <n, we have 
U— up € L4(E,02), o2 = (14+ |x"|)\O-9/a-£2, 


where ug is the constant associated to u by Theorem II.6.3 and ¢2 is an 
arbitrary positive number, and the following inequality holds: 


I|o2(@ — uo)llq,2 S caluligre 
with cy = c2(n, q, €2). 


Proof. The proof of the first part of the theorem is found in Kudrjavcev 
(1966b, Theorem 2.3’) and it will be omitted here. The second part can be 
obtained by coupling Kudrjavcev’s technique with the results of Theorem 
II.6.3, as we are going to show. For simplicity, we shall consider the case 
where n = 2, leaving to the reader the simple task of establishing the result 
for n > 3. Setting 

wO=U-— Uo; 


we have to prove the following inequality: 


/ 02(x1)"|W(a1)|%da1 < Ca) tT Ra o2(a1) = (1+ |ay|)A-9/9-e2, 


7 (II.10.2) 
Since, by Theorem II.6.3, 
ge iss (II.10.3) 
||u — uo ||2q/(2—-¢) S yalulig.R2 > ~~ 


from (II.10.1) we find 
1 
i. o2(21)*\W(x1)\%dax1 < cult Ra? 
and so to show (II.10.2) it suffices to show 


ee) =1 
| o2(x1)"\w(x1)|%dxq, i o2(x1)*[w(a1)|*dar < caluly g po: (II.10.4) 


CoO 
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Let us consider the first integral in (II.10.4). In R% we introduce a polar 
coordinate system p € (0,00), @ € [0,7] with @ the angle formed by p with 
the positive x-axis. Since 

x1 = pcosé, 


v2 = psin8g, 


we have 
/ oro(1) [ta (ae1) [den = / o2(p)*|a(p, 0)|%dp. (1.10.5) 
1 ol 
Setting 
W = U— Ud, 
for x, > 1, 


D(1) = D(p,0) = w(p,6 fe a (p.7 


Taking the modulus of both sides of this identity, raising them to the qth 
power, using (11.3.3) and the Holder inequality, we find 


0 
Fm, 0)? <c1 (In ait [tr 


er) (II.10.6) 


Observing that 


Ou 
ales Pe 
Mp, : < plVu 


from (II.10.6) we derive, for all a > 0, 


‘faa 0)/? Pele 
ag 49 S oo a pdpdo 


(II.10.7) 
* (™|Vulp, 14 
i ————pdpdé). 
1 Jo pene 
Taking 
a>1-1/q, (II.10.8) 
we have for p > 1 
pen! > 1, (II.10.9) 


Further, from (II.10.3) and (II.10.8) 


ae cry - 
a pdpdé < : p dp 
(2—q)/q 
. | ay|20/(2—0) (11.10.10) 
R2 


+ 


2 


S 6% lel me 
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Therefore, the first relation in (II.10.4) follows from (II.10.5), (II.10.7), 
(II.10.9), and (11.10.10). To recover the second one, it is enough to observe 
that, for 2; < —1, 


w(x1) = w(p, 7) — w(p, 9) F [ aes dr, 


0 Or 


and to proceed as in the previous case. The theorem is thus completely proved. 


Remark II.10.1 Theorem II.10.1 tells us, in particular, that ifl1<q<n,@ 
must tend to the constant uo at large distances on »’, in the sense that for at 
least a sequence of radii {Rm}, 


lim |u(Rm,w) — ug|dw = 0, 
Rm—oo sn-2 
where (R,w) denotes a system of polar coordinate on X’. On the other hand, 
if q > n, u may even grow at large distance on »’. a 


Remark II.10.2 We notice, in passing, that Theorem I.10.1 admits of an 
obvious extension to the case where m > 1, in the sense that it selects the 
weighted L%-space to which the trace ZT = D®u at XY, |a| = m—1, of 
u€ D™4(R") must belong. In particular, if mg < n, in the light of Theorem 
II.6.4, u can be modified by the addition of a suitable polynomial P in such 
a way that u = u—P and all derivatives of u up to the order m — 1 included 
tend to zero on X’ in the way specified in Remark II.10.1. | 


A weighted space of the type L4(5’,c), however, does not coincide with 
the “trace space” of functions from D'%(R’). This latter is, in fact, more 
restricted. To characterize such a space we set, as in the case of a bounded 


domain, 
|7z( y)|4 \/q 
(@))1-1/4,q = (( [= 7 i dx av) (11.10.11) 


and denote by D!~1/%4(7) the space of (equivalence classes of) real functions 
for which the functional (II.10.11) is finite. As in Section II.4, one can show 
that, provided we identify two functions if they differ by a constant, (11.10.11) 
defines a norm in D!~!/%4(5>) and that D!~1/%4(S)) is complete in this norm. 


Exercise II.10.1 (Miranda 1978, Teorema 59.11). Show that 


uéWt(s), implies u € D11/%9(d), 


The following theorem holds, (Kudrjavcev 1966b, Theorems 2.4’ and 2.7 
and Corollary 1). 
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Theorem II.10.2 Let Y’ be as in Theorem II.10.1 and let u € D'4(R"), 
1 <q < oo. Then the trace T of u at © belongs to D!~'/4%4()) and, further, 


((@))1-1/a,q S calulig 


with c, = c,(n,q). Conversely, given @ € D!~/49(d), 1 < q < oo, there 
exists u € D!\4(R") such that J is the trace of u at Y’ and, further, 


[uli S C2 ((@))1-1/q,¢2 


with cp = c2(n, q). 


II.11 Some Integral Transforms and Related Inequalities 


By integral transform with kernel K of a function f, we mean the function Y 
defined by 
W(x) = : K (x,y) f(y)dy. (1.11.1) 


Our objective in this section is to present some basic inequalities relating W 
and f, under different assumptions on the kernel. We shall first consider the 
situation in which 

K(z,y) = K(x—y), 


where /‘(£) is defined in the whole of R”. In this case, the transform (II.11.1) 
with 2 = R” is called a convolution, and it is also denoted by K x f. An 
example of convolution is the regularizer of f, which we already introduced 
in Section II.2. For these transforms we have the following classical result due 
to Young (see, e.g., Miranda 1978, Teorema 10.1). 


Theorem IJ.11.1 Let 
K€ L*(R"), 1<s<om. 


If 
fe LR"), l<q<oo, 1/g>1-1/s, 


then 
Kx«f€L"(R"), 1/r=1/s+1/¢q-1, 


and the following inequality holds: 


| * flr S Alsi flla- (IL. 11.2) 


Exercise II.11.1 Prove inequality (II.11.2) for the case g = 1. Hint: Use the gen- 
eralized Minkowski inequality (II.2.8). 
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Another class of transforms that will be frequently considered is that de- 
fined by kernels K of the form 


K(x,y) = A>0, yER, (II.11.3) 
where k(a,y) is a given regular function. If 0 < A < n and k(x,y) = 1, the 
kernel (II.11.3) is referred to as weakly singular and the corresponding trans- 
form (II.11.1) is called the Riesz potential. If AX = n and k(x, y) is suitable 
(see (II.11.15)—(II.11.17)), the kernel and the associated transform are called 
singular. The study in Lebesgue spaces L* of Riesz potentials finds a funda- 
mental contribution in the celebrated paper of Sobolev (1938) (see Theorem 
II.11.3), while that related to (multidimensional) singular kernels traces back 
to the work of Calderén and Zygmund (1956) (see Theorem IT.11.4). 


When 92 is bounded and K is weakly singular one can easily show elemen- 
tary estimates for W = K x f in terms of f. For example, if 


A < n(1—1/¢) 

one has the inequality 

sup |Y(2)| < ell fla (1111.4) 

cen 
with rr 

1 q 1 y / 

= [1 §(Q)yr/a—>, ID.11. 
c= (5) anion) (11.115) 


To show this, it suffices to observe that for all r > 0 and Ar < n, 


1/r 1 1/r 
(/ = la — way) a (—) Rs, (II.11.6) 
r—YIS 


Thus, (II.11.4) and (II.11.5) follow from (II.11.1), (II.11.3), (II.11.6), and 
the Holder inequality. Actually, one can prove an estimate stronger than 
(1.11.4) under the same assumption on A, n, and gq. In fact, from (II.11.3) 
with k(x, y) = 1, by the mean value theorem it follows that 


|K (x — y) — K(z—y)| < Ala — 2|d(y)- 9, 


where d(y) is the distance of y from the segment s with endpoints x and z. 
Setting o = |%—z| and employing this last inequality, from (II.11.1) we deduce 


P(e) —(2)| < / 


|ja—y|<2o0 


LF) lle — yl—dy + | f(y)llz — ylady 


|z-y|<2o0 


+0 | F(y)|d(y)-O+D ay 
QN{|zo—-y|>o} 
(11.1.7) 
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with zo the midpoint of s. Since d > a /2, by Carnot’s theorem it easily follows 
that 2d > |x — xo|. Therefore, assuming A < n(1 —1/q) and employing the 
Holder inequality, the last term in (II.11.7) can be increased by 


Cy ( + ea) Ilfllas (I1.11.8) 


where Cy = C)(6(2),n,q, A). On the other hand, by an easy calculation that 
makes use of (II.11.6) and the Holder inequality, we show that the first two 
integrals in (II.11.7) can be dominated by 


C2 a°G-VO-All Fla, 


where Cy = C2(n,A). Thus, this latter relation along with (I1.11.7) and 
(II.11.8) furnishes 


W(x) — VAIS C (e+ oM@-V9-A) | fll, 


where C = 2max(C}, C2). Still retaining the assumption that (2 is bounded, 
we shall now discuss the case where A = n(1 — 1/q). We set 


. jz —y| ifx,yeR 
K(z-y)= 
0 ifayeQ. 
Clearly, 
va) = f ea Fendy = f Key sndy. 
and so, by noticing that 
K € L*(R"), for alls <n/A, (I1.11.9) 
from Young’s Theorem II.11.1 it follows that if f € £9(2) then 
WEL(M), 1/r=1/s+1/q-1 (11.11.10) 
and that the following inequality holds: 
Zr < ell fla 


Taking into account (II.11.9) and that A = n(1 — 1/q), from (II.11.10) we 
conclude that 
WE L"(2), for all r € [1, 0). 


The results established so far are collected in 


Theorem II.11.2 Assume 92 bounded, K weakly singular, and f € L4(2), 
1 <q < o. Then if X < n(1—1/q), the integral transform W defined by 
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(II.11.1) belongs to C°(Q) where w = min{1,n(1—1/q)—A} and the following 
estimate holds: 

IF lloou < Cillfilla, (1.11.11) 
with Cy = C\(6(2), n, g, A). Moreover, if \ = n(1—1/q), then © € L"(22) for 
all r € [1, 00), and the following estimate holds: 


with Cy = C2(6(2),n,q, d). 


The complementary situation \ > n(1—1/q) is considered in Sobolev’s theo- 
rem which, in addition, does not require the boundedness of (2. Precisely, we 
have (Sobolev 1938; for a simpler proof see Stein 1970, Chapter V) 


Theorem II.11.3 Assume f € L4(R"), 1 <q < oo, and K weakly singular. 
Then, if X > n(1 —1/gq), the integral transform W defined by (II.11.1) with 
§2 = R” belongs to L*(R”), where 1/s = 4/n + 1/q—1. Moreover, we have 


Mls < Cllflla (11.11.13) 
with C = C(q,n, A). 


Remark IJ.11.1 By means of simple counterexamples one shows that the 
Sobolev theorem fails either when g = 1 or when s = oo (see Stein 1970, 
p.119). 


Some interesting observations and consequences related to Theorem II.5.1- 
Theorem IT.5.4 are left to the reader in the following exercises. a 


Exercise II.11.2 Show that if (11.11.13) holds, necessarily 1/s = A/n + 1/q —1. 
Hint: Use the homogeneity of the Riesz potential. 


Exercise II.11.3 For f € Co°(R”), set u(x) = (€ * f)(x) where E is the funda- 
mental solution of Laplace’s equation (see (II.9.1)). Verify that u is a C® solution 
of the Poisson equation Au = f in R”. Moreover, use the Sobolev theorem to show 


|Vellng/m—q) Sellflla 1<q<n. 


Exercise II.11.4 Assume wu € Wo? (R"), 1 <q < o. Starting from the represen- 
tation given in Lemma II.9.1, prove the following assertions: 


(i) Iq <n, then u € Lra/ (na) (R”) and |/ul|ng/m—a) S< WMWIVulla: 


Hint: Use Theorem I1.11.3. Notice that, without using the Sobolev theorem, (i) is 
obtained directly from Lemma II.3.2 in a much more elementary way (see (2.6)) 
and with the following advantages: (a) the case q = 1 is included; (b) an explicit 
estimate of the constant y can be given. 


(ii) If qg =n, then u € L"(Q2), for all r € [n,oo) and for any compact domain 2. 
Hint: Use Theorem IT.11.2. 
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(iii) If gq > n, then u € C°“(2), w= 1-n/q, for any compact domain Q. Hint: 
Use Theorem IT.11.2. 


Exercise IT.11.5 Let 2 be bounded. Show that every function from Wg’?(Q), q > 
n, satisfies the inequality 


llullo < ef6(Q)]-"/4||Vulla, (11.11.14) 


with c = c(n,q). Hint: Use the representation formula of Lemma II.9.1 together with 
relations (II.11.4) and (II.11.5). 


We shall now consider the case of singular kernels. We say that a kernel 
of the form (II.11.3) with « € 2, y € R” — {0} and \ = n is singular if and 
only if 


(i) For any admissible x, y and every a > 0 
k(x, y) = k(x, ay); (11.11.15) 


(ii) For every x € 2 , k(x, y) is integrable on the sphere |y| = 1 and 
/ k(x, y)dy = 0; (11.11.16) 
ly|=1 


(iii) There exists C > 0, such that! 


ess sup |k(x,y)| <C. (11.11.17) 
rEQ;\y|=1 


Exercise II.11.6 Show that (II.11.16) is equivalent to the following: 
, K (a, y)dy = 0, (11.11.18) 
r1SlylSr2 


for every x and r2 >171 > 0. 


Condition (II.11.18) allows us to recognize a noteworthy class of singular 
kernels. Precisely, we have the following simple but useful result, due to L. 
Bers and M. Schechter, which we state in the form of a lemma (see Bers, John, 
& Schechter 1964, p. 223). 


Lemma II.11.1 Let M(x, y) be a function on 2 x (R" — {0}), differentiable 
in y and homogeneous of order 1 — n with respect to y, that is, 


M(z,ay)=a'"M(a,y), a> 0. 


' This assumption can be weakened; see Calderén & Zygmund (1956, Theorem 
2(ii)). However, a weaker assumption would be irrelevant to our purposes. 


130 II Basic Function Spaces and Related Inequalities 


Assume further that M;(x,y) = OM(a, y)/Oy; satisfies, with some C > 0, 
independent of «x, 


ess sup |M;(z,y)| <C. 
ly|=1 


Then M;(x,y) is a singular kernel. 


Proof. For all x € 92 we have 


/ edie | M(w,0)(ni/ra)doy 
ri<lyl<re 


|nl=re 


hy M(zx,)(ni/r1)don, 
NTL 


so that (II.11.18) follows by homogeneity. Therefore, setting 


k(x, y) = Mi(z,y)lyl”, 


by assumption and Exercise II.11.6 we conclude that M;(x,y) = k(x, y)|y|~” 
is a singular kernel. 


Exercise IJ.11.7 Let € be the fundamental solution to Laplace’s equation. Show 
that Di;E(x) is a singular kernel. 


For integral transforms defined by singular kernels we have the following 
fundamental result due to Calderén & Zygmund (1956, Theorem 2). 


Theorem II.11.4 Assume K(x, y) is a singular kernel and let 
N(x, y) = K(x,4—y). 


Then, if 
f € TYR"), l<q<o, 


the P.V. convolution integral 


W(x) = lim N(a, y)f(y)dy (11.11.19) 


679 J\a—y|>e 
exists for almost all x € 2. Moreover, 

W € L1(R”) 
and the following inequality holds: 


lla < ell flla- (11.11.20) 
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Exercise IJ.11.8 Assume K given by (II.11.3), with k(x, y) bounded and \ = n. 


Show that, if f € Co(IR”), the limit (11.11.19) exists if and only if h(a, y) satisfies 
condition (II.11.16). Hint: Use the identity (a > « > 0) 


/ N(o,y)f (w)dy = j N(x, 9) f(y) 
|z—y|>e 


|z—y|>a 


+f UO) FON eddy 


Hef N@wdu 


Remark ITI.11.2 Sometimes it is useful to know more about the constant c 
in (11.11.19) and, particularly, about the way in which it depends on q and k. 
Here we recall some estimate due to Stein (1970, Chapter IT) and to Calderén 
and Zygmund (1957, §5). Specifically, as far as the dependence on q, one can 


show: 
al(@q-Vifl<q<2 
cs 
cC1q if qd 2 2, 
with cy = c1(k). Likewise, if A > 0 is a constant such that 


sup |k(x,y)| < A, 
rE, |y|=1 


then one has 
CSA, C2 = 00(q). 


Two important consequences of the Calderén—Zygmund theorem will be 
considered. The first one is due to Stein (1957) and is contained in the follow- 
ing. 


Theorem IT.11.5 Let the assumptions of Theorem II.11.4 be satisfied, and 
suppose, in addition 


f(x)|e|’ ¢ LR"), 8B ¢ (—n/q,n(1—-1/9)), 
and that |k(x,y)| < C, for some C' independent of x and y. Then, 
U(x)\a|° € L4(R") 
and the following inequality holds 
IP (z)|eI" lla < Cll f(@)lzI" lla, (IL.11.21) 


where c, = c1(n, q, 3). 
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The second consequence is a well-known result of Agmon, Douglis, & 
Nirenberg (1959, Theorem 3.3), which we are now going to state. 
Theorem IJJ.11.6 Let 


w(x’ /\x|,¢n/|x 
K(2', tn) = —e i (x1, a 1; Un—1). 


Assume that D;K,i=1,...,n, and D?.K are continuous in R", and bounded 
in R71 S"~" by a positive constant «. Assume further 


i @(2",0)dx’ = 0. (11.11.22) 
|2"|=1 


Then, setting Y = {x € R” : x, = O}, given 
@€ L4(’), with ((¢))1-1/q,q finite, 


the integral transform 
Ue tn) = | K (a! — y', tn) o(y’)dy! (1.11.23) 
By, 


belongs to L4(R'}.) and the following inequality holds: 


|uli,q S cK((b))1-1/qq1 (11.11.24) 
with c = c(n,q). 


Theorem II.11.4 and Theorem II.11.6 play a fundamental role in the L- 
theory of elliptic partial differential equations, mainly in deriving a priori 
estimates for solutions (see, e.g., Agmon, Douglis, & Nirenberg 1959). In the 
following exercises, we shall propose very simple applications of them to the 
Poisson equation in R” and to the Dirichlet problem for the Poisson equation 
in R%. Other more relevant applications will be derived, along the same lines 
as those that follow, in Chapter IV, in the context of steady slow motions of 
a viscous incompressible fluid (Stokes problem). 


Exercise II.11.9 For the problem Au = f in R” show that there is a solution u 
such that 


(i) If f € W™9(R”), m > 0, 1 < q < oo, then u € NRLpD**?(R") and the 
following inequality holds: 
Juler2.q Scillflleg, &=0,1,..,m, c1(n,q,k); 


ii) If f € Dp '4(R"), m > 0, 1 < q < &, then u € Dj(R") and the following 
0 0 
inequality holds: 
Julia < c2|f|—1.45 ca(n, q; k). 
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Hint: Take f € C5°(IR”). Then a solution is given by u = € « f (see Exercise II.11.3). 
To show (i), use Theorem [1.11.4 and Exercise II.11.7. To show (ii), observe that, 
for any yp € L* (By) and i = 1,...,n, 


(Diu,p)= | fly)dly)dy, 6 = (DiE) * 9, 
R” 
and that, by Theorem II.11.4, 


Ilia S ellella’a,. 


with c independent of r. Employ, finally, the results of Exercise II.3.4 and Theorem 
I1.8.1. 


Exercise IJ.11.10 It is well known that the function (Poisson integral) 


with © = {x € R” : an = O}, € given in (7.1) and ¢ € C™(X), m > 0, is a smooth 
solution to the Dirichlet problem in the half-space: 
Au=0 inRt, n>2 
(11.11.25) 
u=@¢ at 


(see, e.g., Sobolev 1964, Lecture 13). Use Theorem II.11.6 to show that if 
eew™t(d) and S> ((D*$))1-1/4q <0, 1<q<om, 
|k|=m 


then 
Julsti,g <c = ((D*6))1-1/a0: for all s = 0,1,...,m, 


|k|=s 


with c= c(n,q, 8). 


Uniqueness of solutions determined in the preceding exercises can be easily 
studied by means of the following result, which the reader is invited to prove. 


Exercise II.11.11 Let H be harmonic in the whole of R”. Assume either 


N 
| Hi(x)|™ 
(i) H = H;, N>1, where [ ———.— < o, for some q € (1,00), p > 0, 
» pe (1+ |a|)* 
and A; € [0,n]; 
or 
(ii) , ne A(x) =0. 


Show H = 0. Hint: By the mean value theorem, we have, for each x € R”, 


|H(2)| < (rn) f 


gn 


|H(R, w)|dw, R= |x a yl. 
= 
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Remark [1.11.3 In virtue of this latter result it follows that solutions de- 
termined in Exercise II.11.9(i) are unique in D?:4(R”), while those in (ii) are 
unique in Dy t(R*). As far as solutions considered in Exercise II.11.10, their 
uniqueness is likewise discussed, since if u solves (II.11.25) with ¢ = 0, then 


the function 

u(a1,..-,Ln) ifr, >0 
u(x) = 

—u(@1,..-,—-%) if tn <0 


is harmonic (and hence smooth; Weyl 1940, Simader 1992) throughout R”, 
including x, = 0; see, for instance, Sobolev (1964, Lecture 13). Oo 


II.12 Notes for the Chapter 


Section II.1. A similar (but different in details) proof of Lemma II.1.3 can 
be found in Erig (1982, Lemma 5.3). 


Section II.3. Inequality (II.3.9) was derived by Ladyzhenskaya (1959a) with 
a larger value of the constant. In this respect, see also Serrin (1963). 

Extensions of Lemma II.3.3 to domains with a (sufficiently smooth) 
bounded boundary can be found in Friedman (1969, Theorem 10.1) for 
bounded domains, and in Crispo & Maremonti (2004) for exterior domains. 

Sequence of functions like that employed in Exercise II.3.9 can also be 
used to find the best exponents (for fixed dimension) in certain inequalities 
relating surface and volume integrals, of the type described in Section IT.4 
(Galdi, Payne, Proctor, & Straughan 1987). 


Section ITI.4. The way of introducing trace inequalities through star-shaped 
domains is an intrinsic treatment that does not make a direct use of the 
definition of surface integral by means of local representation of the boundary. 
For this latter approach see, e.g., Necas (1967, Chapitre 2 Théoréme 4.2) and 
Adams (1975, Chapter 5 Theorem 5.22). 

The constant C in Theorem II.4.1 can be simply estimated if the shape of 
2 is particular; in this regard see Galdi, Payne, Proctor, & Straughan (1987). 


Section II.5. As already remarked, inequality (II.5.1) fails if Q is not con- 
tained in some layer La; see Exercise II.5.1. However, in this latter case, (II.5.1) 
can be replaced by “weighted” inequalities such as (II.6.10), (II.6.13), and 
(1.6.14). Furthermore, the choice of the “weight” can be suitably related to 
the “geometry” of 2 at infinity. For instance, if 


Qc {x ER": |z'| < g(tn)}, 


where g satisfies 
g(t) > go, for some go > 0, 
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then one has 
lu/g(tnJ\lq S elulig, we Co°(2). 


For this and similar inequalities, we refer, among others, to Elcrat and 
MacLean (1980), Hurri (1990), and Edmunds & Opic (1993). 

The Friedrichs inequality (II.5.8) can be a fundamental tool for treating 
the convergence of approximating solutions of nonlinear partial differential 
equations. A nontrivial generalization of (II.5.8) is found in Padula (1986, 
Lemma 3). Extension of the Friedrichs inequality to unbounded domains are 
considered in Birman & Solomjak (1974). 

From Theorem II.5.2 and Theorem II.4.1 it is not hard to prove com- 
pactness results involving convergence in boundary norms. For example, we 
have: if {uz} C W?(Q) (Q bounded and locally Lipschitz) is uniformly 
bounded, there is a subsequence {um} such that um > u in L2(02) with 
qg = 2(n—1)/(n — 2) ifn > 2 and all ¢ € [1, 00) ifn = 2. 

The counterexample to compactness after Theorem II.5.2 is due to Benedek 
& Panzone (see Serrin 1962). 

The Poincaré-Sobolev inequality can be proved for a general class of do- 
mains, including those with internal cusps. Such a generalization, which is of 
interest in the context of capillarity theory of fluids, can be found in Pepe 
(1978). However, in general, embedding inequalities no longer hold if the do- 
main does not possess a certain degree of regularity. For this type of questions 
we refer to Adams & Fournier (2003, §4.47). 


Section II.6. After the pioneering work of Deny & Lions (1954) on the sub- 
ject (“Beppo Levi Spaces”), a detailed study of homogeneous Sobolev spaces 
D™4(Q) and Dj”*(Q) along with the study of their relevant properties was 
performed by the Russian school (Uspenskii 1961, Sobolev 1963b, Sedov 1966, 
Besov 1967). These authors are essentially concerned with the case where 
92 = R”. For other detailed analysis of the homogeneous Sobolev spaces we 
refer the reader also to the work of Kozono & Sohr (1991) and Simader & 
Sohr (1997), and to Chapter I of the book of Maz’ja (1985). 

A central role in the study of properties of functions from D™4(2) is 
played by the fundamental Lemma II.6.3 which, for gq = 2 and n > 3, was 
first proved by Payne & Weinberger (1957). A slightly weaker version of it 
was independently provided by Uspenskii (1961, Lemma 1). The proof given 
in this book is based on a generalization of the ideas of Payne & Weinberger 
and is due to me. Another proof has been given by Miyakawa & Sohr (1988, 
Lemma 3.3), which, however, does not furnish the explicit form of the constant 
ug. Concerning this issue, from Lemma II.6.3 it follows that 


uo = lim u(\a|,w)dw, 
|z|—00 J gn-1 


or also, as kindly pointed out to me by Professor Christian Simader, 


uo = lim — u 
Roo |QR| Qr 
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Results contained in Exercise II.6.3 generalize part of those established by 
Uspenskii (1961, Lemma 1), and for g = n = 2 they coincide with those of 
Gilbarg & Weinberger (1978, Lemma 2.1). 

Inequality (II.6.20) with g = 2 and n = 3 is due to Finn (1965a, Corollary 
2.2a); see also Birman & Solomjak (1974, Lemma 2.19) and Padula (1984, 
Lemma 1), while (II.6.22) for n = 3 and q € (1,3) is proved by Galdi & 
Maremonti (1986, Lemma 1.3). Theorem II.6.1, in its generality, is due to me. 

The inequality in Theorem II.6.5 is due to Simader and Sohr (1997, Lemma 

1.2), 
Section II.7. The problem of approximation of functions from D’?4(Q) when 
92 = R” with functions of bounded support was first considered by Sobolev 
(1963b). In this section we closely follow Sobolev’s ideas to generalize his 
results to more general domains 92. In this connection, we refer the reader 
also to the papers of Besov (1967, 1969) and Burenkov (1976). 

The elementary proof of the Hardy-type inequality (II.6.10), (1.6.13) and 
(11.6.14) presented here and based on the use of the “auxiliary” function g 
was presented for the first time in Galdi (1994a, $2.5). The same approach 
was successively rediscovered by Mitidieri (2000). 


Section II.8. A slightly weaker version of Theorem II.8.2, with a different 
proof, can be found in Kozono & Sohr (1991, Lemma 2.2). 

The proof of the unique solvability of the Dirichlet problem (II.8.17) in the 

case (2 = R", R% is a simple consequence of Exercise I.11.9(ii) and Remark 
II.11.3. In the case (2 bounded and of class C°, a proof was given for the 
first time by Schechter (1963a, Corollary 5.2). A different proof that requires 
domains only of class C? was later provided by Simader (1972). If Q is an 
exterior domain of class C?, a thorough analysis of the problem can be found 
in Simader & Sohr (1997, Chapter I). In particular, for n > 3, the analysis of 
these authors shows that the problem (II.8.17) has a nonzero one-dimensional 
null set, if g’ > n. In other words, there exists one and only one non-zero har- 
monic function h € Do (2), satisfying a normalization condition f,, h? =1, 
for some fixed R > 6(2)°. For instance, if 2 is the exterior of the unit ball 
in R”, we have h(x) = c(|a|?~" — 1), for a suitable choice of the constant c 
depending on R. Consequently, the map 2M defined in (II.8.19)—(II.8.20) is not 
surjective if q’ € (1,n/(n — 1)] and not injective if q’ € [n, co). 
Section II.9. Results similar to those derived in Theorem II.9.1, in the gen- 
eral context of spaces D™ 4, m > 1, have been shown by Mizuta (1989). 
Estimate (II.9.5) is of a particular interest since, as we shall see in Chapter X, 
it permits us to derive at once an important asymptotic estimate for solutions 
to the steady, two-dimensional Navier-Stokes equations in exterior domains 
having velocity fields with bounded Dirichlet integrals. 


Section IT.10. The case 1 < g < n in Theorem II.10.1 is due to me. 


Section IT.11. If in the Sobolev Theorem IJ.11.3 one considers the function 
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we)=f sale -ulay, 
|j~—y|<R 


for fixed R > 0, the proof of (II.11.13) becomes elementary; however, only 
for 1/s > A/n + 1/q — 1 (see Sobolev 1938; 1963a, Chapter 1 §6). For a 
generalization of the Sobolev theorem in weighted Lebesgue spaces, along the 
same lines of Theorem II.11.5, we refer to Stein & Weiss (1958). 
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mirate la dottrina che s’asconde 
sotto il velame degli versi strani! 
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Introduction 


Several mathematical problems related to the motion of a viscous, incompress- 
ible fluid find their natural formulation in certain spaces of vector functions 
that can be considered as characteristic of those problems. These functional 
spaces are of three types, denoted by Hy, H. “ and De and are defined as 


suitable subspaces of solenoidal functions of [L%]", [Wg’%]”, and [Do"]”, re- 
spectively, n > 2. Actually, it is just the solenoidality restriction that makes 
these spaces peculiar and, as we shall see, poses problems that otherwise would 
not arise. 

The main objective of this chapter is to study in detail the relevant prop- 
erties of the above spaces. 

If 2 has a compact (and sufficiently smooth) boundary, the function class 
Hy, = H,({2) can be characterized as the subspace of [£7({2)]” of solenoidal 
vectors in (2 having zero normal components at 092. The space H, comes into 
the picture as a by-product of a more general question related to a certain 
decomposition of the vector space [L%]", the Helmholtz—-Weyl decomposition. 
This decomposition plays a fundamental role in the mathematical theory of 
the Navier-Stokes equations, mainly for the study of time-dependent motions. 
As we shall see, the validity of the decomposition is equivalent to the unique 
solvability of an appropriate Neumann problem in weak form. Such a prob- 
lem is certainly resolvable in domains having a (sufficiently smooth) compact 
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boundary and in a half-space. However, there are also domains with boundary 
of little regularity (locally Lipschitz) and domains with smooth noncompact 
boundary where the Neumann problem is not uniquely solvable and, therefore, 
the corresponding Helmholtz—Weyl decomposition does not hold. 

The main, basic question that one has to face when dealing with spaces 
A a and De is related to the very definition of the spaces themselves. To 
see why, let us consider, for the sake of definiteness, the space H, me analogous 
reasonings being valid for o*. To study the time-dependent motion of the 
fluid we need the velocity field v of the particles of the fluid together with its 
first spatial derivatives to be, at each time, summable in the region of flow 2 
to the qth power for some q > 1; in addition, v has to be solenoidal and vanish 
at the boundary of 2. A space of vector functions having such properties (in 
a generalized sense) can be chosen in either of the following ways: 


{completion of D(Q) in the norm of [Wt4(Q)]"} = Hj (2) 


" {v € [W2(Q)|":V-v =0 in a} = (2), 


with D(2) denoting the subclass of [C5°({2)]" of solenoidal functions. These 
spaces may look similar, but in fact a priori they are not, since the con- 
dition of solenoidality on their members is imposed before (in Hj(2)) and 
after (in #H}(Q)) having taken the completion of [C§°({2)|” in the norm of 
[W1-7(Q)]". Of course, understanding the relationship between H q (2) and 
H. 9422) is a preliminary and fundamental question whose analysis aims to 
clarify the framework within which the Navier-Stokes problem has to be set. 
Actually, as pointed out for the first time by Heywood (1976), the coincidence 
of the two spaces is related to the uniqueness of solutions and in particular, 
in domains for which H}(Q) # Hj(Q) the solution may not be uniquely de- 
termined by the “traditional” initial and boundary data but other extra and 
appropriate auxiliary conditions are to be prescribed (see Chapters VI and 
XII). 

A primary objective of this chapter will be, therefore, to analyze to some 
extent for which domains the coincidence of the spaces Hj, H. q and D. Dy! 
holds and for which it does not. Specifically, we shall see that coincidence is 
essentially not related to the smoothness of the domain but rather to its shape. 
In particular, the above spaces may not be the same only for domains with a 
noncompact boundary, and we shall provide a large class of such domains for 
which, in fact, they do not coincide. 

Another question with which we shall be dealing, and is technically some- 
what related to the one just described, is that of the approximation of func- 
tions from Hj} MH; [respectively, Dy Do"), with r # q, in the norm of 
H} 2 H} [respectively, Dj? 1 Do"), by functions from D(2). If there were 
no solenoidality constraints, the question would be rather classical and would 
find its answer in the standard literature. However, since we are dealing with 
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solenoidal fields, the problem becomes more complicated and we are able to 
solve it only for a certain class of domains including domains with a smooth 
enough compact boundary. 

Finally, we wish to mention that all problems described previously need a 
careful study of the properties of the solutions of the equation V-u = f, fora 
suitably ascribed f. Such an auxiliary problem will therefore also be analyzed 
in great detail. 


III.1 The Helmholtz—Weyl Decomposition of the Space 
L4 


It has been well known, since the work of H. von Helmholtz in electromag- 
netism (Helmholtz 1870), that any smooth vector field u in R® that falls off 
sufficiently fast at large distances can be uniquely decomposed as the sum 


uU=uU;,+ U2 (III.1.1) 

of a gradient and a curl. In other words, uw; and wz can be taken of the form 

uj=Vye, w=VxA, (III. 1.2) 

where y and A are the scalar and vector potential, respectively. In fact, setting 
U(x) = (E *u) (2), 


with € denoting the fundamental solution of Laplace’s equation (II.9.1), it 
follows that AU(x) = u(x); see Exercise II.11.3. Putting into this equation 
the identity 

AV =V(V:-V)-Vx(VxV), (IIT.1.3) 


relations (III.1.1) and (III.1.2) follow with 
yp=V-U, A=-VxU. 


Much later than 1870, it was recognized that decompositions of the type 
just described, once formulated in suitable function spaces, become useful 
tools in the theory of partial differential equations. A systematic study of 
space decomposition was initiated by Wey] (1940) and continued by Friedrichs 
(1955), Bykhovski & Smirnov (1960), and others, until the recent work of 
Simader & Sohr (1992). In this respect, the decomposition of the space of 
vector functions in 2 having components in L4(2), which we continue to 
denote by L4(Q),' into the direct sum of certain subspaces is of basic interest 


' Let X be any space of real functions used in this book. Unless confusion arises, 
we shall use the same symbol X to denote the corresponding space of vector and 
tensor-valued functions. 
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in theoretical hydrodynamics and to this problem we will devote the present 
section. 
We begin to introduce some classes of functions. Let 2 C R", n > 2. 
Setting 
D=D(2) = {ue CH(2Q): V-u=0in O}, 


for q € [1, 00) we denote by H, = H,({2) the completion of D in the norm of 
I and put 


Ge =C(e= {w € L4(Q):w =Vp, for some p € wis(a} (1111.4) 


For ¢ = 2 we will simply write H and G in place of Hz and G2. Obviously, H, 
is a subspace of L4; moreover, from Exercise III.1.2, it follows that G, also is 
a subspace of LD. 

Referring the study of the relevant properties of these spaces to the next 
section, in the present section we will investigate the validity of the decompo- 
sition 

L"(Q) = Gq(2) @ Ay(), (11.1.5) 
where © denotes direct sum operation. In other words, we wish to determine 
when an arbitrary vector wu € L4(2) can be uniquely expressed as the sum 


U=wi+ we, wi € Gy() and we € Ay(!). (IIT.1.6) 


Remark ITI.1.1 The validity of the decomposition (III.1.5) implies the ex- 
istence of a unique projection operator 


Pq: L4(Q2) > H,(2), 


that is, of a linear, bounded, idempotent Cs = P,) operator having H,({2) as 
its range and Gy as its null space (Rudin 1973, §5.15(d)). In the case q = 2, 
we set P, = P. B 


We shall show that the validity of (III.1.5) is equivalent to the unique 
resolubility of an appropriate (generalized) Neumann problem in 2 (NP, 
say); see Lemma III.1.2 and also Simader & Sohr (1992). Now, if g = 2, just 
employing the Hilbert structure of the space L?, we prove that (III.1.5) is valid 
for any domain 2 (see Theorem III.1.1), thus obtaining, as a by-product, the 
solvability of VP for g = 2 in arbitrary domains. On the other hand, if g 4 2, 
in order to obtain (III.1.5) we directly address the solvability of WP, which 
a priori depends on the value of the exponent qg, on the “shape” of 2, and 
on its regularity. Specifically, if q 4 2, we show that if Q is either a bounded 
or an exterior C?-smooth domain? or a half space, then (III.1.5) holds, see 
Theorem ITI.1.2. On the other hand, for a certain class of domains with an 


? The regularity of 2 can be further weakened (Simader & Sohr 1992). 
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unbounded boundary (no matter how smooth), the corresponding VP looses 
either solvability or uniqueness and, therefore, in such a class, the Helmholtz— 
Weyl] decomposition does not hold (see Remark III.1.3, Exercise III.1.7 and 
Bogovskii 1986 and Maslennikova & Bogovskii 1986a, 1986b, 1993). Analogous 
considerations hold if the domain is bounded and with little regularity; see 
Fabes, Mendez & Mitrea (1998, Theorem 12.2) and Remark III.1.3. 


Exercise III.1.1 Given a reflexive Banach space X and a subset S of X, the an- 
nihilator St of S is a subset of the dual space X defined as 


st ={lEx : €(x) = 0, for all x € S} 


(Kato 1966, p. 16). If, in particular, X is a Hilbert space, then S+ is said to be 
the orthogonal complement of S. In this case, two subsets 51, S2 of X are called 
orthogonal if S; C Sz (or, equivalently, Sz C S/). Show that: (a) S+ is a closed 
subspace of X’; (b) Hy D Gy, a € (1,00), (1/¢+1/q' = 1), so that, for g = 2, H 
and G are orthogonal. 


Exercise III.1.2 Show that G, is a closed subspace of L*. Hint: Use the methods 
adopted in the proof of Lemma II.6.2. 


Fundamental to further development is the characterization of the class of 
vectors u € [j.,.(2) that are “orthogonal” to all vectors w € D(), i-e., 


loc 


| u-w=0, forall w € D(). (IIT.1.7) 
Q 


Exercise III.1.3 Show that, for u € Lj,.(@2), condition (III.1.7) is equivalent to 


, u-w=0, for all solenoidal w € Cj(9). 
Q 


If 2 isasimply connected domain in R? and u is continuously differentiable 
one proves at once that u = Vp for some smooth single-valued scalar function 
p. In fact, for arbitrary h € C§°(2), let us choose in (TIIL.1.7) w = V x h and 
use the identity 


V+ (v1 X vg) = v2°-V XK v1 — 1° V X v2 


to deduce 


Vxu-h=0, forall h € CH(2), (III. 1.8) 
2 
which in turn, by Exercise II.2.9, implies V x u = 0. Being 2 simply connected, 
this last condition furnishes, by the Stokes theorem, u = Vp, with p a suitable 
line integral of the differential form 


3 
u-dx = y uUjdx;. 
j=1 
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Now, for this procedure to hold, the assumption on the regularity of w can 
be fairly weakened (see the last part of Lemma III.1.1), while it is crucial the 
assumption {2 be simply connected; otherwise p need not be single-valued. The 
aim of the following lemma is to show that the result just proved continues 
to be valid for any domain in R”. The method we shall employ is based on 
an idea of Fujiwara & Morimoto (1977, p. 697) and is due to Simader & Sohr 
(1992). 


Lemma IIJI.1.1 Let 2 be an arbitrary domain in R". Suppose that u © 
Lj,.(Q) verifies (II1.1.7). Then, there exists a single-valued scalar function 
pe Wie. (2) such that u = Vp. 


Proof. Assume first u € C(Q2). The proof will be achieved if we show that 
the line integral of the differential form u - dx is zero along all closed nonin- 
tersecting polygonals lying in 2.3 Let I denote any such curve; we may then 
represent it by a continuous function y such that 


7: [0,1])> R’, 
vy € C™ (ts, tits), 


where 0 = to < ti <... < ty = 1 and (0) = y(1). For w € C(2) we thus 


have 
|» ro a w(4(t)) Vat 
Let €o = dist (I, 02). For x € 2 we set 
# (0) => [ile — 9) ae 
i=o 7 ti 
where j-(€) = € "g(/e) is a mollifying kernel of the type introduced in 


Section II.2 and 0 < € < €9. Obviously, © € C™() for all such ¢, and since 


k 


V-& (x) = eT ~ Viggele—7@))* Vat 
i=0 7b 
k; tiga d 
==> [Flite niet 


i=0 7 Fi 


= —je(a — y(1)) + je(w — 7(0)) = 0, 


3 Recall that, since Q is open and connected, it is also polygonally connected. 


Namely, given x,x’ € 2 we can find a non-intersecting polygonal joining x with 


ax’. 
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it follows that © € D(2). Now, by definition of mollifier and by (III.1.7) we 
have 


[mete [wer BE [ee sonat} de [a =o 


(II1.1.9) 
Therefore, letting « — 0 in (III.1.9) and using the properties of mollifiers, we 
find 


[w-ae=o. for all L, 
rE 


which implies u = Vp with p € C!(Q). The lemma is therefore proved when 
u € C(2). Assume now merely u € Lj,.(2). Let O be the open covering of 
2 introduced in Lemma II.1.1, and let Bo € D. We choose € > 0, such that 
€ < dist (85,022) and let w be an arbitrary vector in D(Bo). From Section 
II.2 we deduce that the regularization w- of w belongs to D({2) and thus, by 
assumption and Fubini’s theorem, we obtain 


0= [« ‘We = ee f ula) Iz (—) w(y) ay dx 
= en fe Iz (=) u(x) ic] w(y)dy = [om Ww. 


Since uz € C'(%Bo) and w ranges arbitrarily in D(%o), from the first part 
of the proof we find uz = Vp- in Bo, for some pz € C™(Bo). Set « = 1/m, 
m > mo € N4, and let m — oo. By an argument completely analogous to 
that used in the proof of Lemma II.6.2, we show that p1/, converges to some 
p© € W'1(Bo) such that wu = Vp a.e. in Bo. Now, by Lemma II.1.1, we 
can find 8, € 9 such that Bo NB, = Bi» # O, and so, by the same kind 
of argument, we can find p) € W!!(%8,) such that uw = Vp™ ae. in By. 
Since pO = p + ae. in $1.2, we may modify p) by the addition of a 
constant in such a way that p© and p™ agree on B12. Let us continue to 
denote by p“) the modified function and define a new function p:?) which 
equals p on Bo and equals p“ on 81. Clearly, p“?) € W11(% 9 U8) and, 
furthermore, u = Vp?) a.e. in Bo U By. In view of the properties of the 
covering 0, we can repeat this procedure to show, by induction, the existence 
of a function p € W,;/(Q) satisfying the statement in the lemma which is, 
therefore, completely proved. 


As an immediate consequence of the previous result, we deduce the validity 
of (II1.1.5) for q = 2. 


Theorem III.1.1 Let 2 be an arbitrary domain in R", n > 2. Then G(2) 
and H(2) are orthogonal subspaces in L?(Q). Moreover 


L?(Q) = G(Q) @ H(2). 
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Proof. From Exercise II.1.1 we know that H and G are orthogonal subspaces 
in L?. Moreover, suppose that uw belongs to H+. By Lemma III.1.1 there 
exists a scalar function p € Lj,,.(2) such that wu = Vp and, by Lemma IL.6.1, 


p € L?,.(Q) thus showing wu € G, which completes the proof. 


The study of the validity of the decomposition (III.1.5) when g 4 2 turns 
out to be more involved, due to the fact that D7 ceases to be a Hilbert space. 
However, if g € (1,00), it is not hard to show that the decomposition is 
equivalent to the unique solvability of a suitable Neumann problem. Actually, 
consider the following problem VP: Given 


wu € L4(2) 


to find a unique (up to a constant) function p: 22 — R such that 
(i) pe D'(Q); 
(ii) | (Vp —u)- Vo =0, for ally € D'" (9). 
Q 


The reader will check with no pain that if 2 has a sufficiently smooth 
boundary and wu is regular enough, A’P implies the existence of a solution 
p € D'4(Q) to the following classical Neumann problem: 


(III.1.10) 


The next lemma gives a characterization of the validity of the Helmholtz— 
Wey] decomposition. 


Lemma III.1.2 The Helmholtz—Weyl decomposition of L4(Q2), 1 <q < , 
holds if and only if NP is solvable for any u € L4(9). 


Proof. Denote by HW the Helmholtz—Weyl decomposition. Let us first show 
that VP implies HW. Given wu € L4(2), set 


w=u—Vp, (III.1.11) 


with p (unique) solution to VP. It is easy to see that w € H,(2). In fact, by 
(ii) we deduce 
we Go. 
On the other hand, by Lemma III.1.1 and by the Riesz representation theorem, 
it is 
Hy; Gas l<q<m. 


Therefore, 
we a LY, 
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and so, by well-known properties on annihilators (see, e.g., Kato 1966, p. 136) 
we conclude w € H,. To prove HW completely, it remains to show that the 
representation obtained for u from (III.1.11) is indeed unique. This amounts 
to proving that the equality 


w=Vp, we H,(2), pe D'4(2) (III.1.12) 


is possible if and only if w = Vp = 0. Let us show that this is certainly so in 
our case. In fact, from (II.1.12) and Exercise II.1.1(b) we have 


| Vp: Vy=0 for all y € D' (2), 
2 


which, in turn, by the uniqueness of solutions to VP and (III.1.12) implies 
w = Vp = 0. Conversely, assume that HW holds. Then, given u € L4(2) we 
may decompose was in (III.1.6) where w; = Vp, p € D'4(2). Multiplying 
this relation by Vy, y € D! (Q), and integrating over Q, we obtain 


[ (ve-u)-Ye=- we: Vp, we € H,(). 
Q Q 
In view of Exercise III.1.1(b), 
w2: Vp =0, 
Q 


so that p satisfies (ii). By the uniqueness of the representation (III.1.6), we 
have that such a p is unique (up to a constant). The lemma is proved. 


Remark III.1.2 Theorem III.1.1 and Lemma III.1.2 imply that, for q = 2, 
the corresponding generalized Neumann problem VP admits a unique solu- 
tion in an arbitrary domain 22. a 


We shall next present a wide class of domains for which NP is solvable. 
The simplest situation occurs when 2 = R” for, in this case, for u € C>°(R”), 
we can produce an explicit solution, that is (see Exercise II.11.3), 


p(x) = A E(a — y)V - u(y)dy. (III. 1.13) 


It is easy to show that (III.1.13) satisfies all the requirements. In fact, on the 
one hand, by Exercise IT.11.7 and by the Calderén—Zygmund Theorem IT.11.4, 
it follows that (i) is accomplished and, moreover, that 


Iplaq < ellulla- (III.1.14) 


On the other hand, since wu vanishes outside a compact set K (say), we also 
have for sufficiently large R 
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| (Vp—u):Vep= -| yo (IIT.1.15) 
Br OBR On 


where y € D!4' (IR”). From (III.1.13) it is easily seen that for x outside K 
Vp(x) = O(\a|~”). (III. 1.16) 


Furthermore, y obeys the estimate (see Exercise II.6.3) 


[ \yp(a)| = o(|a). (IIT.1.17) 
Thus, from (III.1.15)-(III.1.17), in the limit R — oo we deduce (ii) of the 
definition of VP. Finally, uniqueness is obtained with the help of Exercise 
II.11.11. It is now easy to extend the results just shown to the case when 
u is an arbitrary function in L7(2). This will be achieved through a stan- 
dard approximating procedure based on (III.1.14). Actually, by the density 
properties recalled in Section II.2, we can approximate wu with a sequence 
{tm} C C§(Q). For each wm we solve NP as before and denote by pm the 
corresponding solution. Using (III.1.14) and the uniqueness property we then 
prove that {[p,,]} is a Cauchy sequence in D19(Q), and so, by Lemma II.6.2, 
there exists [p] € D'4(2) such that 


I[ m] = [Pll1.q 0, m—oo. 


It is easy to verify that p’ € [p| uniquely satisfies (up to a constant) condition 
(ii) stated for VP, thus proving the desired decomposition of L4(IR”) for all 
q € (1,00). 

Analogous reasoning can be used if 2 is the half space R%. In this case 
too, in fact, we have an explicit formula for p: 


p(x) = N(a,y)V-uly)dy, ze Ri, (III.1.18) 


RY 
where 


Nig) Seley) ela —y"),. Y= Wty Maa a) 


is the (Neumann) Green’s function of the Laplace operator in R"; see Exercise 
III.1.5. The details of the proof are left to the reader (see also McCracken 
1981). 

If Q has a sufficiently smooth bounded boundary, the problem NP is still 
solvable but, of course, in a more involved way. 

Actually, if Q is a bounded domain of class C?, a solution to NP can 
be determined as a consequence of more general results on elliptic problems 
established by Lions & Magenes (1962, Teor.4.1), Miranda (1978, §57) and 
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Schechter (1963a, 1963b); see Fujiwara & Morimoto (1977), Simader (1990, 
Theorem 4.1), and Simader & Sohr (1992).4 

Using the above results one can then secure the solvability of MP for 
an exterior domain. To prove this, we begin to observe that, assuming at 
first u € C§°(Q), the existence of a unique solution p to NP with q = 2 is 
immediately established; see Remark II.1.2. One can then use the classical 
estimates of Agmon, Douglis, & Nirenberg (1959, §15) to show 


p €C™(2)NW?4(Q,), for all r > 6(°) and all g>1. (III.1.19) 


Furthermore, p solves (III.1.10). We shall now prove that p € D!4(Q), 1 < 
q < ov, and the validity of (III.1.14). To reach this goal, we take y € C™(R) 


with 
0 if || <1/2 
1 if|el>1 


and set 
pr(®) = 9(|2|/R), w(x) = pr(w)p(x), R> 26(2°). 
From (III.1.10) we have that w solves the problem 
Aw = f 
(II.1.20) 
f=V-(PVer+ upr) + Ver: (Vp—u)= fit fa. 

Clearly, f; € C§°(R"), 1 = 1,2. Also, by using the properties of yr and u 
along with (III.1.10), it is readily seen that 

f= 0, 1= 1,9, (III.1.21) 

R” 


and so, by Theorem II.8.1 (see also Remark II.8.1), fi € Dy), 4= 1,2, 
and we may apply the results of Exercise II.11.9(ii) and Exercise II.11.11 to 
deduce the existence of a unique (up to a constant) solution w € D'4(R”), 
1 <q <_o, which further verifies 


Jwlag Selfl-1, 1<q<o. (III.1.22) 


From (III.1.20), it follows for all » € Di" (R"), 1 <q! <x, 


| [ fv} < ¢4 (Illaon + Helle) [lage 


where cy = ci(yr). Furthermore, if 1 < gq < n, by the Sobolev inequality 
(11.3.7), 


* These latter two papers require 2 to be only of class Ct. 
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Illqen S celVlig Re, 


with co = co(Qr,q’). Thus, since WVyr € Wo4(2rR), for these values of q/’ 
we have, for some c3 = c3(Yr), 


| i fou} < ¢3|| Ve —ul|_1,9,08/ble.me- 
R” 


If q’ > n, we recall that the generic element of Dit (R”) is an equivalence 
class, [yw], constituted by functions that differ, at most, by a constant; see 
(II.7.16). Thus, pick ¢ € [y] and set 


_ 1 
lQr| Jon 


From (III.1.21), with the help of Poincaré inequality (II.5.10), we deduce 


[ t} - [sew o) 


= ¢a||Vp — ull-1,¢,.0nl[)l10.R 


Yo 


< c4||Vp — ull—1.¢,en/Vl1,¢7.R" 


with cy = ca4(yr, QR). We may then conclude 


[fl-1.¢ Ses (lela + Vpll-1,¢,0% + Ilplla.en) - 
Substituting this inequality into (III.1.22) we find 

[wha S co (ella + | Voll-1,4,0% + Ilplla.en) - 
Recalling that w = yrp and property (III.1.19), we conclude that 


p€ D'4(), 
(III.1.23) 
Iplaqa% S C7 (lull + IV 0ll-1,¢,.08 + Ipllaen); 


where c7 = c7(q,n, 2, pr). This proves, in particular, the validity of condition 
(i) of VP. Moreover, 


Vp=O(\2|""), [2] > 00, 


see Exercise II].1.4, and so, as in the case 2 = R”, we show the validity of 
identity (ii) of WP. The uniqueness of the solution p is likewise established, 
see Exercise III.1.4. To complete the proof of the solvability of VP it remains 
to extend these results to the case when wu merely belongs to L7(2). To this 
end, we may proceed exactly as in the case 2 = R" (i.e., by a density argu- 
ment) provided we show that the solution p just found satisfies the estimate 
(III.1.14). We shall next prove that this is indeed the case. Set 
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Yr(t) =1—gor(#), (2) = p(@)vr(2). 


From (III.1.10); it follows that the function v satisfies the following problem 
in Qr: 


Av=V-(pVvrt+ uve) + Vor: (Vp—u) =V-UL+F. (IIT.1.24) 


if F=0, 
QaR 


we may employ Theorem III.3.1 (in the following section) to show the existence 
of a vector field Uz € Wo (Ror) such that 


Since, clearly, 


V-U2=F in Qe, 
|U2l| < ellFl, 
with c= c(n,q, R). Setting 
U=U,+U2, 
from (IH.1.10), and (III.1.24) we therefore obtain 
Av=V-U in Qop, 


ca ae at ONaR. 
On 


Since 22 is bounded (and smooth), we know that the Helmholtz—Wey1 de- 
composition of £4((2r) holds for all values of g € (1,00) and so, by Lemma 
II.1.2 and Remark III.1.1, it follows that 


lVl1,¢,2on < c1|[U||q,20n 


with c, = ci(n,q, 2p). Recalling the definition of v and the estimates for 
||U||q, we deduce 


IPli.a.en S (lela + Ilpllicenen) + (IIL.1.25) 


where cz = C2(n,q, R, Qpz). Combining (III.1.23), with (III.1.25) and taking 
into account that problem (III.1.10) does not change if we modify p by adding 
a constant to it, it follows that 


IPlia.2 S cs ([lttlla + IVP ll-1,¢.08 + IlPllaonse) » (IIL.1.26) 


with 


lPllq.en/R = inf lp + llq,on- 


We claim the existence of a positive constant C = C(n,q, R, QR) such that 
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| Vpl|-1.¢,.0n + |IPllaen/e S Cllulla- (IIL. 1.27) 


Contradicting (III.1.27) implies that there is a sequence {w,,} C C§°(Q) and 
a sequence of corresponding solutions, {p,,}, to (III.1.10), such that 


[|mllq — 9 
as mM — OOo. (III.1.28) 
|VPml|-1,4,0rF |IPllqensR = 1 


From (III.1.26) and (II1.1.28) we obtain that 
Pmli,¢,2a <M, (IIT.1.29) 


for some constant M independent of m. By the weak compactness property of 
spaces D7, 1 < q < co (Exercise II.6.2), we find from (III.1.29) the existence 
of p € D'4(Q2) and of a subsequence {pm} such that 


(Vpm,%) > (Vp, ~) for all yp € L7 (9). 


Thus, by this property and (ii) of VP (that we have previously established 
for all u € C°(2)) we find for all ¢ € D'- (2) 


0= lim (tm,V¢)= lim (Vpm, Vd) = (Vp, V9), 
which, by uniqueness, in turn implies 
Vp=0. (III. 1.30) 


Furthermore, from the compactness results of Exercise II.5.7 and Theorem 
11.5.3, it follows that {pm} can be chosen to converge to p in L4(Qp), while 
Vpm: tends to Vp in Wo '°4(Qr). As a consequence, from (III.1.28),, we find 
that 
I|Vpll-1,¢,0n + llPllaerse = 1, 

which contradicts (III.1.30). Thus, (III.1.27) is established and we may con- 
clude the validity of the Helmholtz—Weyl decomposition of L4(2),1<q< oo, 
for any domain 2 of class C?. 


We have thus proved the following theorem. 
Theorem III.1.2 Let Q C R", n > 2 be either a domain of class C? or the 


whole space or a half-space. Then the Helmholtz—Weyl decomposition holds 
for L4(Q), for any q € (1,00). ° 


Remark III.1.3 As already observed, in view of the characterization given 
in Lemma III.1.2, it is not expected that decomposition (III.1.5) holds for 
arbitrary domains whenever q 4 2. Actually, one can show that, for certain 


> Of course, if q = 2, it holds for any 2, see Theorem III.1.1. 
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smooth domains with an unbounded boundary or for bounded domains with 
“sharp” corners, the Neumann problem NP loses either existence or unique- 
ness for values of g in some range. This problem is analyzed in the work of 
Maslennikova & Bogovskii (1986a, 1986b, 1993) and Bogovskii (1986), where 
examples of such domains are given. For instance, if 2 is a domain in the 
plane that is the complement of a smoothed angle J) = 27 — 6 < a (see Figure 
III.1), then VP loses existence if 


l<q<2/(1+7/06) 
while it loses uniqueness if 
2/(1—7/0) <q (III.1.31) 


and therefore, for these values of g, the Helmholtz—Weyl decomposition of 
L4(Q2) does not hold; see also Exercise III.1.7. 


ae 
2:75 % 2 
ame 


Figure III.1 


A counterexample to the validity of the Helmohltz-Weyl decomposition in 
bounded domains with only locally Lipschitz boundary, is given in Fabes, 
Mendez & Mitrea (1998, Theorem 12.2); see also the Notes for this Chapter. 

| 


For other results concerning the resolution of VP (equivalently, the va- 
lidity of the Helmholtz—Wey] decomposition) in domains with an unbounded 
boundary, we refer to the Notes for this Chapter. 


Exercise ITI.1.4 Let p € D'1(Q) be a (smooth) solution to (III.1.10) with wu € 
C§°(). Show the following assertions: 


(i) Vp = O(|a|~™) as |x| > 00; 
(ii) If w = 0, then p =const. 


Hint: (i) Use the methods of Lemma II.9.1 to prove the relation 
ra) n 
Dip(x) = Pw) 2 (DEl@—W)doy-Y~ f ujly)Dyn€(e—y)dy, (1111.32) 
JQUABR n jai’ @R 


where R is so large that Qr contains the bounded support K of wu. Then let R — oo 
into (III.1.32) and employ the results of Exercise [1.6.3 and the estimate 
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|DyiE(§)| = O([E|-") as & > 00. 


(ii) Multiply (III.1.10), with u = 0 by p, integrate by parts over (2p, use (i) and let 
R= oo. 


Exercise III.1.5 We recall that a function G(x, y) is said to be the Green’s function 
for the Laplace operator in a domain 2 if G(x, y) = E(x — y) + g(x,y) with g such 
that for all « € Q 

Awg(t,y) =0 ye 2 


and, moreover, 
g(x,y) = -E(a@ —y) ye ON (Dirichlet or first kind). 


or 
g(x,y) _ _ OE(a ~y) 
= = + OQ 
Ony Ony vs 
Assuming 92 bounded and wu and 2 sufficiently smooth, use Green’s identity (see 
Lemma II.9.1) to show the following representations 


(Neumann or second kind). 


u(x) = | G(a,y)Au(y)dy + i jee (Dirichlet), (III.1.33) 
2 an Ony 
_ u(y) 
u(x) = | G(ax,y)Au(y)dy + G(x, y)doy (Neumann). — (III.1.34) 
2 ag ONy 


These formulas continue to hold also if 2 is unbounded and wu and G are “well 
behaved” at large distances. In this connection, show that 


N (x,y) =E(x y) E(x y); y = YiseiegYaHi,—Un); 
is Green’s function of the second kind for the half-space, while 


D(a,y) = E(x — y) — E(x -y") (111.1.35) 


is Green’s function of the first kind and formulate assumptions on u such that 
(III.1.33) and (II.1.34) are valid. 


Exercise III.1.6 (Fujiwara & Morimoto 1977) Assume that 2 is such that the 
Helmholtz—Weyl decomposition for L7(2) holds for all q € (1,00). Show that the 
adjoint P; of the projection operator P, (see Remark III.1.1) coincides with P,’, 
V/q+1/d =1. 


Exercise III.1.7 Let 2 be the “smoothed angle” domain of Figure III.1, with 
0 > m. Show that the homogeneous Neumann problem (III.1.10) with wu = O has 
a nonzero solution p € D'4(Q), for all q satisfying (III.1.31). Hint: Let (r,y) be 
a polar coordinate system with the origin at the tip of the “smoothed angle”. The 


function 

—_ 7/0 (7 ) 

p=r'" cos (ay) , 
satisfies Ap(r, ¢) = 0 and Op(r, y)/On|aa = 0, for all (r,0), r > ro > 0. Moreover, 
Dp € D'1(2?"°) only for those q satisfying (III.1.31). The desired solution is then 
given by p = p+ p1, where w = w(r) is 0 for r < 2ro and is 1 for r > 3r0, while pi 


is the unique (up to a constant) solution to the Neumann problem (III.1.10) with 
wu = —2Vw- Vp —DpAvy, and such that Vpi(r, ¢) — 0 as r > oo. 
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III.2 Relevant Properties of the Spaces Hg and G, 


We begin to furnish a simple characterization of elements of Hy(2), 1<q< 
co, valid for an arbitrary domain (2. Specifically, we have 


Lemma III.2.1 Let 2 be any domain in R", n > 2. Then, a vector field u 
in L1(92), 1 <q < ow, belongs to H,(2) if and only if 


| u-h=0, forallh € Gy(f). (III.2.1) 
Q 


Proof. Assume (III.2.1) holds. Then employing the same reasoning showed 
after formula (III.1.11), we deduce wu € H,(2). Conversely, take u € H,(2) 
and denote by {u,, } C D(2) a sequence converging to u in L4(Q2). Integrating 
by parts we show that (III.2.1) is satisfied by each w,, and then, by continuity, 
by w. 


Relation (III.2.1) tells us, in particular, that wu is weakly divergence free, 
that is, 


| u-Vw=0, forall dy € 0x2) } 
2 


and that, in a generalized sense, the “normal component” of w at the boundary 
is zero. Actually, if 2 is a regular bounded or exterior domain or a half-space 
and wu is a sufficiently smooth function of £4({2), one can show that u € H,(2) 
if and only if V-u=0 in 2 and u-n = 0 at O92. To this end, consider first 
the case where 2 is bounded and locally Lipschitz and let u € H,(2). From 
the Gauss divergence theorem (see Exercise II.4.3) we have for all functions 


g € Wh (2) 
| pV -u= | y(y)u-n— | u-Ve, (IIT.2.2) 
Q aa Q 


where 7(y) is the trace of y on 02. From Lemma III.2.1 and (III.2.2) written, 
in particular, with gy € C§°(2) we obtain V - u = 0 which, once substituted 
into (III.2.2), with the aid of Lemma III.2.1 entails 


| y(y)u-n=0, forall ye W!1(2). 
an 


‘In analogy with the definition of the generalized derivative, one can introduce 
the notion of generalized (or weak) differential operator, as in fact we already 
did with the gradient operator (see also Smirnov 1964, §110). Thus, in the case 
under consideration, we say that a vector u € Lj,.(Q) has a generalized (or weak) 
divergence U € Li,,(2) if and only if 


loc 


[wve=- | vw, for all ~ € CG°(2). 
Q Q 


As usual, U will be denoted by V- wu. 
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Therefore, in view of Gagliardo’s Theorem II.4.3, we deduce u-n = 0 at O22. 
Conversely, assume V-u = 0 in 2 and u-n = 0 at O2 and take an arbitrary 
h=V¢€ Gq (2). By Lemma IL.6.1, it follows that ¢ € W!"(Q) (this is no 
longer true if 2 is unbounded?) and from (III.2.2) we recover (III.2.1), which 
implies u € H,({2). 

If 2 is a locally Lipschitz exterior domain, using (III.2.2) with y € C§°(22) 
and (III.2.1) we can prove as in the previous case that wu € H,({2) implies 
V-u=0in Q and u-n = 0 at O22. To prove the converse relation, however, we 
should argue in a slightly more complicated way. Let w be a smooth solenoidal 
function of L7(2), with u-n = 0 at O02 and let Wr be the “cut-off” function 
(11.7.1). Given an arbitrary ¢ € D1 (9), we can replace y = Wré@ into 


(III.2.2) to find 
I pale To)= = Tia an: 


jim, [valu V6) = [uve 


in view of Lemma III.2.1 we will show u € H,({2) if we prove 


Since 


lim | ¢VuR-u=0. (III.2.3) 
Boe} 9 


Now, by the Holder inequality we find 
| [ oven: u < |lulall Veal. a, 


where Qp is defined in (II.7.3). The quantity |oVbrl| qo, formally coincides 
with (11.7.5) with the replacements u — ¢, gq — q’ and so, proceeding as in the 
part of the proof of Theorem II.7.1 that follows (III.6.5), we establish (III.2.3) 
and the proof is accomplished. 


The above considerations are summarized in the following. 


Lemma III.2.2 Let 2 be a locally Lipschitz domain of R", n > 2, and let 
we C'(Q)N LQ), 1<q< oo. Then u € H,(2) if and only if V-u=0 in 
Q andu-n=0 at ON. 


Remark III.2.1 By an argument entirely analogous to that just shown, one 
can prove that the result of Lemma III.2.2 continues to hold for 2 a half-space. 
| 


If w is no longer assumed regular, we can nevertheless prove that the char- 
acterization just described of the space H,({2) is still valid, provided we give 
suitable generalizations of the definition of the trace of the normal component 


? Take, for instance, Q = {a € R®: |x| > 1}, q = 2 and g(a) = |a|~'. Then 
Vo € L4(Q) while ¢ ¢ L4(). 
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of u at the boundary and of identity (III.2.2), and provided, of course, that 
the solenoidality condition is interpreted in the sense of weak derivatives. This 
will be our next objective, that will be reached by arguments basically due to 
Temam (1977, Chapter I, §1.3); see also Miyakawa (1982). 

For g € (1, co) let 


H, = H,(2) = {u € Lh.(2) : |lull, < oo (III.2.4) 


where 
Well iz, = Nella + IV - ella. (III.2.5) 


Clearly, the functional (III.2.5) defines a norm in H, and, by a simple rea- 
soning, one shows that H, is complete under this norm; see Exercise III.2.1. 


The following result holds. 


Theorem III.2.1 Let Q be locally Lipschitz. Then, C§°(Q) is dense in 
H,(2), for all q € [1, 00). 


Proof. Assume first 22 bounded. From Lemma II.1.3 we find a finite open cov- 
ering of 2, denoted by G = {Go, Gi,...,Gm}, with the following properties: 
(i) Go C Q, (ii) OQ C UM, Gi, and (iii) Q; = MNGi =1,...,m, isa 
star-shaped domain with respect to some interior point x;. We extend ula, 
to zero outside {2;, continue to denote by wu this extension. Let {7;}i=0,1,....m 
be a partition of unity of 2 subordinate to G (see Lemma II.1.4), and set 
u; = yu. The result then follows if, for any ¢ > 0, we can find y,; € C§°(R”) 
such that 

lls — Pillicay <€, for allé=0,1,...,m. (III.2.6) 


In fact, setting @ = 57") y;, and observing that >") vi(z) = 1, « € Q, 
from (III.2.6) we obtain 


| — || (0) < S- ||; — ¥illiz,(a) <(m+ 12: 
i=0 


Because of the properties of Gp and of Wo, the mollifier (uo), of uo belongs to 
C§°(22), for all sufficiently small 7 > 0. Therefore, from (II.2.9) and Exercise 
II.3.2, we at once obtain 


||teq — (to )nll zz, (2) —Oasyn—0. (III.2.7) 


We next pick 7 € {1,...,m}. By means of a translation in R", we may take 
x; = 0. Then, the domain 


Q?) = {2 ER": px €2;} (III.2.8) 


satisfies a?) > 2;, for p € (0,1); see Exercise II.1.3. Setting 
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Up = Up(r)=ul(pz), rE ah?) , (IIT.2.9) 


and recalling that w; € C§°(G;), by the properties of the mollifier we deduce 
Wi(tey)n € CE°(R”), for all 7 > 0. Since |x| < 6(2;), for « € ;, from the 
continuity in the mean property (see Exercise II.2.8), given « > 0, we can find 
p € (0,1) such that 

|| — Upllg,a: <€- 


Furthermore, from (II.2.9) we also have, for some 7 = n(p) > 0, 


[|p — (Up)nlla,a: <€; 


so that we conclude 


lees — Pi (tty )nllq.2 S U— (Up) nllqar S [lu —Upllg,a:+|lUp — (Up) n|lq,a; < 2€- 
(III.2.10) 


By the same token and by Exercise II.3.2, 
|V > (wi — Pi(tp)n) Ila < C lle — (Up) nila: + IV Up — (V + Up)nlla,e: 
HV u-—V > upllaa: 


<Cetet+|V-u—-—V-uplle,a, - 
(III.2.11) 
We now notice that, setting (x) = V- u(x), « € ;, by Exercise II.3.3 we 
have V - u,(z) = px(px). As a consequence, 


|V-u—V- aldo, $— DIV ule, +0" f xtc) - x(e2)l 


Thus, again by the continuity in the mean property (see Exercise II.2.8), for 
p sufficiently close to 1, we deduce ||[V-u—V- Upll¢.a, < €, which, along 
with (III.2.7)—(III.2.11) allows us to conclude the validity of (III.2.6). This 
concludes the proof when 92 is bounded. Next, assume {2 exterior, and, for 
sufficiently small 7 > 0, let ~, be a “cut-off” function that is 1 in Q)/,, 0 


in 22/" and satisfies |V~,| < Mn, with M independent of 7. It is at once 


recognized that, for any u € H,(2), we have u, = w~,u € H,(2). Given 
€ > 0, we choose 7 such that 


(1 + Mn)||Ul|¢,Q1/0 + ||V : Ul q,a0/n Es (III.2.12) 


Since supp (u,,) C §22/,, following step by step the proof just given in the case 
bounded with, this time, {~;} partition of unity in 2/,, we show that, 
corresponding to the given € > 0, there is py. € C§°(IR”) such that 


In — Pella) <€- (III.2.13) 


Therefore, by the triangle inequality and the properties of w,,, with the help 
of (III.2.12) and (III.2.13), we conclude 
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|| u —_ Pelliz,(a) < || _ Unll #2) + || tn, i %elliz,(a) 


< (1+ Mn)|lUllqaum + [IV > ullgaun +€ < 2€ 


The proof of the theorem is thus completed. 


With the help of Theorem HI.2.1 we are now able to define, suitably, the 
trace of the normal component of u € H,({2) at 02, provided 2 is locally Lip- 
schitz. Actually, fix w € C§°(2), and consider the following linear functional 
Fy, on W!-V/94 (8Q), 1 <q < 00: 


Fu(w) =} wWn-w, We wi-V/4'4' (aq). 
02 


Obviously, this functional is determined once the value of the normal compo- 
nent of w at the boundary is specified. Let n- be the linear map that to each 
u © C§°(Q) prescribes the corresponding functional Fy defined above; that 
is, 
n-u= Fy. 

Let us denote by W~!/%4(9Q) the (strong) dual of W!~1/4-4'(9Q), and by 
(-,-)aq the corresponding duality pair. Using Gagliardo’s Theorem II.4.3 one 
then proves that n-(-)|gq@ can be extended to a bounded (linear) operator 
from H, into W~'/44(9Q2). In fact, by that theorem we can extend w to a 


function y € W!'(Q) such that 


Ilella.a S erllella—a/q.a"(aey- 


Thus, by identity (III.2.2), the Hélder inequality, and (III.2.5) we obtain 


\Fuwoal =| f (w-Ve+ ow] < Illa lie 
2 


A 


= e1|[ull y, llella—1/¢',9/ (a2); 
implying 
||n - ull w-1/.9(a@) < c1|lull a, 5 for all w € C0}, 


which is what we wanted to prove. Now, by the standard procedure used 
to define generalized traces (see Theorem II.4.1), since, by Theorem III.2.1, 
C§°(Q) is dense in H,(2), we may extend, by continuity, the map n- to 
the whole of H,(Q). Moreover, the following generalization of (II.4.21) and 
(III.2.2) holds: 


(n-uw)on= f uVe+ | pV -u, pew (2), (III.2.14) 
Q Q 


where w = (vy) is the trace of y at 02. 


The above results are summarized in the following 
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Theorem III.2.2 Assume 92 locally Lipschitz, and let wu € H,(), l<q< 
oo. Then n-u € W~'/%4(92) and the generalized Gauss identity (II1.2.14) 
holds. 


After having obtained generalizations of the trace of the normal component 
of a vector field at the boundary and of (III.2.2), it is now straightforward 
to obtain the desired characterization of any element u of the space H,({). 
In fact, by an argument completely analogous to that used in the proof of 
Lemma III.2.2 we prove the following. 


Theorem ITI.2.3 Let 
Hy(Q) = {ue £12): V-u=0inQ,n-u=0 at ON}. 
Then, for any locally Lipschitz domain 22 of R", n > 2, we have 


H,(2) = Hy(2). 


Remark ITI.2.2 The coincidence of the spaces Hj(2) and H,(2) can be 
proved for any (sufficiently smooth) domain for which identity (III.2.14) holds. 
However, such a coincidence certainly does not hold for certain domains with 
noncompact boundary; see Remark III.4.1. | 


Exercise III.2.1 Show that the space H,(Q2) endowed with the norm (III.2.5) is a 
Banach space. 


Exercise III.2.2 Prove the results of Theorem III.2.3 to the case where 2 = R", 
n> 2. 


Another question that will play an important role later is that of charac- 
terizing the kernel of the map n-. In this regard, we have the following result, 
of which Theorem ITI.2.3 is a special case. 


Theorem IIT.2.4 Let 2 be a locally Lipschitz domain in R",n > 2, and let 
Hq = Ho,q(2) designate the completion of C§°(Q) in the norm (III.2.5). 
Then, for gq € (1,00) we have that 


Ho.q(Q) = {u € H,(Q):n-u=O0 at an} (III.2.15) 


Proof. Denote by Hq(2) the space on the right-hand side of (III.2.15). It is 
clear that H, 0,q({2) is a closed subspace of H 0,q({2). Therefore, we only have 


to show that every function from H 0,q({2) can be approximated by functions 
from D() in the norm (III.2.5). To this end, we observe that the extension 


of we Hoq() to the whole of R”, obtained by setting u = 0 outside 9, is an 
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element of Ho ,q(R"); see Exercise III.2.3. Let us denote by @ this extension. 
Next, let 2;, i = 0,...,m, and {w}o,1,....m be the domains and the partition 
of unity introduced in the proof of Theorem III.2.1. Also, let Qi?) be the 
domain defined in (III.2.8) but, this time, with p > 1, so that a?) Cc Q,. It 
is then clear that the function u;(xz) = v;(x)U,(x), v € 2), with u, defined 
in (11.2.9), is of compact support in 2 and belongs to H,(2), and that its 
mollifier, (~;%),), is in Cg? (2), for all sufficiently small 7 > 0. The result then 


follows by using exactly, from now onward, the same procedure used in the 
proof of Theorem III.2.1. 


Finally, it remains to investigate the properties of the function space 
G,(2). However, we notice that members of G,({2) are gradients of func- 
tions belonging to D'*4(Q) and, in particular, it is easily shown that, in view 
of Lemma II.6.2, G,(Q) and D!4(Q) are isomorphic via the mapping 


i: u€ G,(Q) > i(u) € D142), 


where i(u) is the class of functions p € D!4(2) such that u = Vp. We may 
then conclude that all relevant properties of G,({2) are immediately obtainable 
from the analogous ones established for the space D!4(Q) in Section II.6. 


Exercise III.2.3 Show that if u € Ho,q(Q), with Q locally Lipschitz, then its 
extension to R”, obtained by setting wu = 0 in R” — 22, belongs to Ho,q(IR”). Hint: 
Use (III.2.14). 


III.3 The Problem V-v = f 


In the proof of several results of this chapter we shall often consider an auxil- 
iary problem whose interest goes well beyond this particular context. Actually, 
we already encountered it in the proof of Theorem III.1.2, dealing with the 
Helmholtz—Wey] decomposition of the space L4({2). 

The problem consists, essentially, in representing a scalar function as the 
divergence of a vector field in suitable function spaces and determining cor- 
responding estimates. The resolution of such a problem is a fundamental tool 
in several questions of mathematical fluid mechanics and, therefore, we find 
it convenient to investigate it to some extent. 

Let us begin to consider the case when 2 is a bounded domain in R”, 
n > 2. The problem is then formulated as follows: Given 


f € LQ) 


with 
f=0, (II1.3.1) 
Q 
to find a vector field v : 22 — R” such that 
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V-v=f 
v € Wy'%(2) (III.3.2) 


laa <ellfilla 


where c = c(n,q, 2). 

Notice that (III.3.1) represents a compatibility condition, as a consequence 
of (III.3.2), and (III.3.2),. Also, since 2 is bounded, we may use the inequality 
(II.5.1) into (IL.3.2), to deduce the stronger estimate 


lolli < call flla- (III.3.3) 


Problem (III.3.1), (11.3.2) (which, of course, does not admit a unique 
solution) has been studied by several authors and with different methods (see 
the Notes for this Chapter). Here, we shall follow the approach of Bogovskii 
(1979, 1980) based on an explicit representation formula (see (III.3.8)), which 
requires little regularity for 2, e.g., 2 locally Lipschitz. In this latter respect 
it should be emphasized that some regularity on ( is in fact necessary for 
the solvability of the problem; see Remark III.3.9. We also point out that the 
difficulty with (III.3.2) relies in the fact that we require that v vanishes (in a 
suitable sense) at 09. If this condition is removed, resolution of the problem 
is trivial; see Exercise II.3.1 

To begin with, we assume that 2 is of a special shape. Specifically, we 
have 


Lemma JIJI.3.1 Let 2 CR”, n > 2, be star-like with respect to every point 
of Br(xo) with Br(xo) C 2. Then for any f € L4(Q), 1 < q < ©, satisfying 
(III.3.1), problem (III.3.2) has at least one solution v. Moreover, the constant 
c in (11.3.2), admits the following estimate 


c < c [5(2)/R]” (1 + 6(2)/R), (IIT.3.4) 
with co = co(n, q). Finally, if f € C§°(2) then v € CR (2). 
Proof. Let us assume first f € C§°(2). By the change of variables 
xu’ =(x—20)/R, (IIT.3.5) 


we shift the origin of coordinates to the point 29 and transform Br(ao) into 
B,(0) = B. Moreover, 92 goes into a domain 2’ that is star-like with respect 
to every point of B with 


6(Q') = 6(Q)/R, (II1.3.6) 
while v goes into v’, f into f’ and equation (III.3.2), becomes 
Vv =Rf =F ing, (II1.3.7) 


where, of course, V operates on the primed variables. Clearly, F’ has mean 
value zero in 92’ and F’ € O§°(2'). Furthermore, if v’, F’ satisfy (III.3.7), 
the transformed functions v and f through the inverse of (III.3.5) satisfy 
(IH.3.2),. Let now w be any function from Cj°(R") such that 
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(i) supp (w) C B, 
(ii) | w=, 
B 
We wish to show that the vector field! 


o(a) = f FW) [ [Co (vee) ea ay 


= | F(y)N (e,y)dy 
Q 


(III.3.8) 


solves (III.3.7), where, for simplicity, we have omitted primes. By a straight- 
forward calculation, we easily show that the field v can be written in the 
following equivalent useful forms 


o(a)= [ Fe -y) | [etre i) ar dy 


v(x) = | FOL [fe (« +r : — ) (|2 — yl + ry ar| dy. 
ee : (III.3.9) 


Making into the integral (III.3.9), the change of variable z = x —y, we recover 
at once v € C*°(R"). Moreover, from (III.3.9),, it follows that v is of compact 
support in §2. In fact, set 


E={z€Q:2=dAmt(1—A)zo, 1 € supp (F), 2 € B, A€ [0,1)}. 
(II1.3.10) 
Since (2 is star-like with respect to every point of B, EF is a compact subset 
of 2. Fix « € 2 — E. For all y € supp (F) and all r > 1, 


yt+r(c—-y)¢B 


and, therefore, w(y + r(# — y)) = 0, ie., by (IIL.3.9),, v(x) = 0. We thus 
conclude 
v €C%(2). (1I1.3.11) 


Surrounding the point x € 2 with a ball B.(a) of radius < sufficiently small 
and using integration by parts, from (III.3.8) one has 


. Li — Yj 
Djv;(x) = in ( f Py) D Nila, dy | F(y)2— Ni(z, y)doy ). 
et Be (a) OB-(a) lz — y| (1113.12) 
It is simple to show 


' The equation (III.3.8) is sometimes referred to as “Bogovskii formula.” It is a 
generalization of a similar representation due to Sobolev; see the Notes at the 
end of this chapter. 
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TAH Ni a, y)doy = F(o) | SEW Y) eynay, 


lim 
la — y| Q |x — yl? 


e—0 


|z—y|=e 
(II1.3.13) 
Actually, denoting by J, the integral on the left-hand side of (III.3.13), 


A-(x) = 


I(x) — F(a) . te aay 


Jz — yl? 


= hn {a2sFle — ez) i w(x +rz)(r + eta} doz 


_F(x) I. ee i. w(a + rayetarh do. 


and so, in the limit ¢ > 0 it follows 


Ae < is rts = Fie ee ldo. 4-000), 


which proves (III.3.13). On the other hand, the first limit on the right-hand 
side of (III.3.12) exists as a consequence of the Calderén—Zygmund Theorem 
II.11.4. To see this, we observe that from (III.3.9), we have for fixed y 


D;Ni(#,y) = Dj [tc — uw) [wy +r(a—y))r"—1dr 


CO 


= is w(y + r(x —y))r"—1dr 
1 
+0 ys) [ Dyoly re y)rrar 
1 


bij - ( 1) 1 
= wlat+r xz—y|+r)" “dr 
eu Je fa—y) @—¥l tr) 


+ a Tae | Djw (cre y ) (|x — y| +r)"dr 
- _ 


=e y| 


(III.3.14) 
By expanding the powers of n in the last two integrals it easily follows that 
D,N;(x,y) can be decomposed as 


D;Ni(z,y) = Kij(z, 2 — y) + Gij(z, y), (II1.3.15) 


where 
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Oi °° = 
Ky; (2,2 —y) d | w (+r =e ) po ae 
0 


~ |e—yl” lz — y| 


Ti Yi ? ( — n 
+——— Djw | c+ r— | r"dr (IIT.3.16) 
ja—yl" Jo jz — y| 
_ kij (a,x — y) 
Ja — yl" 


while G;; admits an estimate of the type 


5(Q\"- 


IGi(z,y)| < “Te — ye 


x. yeQ, (II1.3.17) 
where c = c(w,n). It is readily seen that, for each i and j, Ki;(x,z) is a 
singular kernel, i.e., that k;;(x, z) satisfies all conditions (II.11.15)—(I1.11.17). 
Actually, (II.11.15) is at once satisfied. Concerning (II.11.17), we notice that 


[kij(x, 2)| S i) w (a+ rz) r° dr) + | Djyw (x@+rz)r"dr 
; ° (III.3.18) 
6(2)" 6(Q)"*} 
< ||w|]0 ——— + || Djw ||. ———__ for |z| = 1. 
n aA 


Therefore, also (II.11.17) is satisfied. Furthermore, 


/ kj (x, z) = ay, | | w(x +rz)r"—ldr 
|z|=1 |z|=1/0 


+f a f Djw(x + rz)rdr 
|z|=1 0 


Z [ [S:ju(a + y) + yeDjuo(a + y)] dy =0 


and so condition (II.11.16) is satisfied as well. Consequently, from (ITI.3.15)— 
(III.3.17), the first limit on the right-hand side of (ITI.3.12) exists and (III.3.12) 
can be rewritten as 


Djvu;(x) = [ Kul xz — y)F(y)dy + [Gute y)F(y)dy 
+r) [ (x; ane Yi) (yay (I11.3.19) 
= Fi (x) + Fo(x) + F3(2), 


where the first integral has to be understood in the Cauchy principal value 
sense. We next show that (III.3.8) is a solution to (III.3.7). To this end, from 
(III.3.12)—(III.3.14) and property (ii) of w we have 
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Vrs i‘ F(y) Ga w(y + r(2 —y))r" dr 
+ . [@ = 4) Dealy + re nye) dy 


PSs) f SW yyy 


it Q lz —y? 
=f Fey|n [ou tre —nyrtar 
¥ i‘. ym (Su tule i») ar dy + F(a) 


= -w(z) | F(x) + F(a) 
Q 
and so, since F’' has mean value zero over £2, 
V-v(z) = F(x), cen, (IIT.3.20) 


which proves (III.3.7). It remains to show that v satisfies (III.3.2),. For 1 < 
q < ov, from (III.3.16) and (III.3.19), by the Calderén—Zygmund Theorem 
II.11.4 we obtain 

Filla < callF'lla: 


while Young’s inequality (II.11.2) and (III.3.15), furnish 
I| Falla < €26(2)" Fla. 
Finally, we obviously have 
I|Fallq S ¢36(2)" || Fla. 


We wish to emphasize that the constants cg and cz depend on w,n,q but 
not on 92. As far as the constant c; is concerned, from (III.3.18) and Remark 
II.11.2 we obtain 

1 < e45(Q)"(1 + 4(2)), 


where c4 = c4(n,q,w). Restoring the primed notation, from the previous in- 
equalities we recover 


|’ |1.q,07 < ¢56(2')" (1 + 6(2'))||F'lq.2°, 


with cs = c5(n,q). Coming back to the original variables via the inverse 
of transformation (III.3.4), recalling (III.3.6) and F’ = Rf’, we obtain that 
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the transformed solution v also satisfies (II.3.2), with a constant c obeying 
(11.3.4). To complete the proof, we have to show solvability for arbitrary f 
in L4(2) (obeying, of course, (III.3.1)). Thus, let f € L9(Q2) satisfy (III.3.1) 
and let {fm} C C§°(2) be a sequence approximating f in L2(2). Then, the 
functions 


=fm—- [fom meN 


pe Ce(2), fen 
Q 


still approximate f in L4(2) and, at the same time, they obey (III.3.1) for 
all m € N. By what we have just shown, corresponding to each m € N we 
can find a solution vm, € C§°({2). By the estimate (III.3.3) and the linearity 
of problem (III.3.2)1,2, as m — oo the sequence {v,,} converges (strongly) 
in Wo4(@) to a function v € Wo’4(Q) that obeys (III.3.2), 3 in the sense of 
generalized differentiation. The lemma is therefore proved. 


with 


Remark IJI.3.1 The result just shown admits of a straightforward general- 
ization to the case when f € L4(2)N L"(2), 1 < q,r < co. Specifically, one 
easily shows that there exists a solution to (IIH.3.2),, which further satisfies 
v € Wo'(2) NW" (2) 
eli Sell fla 
lvlar Sellfllr- 


Remark III.3.2 Formula (III.3.8) allows us to obtain solutions to (III.3.1) 
and (III.3.2), in a domain 9 star-like with respect to a ball in the sense 
specified in Lemma III.3.1, that satisfy estimates of the type (III.3.3) in 
Sobolev spaces W;""" (2) of arbitrary order. To show this, for two multi-indices 
Q = (a1,..-.,Q@n), 8 = (G1,---, Gn), we set @ < a to mean 2; < a, for all 


i= 1,...,n and, in such a case, we put 
Se te 
Oat Agan—Bn 6 Ar 6 


Applying the operator D® to both sides of (III.3.8), integrating by parts, and 
using the Leibnitz rule we then find for F' € C§°(2) 


D*v(2) = > (°) [ NoleuD* Fwd, (II1.3.21) 


where 
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Na(x,y) = (a -y) [ Dou(y + r(x — y))r"—1dr. (IIT.3.22) 


Taking into account that Ng has the same properties as NV, we apply the 
same reasonings employed before to deduce the following inequality for all 
f € CG°(Q) 

IVolleq < ell flea (IIT.3.23) 


for all > 0 and q € (1, 00), where c satisfies an estimate of the type (III.3.4). 
Using (III.3.15) along with a density argument of the type adopted in the last 
part of the proof of Lemma III.3.1, we thus obtain, in particular, a solution v 
to (III.3.1) and (IIL.3.2) for any f in Wj”"4(Q). Such a v belongs to W3"t"1(Q) 
and satisfies (III.3.23) for all €=0,...,m. | 


Remark ITI.3.3 In several applications, the function f depends on a param- 
eter t € I, where J is an interval in R. In such a case, assuming that (2 is 
star-like with respect to a ball, one immediately obtains from the representa- 
tion (III.3.8) and the more general (III.3.21), (II1.3.22), that if f(t) € C5°(2), 
t € I, is continuous in t in the W"’4-norm, then the corresponding v = v(2, t) 
given by (II1.3.8) is continuous in the W™*14-norm and one has 


Ilo(t1) — v(ta)Ileri.g S call f(t1) — F@2)lleq, trite T, €=0,...,m. 


Likewise, if f is differentiable in ¢t, with the help of (II1.3.21), (III.3.22), we 
find that the field v(x, t) given by (III.3.8) is also differentiable in t and that 


Ov Of 

IP a) a 

for all € > 0. Extension of these results to more general domains will be given 
in Exercise III.3.6 and Exercise II.3.7. Oo 


S C2 
Lq 


2 
Lq 


Exercise III.3.1 Let 2 be an arbitrary domain in R”, n > 2, and let f € L7(), 
q € (1,00). Show that there exists v € D'%(Q) such that V-v = f in Q and 
|vlig < ellflla, ¢ = c(n,q, 2). Hint: Let {fr} C Coe(2) with fx — f in L7(2). 
Then, vz = (VE * fe) solves V- vx = fr in 2, and, by the Calderén—Zygmund 
Theorem I1.11.4, satisfies |ugli,qg <¢|| fella. 


Our next task is to extend the results of Lemma III.3.1 to the case of more 
general domains. To this end, we propose 


Lemma ITI.3.2 Let 2 Cc R", n > 2, be such that 
N 
=| hte N28, 
k=1 


where each §2;, is a star-shaped domain with respect to some open ball B;, with 
By C Q,, and let f € £41(Q2) satisfy (III.3.1). Then, there exist N functions 
fx such that for allk =1,...,N: 
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(i) fr € L1(Q) ; 
(ii) supp (fr) CQ; 
a f.. fe = 0; 
iv) f 

) | Fella ES flles with 


7 (a, |e 
Cy = (: ate \Al 4 
k-1 


1-1/q 
C= (1 + oe [[G+1Al/11D; - 2-7/9), k>2 
if i=l 


and where F; = 22; M D; and D; => WA 


Proof. Define 


fey - 2) f fF itnen, 
fi(z) = FA = 
0 ifxe D, = 221 


(II1.3.24) 
av ‘ 
alla) - Af f ift@eD, 
[Fi] Joi, 
0 ifre Q- 


with y; characteristic function of the set F\. Clearly, it holds that 


f=fita 


fo fons 


supp (fi) CQ , supp (gi) C Di 
fr € £9(21) , gi © L1(D1). 
By the same token, we split g; as 
= fo+ge, 


with fo and gz belonging to L7(22) and L4(D2), respectively, and satisfying 


2 Observe that, since @ is connected, we can always label the sets F; in such a 
way that |Fi| 4 0, for alli =1,...,N —1. 
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| fa= | g2 = 90 
Qe Doz 


supp (f2) C M2 , supp (g2) C Do. 


This procedure gives rise to the following iteration scheme for the determina- 
tion of the functions f;,. We set go = f and fork =1,...N—1 


Pe 4 be 2 
(1 — xx] 9x—1(a) — Me 2 gr-1 if x © Dz 
gu() = kl JD,-0 


0 if@e€ Q, — Dz 


(III.3.25) 


with Fy = 2,9 Dz and x, characteristic function of Fy; the functions f, are 
then given by 


_ Xx(z) , 
fle) = 9k-1(2) Ful | if 2 € Q, 


0 if a € Dp — D2; 


(III.3.26) 
Relations (ITI.3.25) and (III.3.26) completely define the functions f; and prove 
properties (i)-(iv). To show estimate (v), we observe that from (III.3.26), by 
the Holder inequality, for allk =1,...,N 


I filla.on S llge—alla.o (1+ [Fal 2.2e2-/4) 


Therefore, by estimating ||gx—1||¢,@ from (III.3.25) in terms of ||gx—2||¢,q and 
so on for k — 2 times, we arrive at (v). The lemma is proved. 


Remark III.3.4 A noteworthy class of domains that satisfy the assumption 
of Lemma III.3.2 is that constituted by domains 92 satisfying the cone prop- 
erty. Such a property ensures that there exists a cone I’ * such that every 
point x € O2 is the vertex of a finite cone [”, congruent to I’ and contained 
in 2. To see this, we recall a result of Gagliardo (1958, Teorema 1.1), which 
states that every bounded domain that satisfies the cone condition can be rep- 
resented as the union of a finite number of domains, each of which is locally 
Lipschitz.4 By virtue of Lemma II.1.3 and Exercise II.1.5, any such domain 


3 Namely, I is the intersection of an open ball centered at the origin with a set of 
the type 
{Az: A >0,z2ER",|z-—y| <r} 


where r > 0 and y is a fixed point in R” with |y| > r. 
4 Observe that every locally Lipschitz domain satisfies the cone condition; see Ex- 
ercise ITI.3.2. 
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can be, in turn, represented as the union of a finite number of domains each 
being star-shaped with respect to all points of an open ball that they strictly 
contain. 

| 


Lemma IIT.3.1 and Lemma III.3.2 enable us to show the following result 
(Bogovskii 1980, Theorem 1 and Lemma 3). 


Theorem ITI.3.1 Let 92 be a bounded domain of R", n > 2, such that 
Pau, 4. NS 1, 


where each §2;, is star-shaped with respect to some open ball By with Br CQ. 
For instance, Q satisfies the cone condition.” Then, given f € L*4({2), 
1<q< ™, satisfying (III.3.1), there exists at least one solution v to (III.3.2). 
Furthermore, the constant c entering inequality ((III.3.2), admits the follow- 


ing estimate: 
6(Q)\" 6(22) 
< — 1+— H.3.2 
c<ac (*7) ( + Ry)’ (III.3.27) 


where Ro is the smallest radius of the balls By, co = co(n,q) and C is an 


upper bound for the constants Cy, given in Lemma III.3.2(v). Finally, if f is 
of compact support in 92 so is v. 


Proof. We decompose f as in Lemma III.3.2. Then, with the help of Lemma 
III.3.1, we construct in each domain 92; a solution v, to (II1.3.2), correspond- 
ing to fy,k =1,..., N. If we extend vz to zero outside (2; and recall Exercise 


’ ’ 


II.3.11, we deduce that the field 


belongs to Wo’4() and solves (I1.3.2), in the whole of 2. Moreover, again, 
from Lemma III.3.1 and Lemma III.3.2(v), we have 


N N 
llellag < do Mvellag Sed) Mfella < eCllflla, (IIT.3.28) 
k=1 k=1 


which completes the proof of the first part of the theorem once we take into 
account Remark III.3.4. To show the second one, for each 2, consider the 


corresponding domain ay), p € (1/2, 1), introduced in Exercise II.1.3. As we 
know from this exercise, 


Q°) CM, for allk=1,...,N, 


5 See Remark III.3.4 and Remark III.3.5. 
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and if (2, is star-shaped with respect to every point of the ball Br(xox), 


then al ) enjoys the same property with respect to every point of the ball 
Bor(Zox). Let us set 


2) = Ui_, a 


and denote by p; € (1/2, 1) a number such that for all p € [p1, 1) the following 
properties hold 
2) is connected 


supp (f) c 2). 


In virtue of Lemma III.3.2, we can decompose f as the sum of N functions 


Ce ) where fe? ) satisfy the following properties: 


Ff) € 1.2), supp (Ff) c 2), a =0, k=1,...,N. 
ae 


Furthermore, taking into account that 
[2] = PP el, LAP. P| = p" |. Qe, 
from property (v) of Lemma III.3.2 we also have 
lA lla < Cll fla (1113.29) 


with a constant C' depending on (2, but otherwise independent of p € [p1, 1). 
We next solve problem (III.3.1), (III.3.2) in each ae ) and denote by vl? Je 
Wo Qh? )) the corresponding solution. Extending vl? ) by zero outside ae , 
we obtain that the function 


N 
yp) — yi) 
k=1 


solves (III.3.2),, belongs to Wo "1((2), and is of compact support in 2. More- 
over, proceeding as in (III.3.28) and using (III.3.29) we recover that v\”) obeys 
(11.3.2), with a constant c depending on n, gq and 2 but independent of p, 
namely, of f. The theorem is completely proved. 


Remark ITI.3.5 Even though the assumption on the regularity of 2 made 
in the previous theorem may allow, in principle, for domain even less regular 
than those satisfying the cone condition, some kind of regularity is indeed 
necessary for the solvability of problem (III.3.1)—(II1.3.2); see Remark III.3.9. 
For example, 2 can not have an external cusp. The question of the “least” 
requirement on §2 for (III.3.1)—(II1.3.2) is studied in Acosta, Duran & Muschi- 
etti (2006), where, in particular, for n = 2, q € (1, 2), and 2 simply connected, 
a complete characterization is furnished in terms of “John domains”; see also 
the Notes for this Chapter. 

Oo 
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Remark III.3.6 Remark III.3.1 equally applies to Theorem III.3.1. a 


Remark III.3.7 Theorem III.3.1 leaves out the two limiting cases g = 1, co. 
As a matter of fact, in both cases, problem (III.3.2) does not have a solution 
for all f € £4(Q2) satisfying (II1.3.1). A proof of this assertion when g = ov, is 
given by Preiss (1997), McMullen (1998, Theorem 2.1) and Bourgain & Brezis 
(2002, § 2.2); see also Dacorogna, Fusco & Tartar (2004). A proof of the non- 
solvability of problem (III.3.2) when g = 1 for arbitrary f € L1(Q) satisfying 
(III.3.1), can be found in Bourgain & Brezis (2003, § 2.1) and in Dacorogna, 
Fusco & Tartar (2004). The argument of Bourgain & Brezis is elementary and 
will be reproduced here. Thus, assume that the problem 


V-v=f, |lvllia<ellflh (III.3.30) 


has at least one solution v € W,’'(Q), corresponding to an arbitrarily given 
f € L*(2) satisfying (III.3.1). Choose f = g — J, where g is any function in 
T+(Q), and let u € C§°(2). From (III.3.30) we thus have 


(Vu, v) — —(u,V . v) = —(u,g — Ga) ’ 


which, by a simple calculation that uses the Holder inequality and Theorem 
II.3.2, implies 


|(u — Ga, 9)| < |[Vullnllellnym—ay < ElVullnllellas- 


From this latter relation, from (III.3.30)2, and from Theorem II.2.2 we readily 
deduce 
I|u — Talloo = sup \(u—Ue),9)| <el|Vulln, 
geL*(2);\g|l,=1 


which, by (II.2.6) and (11.5.1), in turn implies the following property 
|ulloo <E|[Vulln, for allu € CH°(2), 
which, as we know from Exercise II.3.8, is not true. |_| 


Remark ITI.3.8 If g > n, in view of the embedding Theorem II.3.2, any 
solution v to (III.3.1)—(I1.3.2), belongs, in addition, to L°(2).° Of course, 
as we know from Exercise II.3.8, this embedding does not hold if g = n and, 
therefore, we can not prove, in such a case, v € L™(2), at least by this kind 
of argument. However, it is simple to bring examples where, for certain f 
and 2, it is indeed possible to produce a solution to (II1.3.1)—(III.3.2) which 
is in L°(2), under the sole assumption that f € L"(2). For instance, let 
92 = Br, for some R > 0, and assume that f = f(|z|), f € L"(Br). Then, by 
a straightforward calculation, we prove that a solution to (III.3.1)—(III.3.2) is 
given by 


® Actually, to C(2). 
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v(a) = ¢ el” 


0 ifx#=0. 


|| 
| r™—f(r)dr if 0 < |a2|< R, 
0 


It is easy to show that 
lim v(x) =0, 
|z|—0 


which furnishes v € C(2). Moreover, 


(n=1)/n 
lel < (=) Mle. 


At this point it is natural to ask if such a result can be proved for more gen- 
eral functions f and for (sufficiently smooth, bounded) 2 of arbitrary shape. 
The answer to this question is positive, and, in fact, by methods completely 
different than those used here, Bourgain & Brezis (2003, Theorem 3’) have 
shown the following result, for whose proof we refer to their article. 


Theorem IJI.3.2 Let 2 be a bounded and locally Lipschitz domain of R”, 
n > 2. Then, for any f € L"(§2) satisfying (III.3.1) there exists a solution v 
to (III.3.2) with q = n, which, furthermore, belongs to C(Q) and obeys the 
following estimate 

IlPlloo Sell flln » 


where c = c(n, 22). 


Another interesting question is the dependence of the constant c entering 
inequality (III.3.2), on the domain 92. For example, from (III.3.27) we deduce, 
in particular, that if 2 is a ball, c is independent of the diameter of 2. This 
is a particular case of the following lemma whose proof we leave to the reader 
as an exercise. 


Lemma III.3.3 Let y; = ¢;(x),i =1,...,n, be a transformation of R” into 
itself. Then, the constant c in (III.3.2), does not change if ¢; is homothetic, 
i.e., 

oi(x) =ax,+b;, a,b; ER 


or a rotation, 1.e., 


gi(x) = > Aigay, So Aig Aeg = Sue. 
j=l j=l 


Other questions related to the solvability of (III.3.1) and (III.3.2) are left 
to the reader in the following exercises. 
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Exercise ITI.3.2 Show that if 2 is locally Lipschitz then 2 satisfies the cone con- 
dition. 


Exercise ITI.3.3 Show that for q = 2 the constant c of inequality (III.3.2),, in 
general, cannot be less than one. 


Exercise III.3.4 Let 2 be an arbitrary domain of R”, and let u € Li.(2), ¢ € 
(1,00). By the Hahn-Banach Theorem II.1.7, there exists a unique A € Dp ‘(2) 
such that 


(u, diva) = —(A,w), for all hw € CE(2). 


It is readily checked that A does not depend on qg. Moreover, if D,wu exists in the 
weak sense, k = 1,...,n, then (A, w) = (Vu, w), for all the above specified functions 
w. Thus, the above formula can be viewed as a generalization of the definition of 
weak gradient of wu, and the functional A will be still denoted by Vu. It is obvious 
that, if ue L1(2), 

|Vul-1¢ < cillulla, 


for some c1 = c1(q). Conversely, suppose 2 bounded and such that problem (III.3.1)— 
(I1I.3.2) is solvable in 2. Show that, if u € L7,.(Q), with Vu € Wo '4(@),” then 
uw € L1(92), and the following generalization of the Poincaré’s inequality (11.5.10) 
holds:® 


Iu — Talla < c2||Vull-14, 


with cz = c2(2,q). Thus, in particular, if u € £7(2), q € (1,00), with 


[urs 
2 


for the above types of domain, ||u||q and ||Vul|—1,¢ are equivalent norms. Hint: Pick 
arbitrary ~ € Co°(Q), and let py € C§°(2) with fj =1. Set f:=~—y f,¥, and 
let v € Co? (2) be a solution to (II.3.1)—(I1.3.2) corresponding to this f. Then, use 
the relation 

(u, f) = (u, div v) = —(Vu, v) 


along with the property (III.3.3) of the function v and the results of Exercise I.2.12. 


Remark ITI.3.9 Poincaré’s inequality holds for sufficiently smooth domains, 
e.g., locally Lipschitz (see Theorem II.5.4), while it fails, in general, for do- 
mains with very little regularity, like, for example, those having an external 
cusp (Courant & Hilbert 1937, Kapitel VII, §8.2; see also Amick 1976 and 
Fraenkel 1979, §2). Consequently, since by Exercise III.3.4, the validity of 
Poincaré’s inequality is implied by the solvability of problem (III.3.1)—(II1.3.2), 
we conclude that this latter cannot be solved in arbitrary (bounded) domains. 

oO 


7 Observe that, for bounded 2, Wo '4(2) and Do '4(Q) are isomorphic; see Re- 
mark IT.6.3. 

8 Observe that, by (II.5.1), we immediately find ||Vull—1.q <¢||Vullg, 1<q<o, 
with c= c(q, 92). 
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Remark III.3.10 An elementary example of two-dimensional domain where 
problem (III.3.1)—(II.3.2), for g = 2, can not have a solution for all f € L?(Q) 
with f > = 0 is the following one, due to G. Acosta (see Duran & Lopez Garcia, 
2010, p. 423). Let 


Q={e ER’: 0< 2; <1, |z9| < x7}, 


and consider the function 


Clearly, u € £1(Q), with Z = 0. Moreover, 


ug L?(2). 
However, 
Ou __»5 O (21%2\ Og 
Ox, 7 Ox xt ~~ Ox , 
and since g € L?(2), we obtain 
ue We ?(2). 


Therefore, by Exercise III.3.4, there exists at least one f € L?(Q) with f =0 
for which problem (III.3.1)—(III.3.2), for g = 2, does not have a solution. MH 


Exercise III.3.5 Along with problem (III.3.2), one can consider the following non- 
homogeneous version of it. Given f and a suitably, find a vector field v such that 


V-v=f 


ve W4(2) (II1.3.31) 
v=a at on. 


Show that, for 2 a bounded and locally Lipschitz domain of R”, n > 2, given 


feEL(Q), ae W'-/91(8Q), 1<q<o, 


one 


problem (III.3.31) admits at least one solution v. Moreover, denoting by A € 
W'4(Q) an extension of a (according to Theorem II.4.3), show that this solution 
satisfies the estimate 


satisfying 


llollig Se(lflla + IV - Alla) - 


Therefore, in particular, 


llollig Se (WF lla + llalla—1/a,a(02)) - (IIT.3.32) 
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Exercise III.3.6 Let 92 be as in Theorem III.3.1. Furthermore, let J be an interval 
in R, and suppose f = f(t) is in L% (2), q@ € (1,00), i = 1,2, and satisfies (III.3.1), 
for all t € I. Then, show that problem (III.3.2) has at least one solution v = v(z,t) 
which, in addition, satisfies 


|v(ta) — v(ta)|1.q, S call f(t.) — f(ta)|lac» taste eT, 1=1,2, 


of 


for some ci = c1(qi, 2). Moreover, if BE € L™(Q2), i = 1,2, show that oe € 
Wo (Q), i =1,2, and that the following estimate holds 


of 


= p= 1,2 
Ot > 2 ea) 


S C2 
1r4 


Ov 
ot 


my 


where co = c2(qi, 2). Hint: Use the argument presented in Remark III.3.3 along 
with the method used in the proof of Theorem III.3.1. 


Unless 92 is star-shaped with respect to a ball, the method of construction 
of the field v used in the proof of Theorem III.3.1 ensures, in general, no 
more than the W!'4-regularity for v, even for f € C§°(Q2). Our next objective 
is, therefore, to show that if 2 is sufficiently smooth (for example, locally 
Lipschitz) we may find a solution to (III.3.2) that belongs to Cf°(2) if f € 
C§°(2). The regularity of the domain is required in order to construct a 
suitable covering of (2 and a corresponding decomposition of f, as the following 
lemma proves. 


Lemma III.3.4 Let 2 be bounded and locally Lipschitz. Then there exists 
an open cover G = {Gi,...,Gm, Gmi,--.;Gm4v} of 2 such that 


(i) Q; = QNG;, is star-shaped with respect to an open ball B; with B; C Q; 
fori=1,...,m+v; 
(ii) OQ C UM,G:; 
(iii) Gj; is an open ball with B; C Q fori=m+1,...,m+v; 
Gy) Daur Oe 


Moreover, if f € CS°(Q) satisfies (II1.3.1), we have f = S7"4" f; where 


(v) fi € Cpe(); 
(vi) fo fi=0; 
(vii) fi = Cf + Pye 6}, te onf, where m; € N, ¢ E C§° (Gi), 6, € C™(Q;) 
and or € eli). 
(viii) || fillmiq < Cll fllmq, for allm > 0 and q>1, 


where C' depends only on m, q, and 92. 


Proof. In virtue of Lemma II.1.3, we may find m locally Lipschitz domains 
G,,...,G@m such that Q; = QNG; is star-shaped with respect to an open ball 
B, with B; C Q; and verifying condition (ii). Denote by Go a domain with 
Go C 2 such that {Go,G1,...,G@m} forms an open cover of 2. Since 22 is 
bounded, we may find v open balls Gn4i,...,G@m+v such that 
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m+vV 
Goc U G; 


i=m+1 
m+v ~~ 
i=m+1 


Evidently, 
G = {G1,...,Gm, Gm4i,---;Gm+v} 


is an open cover of 2 with 2c U™1"G;. Setting 
Q,=20G;, i=1,...,mt+v 
it is immediately obtained that properties (i) and (iv) are satisfied. Let us 
now pick f € C§°({2) and show the existence of f; satisfying (v)-(viii). To this 
end, let 
{v1, a Wmv} 


be a partition of unity subordinate to G; see Lemma II.1.4. Setting 


m+v mM+V 


D2 = U 2, Y= ye Wi(x), 
i=2 i=2 


and observing that 
wi(x) + Yo(x) = 1, for all x € 2, 


we may write f = fi + 91, where 


haa [me 


gi =wf—x | Wf, 
Q 


and 
x1 € CES (219 D2), i: X1 = 1. 
Q 
Since w, € C§°(G1) and f € C§°(2) it immediately follows that 
fir € O§° (M1). 


Moreover, we have 


m m+vV 
Y= x wi(x) + S- pi(z) 
4=2 t=m+1 


so that, by recalling the definition of Go,...,Gm,Gm4i,---,;G@m+v and that 
f € C§°(Q), it follows that 
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gi € Co° (D2). 


In addition, we have, evidently, 


fi =f G1 = 0. 
§2 2 


We may then continue this procedure, using g; as the function to be split. 


Precisely, setting 
m+v mM+V 


D3 = U 2%, V3= U W(x), 


we let 


fe = Yog1 — 2 | weg, 
Q 


92 = Wg — e | Wf, 
22 


where 
x2 € OF°(22N Ds) 


foe=t. 
Q 


From the expression of g; and property (b) of the partition of unity we recover 
at once that f2 can be written as 


fa = Wall — bi)f—xava | (- Wai - 22 f va - ods 


2 


af vom [a —v)f, 


which proves fg € C§°(22), along with properties (vii) and (viii). Further- 
more, 
9 = fa+g2, go € Cy(Ds), 


J e-/ gz = 0. 
22 D3 


We may then use an iteration scheme of the same type employed in the proof 
of Lemma III.3.2 to show the validity of (v)-(vii) for alli =1,...,m+uv. 


The result just proved allows us to show the following one. 


Theorem ITTI.3.3 Let 20 be a bounded and locally Lipschitz domain in R”, 
n > 2. Given 
fEewsr(2), m>0, 1<¢<o, (II1.3.33) 


satisfying (III.3.1), there exists v € W("*(Q) satisfying (II1.3.2) and 
(III.3.23), for all €=0,...,m. Moreover, if f € CS°(2) then v € C§°(2). 
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Proof. The proof is essentially analogous to that of Theorem III.3.1 once we 
take into account Lemma III.3.4 (in place of Lemma III.3.2) and Remark 
III.3.2. Actually, for f € C§°(2), we denote by 92; and f; the domains and 
functions introduced in Lemma III.3.4 and we let v; € C§°(2;) denote the 
solution to problem (III.3.1), (III.3.2) in 2; whose existence is assured by 
Lemma III.3.1. In view of Lemma ITI.3.4(vi) and Remark III.3.2, we have also 


IVvilleq <Cllflleq, €=0,.-.,.m, 


for some constant C = C(n,q, 4, 2). Then the field 


N 
v= x Vi 
i=1 
belongs to O§°(§2) and satisfies (III.3.2) in 2 along with the inequality 


IVvlleg <Cllflleg, €=0,--..m, (I11.3.34) 


which proves the second part of the theorem. Let us now assume f merely 
satisfying (III.3.33) and denote by {fx} C C§°(2) a sequence of functions 
satisfying (III.3.1) and converging to f in Wo"""(Q). Let {vx~} C C§°(2) be 
the corresponding solutions to (III.3.2). It is readily seen that, by the estimate 
(III.3.34) and inequality (11.5.1), as k — oo the sequence {v;,} converges 
(strongly) in W"t'4(Q) to a function v € Wy"t"(Q) that solves (III.3.2), 
in the sense of generalized differentiation and satisfies (III.3.34). The theorem 
is therefore proved. 


Remark I]I.3.11 The regularity assumption on §2 made in Theorem III.3.3 
can be further weakened (Bogovskii 1980, Theorem 2). O 


Remark III.3.12 From the proof of Theorem III.3.3it immediately follows 
that if 
fe wer(Q) We" (2), m>0, 1<4q,r<o, 


satisfying (III.3.1), we can find one solution to (III.3.2) with 


v € Worth) 9 Werth (9) (I11.3.35) 

such that 
|Vvllmq SClFllmas Vullmr < Cllfllm,r- (IIT.3.36) 
a 


From Theorem III.3.3 we obtain the following corollary on the extension 
of solenoidal fields (Coscia and Galdi, 1997; Bogovskii 1980, Theorem 3). 
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Corollary III.3.1 Let 2 be a bounded locally Lipschitz domain of R", n > 
2, and let [;, i = 1,...,k, k > 1, denote the connected components of the 
boundary 092. Let v be a solenoidal field of W™4(Q), m>1,1<q<o, 
satisfying the following conditions 


f) v-n=0, foralli=1,...,k, 
Ly 


with n normal component to 0Q. Then, given an open ball B with B D> 2, 
there exists a solenoidal field V such that 


Vews’"(B) 
V(x) = v(x) forallx€ 2. 


Moreover, 
|Vllm.q,B < €llellm,q,2- 
for some c = c(92,m,q,n, B) > 0. 
Proof. From Theorem II.3.3 there exists u € W,"""(B) such that 


u(x) = v(x) for alla EQ 


[Ul] m.a.8 S €llUl|m,q.2- 


However, u need not be solenoidal and to obtain the desired extension V we 
have to modify w suitably. To this end, denote by w;, i = 1,...,k —1 the 
bounded connected components of R” — ? and set w, = B—. In each w; we 
consider the following problem 


V-w,=V-uina; 
w; € Wo4 (wi) 


[alma < ellV - Ullm—1,4- 


fveu=f v-n=0, i=1,...,k. 
We DT; 


4 


By assumption, 


Moreover, being V - v = 0 in 22, it also follows that 
Vue we (w,), i=1,...,k. 


As a consequence, from Theorem III.3.3 we deduce the existence of the fields 
w;. Set w; = 0 in wf and denote again by w; their extensions. We define 


ia aen t= 1jiin kb; 


v(x) ren. 


It is immediately checked that the field V satisfies all the properties stated 
in the corollary, which is therefore proved. 
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Exercise III.3.7 Let 2 be as in Theorem III.3.3. Furthermore, let J be an interval 
in R, and suppose f = f(t) is in Wj" (2), m > 0, q € (1,00), i = 1,2, and that 
satisfies (III.3.1), for all t € J. Then, show that, for all t € I, problem (III.3.2) has 
at least one solution u(t) € wrth (2), i = 1,2, satisfying (III.3.23) with ¢ = q, 
a= 1,2, for all t € J, and which, in addition, obeys the following inequality 


I|V(w(tr) — v(t2))lleas S call f) — F(t2)| 
of 


tes traztael, £=—Oj..07mM, 2= 1,2, 


for some cr = c1(qi, €, 2). Moreover, if BE E we %(Q), for i = 1,2 and some k > 0, 
show that ad € Wot (Q), i = 1,2, and that the following estimate holds 

a < = > § SOnogky t= 1,.2., 

Ot Iota, Ot 


where c2 = c2(qi,l, 2). Hint: Use the argument presented in Remark III.3.3 along 
with the method used in the proof of Theorem III.3.3. 


A further question that can be reasonably posed for problem (III.3.1), 
(III.3.2) is that of finding a solution that further obeys an estimate with f in 
negative Sobolev spaces, that is, 


ella < ell fll-1¢- (III.3.37) 


However, the answer is, in general, negative even when f is in the form of 
divergence. Actually, if we take 


f=V-9, 9€ H,(2), (II1.3.38) 


with H,(Q@) defined in (III.2.4), (III.2.5), the solvability of (III.3.1), (IIL3.2), 
and (III.3.37) would imply the existence of certain solenoidal extensions of 
boundary data that, as shown by counterexamples, cannot exist; see Remark 
IX.4.4. Nevertheless, the question admits a positive answer if we further re- 
strict the hypothesis on f. Specifically, we shall prove that (III.3.1), (III.3.2), 
and (III.3.37) have at least one solution for all f of the type 


f=V-g9, 9 € Ho4(2), (III.3.39) 


where Ho,q(2) is given in (III.2.15). The difference between (III.3.38) and 
(II1.3.39) is that the latter, unlike the former, requires the vanishing of the 
normal component of g at the boundary. 

One important consequence of this result (see Theorem III.3.5) is that, 
provided 2 is sufficiently regular, the following inequality holds 


lla S lfleag> (II1.3.40) 


where 


flea = sup \(f, u)| - (IIT.3.41) 
u€D14'(Q);\uly gl 
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Notice that, since Wy’4() C D'4(Q), we have ||f||-1,¢ < |f|*i,9, so that 
(II1.3.40) is a weaker form of (III.3.37) . 


We begin to show the following 


Lemma IIJI.3.5 Let 2, G be bounded, locally Lipschitz domains in R", n= 
2, with ONG = 2, (#0) star-shaped with respect to a ball B with BC Q. 
Let, further, d,, 0., k= 1,...,m, ¢, and g be functions such that 


bk € C§(2), On € CH(2o), ¢ € CHG), 
9 € Ho g(2), 1<q<, V-gEeCr(n). 


Set 


m 


=C(V- 0 V-: II1.3.42 
f=¢ a+) i foe g ( ) 


and suppose 


f=0. (111.3.43) 
No 


Then, there is at least one solution w to the problem 
V-w=f 
w € CF (2) 
: (II1.3.44) 
I|wI]1,8,.20 < ellV -glls,e 
I|w|lq.20 S ellglla.e; 


where s is arbitrary in (1,00) and c = c(@x, Ox, 6, ,¢,n, B, G, 2). 


Proof. For simplicity, we shall restrict ourselves to discuss the case where 
m=1and set 0= 61, 6 = 41. Clearly, f € C§°(%). Then, by (II.3.43) and 
the assumption made on 29, we can find a solution to the problem by the 
Bogovskii formula (III.3.8), that is, 


r)= ey - uy a 
- 0) i tI! (ves lz i) : “ 


=/ fy)N(z,y)dy. 
20 


(III.3.45) 


Thus, repeating the proof of Lemma III.3.1, we obtain that the field w defined 
in (III.3.45) satisfies (III.3.44), . and 


[ella < call flls, 


with cy = c1(n, s, 20). Since 
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IIflls < callV -glls, 


with cz = €2(¢, 0, ¢, s, 2), (III.3.44), also follows. It remains to show (III.3.44),. 
From (III.3.45) and (III.3.42) we find fori =1,...,n 
wi(a) = wf? («) + w? (a) 


a 


Dn) — 
wy (a) = a yy) D5 gi (yay (III.3.46) 


uw) = (fov-g) ( Nile, yout) , 


Using the properties of w, we obtain 


ay [* ay \ ent 
Ba fo (y+ eee) ert 


N(z, x 
IN(z,y)| S 7 


(III.3.47) 


(20) 
< |e — yl? [elec | emldé < ela —ylt-” 
0 


with c = c(n, B, 29). Thus, from Young’s inequality on convolutions (Theorem 
II.11.1) it follows that 


If N(.y) Oy)dyllaa0 < 0%, 


No 
| 6v-g}. 
Q 


Since g € Ho q(2), the trace n-g of the normal component of g at 0 
is identically vanishing (see Theorem III.2.4), and consequently we have by 


(I11.2.14) 
[ev-a-- | a-vo. 


[|w) |[q,20 < calla: (III.3.48) 


and so 


||? 19,00 < es 


Therefore, 


Again from (III.2.14) and taking into account ¢ € C§°(G), we may integrate 
by parts into (III.3.46), to obtain 
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e—0 


wl) x) = —lim (x : : 
Me) ——tim (ff INilewdaslorD,cl 


+6(y)95(y) Dj Mi(@, y)]dy + I, ‘aac y)C(y) 95 (y) i — A doy) 


3 
pe (x, €) 


(II1.3.49) 
Since by (III.3.47) and Young’s inequality on convolutions, 
| m N(-,y)9- VC(y)dylla.20 S ¢sllglla.e2; 
we have, for aa. x € 22, 
lim h(2,e) = Nile, y)9(v)DiCw)dv. (111.3.50) 


2o 


Furthermore, by a reasoning analogous to that leading to (III.3.13) we show 
for a.a. © E $2 


: (xi — yi) (Zi — Ys) 
lim (2,2) = Ca)ay(e) f Re ouldy. ——(ULS.51) 


Finally, as we know from (III.3.15), (III.3.16), and (III.3.17), 

D;Ni(z,y) = Kij(e, 2 — y) + Gis(z,y), 
where Kj; is a Calderén—Zygmund kernel, while G;; is bounded by a weakly 
singular kernel. Therefore, from Theorem II.11.4 we deduce for a.a. 7 € 2 


lim fax,2)= | Kylee weWsitdy+ [ Gale.wielwa we 
os 2 


(III.3.52) 
where, of course, the first integral has to be understood in the Cauchy principal 
value sense. From (III.3.49)—(II1.3.52), from Theorem II.11.4, (III.3.15), and 
Young’s inequality on convolutions we then conclude 


2 


eo IIa, S csllglla.c- (III.3.53) 


Thus, estimates (III.3.44), becomes a consequence of (III.3.46), (III.3.48), and 
(III.3.53) and the lemma is proved. 


We are now in a position to prove the following. 


Theorem ITI.3.4 Let 2 be a bounded, locally Lipschitz domain in R", n > 
2. Then, given 
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9 € Ho (2), 1<q<~, 


there exists at least one solution v to the problem 


V-v=V-g 
“ Wane) (III.3.54) 
Ilyllig SelV alle 
Ilolla < ellalla- 
In particular, if V-g € Cg°(2), then v € Cf? (2) and we have 
lvllas<cllV-glls, for all s € (1,00). (III.3.55) 
Proof. We first take g such that 
Vege Cr(Q), g € Ho (2), 1<a<o. (I11.3.56) 


In view of Lemma III.3.4, there exist N domains Q; = 2 G;, with {G;} an 
open covering of 2, satisfying (i)-(iv) of that lemma. Furthermore, we may 


write ‘3 
V-g=) fi 
i=1 


with 
fi € Coe (2) 


(I11.3.57) 
| p=0, 
2; 


and where f; has the expression 
fi=GV-9+ _ i: orV +g, some m €N, (III.3.58) 
k=l 2 


with 
br € CO°(Q), G € CH°(Gi), O% € CH°(M:), k=1,...,mi, 4=1,...,N. 


From (III.3.57) and (II1.3.58), with the aid of Lemma III.3.4, for any 7 = 
1,..., N we can state the existence of a vector v; such that for all s € (1, 00) 


Vw fi 
Vi ECS? (2;) 
. (II1.3.59) 
Ilvillt,s.a, < ellV- glls.e 


IlPillaa: S € (lalla. 
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Thus, the field 


satisfies all requirements of the theorem, which is thus proved if g satisfies 
(III.3.56). Assume, now, g merely belongs to Ho,q(), 1 < q < oo. In view 
of Theorem III.2.4 we can approximate g by a sequence {g,} C C§°(2). For 
each s we then establish the existence of v, solving (III.3.54) with g, in place 
of g. Because of (II1.3.54), 4 we attain the existence of v € Wo4(2) such that 


vs > v in Wy'4(2). 
Evidently, v solves (III.3.54), in the generalized sense and, again by (III.3.54). , 


written for v,) v satisfies (III.3.54),. ,. The proof of the theorem is therefore 
3,4 
completed. 


An interesting consequence of the result just shown is given in the follow- 
ing. 


Theorem III.3.5 Let Q be a bounded domain of R”, n > 2, of class C?. 
Then, for any f € L4(Q2), 1 < q < ~, satisfying (III.3.1), there exists a 
solution v to problem (III.3.2) which, in addition, obeys the following estimate 


lela Sel fltag: 

with c = c(q, 2,n), where | -|*1,, is defined in (I1.3.41). 

Proof. For a given f in the statement of the theorem, consider the functional 
F [ye Di (Q) (Fe) ER, ve ly 


Since f satisfies (III.3.1), the value of F is independent of the choice of y € [y], 
and F is, therefore, well defined. It is easy to show that 


F € (DP (Q))'. (III.3.60) 


In fact, it is obvious that F is additive. Furthermore, since f satisfies (II.1.13) 
by means of (II.5.10) we obtain 


d 


If, e)l =I — Pa)l < Ilfllalle — Falla < ellfllalelia 
which proves (III.3.60), and, moreover, 
lFlleouercayy = lflta,¢- (II1.3.61) 


Now, by Theorem II.8.2, there is F € [L7(Q)]”" such that (f,y¢) = (F,V¢), 
for all y € D¥4(Q) and ||F'|q = |f|*1,4- Thus, in view of Lemma III.1.2 and 
Theorem III.1.2, the Neumann problem 
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— (Vu, Vy) = (f,¢), for all y € D1 (9), (III.3.62) 


has a unique (up to a constant) solution w € D14(Q) which, in particular, 
satisfies the following estimate 


lla Selflzr)g> (II1.3.63) 


with c = c(n,q, 2). If we set g = Vw, from (III.3.62) we get (in the sense of 
weak derivatives) 
V-g=f (II1.3.64) 


and, in particular, 
(g, Vy) +(V-g,¢) =0, for ally e W!4(2). 


Therefore, by (III.2.14), we find g-n = 0, and, by Theorem III.2.4, we con- 


clude that g € Hoo: The result is then a consequence of (III.3.63), (III.3.64) 
and of Theorem III.3.4. 


We shall next consider the solvability of problem (III.3.2) for 2 an exterior 
domain. In this case the problem will be suitably reformulated, as the following 
considerations suggest. Let 


Q = R? — B(O), 


and f = f(|a|) be smooth and of compact support in 2. The vector field 


v(z) = (=) [ rf (r)dr 


solves (III.3.2),, vanishes on O02 and, further, 


[v|a2 = [lflle. 
However, 
v € L?(2) 
and so 
v dWo"(2). 


This example suggests that, for an exterior domain, the class Wo 1) in 
problem (III.3.2) should be enlarged to the class Do (2). Therefore, for such 
domains, we shall formulate the problem as follows: Given f € L4(2) to find 
a vector field v : 2 — R” such that 


V-v=f 
v € Dy(2) (III.3.65) 


lia < ell flla 


where c = c(n,q, 2). 
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Remark ITI.3.13 For 2 an exterior domain, the condition (III.3.1) on f is 
no longer required. | 
The following existence result holds. 


Theorem ITI.3.6 Let 2 be a locally Lipschitz, exterior domain of R", n > 2. 
Then, for any f € L4(2), 1 < q < o, there exists a solution to problem 
(II1.3.65). 


Proof. If Q = IR", we at once check, with the help of Exercise II.11.9(i), 
that the field v = Vw with Aw = f gives a solution to the problem. Thus, 
we assume 022 # J). Let {fm} C C§°(2) be a sequence approximating f in 
£1(2), and set 

Um = VmtwWwm, MEN, 


where 


Abn = fm in R” 
and, for some R > 26(22.), 
V-Wm =O0 in QR 
Wm =—Viim on OQ (II1.3.66) 
Wm =0 on OBR(0). 
By Exercise II.11.9(i), we find 


leml2q < cllfmlla- (III.3.67) 


Moreover, since Ay,, = 0 in 2°, we have 
Vim: n=0, for allmeN, (IIT.3.68) 
02 
and so, from Exercise ITI.3.5, we deduce the existence of a solenoidal field 
Wm € Wo’4(Qp) solving (III.3.66). We extend wy, to zero outside Qp so that 
|Wmllig < allV - (CVedm)lla: (IIT.3.69) 


where y € C!(R”) and y = 1 if |z| < R/2, py = 0 if |x| > R. From (I11.3.67) 
and (III.3.69) we thus obtain 


|| Ila, < c2 (lfm =F I Vr lla teioce) F (III.3.70) 


If 1 <q <n, since Vm = O(\z|~”) as |x| — 00, we apply Theorem II.6.1 
to deduce 
lV Pr llng/(n—a) Ss €3|Wml|2,q» (III.3.71) 


which, along with the properties of w,, and the characterization (II.7.14), 
delivers vm € Dj4(@). Moreover, from (III.3.67), (III.3.70) and (III.3.71) we 
obtain 
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||@m lla,q < €4||fmlla- (III.3.72) 


If ¢g >n, we add to Wm a linear function in a such that 


‘ Vie 0, 
QR/2,R 


and continue to denote the modified fields by w,, and vm. Clearly, w,, continue 
to satisfy (III.3.68), while v,,,, in view of the characterization (II.7.15), belongs 
to Det(Q), From the last displayed equation and Theorem II.5.4 it follows 
that 


lVebrllaQn2.n < C5|Um|2,¢- 


Employing this inequality back into (III.3.69) and using (III.3.70) gives again 
(III.3.72). From what we said, and from (III.3.67) and (III.3.72) it then follows 
that vm, solves the problem 


V: Um = fia 
Um € Dy4(2) (II1.3.73) 
lMmlt.q S ell fmlla 


with c = c(n,q, 2). The theorem then easily follows by letting m — co into 
(III.3.73) (details are left to the reader). 


Remark IIJI.3.14 Theorem III.3.6 continues to hold if Q satisfies the cone 
condition (Bogovskii 1980, Theorem 4). | 


Remark III.3.15 From the proof of Theorem III.3.4 it follows that if 
fe LQ) NL(Q), 


we can find a solution v to (III.3.65), such that v € Dg’4(Q)N Dy’"(Q) and 
that satisfies 


lwlig Sellflla, lelar Sellfllr- 
| 
Remark III.3.16 A result similar to that of Theorem II.3.3 can also be 
proved for exterior domains. We shall not show this here, since it will not be 


needed later, and refer to Bogovskii (1980, Theorem 5) for a proof. However, 
the reader may wish to give his/her own proof. |_| 


Exercise III.3.8 Let 92 satisfy the assumptions of Theorem III.3.6. Show that, for 
any f € L%(Q) and a € W!~'/%7(9Q), there exists at least one solution to the 
problem 


V-v=f 
v € DPQ) 
v=a at 0 


lwlaq Se (If lla + llalla—1/q,q¢a22)) 5 
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with c = c(n,q, 2). Notice that, unlike the case of a bounded domain (see Exercise 


III.3.5), the condition 
[oI 
Q aQ 


is not needed. In this respect, show that if 


f=0 and / a-n=0, 
an 
then v can be taken of bounded support in 2. 


Exercise III.3.9 Let 2 satisfy the assumption of Theorem III.3.6, and assume that 
|(|z|* +1) flloc < 00, for some a € (1,7). Show that problem (III.3.65), with q > n, 
has at least one solution which, in addition, satisfies the estimate 


II(zl°* + 1)vlloc < er II(lz]* +1) flee. 


Show also that, if f € L7(Q), q >, with a bounded support, A, then there exists 
a solution to (III.3.65) which, in addition, satisfies the estimate 


I(izl""* + 1)vlloo < eallfllas 


with cz = c2(K,q). Hint: Use the argument employed in the proof of Theorem III.3.6, 
along with Lemma II.9.2. 


Exercise III.3.10 Let 92 satisfy the assumption of Theorem II.3.6, and let u € 
Line(@) with Vu € Do '4(Q). Show that u € L7(Q) and that the following general- 
ization of the Poincaré inequality holds 


Ilulla S e|Vul—14, 


where c = c(2,q). Hint: See Exercise [I1.3.4. (For inequality of this type where only 
one derivative of u is in Dp ''“(Q) see Galdi 2007, Proposition 1.1.) 


Problem (III.3.65) can be considered also for domains with a noncompact 
boundary (Bogovskii 1980, §3; Solonnikov 1981, §2; Padula 1992, Lemma 2.2). 
In Section 3 of the next chapter (see Theorem IV.3.2) we shall show that it can 
be solved for 2 = R'}. A detailed study of solvability of (II.3.65) in domains 
having m > 1 “exits” at infinity (such as infinite tubes and pipes) has been 
performed by Solonnikov (1981) for the case gq = 2. (His results, however, 
admit of a straightforward generalization to the case g € (1, 00).) It should be 
noted that, in this latter case, the problem need not be solvable, in general, if f 
merely belongs to L4(2) and, in fact, some additional compatibility conditions 
are to be assumed on f. For instance, if 92 is the infinite cylinder: 


Q={xER”: |x| < A}, wv =(x1,...,2n-1), A>, 
one easily checks that the problem 
V-v=f 


(II1.3.74) 
v € Dy"(2) 
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can admit a solution only if f satisfies (III.3.1) and the quantity 


fla = tf. [ UL... Hr!) day ‘ah 


is finite. Conversely, one can prove that, for any f satisfying (III.3.1) and 
belonging to the completion of C§°({2) with respect to the norm 


lFllq = lflla + |flos 


there exists a solution to (III.3.74) that also satisfies the inequality 


lwlta <ellflle 


(see Solonnikov 1981, Theorem 2). Notice that, in the particular case where 
f has zero average along the cross-section of the cylinder, namely, 


|, F's z0)da! =0, 
|x’|<A 


then || fll, = IIflle- 


Remark ITI.3.17 The solvability of problem (III.3.1), (III.3.2), in Hélder 
spaces C™((2) has been investigated by Kapitanskii & Pileckas (1984, §8). 
In particular, these authors prove the following result (see their Theorem 1 
on p. 481). Oo 


Theorem III.3.7 Let Q be a bounded domain of R", n > 2, of class C™+?, 
m > 0,2 € (0,1). Then, given f € C™*(Q) satisfying (11.3.1), there exists at 
least one field v € C™*1(Q) vanishing at 0Q such that V-v = f. Moreover, 
v obeys the following estimate 


IPllomtia < ellflloma 
with c = c(m, A, n, 2). 


Remark ITI.3.18 In connection with Theorem III.3.7, we wish to observe 
that, in general, the number A cannot be taken to be zero; otherwise, this 
would imply the existence of certain solenoidal extensions of boundary data 
that, however, cannot exist, as shown by counterexamples, see Section IX.4; 
see also Dacorogna, Fusco & Tartar (2004). oO 
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Ill.4 The Spaces Hj 


The study of the dynamical properties of the flow of a viscous, incompressible 
fluid requires velocity fields of the particles of the fluid which, at each time, are 
summable to the qth power, gq > 1, along with their first spatial derivatives, 
are solenoidal and vanish at the boundary of the region where the motion 
occurs. One is thus led to introduce a space of vector functions having such 
properties (in a generalized sense) and, in this respect, either of the following 
two choices seems plausible, namely, 


{ completion of D(Q) in the norm of W'4(Q)} = Hy (2) 


or 


{v € Wo'4(2):V-v=0 in a} = A} (9). 


(For q = 2 we will write H'(Q) and (2), respectively.) Even though 
these spaces look similar, they are a priori distinct in that the condition of 
solenoidality on their members is imposed before (in H, 4 (Q)) and after (in 
#H}(Q)) taking the completion of C§°(2) in the norm of W14(2). However, 
one easily shows that for any domain 92 the following inclusions hold for all 
q2=1: 
1 71 
i, (2) C A, q(2) 
Hy(2) C H,(£2). 


The fact that the two spaces can be different for some domains and some 
q (depending on the space dimension n) can be guessed through the following 
considerations. Let 92 be the infinite cylinder 


{2 € R®: a} +23 <1}. 


If v is a solenoidal vector function vanishing on 02, one readily verifies that 
the flux ¢ of v through the cross section Y' of 21 at a point x3 of the axis of 
the cylinder is a constant independent of x3, that is, 


6= | v-m=const. n = (0,0, 1). 
y 


If v € H'(Q2), one immediately obtains ¢ = 0. Actually, in such a case, we 
know that v is approximated by solenoidal vector functions of compact support 
in 2, see Exercise III.4.1. If v € H+(2), however, this approximation does not 
hold a priori but nevertheless we can deduce ¢ = 0 from the following three 
observations: 


(i) [orl < [5]? (fw) 


' Namely, © is the intersection of Q with a plane orthogonal to the axis of Q. 
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(ii) There exists a sequence {as} Cc R with |oS*)| — oo as k — oo such 
that 


aes oD f ok 
k—-o0o y 
(iii) |2|/(1 + |x3]) is bounded. 


Notice that (ii) is a simple consequence of the hypothesis v € W,’?({). 
Assume now that the domain, instead of having “exits” to infinity of bounded 
cross section (as in the previous case), has a cross section whose area increases 
sufficiently fast as 73 — -+too. For example, we may choose 


2 


Q={xeER :ai+23<1+a3}. (11.4.1) 


We still have ¢ = 0 for v € H'(Q2), but we can no longer deduce the same 
result if » € H!(Q). Actually (i) and (ii) also remain true in this case but (iii) 
fails, because now || = 7(1 + 73). Thus one may suspect the existence of a 
solenoidal vector in Wo’?(2) which, though satisfying (ii), has a non-zero flux 
through ©’, thus obtaining H'(Q) # (9). We shall see later in this section 
that such a vector field actually exists. 


Exercise III.4.1 Let 2 be a domain of R”, n > 2, with N > 1 “outlets to infinity,” 
i.e., 


N= N7UMU...UNN, 


where {29 is bounded, 2:92; = 0,i 4 j, and each (2;, in possibly different coordinate 
systems, has the form 


22; — {2 E R” 12n > 0,2’ € Elen}; 


where ¥J(an) is a bounded domain in R"~! smoothly varying with a, and a’ = 
(a1,...,@n—1). Show that for all v € Hj(),1<q<o, 


/ eeng=0, = 1, 2.,N- 
xe 


? In fact, setting 
g(x3) =i v* (21, £2, 23)dx1dr2, 
z= 


by Theorem II.4.1 g(x3) is well defined. Moreover, 


[- g(x3)dx3 < co. (*) 


Therefore, there exists a sequence {al*)} with |aS* | = oo as k — oo such that 
Jim (1+ |e$|)9(@$”) = 0. 
In fact, if this were not true, we should have 
g(x3) > €/(1+|23|), for all x3 with |x3| > b, 


and for some £,b > 0, which contradicts (+). 
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Hint: Use the fact that v can be approximated by elements of D({2), together with 
Theorem II.4.1. 


The problem of the relationship between Hj({2) and fal q({2) is not merely 
a question of mathematical completeness; rather, as pointed out for the first 
time by Heywood (1976), the coincidence of the two spaces is tightly linked 
with the uniqueness of flow of a viscous, incompressible fluid and, in particular, 
in domains for which Hj(Q) # Hj(@2) the motion of such a fluid is not 
uniquely determined by the “traditional” initial and boundary data but other 
extra and appropriate auxiliary conditions are needed. Referring the reader 
to Chapters VI and XII for a description of these latter and related results, 
in the present section we shall only consider the question of investigating for 
which domains the two spaces coincide and will indicate domains for which 
they certainly don’t. To this end, we subdivide the domains of R"(n > 2) into 
three groups: 


(a) bounded domains; 
(b) exterior domains; 
(c) domains with a noncompact boundary. 


In cases (a) and (b) one shows Hj(Q) = H}(2) provided only 2 has a 
mild degree of smoothness (for example, cone condition, or even less, would 
suffice); see Theorem III.4.1 and Theorem III.4.2. On the other hand, in case 
(c) one exhibits examples of domains for which the two spaces are distinct, 
no matter how smooth their boundary is; see Theorem II.4.4 and Theorem 
III.4.6. Therefore, the coincidence of Hj (2) and Hj(Q) does not seem related 
to a high degree of regularity of 2 but rather to its shape. In this connection, 
we wish to recall a remarkable general result of Maslennikova & Bogovskii 
(1983, Theorem 5), which states that, if Q is an arbitrary strongly locally 
Lipschitz domain,? then H}(Q) = H}(Q), for all q € [1,n/(n— 1)]. 

It is conjectured that, for all domains with a compact boundary, the two 
spaces coincide for g = 2, but no proof is, to date, available in the general 
case.* Should this coincidence fail to hold for some domain of the above type, 
we would have paradoxical situations from the physical point of view. For 
example, if for some bounded domain, 924 (say), the two spaces did not coincide, 
then the steady-state Stokes boundary-value problem formulated in ' and 
corresponding to zero body force and zero (Dirichlet) data at the boundary 
would admit a non-zero and smooth solution; see Remark IV.1.2. Analogous 
situation would occur if Q# is an exterior domain; see Remark V.1.2 

We finally notice that, as already observed, for the proof of coincidence, 
it is sufficient to show H. (2) C Hj(&), the converse inclusion being always 
satisfied. 


3 This type of regularity extends the local Lipschitz one to the case of domains 
with a noncompact boundary, see, e.g., Adams (1975, p. 66). 
4 See, however the result of Sverdk (1993) mentioned in the Notes for this Chapter. 
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III.4.1 Bounded Domains 


The simplest situation occurs when 2 is star-shaped (with respect to the 
origin, say). For p € (0, 1) we know from Exercise II.1.3 that Deo Thus, 
given a vector v € Hj(2), by extending it by zero outside 2, we deduce that 


the family of vectors v,(z) = v(x/p), « € R”, belongs to H}(2) and is of 
compact support in 92. Set 


ho = min |x|, e(9) = ho(1 — p)/2 


and consider the mollification (vp)-(p) = Wp. By the results ofSection II.2 
on regularizations we obtain that, for each p € (0,1), Vp, € D(2) and that 
V,— v in W'1(Q) as p > 1, for all g € [1, 00). Therefore, for these values 
of q, H}(2) C Hj(Q) and the two spaces coincide. 

Using an idea of Bogovskii (1980, Lemma 4), this result can be generalized 
to a fairly reach class of bounded domains. Specifically, we have the following. 


Theorem III.4.1 Assume that the bounded domain 2 C R", n > 2, is 
the union of a finite number of domains §2; each of which is star-shaped with 
respect to an open ball B; with B; C QQ; (e.g., Q satisfies the cone condition).° 
Then Hj (2) = HAY). 

Proof. Let us first consider the case q € (1,co). Given v € H}(2), let 
{vx} C C§°(Q) be a sequence approximating v in W!4(2) and denote by 
w, a solution to (III.3.2) with f = —V- vx. Since f satisfies (III.3.1), by 
Theorem III.3.1 w, exists, belongs to Wo? (2), and can be taken to be of 
compact support in 92. The functions uz, = vz, + we, k € N, are thus diver- 


gence free and of compact support in 2. Furthermore, using (III.3.3) for wz, 
we have 


Ilex — Vllaq S lve — Vl1q + [walla < [lox — lg + ellV- vellg 
with c independent of k. Since V - v = 0, it follows that 
|V-vellg 70 ask— ow, 
and so the previous inequality furnishes 
up —v in W'4(Q), as k > oo. 


Let (uz). be the regularization of u,. For sufficiently small ¢, (u,)- belongs 
to D(Q) and approaches uz in W14(22) (see Section II.2 and Exercise II.3.2), 
which proves v € H}(Q). Let us now prove Hj(Q) = Hj(). To this end, 


5 See Remark III.3.4 and Remark III.3.5. 
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it is sufficient to show that every linear functional F defined in +(Q) and 


vanishing in Hj({2) is identically zero. Since Hj(Q) C H}(2) and H}(Q) = 
Hj(Q) for q > 1, we have F € S where 


S= {¢ E (#12) :&(v) =0 for allv € Hy(a)}. 


On the other hand, by what we already proved, S = 0 and hence F' = 0, 
which completes the proof. 


III.4.2 Exterior Domains 


Following the argument of Ladyzhenskaya & Solonnikov (1976), we can prove 
the following. 


Theorem IJI.4.2 Let 2 CR”, n > 2, be an exterior domain such that, for 
some p > 6(2°), Q, satisfies the assumption of Theorem III.4.1. Then, 


An 


1 1 
A1(Q) = HO), 1<q<co. 


Proof. We begin with the obvious observation that if 2, satisfies the assump- 
tion of Theorem III.4.1, then also Qr does, for all R > p. Now, let ~ € C1(R) 
with Y(€) = 1 if |€| < 1 and Y(€) = 0 if [é| > 2 and set da(x) = U(|2l/R), 
R> p. Forve H}(2), denote by w‘”) a solution to the problem 


V-w'®) =—v-Vie 
w® € Wo'(Qror) (I11.4.2) 
[et aman < cllv . V¥R\I¢,2- 


Since the compatibility condition 


j ag? ORE | vag 7 (ote) =0 


is satisfied, such a field exists, by Theorem II.3.1. Moreover, by Lemma III.3.3 
the constant c does not depend on R. Also, since Vijr = O(1/R) uniformly 
in x, using inequality (11.5.5) we deduce for some cy, cy independent of R 


||” ||o,0n.on < co R\w™ \o enon < c2||e|lq,enor- (IIL.4.3) 
Setting w = 0 in the complement of QrRoerR, we define 


5° aie ea. 
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Due to (III.4.2), v(®) € H}(Q2R): Since 2p satisfies the assumption of The- 
orem III.4.1, we have 


Hj (Qor) = Hj (or), for all R > 5(2°), 


and therefore, given ¢ > 0, we can find uv" € D(Q2R) C D() such that 


Iv) ~ Ole tie <E. 


So, 
lv — VF lIg,.0 < |vo*® —vP|[,.0 + |v — P™ la,0 


<e+||1-vr)vllqa + lw lcnon- 


Because of (III.4.3) and the properties of Wr, by taking R sufficiently large 
and ¢ sufficiently small, we can make the right-hand side of this inequality as 
small as we please, thus proving 


lve — wll 70 ase 0, R00. 


By the some token one shows 


E 


lve? —vl14970 ase>0, R00, 


which completes the proof of the coincidence. 


III.4.3 Domains with Noncompact Boundary 


It is easy to convince oneself that the method of proof just employed for the 
exterior case applies with no significant changes to show Hj(2) = Hj(2), 
1<q<_™, for domains 2 with noncompact boundary, provided the following 
conditions are satisfied for all R greater than a fixed number Ro: 


(i) Qoe = {x EN: |x| < 2R} and Qper = {x EQ: R< |x| < 2R} are do- 
mains; 

(ii) Problem (III.4.2) is solvable with a constant c independent of R; 

iii) Inequality (III.4.3) holds with a constant cz independent of R; 


( 
(iv) Hj(Q2r) = Hy (Q2r); 

(see Ladyzhenskaya & Solonnikov 1976, Theorem 4.1). In particular, condi- 
tions (i)-(iv) are certainly fulfilled if Q = R".. Thus, we have. 


Theorem II1.4.3 H1(R%) = Hi(R2), 1<q<ov. 


Our next task, throughout the rest of this section, will be to investigate the 
question of coincidence when 2 has “exits” to infinity, namely, when outside 
a connected, compact subset 29 (say) 2 splits into m disjoint components 
2;, which in possibly different coordinate systems (depending on 7), can be 
represented as 
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2; ={c ER": an > 0,2’ € Yi(an)}, 


where (an) is a domain in R"~! smoothly varying with x, and xv’ = 
(@1,.--,;@n—1). Familiar domains 2 having these properties are, for instance, 
infinitely long pipes and tubes of possibly varying cross section. . 

As we have noted at the beginning of this section, the coincidence of Hj (2) 
and Hj({2) can be tightly related to the way in which ¥;(x,) “widens” as 
Lp, — oo. It would thus be useful to establish a characterization of the class of 
cross sections for which the coincidence holds but, to the best of our knowl- 
edge, such a result is not available yet; nonetheless, one can certainly select 
certain classes of ¥j(x,) and establish whether or not Hj (2) = Hj (2). For 
example, if all X;, 2 = 1,...,m, are independent of x, i.e., each (2; reduces 
to a straight semi-infinite cylinder, then, by the same technique used for the 
case of an exterior domain, it is not hard to show that H}(Q) = Hj(&), 
1 <q< _«™, provided 92 has a mild degree of regularity; see Exercise III.4.4. 
On the other hand, if some of the domains ¥;(”,) become unbounded as 
Xn — Co with a suitable growth rate, then, for the corresponding {2 we may 
have Hj(Q) 4 Hj(Q). 

An example of such domains was given for the first time by Heywood 
(1976), who proved noncoincidence of H'() and H!(Q) when 2 is an “aper- 
ture domain,” namely, a domain of R",n > 2, of the type 


2= NUN UM: 


with 29 a bounded subset of the plane x, = 0 containing a unit disk C and, 
in the same coordinate system, 


Q =R", 2 =R", 


so that the two cross sections ,, 2 reduce to the entire space R"~!. Stated 
equivalently, 
Q={x ER": 2, 40 or zx’ € MN}, (11.4.4) 


with x’ = (r1,...,%p_1). By using the ideas of Heywood, we now show the 
following. 


Theorem III.4.4 Let Q be the “aperture” domain (III.4.4). Then 
(2) 4 H*(). 


Moreover, 
d= dim (H(@)/ H'(Q)) =1. 


Proof. Take the origin of coordinates at the center of C’, denote by Ij, 7 = 1, 2, 
the cones {a € Q; : x’ < |x,|} and set 


a, =, {|x| = 1}, e= 1,2. 
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We then let 
w(O)x 


a= 
= Tap 
with 
(cos 20)? for 6 € [0, 7/4] 
w(0) = ¢ 0 for 0 € [1/4, 37/4] 
—(cos 20)? for 6 € [37/4, 7], 


where @ is the angle between the positive x, axis and the ray joining the point 
x with the origin. Evidently, 


b* € Lie (R”), 
V-b* =0, for all a € 2— {0} 
supp (b") CI, UT». 


Furthermore, by indicating with S; 7 the surface 2; 7 {|x| = R}, it follows 
that 


(II1.4.5) 
--| b*(x)-n = ¢=const.> 0. 
Sor 


Setting 
b=(b*)-, 0<e < 1/2, 


the regularization of b", by the properties of regularizations (see Section II.2) 
we readily deduce b € C™(R”) and that the following conditions hold for all 
xen 


V -b(2) =0 
|b(x)| < ela|-"* 
(I11.4.6) 
|Vb(a)| < cla|~” 
[Ab(e)| < ela" 
Furthermore, 
supp (b) C {|2'| <|en| + 1/v3}. (11.4.7) 


Using (III.4.6), 3, (III.4.7) along with a now standard “cut-off” argument, it 
follows that 

be Wy7(2) 
and so, in virtue of (III.4.6),, we may infer 


n 


be H'(2). 
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However, by the solenoidality of b and (III.4.5), using the properties of regu- 
larizations we can select € so small that 


| b-n=const.> 6/2 >0. (IIT.4.8) 
20 


Condition (III.4.8) then tells us that b ¢ H+(). In fact, since every element u 
from H+(2) is approximated by functions from D() it is immediately shown 
that 


| u:n=0. (III.4.9) 
2 


We may then conclude H!(Q) 4 H1(Q). We shall now prove the second 
part of the theorem. For simplicity, we shall take the bounded domain 2 
just coincident with the unit circle C and begin to show that if u € H'() 
satisfies (III.4.9) then u € H'(Q). Actually, since Q = 2 U Q, U 22 with 
2, = RR" and 22 = R", we set 


Dy, = 2,0 B, 
Dz = 922M Bo 


and denote by v; a solenoidal vector field in D; that equals u at 2, vanishes 
at 2; 0B, and belongs to W':?(D;). Since u satisfies (III.4.9), such a field 
exists in virtue of Exercise III.3.5. Furthermore, it is a simple task to show 
that, by extending v; to zero outside D;, the vector field v1 + v2 is solenoidal 
in B, and belongs to Wo’? (Bi). Denoting by wu; the restriction of wu to 2;, we 
may thus write 


uw = (U1 — V1) + (Ug — ve) +: (01 + U1) = wW1 + We + 3. 


Employing the results on the coincidence of the two spaces for the half-space 
and for a bounded domain, we deduce 


w, € H'(R"), w2€ H'(R}), ws € H'(B)), 


and so, since each of these latter spaces is embedded in H'(2) we conclude 
u € H'(Q). Take now the vector b constructed before and multiply it by a 
constant in such a way that, denoting this new vector by b, 


i b-n=1. (III.4.10) 
20 


(This is allowed, in virtue of (III.4.8).) Take any v € H(Q) and let @ indicate 
its flux through 2. Then, by (III.4.10), 


v—@b=u 


satisfies (III.4.9) and so u € H'(2), which proves d = 1. 
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Exercise III.4.2 By means of the arguments described in the proof of the preced- 
ing theorem, show that for 2 given in (III.4.4): 


A} (Q) £ Hj(Q), for all g >n/(n—1), n> 2. 
Moreover, for the above values of g, show dim(H2(Q) / BAD =i 


It is not difficult to convince oneself that Heywood’s procedure described 
in the proof of Theorem III.4.4 should also work for a general class of domains 
with a finite number of exits to infinity, provided each exit contains a semi- 
infinite cone. This problem is taken up by Ladyzhenskaya & Solonnikov (1976, 
Theorem 4.2) who prove, in fact, that (2) # H'(Q), whenever 2 Cc R”, 
n > 3, has m > 2 (disjoint) exits Q; to infinity and provided each {2; contains 
a semi-infinite cone. Furthermore, 


dim(H"(Q) / H'(Q)) =m-—1. 


However, if n = 2, then H!(Q) = H}(Q); sce also Kapitanskii (1981). 


Remark III.4.1 In the light of the proof of Theorem III.4.4, it is easy to 
show that for the domain (IIL4.4), Hj(2) # H,(@), for all g > n/(n—1), 
n > 2, where H,(§2) and Hj() are defined in Section II.2 and Theorem 
11.2.3. Actually, in view of Lemma III.2.1, it is enough to prove the existence 
of v € H;(Q2) such that 


: v-Vo=K 40, for some ¢ € Db ((). (I11.4.11) 
Q 
For simplicity, we shall take Qo = C, with C unit disk of R"~!. Putting the 
origin of coordinates at the center of C and setting r = |x|, we choose 
exp(—r) ifr >landz, >0 
g(a) = ¢ exp(—1) ifr<1 
1 — (1 — exp(—1))exp(—r +1) ifr > 1 and a, < 0. 
Clearly, ¢ € D'- (Q) for any q’ > 1, and 


lees 


(III.4.12) 
lifz, <0. 


lim ¢(a) = 


TOS 


Taking into account the properties of the field b introduced in the proof of 
Theorem [II.4.4, it immediately follows that 


b€ Hi (2) for allg > n/(n —1), n > 2. 


Furthermore, by (III.4.6), and (III.4.7), we find for all R > 0 
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= bve= | oben | ob dont | (o-tbn+ | bon, 


. (I1I.4.13) 
where 
Le =OBRMR, 2, = eben". 


Thus, letting R — oo into (II1.4.13) and recalling (III.4.12), (II1.4.6), and 
(III.4.8) we recover (III.4.11) with v = b and «= Jo b-n. go 


The aim of the remaining part of this subsection is to analyze all previous 
problems when the exits 2; are bodies of rotation, i.e., in possibly different 
coordinate systems, 


Q={reR” ca, SO, |e'| <jien)}, (I11.4.14) 


where f; are suitable strictly positive functions. This class of domains is 
interesting in that, provided f; satisfies a global Lipschitz condition and 
QR = 20 Br has a mild degree of regularity for all R, we can completely 
characterize the class of f; for which the coincidence of H ; and Hj holds, 
1 <q < ™, and, in the case where it doesn’t, we can establish the dimension 
of the quotient space. The above study is essentially due to Solonnikov & 
Pileckas (1977), Pileckas (1983), and independently to Bogovskii & Maslen- 
nikova (1978) and Maslennikova & Bogovskii (1978, 1981a, 1981b, 1983). We 
begin to show the following preliminary result. 

Lemma III.4.1 Let 


m 


2=|(J2 
t=1 


be a domain in R”, n > 2, where 929 is a compact set and 2;,1 = 1,...,m, are 
disjoint domains that (in possibly different coordinate systems) are of type 
(111.4.14) with f; satisfying the following conditions: 


(i) fi(t) = fo > 0; 
(ii) | fi(t2) — fi(ti)| < M|t2 — ti|, for some constants fo, M and for all t, t,, 
tg > 0. 


Suppose, further, that 
QRp=ONNBR 


satisfies the cone condition for all R > 6() (the origin of coordinates is 
taken in Qo). Then Hj(2) = Hj 
vc aie?) have zero flux through the planar cross sections 3); = 3;(a) of 
Q;,° perpendicular to the axis x’ = 0 and passing through the point (0, xn), 
that is, 


(2), 1 <q < o, if and only if all vectors 


[eno b=1,...m (III.4.15) 
Py 


i 


® Of course, the flux of v through ¥;(an) is independent of xn. 
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Proof. For fixed i and all R > 0, put 
R; = R+ fi(R)/2M 


and 2 
Oya = Qi Ram, < By}, 


in the system of coordinates to which the exit 2; is referred. Let ¢ € C'(R) 
be such that ¢(€) = 1 for € < 1 and ¢(€) = 0 for € > 2 and set 


CR(x) = ¢ (2M [an + (fi(R)/2M) — R] /fi(R)). 


Obviously, (Se is equal to one for x, < R and is zero for x, > R; and, 
moreover, 


IVeR| < C/fi(R), (III.4.16) 
for some C independent of R. Denote by w a solution to the problem 
V-we =—V¢P-u in Qp 5. 
wi € Wo'(Qp a.) (I11.4.17) 


WE lra.ep.p, S CIVCE -wllate a 


In view of Theorem III.3.1, (III.4.17) is solvable since, as a consequence of 
(1I1.4.15), the compatibility condition 


i VéF-v =0 
Qe p, 


is satisfied. Moreover, the constant C' in (III.4.17), can be taken independent 
of R, see Exercise III.4.3. Extend wr to zero outside Qe RB, and set 


m 


m 
CR=S CF, w= Soul, vy =Cvtw®. 
i=1 


i=1 


We have that v1 is a solenoidal vector field belonging to Wj’"(Qr’) for all 
sufficiently large R’. So, v; € H 4(Qr’) and, by the result of this subsection 
(a) and the assumption made on 2p’, v1 can be approximated by elements of 
D(Qp:) C D(Q). Therefore, given ¢ > 0, we can find v*”’ € D(Q) such that 


a 
lv, — yok lla.q,a <€. 
We then have 


jo — 2 FI < lor — 0 Igo + [le — vlla,0 


m (III.4.18) 
<et|0—-C®)0|la.0+ DoF lan, n, 
w=1 
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From (II.4.16), (III.4.17), and (II.5.5) we deduce for some constants ¢1, C2 
independent of R, and fori =1,...,m, 


[OP o.onn, < OF (R) OF 1.05.5, <C2llllaee p> 


which, once replaced into (III.4.18), shows that v= approaches v in L4(2) 
when ¢ — 0 and R’ —> oo. Likewise, one shows Vu°® — Vv in L4(Q), thus 
proving the lemma. 


Remark ITI.4.2 If the domain {2 is itself a body of rotation, i.e., 
Q = {x ER": 2p, €R,|2’| < f(tn)} 


with f satisfying assumptions (i) and (ii) of Lemma II1.4.1, this lemma con- 
tinues to hold for g = 1; see Maslennikova & Bogovskii (1981b, Section 2). 
Oo 


Exercise ITI.4.3 Show that the constant C in (III.4.17), can be taken independent 
of R. Hint: Make the change of variables: 


y =2M2'/fi(R), yn = 2M (an — R)/fi(R). 


By hypothesis (ii) on fi, the domain 2, g goes into 


fi(R+ (2M) fi(R)yn) 


FAR) o<m<i) 


Qa, = {y ER": |y'| < gi (yn) = 2M 


with 

M < gi (t) < 3M, for allt >0. 
Qe , 18 thus contained in a ball of fixed radius for every R. One then solves (111.4.17) 
in Qe g, With a constant independent of R and retransform the solution to QR, Bp 
obtaining the desired result. 


Let us now consider some consequences of Lemma HI.4.1. First of all, if 
m = 1, i.e., Q has only one exit to infinity, then Hj(Q) = Hj(Q) for all 
q € (1,00). Actually, in this case we may take 29 = 2. R” and so, denoting 
by {ug} C C§°(Q) a sequence of functions approximating v in Wy’4(Q) and 
by the intersection of 2 with the plane x, = 0, it follows that 


i UE N= V + Uz. 
Zo 2 


Since V -v = 0, the right-hand side of this identity tends to zero as k — oo 
and, by Theorem II.4.1, we deduce (III.4.15), which proves the coincidence. 


In the following, we shall assume m > 2. On every cross section 4; = 


Si(an) we have 
fm 
Dy 


a 


qd 
\®,|? = < Of" VO-YD(e,) | lv, 


i 
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with ®; independent of x, and so 
|D;|98; = ia" | FO MOY (en)dan < Cell’. (III.4.19) 
0 


Therefore, if, for some fixed q and n, there are m —1 integrals 3; that diverge 
we conclude ®; = 0 for all i = 1,...,m and so, Hj(Q) = Hj(Q). Actually, 
if 8; = co fori = 1,...,m—1 (say) we have ; = 0 for the corresponding 
fluxes, but since v is solenoidal in the whole of 2 we also have @,, = 0. The 
circumstance just described happens whenever 1 < g < n/(n — 1). In fact we 
have the following result that represents, in the particular case of the domain 
considered by us, a much more general one due to Maslennikova & Bogovskii 
(1983, Theorem 5) and that we recalled just before subsection (a). 


Theorem III.4.5 Let 2 be as in Lemma III.4.1 with m > 2. Then H}(2) = 
Hj(Q) for all q € [1,n/(n— 1)]. 


Proof. By assumption (ii) made on f;(x,,), for x, sufficiently large (> xo, say) 
it holds that 
|fi(@n)| < Carn, 


and so 


B=C f al-MEN(e,)deq = 00, for all q€ [1,n/(n~ J, 
xO 


and the proof is achieved. 


Suppose now that there are at least two of the quantities 3; (3, and (, say) 
that are finite. The fluxes ®; and 2, then, need not be zero and so the spaces 
Hj(@) and Hj(Q) may not coincide. As a matter of fact, they are distinct 
and dim[f} (2)/H2(2)] is just the number of 3;, which are finite minus one. 
This result is due to Pileckas (1983, Theorem 7) for space dimension n = 2, 3. 
Here, coupling the ideas of Maslennikova and Bogovskii (1978) and those 
of Ladyzhenskaya & Solonnikov (1976) we extend it to arbitrary dimension 
n > 2. We commence by introducing an auxiliary function. 


Lemma III.4.2 Let f be a function satisfying properties (i) and (ii) of 
Lemma III.4.1. Then, given 0 < 1/2, there exists a function 6 € C™(R+) 
such that, for allt > 0 and m > 0 we have 


(i) oft) < 0) < f(t), 
(ii) |d™5(t)/dt™| < e/f™*(4), 


where c= (m, M). 


Proof. Let {t;} be a sequence of numbers such that 


teoi =tet+af(t,), to =0, 
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with a a positive parameter to be fixed later. Let y(&) denote a C™ function 
on R with 0 < y<1 and 


Lif |él<1/2 
~ -loif \é)>e+1/2 
for some positive ¢. Setting 
pr(t) = p((t — cr) /lx) 
= n/ ek n> 0, 


with 
Ck = (tay +te)/2 
Cy = tei — te 


and 7 > 0 (to be fixed later in the proof) we verify at once that 


Oif t<t.h—7 
gp(t) = ¢ lif th <t <tr (III.4.20) 
Oif t>t.+n 
and 
|d™ px (t)/dt™| < c/ f™ (tk), (IIT.4.21) 


where c = c(a,m). We now choose 


n< z mines, 


so that 
th + < teo1 — 0, 
and set 7 
b(t) = S> (te) ext), (III.4.22) 
k=0 


with yo(t) = 0. Given t > 0, we have three possibilities: 


(a) t € [t, — 7, tr) 
(b) t € [tx, te + 7) 
(c) t€ [te +7, te41 — 7); 


for some k > 0. Correspondingly, (III.4.20) and (III.4.21) furnish 
5(t) = f(te) + veri ()f(te41) in case (a) 
O(t) = f(tk)vn(t) + f(te41) im case (b) (III.4.23) 


6(t) = f(tre41) in case (c). 
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By the properties of the function f, we obtain in case (a) 
f(t) < flte) + Mn, f(t) < f() + Mn (IIT.4.24) 
and 
f (teri) < f(t) + M try — te] + Mn = f(t) +aM f(te) + Mn 
and so, by (III.4.24), 
f(tesi) < (1 +aM)f(t) + (aM? + M)n. (II1.4.25) 
On the other hand, 
F(t) < f(tea1) +aM f(tp) + Mn. (II1.4.26) 


Because 
Ff (te) < f(teai) + aM f (te), 
by choosing 
a=7/M, y <1, 
it follows that 
Ff (ti) < F(te+1)/(1 - 7) 
and (III.4.26) yields 


f(t) < Fltess)/(1-+9) + Mn. (111.4.27) 
Selecting 7 = fo/M, from (III.4.24), (III.4.25), and (III.4.27) we derive 
J < fle) < a+r | 
a— Fl) (in case (a)).  (III.4.28) 
1p —>) s f(th41) < (1 = yO + B)f(t) 
Therefore, 
— < d(t) < (1+ B)(2+ 7) f(t) (in case (a)). (III.4.29) 


Likewise, one shows 


riUE <4 
1+ 6 SIGNS are (in case (b)) — (IT1.4.30) 
(1— f(t) S ftess) < (1+ 70. + AF 


and so 
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(1) FO) <5) <2+B4+71+ A) FO (in case (b)). (1.4.31) 


Finally, by (III.4.26) and by the properties of f we easily deduce 


(1-4) F(t) < flters) < (1-7) F(t). (in case (6), (1114.32) 


which gives 
(1-9) F(t) < 6(€) < (L—)F(O) (in case (0). (IIL.4.33) 


Collecting (III.4.23), (III.4.29), (III.4.31), and (III.4.33) we find 


oif(t) < o(t) <oof(t) for allt > 0 (III.4.34) 


with 
o, = min{1/(1+8),1-7}, 02 =(1+ 8249) 


Furthermore, from (III.4.21), (II1.4.23), (III.4.28), (III.4.30), and (IIT.4.32) 
there follows 7 : 

d™”6(t)/dt™| < ——_~— 

Jan B(O) /at"| < 
with c = c(m, M). Therefore, noting that ¢ = 01/02 (< 1/2) can be chosen 
as close to 1/2 as we please by taking 6 and ¥ sufficiently close to zero, we 
may conclude that the function 5(t) = 6(t)/o2 satisfies all requirements of the 
lemma, which is therefore completely proved. 


For (3 € (0,1), set 
wi(8) = {x © Q;: Bien) < |2'| < fe@n)}. 
We have 


Lemma III.4.3 Let 2; be a body of rotation of type (III.4.14). Then there 
exists a vector b' € C™(Q;) such that for all x € Q; and all |a| > 0, 


|D°bi(x)| < cf "t!e** (a,,) 


V -b'(x) =0 


[ven=1, 
»; 


% 


(III.4.35) 


where n is the unit normal to 3}; in the direction of increase of the coordinate 
yn and c = c(n,a, M). Moreover, b' vanishes in w;((3), for any fixed 3 € (0,1). 


Proof. Let w € C™(R), 0 < % < 1, with v(t) = 1 ift < 1 and v(t) = O if 
t > 2, and set 

7 4 |a’|? 1 
v0)=0(5 baat al): 
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where 6; is the function associated to f; by the preceding lemma. We imme- 
diately recognize that 


oe tos |x’| < $06;(2n) 
Dif Bd;(@n) < |x" 


and therefore, by property (i) of the function 4;, Y identically vanishes in 
w;(). The field b’ is then defined as 


ii(@) = Bae ene (III.4.36) 
sia) = 202) : 
ee RN en)’ 


where ’ indicates differentiation with respect to xn. It is easy to check that 
b’ satisfies (III.4.35), and vanishes in w;(@) for any fixed 6 € (0,1). More- 
over, differentiating (III.4.36) and taking into account Lemma III.4.2, we also 
deduce (III.4.35),. Finally, setting 


Ey = xp /5;(2n), k=1,...,n—1, 


we obtain 


fo P@-n=wna fl w@lgrralel>o 
Di (an) Yi(Zn) 

with w,—1 the measure of the (n — 1)-dimensional unit ball. Thus, (III.4.35), 
also follows, after possible multiplication of b’ by a suitable constant. The 
lemma is proved. 


We are now in a position to prove the following results complementing 
those of Theorem III.4.5. 


Theorem ITI.4.6 Let 2 be as in Lemma III.4.1, m > 2. Assume that the 
integrals 


| _ fo-M@Y (tat (III.4.37) 
converge fori =1,...,¢ (< m), and diverge fori = €+1,...,m. Then, setting 
K}(Q) = HY(Q) / H4(2), 

for q € (n/(n — 1), oo) it holds that 
dim Kj (2) = £-1. 


In addition, if > 2, every v € HE(Q) can be uniquely represented as 
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where u € Hj (2). Here, 


and ®;, j =1,...,¢, with . 4 ®; =0, are given by 


o,- | v-n, 
he 


gd 


with nm normal to %’; in the direction of increase of the coordinate x,in 92;. 
Moreover, {d'} is a basis in Kj} (2) constituted by C™(2) vector fields that 
vanish in a neighborhood of 022, in w;(3), i = 1,...,¢, for all sufficiently 
small 3 and in Q;,4 =+1,...,m, for sufficiently large |x|. Finally, for every 
j=1,...,€ andi =1,...,€—1, the vectors d' satisfy an estimate of type 
(IH.4.35), along with the relations 


i] d' “n= bij = Oi4dj- 
Ds 


oi 


Proof. Fori=1,...,4, let S; be the intersection of 2; with the plane x, = 1 
(in the coordinate system to which 2; is referred) and consider the open ball 
Ba(x}), with x}, intersection of S; with the axis x’ = 0. We take 


d< min{§ inf fi(t), i} 


so that Ba(zi) is contained in Q;, while we may assume By(z}) strictly con- 
taining S;9 supp (b’) = o;, where b' are the vectors constructed in Lemma 
III.4.2. This condition is easily achieved by selecting @ in such a way that 


BFi(2) < (1/2)d, 
which, in particular, imply 
a,c Bay2(x9). 


Let u;(x) be an infinitely differentiable function that is one in Bya/a(x}) and 
is zero outside Ba(a}). Evidently, 7);(x) is one near o;. Setting 


Ky = {@ € 25:0 <a < 1} 


and 


212 III The Function Spaces of Hydrodynamics 


U\L) = 


b' (x) ifee Q—-K, =C; 
(III.4.38) 


wi(x)b' (ax) ifr € Q-C; 


we see that u’ € C°(Q) and that supp (u’) C 2;. Moreover, by the assump- 
tion made on the integrals (III.4.37) and by (IIL.4.35), we have u’ € W14(Q). 
For: =1,...,@—1 define 


dau ut ari, (IIT.4.39) 
where 7; ;41 satisfies 
V rig = —-Vii- wit Voi ut? in P SUL. (III.4.40) 


Since I is locally Lipschitz and, moreover, by (III.4.35), 


bien— | bt! .n=0 
Oi+1 


we may use Theorem II.3.3 to establish the existence of a solution 7;,;41 to 
(III.4.40). Actually, since the right-hand side of (ITI.4.40) belongs to Cg¢° (I), 
we may take r;;41 € C§°(). Therefore, the fields (III.4.39) are solenoidal, 
belong to W14(Q) 9 C®(), vanish in a neighborhood of 02, and coincide 
in Q;0 {an > 1},1 = 1,...,€, with the fields b’. Furthermore, for every 


re 
/ n= | (bY — b*) -n = bij — bitty, 
5, = 


a J 


[cre uit Vig ut?) = | 


a 


and Lemma III.4.1 implies, in particular, 
U t71 U 1 
die A, (2) and d' ¢ H,(2), 


so that 7 
1 1 
Hy (22) # Hy (2). 


Given now v € H. (2), consider the vector 


e-1 
u=v— ba a‘d', 
i=1 
where 
7 
ay = S ®;. 
j=l 
Recalling that n denotes the normal to 7; in the direction of the increase of 


the coordinate x, in 2;, we find for allk =1,...,€ 


é-1 


k k-1 
i u-n =, — Sai (5x — isin) = Se — SB; + SB; =0. 
Uke j=l j=l 


i=l 
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Since the flux of w through the remaining exits 2;,7 = @+1,...,m, is zero 
by assumption and so, from Lemma III.4.1 we deduce u € Hj (Q). Moreover, 
the vectors {d'} are linearly independent, which completes the proof of the 
theorem. 


Remark III.4.3 We wish to point out a noteworthy generalization of Theo- 
rem III.4.6. In fact, it is not necessary to suppose the “exits” (2; to be bodies 
of rotation but, rather, we can assume the following conditions (Pileckas 1983, 
p. 153; Solonnikov 1981): 


(a) Di C Q; C D?, where, in possibly different coordinate systems: 
D} = {2 € R” : tn > 0, |x"| < fi(an)} 
D? = {z € R® : a, > 0, |2"| < as f;(an), a > 1}; 
(b) In the domains: 
Qe a, = UN{R<an <R+ fi(R)} 


problem (III.4.17) is solvable with a constant c independent of R. 
im 


Remark II1.4.4 Two further significant contributions to the problem of the 
coincidence of the spaces Hj (2) and Hj (2) are due to Solonnikov (1983) 
and to Maslennikova & Bogovskii (1983). In the first one (see Theorems 2.5 
and 2.6) results are given avoiding assumptions on the shape of the “exits” 
and imposing only some general restrictions. In the second one, the authors 
provide necessary conditions and sufficient conditions for the above coinci- 
dence to hold, in a class of domains with noncompact boundary which are 
only requested to be strongly locally Lipschitz (see footnote 3 in this section). 

a 


Exercise III.4.4 Let 2 be a domain of the type considered in Exercise III.4.1. 
Assume ;(tn) = oi, 7 = 1,...,N, where each section 9; is a locally Lipschitz 
simply connected domain in R"~* independent of x, and Fi (Qr) = H}(Qr),1< 
q < &, for all sufficiently large R. Show A (Q) = H}(Q),1<q<o. 


Exercise III.4.5 (Heywood 1976) Show that for any domain 22 C R”, n > 2, we 
have H1(Q) = H'(Q) if and only if the only vector v € H'(Q) such that 


[ (ve:Ve+v-)=0 for all p € D(2) 
Q 


is the null vector. 
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III.5 The Spaces Dj’? 


In this section we shall investigate the relevant properties of certain func- 
tion spaces which, among other things, play a fundamental role in the study 
of steady motions of a viscous incompressible fluid in unbounded domains. 
These spaces, denoted by Dj4(Q), are subspaces of Do’4(2) defined as the 
completion of functions from D() in the norm of Do’4(Q). If Q is contained 
in some finite layer, then, by inequality (II.5.1) we have Dj4(Q) = Hj (2) 
otherwise Dj’1(2) C H}(2). 

As in the case of spaces Hj(), it is of great interest to relate BQ) 
with the space 


d 


Bh) = {v € DP(2):V-v=0in a} 


and to point out domains Q for which Dj'?(Q) 4 Dy4(Q), for some q = q(n) 
(in general, Dj’4(Q) c Dy4(Q), for any domain 2). This is because, as shown 
for the first time by Heywood (1976), whenever the coincidence does not 
hold, the “traditional” boundary-value problem for Stokes and Navier-Stokes 
equations must be supplemented with appropriate extra conditions in order 
to take into account physically important solutions that would otherwise be 
excluded. Since for a bounded domain we have 


DSB), Be SAD) 


it follows that, in such a case, that result proved in Theorem III.4.1 also holds 
for Do’4-spaces. Using this fact, we can then repeat verbatim the proofs of 
Theorem III.4.1 and Theorem III.4.3 and show that they continue to be true 
also for Dp’4-spaces. We thus have the following theorem. 


Theorem ITI.5.1 If 2 is a bounded domain satisfying the assumption of 
Theorem III.4.1, then, for all q € [1, 00), 


Dyt(Q) = Di(Q). (III.5.1) 

If 2 is an exterior domain satisfying the assumption of Theorem HI.4.2, then 

(III.5.1) holds for all q € (1,00). Finally, Do’?(R%) = Dy4(R%), for all q € 
(1, 00). 

Assume now §2 with a noncompact boundary and having m “exits” 2; 


to infinity. Then, one can show results similar to those established in Sub- 
section 4(c) for spaces Hj(2), even though different in some details. Pre- 


cisely, one shows that if each (2; contains a semi-infinite cone, then Dy'4(Q) x 
Do 4(2) for all g > 1. Moreover, if 2 enjoys some further properties, then 


dim (B52) / Dy"(2)) = m—1 (Ladyzhenskaya & Solonnikov 1976, The- 


orem 4.2).1 


Actually, the proof given by these authors is for q = 2. Nevertheless, mutatis 
mutandis it can be easily extended to all g > 1. 
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In the special case when the domains §2; are bodies of rotation defined by 
suitable functions f;, one can give a complete description of the coincidence of 
the two spaces in a way similar to that used in Subsection 4(c) for the spaces 
Hl, guid). In particular, the proof of Lemma III.4.1 remains unchanged to show 
the following result. 


Lemma III.5.1 Let Q be as in Lemma III.4.1. Then Dj4(Q) = Dy'"(Q), 
1<q< ©, if and only if all vectors v € Dy(Q) satisfy (III.4.15). 


However, there is a modification in the characterization furnished by The- 
orem III.4.6, in that the condition imposed on the functions f; must be appro- 
priately changed. This is due to the fact that now v has only first derivatives 
in L’. Thus, using the notations of Subsection 4(c), with the aid of the Holder 
inequality and inequality (II.5.5), the flux ®; can be increased as follows: 


i uU-n 
Yi(2n) 


|P;i|* = 


20 [syetarin) f |Vv|4 
Di(Ln) 


< ima | |Vol4 
Di (tn) 


and, therefore, we find 
\o,\4 : f8-M—1g, dtm < Cr lvld g 


So the vanishing of the fluxes @; is this time related to the finiteness of the 


integrals 
| fh MOD —A Hat 
0 


instead of integrals (III.4.37). Consequently, Theorem III.4.6 is replaced by 
the following one whose proof, which follows exactly the same lines as those 
of Theorem III.4.6, we leave to the reader as an exercise. 


Theorem ITI.5.2 Let 2 be as in Lemma III.4.1, m > 2. Assume that the 
integrals 


| fo-MGY)-daVae (III.5.2) 
0) 


converge fori = 1,...,@(< m) and diverge fori = €+1,...,m. Then, setting 


Ey Da DA) 


d 


for q € (1, 00), 
dim F)°*(Q) = 2-1. 


In addition, every v € Dy'4(Q) can be uniquely represented as 
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£-1 ; 
v=ut = a;d', 
i=1 


where u € Dy'"(Q). Here, 


and @;,j =1,...,¢, with a ®; =0, are given by 


0, | v-n, 
Wh 


J 


with n normal to 3’; in the direction of increase of the coordinate x, in §2;. 
Moreover, {d'} is a basis in Fj’4(Q) constituted by C®(Q) vector fields that 
vanish in a neighborhood of 022, in w;(3), i = 1,...,¢, for all sufficiently 
small 3 and in Q;,1 =€+1,...,m, for sufficiently large |x|. Finally, for every 
j=l,...,€andi=1,...,€—1, the vectors d’ satisfy an estimate of the type 
(IH.4.35), along with the conditions 


i d' -n = 6:3 — 6i44;. 
ay 


j 


Remark III.5.1 Theorem III.5.3 holds with the restriction from below gq > 1 
instead of gq > n/(n — 1) as required in Theorem III.4.6. This is because, 
unlike integrals (III.4.37), integrals (III.5.2) certainly diverge only if ¢ = 1; 
see Theorem III.4.5. Oo 


Remark III.5.2 The results of Lemma III.5.1 and Theorem II.5.2 continue 
to hold in the more general case when the domains 2; are not necessarily 
bodies of rotation but only satisfy the requirements listed in Remark III.4.3; 
see Pileckas (1983, §3). Oo 


Exercise III.5.1 Let Q be as in Exercise III.4.4. Assume Dj'!(Qr) = Dy! (Qr) 
for all sufficiently large R. Show Dj’4(Q) = Dy2(). 


Exercise III.5.2 Let 2 be the “aperture domain” (III.4.4). Show Dy # 
Dj? (@), for all n > 2. (Notice that, unlike spaces H'(Q) and H'(Q), the case 
n = 2 is included.) 


Exercise III.5.3 (Heywood 1976) Show that for any domain 2 C R”, n > 2, we 
have Dj’?(Q) = Do’?(Q) if and only if the only vector v € Dd(Q) such that 


/ Vv: Ve=0, for all y € D(2) 
Q 


is the null vector. 
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Our last objective in this section is to give a representation of functionals 

on Dy’4(Q) that identically vanish on Dj4(Q). As we shall see in the next 
chapter, this question is tightly linked with the existence of the pressure field 
associated to the motion of a viscous, incompressible fluid. We have (Pileckas 
1983) 
Theorem III.5.3 Assume 2 be such that problem (III.3.65)? is solvable for 
any f € L1(2) [respectively, f € 14() = 11(2)/R, if Q is bounded]. Then, 
given any (bounded) linear functional F on Do4(2), 1 <q < ™, identically 
vanishing on Dy (2), there exists a uniquely determined 


pe Lt (2) [ respectively, pe L? (2) 
such that F admits the following representation: 


Flv) = I pV-v, for allv € Dy4(2). (III.5.3) 


Proof. Consider the operator 
A:vé Dy(Q) 3 V-v Ee LN). 


Evidently, A is linear and bounded and, by assumption, its range R(A) co- 
incides with the whole of L4(2) (L4(Q), for Q bounded). By a well-known 
theorem on adjoint equations (Banach closed range theorem), see, e.g., Brezis 
(1983, Théoréme II.18) we then have 


[ker(A)]* = R(A*), (11.5.4) 


where ker(A) is the kernel of A, A* is its adjoint and L means annihilator, 
cf. Exercise ITI.1.1. However, it is obvious that 


ker(A) = Di4(2) 


so that (III.5.4) delivers 
Ay ae 
[Bram] =R(4) 


and, consequently, all functionals F vanishing on Dy (2) must be in the 
range of A*. On the other hand, by definition, every element in R(A*) is of 
the form £(Av), where L is a functional on L4(Q) [respectively, L4(Q), if Q is 
bounded]. We may then employ the Riesz representation theorem to obtain, 
for some uniquely determined p € L” (Q) [respectively, p € L% ()], 


? We require the problem in the form of (III.3.65) instead of (III.3.2) so that the 
result in the theorem applies also to unbounded domains. 
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F(v) =L(Av) = | pAv =} pV-v, ve Dy (2), 
Q Q 


which completes the proof of the theorem. 


In view of the results established in Sections III.3 and III.4, from Theorem 
III.5.3 we obtain the following. 


Corollary ITI.5.1 Let 2 be a bounded or exterior domain of R", n > 2, that 
satisfies the cone condition, or 22 = R". Then, any bounded linear functional 
F on Dy(Q), 1 < q < ©, identically vanishing on Dj4(Q) is of the form 
(I11.5.3) for some uniquely determined p € L" (Q) [respectively, p € Lt (0), 
if Q is bounded]. 


Remark ITI.5.3 If 2 is an arbitrary domain in R", n > 2, it is not said that 
a representation of the type (III.5.4) holds in 2. Actually, the assumptions of 
Theorem II.5.3 certainly do not hold if 2 is not smooth enough. However, 
since problem (III.3.65) is solvable in every ball B contained in 2, we may 
use Theorem II.5.3 to show the following result whose proof we leave to the 
reader as an exercise. 


Corollary ITII.5.2 Let 2 be an arbitrary domain of R", n > 2. Suppose F 
is a bounded linear functional on Dy’), 1<q< o™, identically vanishing 


on D407), where §2' is any bounded domain of Q with 2’ C Q. Then, there 
qd’ 
loc 


exists p € L?7 (QQ) such that F admits the following representation: 


F(a) = [ew -w, for all wh € CE°(2). 


III.6 Approximation Problems in Spaces i, and D4 


A problem often encountered in the applications is the following. Assume 
ve HQ) N [NE AL" (Q)], 1< 49,77 <00, i= 1,...,k. 


Clearly, v can be approximated by a sequence {v},,} C D(Q) (as a member 
of Hj(2)) and by a sequence {vif} C C§°(Q) (as a member of L™ (Q)). The 
question now is to establish if v can be approximated by the same sequence 
in both spaces or, in other words, taking into account that D(Q) C C§°(2), if 
there is a sequence {vm} C D(2) such that as m — oo 


Um > v in H1(Q)N (NEL (9)]. (III.6.1) 


Of course this problem admits a trivial positive answer when the domain 
2 is bounded and q,r; are suitably related to each other. For example, take 
k = 1 and assume that at least one of the following conditions is fulfilled 
(r1 =r): 
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(i) r<q 
(ii) gon; 
(iii) q<nandr <ng/(n—4q). 


Then (III.6.1) follows at once. Actually, denoting by {v,,} C D(2) a sequence 
converging to v in H qi), in case (i) we have, by the Holder inequality, 


|v — Um|lr < cll” — Um|l1,q — 0. 


In case (ii) or (iii) the same conclusion can be drawn by using, instead of the 
Holder inequality, the embedding inequalities of Theorem II.3.2. Moreover, 
the Sobolev inequality (11.3.7) also gives the result for arbitrary Q, provided 
l<q<nandr=ngq/(n—q). 

What can be said in the general case when qg,n, and r; are not necessarily 
related to each other? The aim of this section is to show that for 2 locally 
Lipschitz, it is always possible to find a sequence {v,,} C D(2) satisfying 
(III.6.1). An analogous result holds if we replace Hj} with Dp 

The proof will be achieved through several intermediate steps. The first 
step is to introduce a suitable “cut-off” function. This function involves the 
distance 6(a) of a point 2 € 2 from the boundary 02. We need to differentiate 
6(a) but, in fact, (a) is in general not more differentiable than the obvious 
Lipschitz-like condition |6(x) — d(y)| < |a—y| . To overcome such a difficulty, 
we introduce the so-called regularized distance in the sense of Stein (1970, 
p.171). In this respect, we have the following lemma for whose proof we refer 
the reader to Stein (1970, Chapter VI, Theorem 2). 


Lemma ITI.6.1 Let 22 be a domain of R” and set 
d(a) = dist (x, 022). (III.6.2) 


Then there is a function p € C™®(Q) such that for all x € 2 
(i) 6(x) < p(@); : 
(ii) [D%p(e)| < wjaj41 [6(x)]''"", Jal > 0, 
where Kjq|41 depends only on w and n. 
Remark III.6.1 A simple estimate for the constant «1 is given by Stein 
(1970, p.169 and p.171) and one has Ky = (20/3)(12)". Moreover, if Q is 


sufficiently smooth (depending on |a|), and «x is sufficiently close to 02, one 
can take p = 6 and, consequently, k; = kg = 1. Oo 


Owing to this result, we can prove the following. 


Lemma III.6.2 Let 2, 6 be as in Lemma III.6.1. For any € > 0 set 


y(€) = exp(—1/e). 


Then, there exists a function ~- € C®(Q) such that 
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(i) |We(a)| <1, for all x € Q; 

(ii) e(x) =1, if 6(x) < 77 (e)/2m1; 
(ili) (x) = 0, if (x) > 29(¢); 
(iv) |Vae(x)| < k2e/0(x), for all x € 2, 


(v) |D*pe(x)| < Ke /6\l (x) ? |o| 2 2, EE (0, €1], El > 0, 
where Kk; and kg are given in Lemma III.6.1,! while k = K(a,n, €1). 


Proof. Consider the following function of R into itself: 


1 if t < y7(e) 
ve(t) = 4 Eln(y(e)/t) if Ye) <t< ) 
0 ift > y(e). 


Clearly, choosing 7 = 77/2, the mollifier ®. = (y-),, of ye satisfies B.(t) = 1 
for t < 77/2, &.(t) = 0 for t > 2y and 


|P.(t)| < e/t, 
dk for allt € R, (IIT.6.3) 
| aE | Sce/t k>1, €€ (0,e1], 


where c= c(k, €1). In addition, |®.(t)| < 1. Setting 


W-(2) = P.(p(x)), 


where p is the regularized distance of Lemma III.6.1, and recalling statements 
(i) and (ii) of that lemma, we deduce 


we(x) = 1 if 6(x) < y7/2K, 
We(x) = 0 if d(x) > 2y. 
Moreover, from (III.6.3) and Lemma III.6.1 it follows for all x € 2 
|Vve(x)| < K2E/p(x) < Kee/d(x) 
|D“he(z)| <Ke/I"l(x), lal > 2, 


whenever €¢ < €1, for some ¢; > 0 and with « = k(a,n,e1). The result is 
therefore completely proved. 


' Notice that, by Remark III.6.1, 
ye) < 2K1, for alle > 0. 


Of course, whatever the estimate for «1, we can always choose a larger value for 
«1 such that this latter inequality holds. 
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Lemma IIJI.6.3 Let 2 be a bounded, locally Lipschitz domain of R". Then 
there exists c = c(Q2,q,n) such that for all u € Wo’4(2), 1<q<o™, we have 


ud“ iq < clls 

where 6 is given in (III.6.2). 

Proof. It is enough to prove the result for u € C§°(2). By (1.5.5) 
lullqor <cxlula 


for any domain 2’, with 2 C Q and where c, = c1({2). To show the estimate 
“near” the boundary, we recall that 092 can be covered with a finite number 
of cylinders of the type 


Cz = {x' € De CR": G(2')-—0 <an < C(2’)+o}, 


where ¢ is a Lipschitz function locally defining the boundary of (2. Therefore, 
setting Vz = Q2NC,, and noting that 


In — C(x’) < cd(x), rEVe, 
we find 


i, 


o 


ju(x)o-(e)" <e f 


D 


¢(2")+o 
aa’ | lle es)? lt, CC Ang 
¢ C(x’) 


and the desired estimate follows from the elementary one-dimensional inequal- 


it 
co 7 q © | dh |? 
h(t)|{t-4 < | —— — h 5 (IR 
[omnes (5) (IS. rece en, 


which can be easily proved by integrating the identity 


d [ t!-4 ti-@ d 
h(t)|4t-¢ = — | ——Jh()|2| — ——— A(t) 2. 
\n(t) = |i gall 


We also have 


Lemma ITI.6.4 Let 2 be as in Lemma III.6.3. Suppose 
we WE%O)N [EAL (Q)] 


for some q,r; € (1,00), i =1,...,k. Then, for any 7 > 0 there exists uy € 
C§°(2) such that 


k 
Ju = unllag + 9S lu = Uy 
i=1 


ri <1): 
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Proof. For simplicity, we show the result for k = 1 and set r; = r. Given 
€ > 0, we set 


0-(x) =1—v.(2), 


where the function w-(a) has been introduced in Lemma III.6.2. We then have 
that |J-(x)| < 1, ¥-(x) vanishes in a neighborhood Nz of 02, J-(x) = 1 for 
d(a) > 2exp(—1/e) and 


|\Vi-(x)| < ¢/d(x), for alla € 22. (IIT.6.4) 


Putting 
Uc(x) = Ve(x)u(x), 


we at once recognize that u-(x) is of compact support in 2 and that 
im llue—ulls =0, s=ry,q. (IIT.6.5) 
Furthermore, from (III.6.4), 
Jue — lig S< I] — Ve) Vullq + €llu/S|lq 
and so, by Lemma III.6.3, we obtain 
Jue — Ulig SI] — Ve)Vullg + celulig, 
with c independent of u and ¢. Thus 


lim lus — Uli. = 0. (IIT.6.6) 
c= 


However, ue can be approximated by its regularizer (u-), in both spaces 
W19(Q) and L"(2) and since, for p small enough, (ue), € C§°(), the lemma 
follows from this and from (III.6.5) and (III.6.6). 


We are now in a position to prove the main result. 


Theorem ITI.6.1 Let 2 be a locally Lipschitz domain of R", n > 2. Assume 
v € H(2)N [NEL (2)| 


for some q,r; € (1,00), i =1,...,k. Then, there exists a sequence {¢,,,} C 
D(2) such that 


k 


lim ||¥m — vllig = lim S° lum —v 
m—- oo m—co j=l 


ry = 0. 
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Proof. Again, for simplicity, we shall treat the case k = 1 and set ry = Tr. 
Let us first consider the case 2 bounded. By Lemma III.6.4 there exists a 
sequence {y,,,} C C§°(22) satisfying 


lim |ly,, —vlli,q= lim |l¢,, — vl|r = 0. (III.6.7) 


Since 
v, V-veE L'(2), 


and v has zero trace at the boundary, by Theorem III.2.4 we have 
Pm VE Ho r(Q). 


In addition, 
Vv: (Pm _ v) =V- Pm © Co? (2), 


and so, by Theorem III.3.4 there exists wm, € C§°({2) such that, for allm € N, 
Vi Wm =—-V-' Pm 
|@mllag SEV - Pmlla 
|Wmllr < CllOm — vile, 
where c is independent of wm, Y,, and v. Setting 
Um = Pm +t Wm, 
it follows that 
|v — Umll1.g S WOm — Vllag + llmllia S Om — lla + lV - Pmila.¢ 
IU — Omllr S WPm — llr + [wml < A+ C)llOm — lle, 


which by (III.6.7) completes the proof in the case where 2 is bounded. Assume 
now that 2 is an exterior domain and denote by Cr € CG°(R”) a “cut-off” 
function that equals one in Qpz and zero in 2?" with 


Vor] < c1/R, (III.6.8) 
with c; independent of R. Let wr be a solution to the problem 
V-wr=—-V-(Crv) 
wr € Wo'(Qr2Rr) We’ (Qr2R) (I11.6.9) 
|Wrl1,s,0ror < CallVCR: ls, 8 =4,7- 


By Theorem II.3.1 and Theorem III.3.4 such a solution exists and by Lemma 
III.3.1 the constant cg entering the estimate can be taken independent of R. 
In view of (III.6.8) and (III.6.9), we also have 
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Wrlisteon Sl llOlliteons 8= 9,7; (III.6.10) 
where, again, cz does not depend on R. Set 
VR = CRU + WR. 


Clearly, 
URE Wo4(Qer) NM L" (QR), V-vR=0. 


Since 2p is locally Lipschitz, from Subsection 4(a) it follows that 
URE Hj (Q2r) N L" (QR). 


By the first part of the proof we may then state that for any ¢ > O there is 
Ve,R € D(M) such that 


lv — Ve,Rll1q + |l¥R — Ve,Rllr < € 
and so for s = q,r 


Ilo — ve,Rlls < [lu — Ve,RIls + [lo — vRlls <e +111 — Cr)olls + wRlls,en22- 


(III.6.11) 
Obviously, for all sufficiently large R, 
| — Cr) v||s <e. (III.6.12) 
Moreover, from inequality (II.5.5) and (TI.6.10) it follows that 
lWRllsQnon < CAR|WRii,s,Qp or S C5\|Ulls,Qnon 
with cs independent of R and so, again for all sufficiently large R, 
|wrllsonon < (III.6.13) 


From (III.6.11)—(II1.6.13) we thus find that vez € D(2) approaches v in 
L4L". It remains to be shown that v-,r also approaches v in D!4. However, 
this is obtained at once since, as before, we prove 


|v — verlig < 26+ |wrligenon < 2+ eR" |lvllaeron,  (II-6.14) 
and so for R large enough we deduce 


|v — Ve Rl1,q < 3€ 


and the proof of the theorem is complete. 


In an analogous manner, we can prove 
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Theorem ITI.6.2 Let 2 be a locally Lipschitz domain of R", n > 2. Assume 
v € Dy4(2)N [NEAL (Q)) , 


for some q,r; € (1,00), i = 1,...,k. Then, there exists a sequence {vm} C 
D(2) such that 
k 


lim |¥m — v|1,q¢ = lim we Um — Vv 
m—- Co m—oo =i 


ry = 0. 


Proof. The proof goes exactly as in Theorem III.6.1? except for one point 
that demands a little more care. Precisely, again for k = 1 and with r; =r, 
once we arrive at (III.6.14), we cannot immediately conclude that for R large 
enough 

R|lv|lo.enon <E (III.6.15) 


because we do not know that v € L4(2). To show (III.6.15) we have to argue 
somewhat differently. If q € (1,7), by the Holder inequality we find 


lPllo,2n2n < C1 Rllvl|ng/(n—q), 2”) 
with cj = c,(n,q) and since, by the Sobolev inequality, 
Pll aituaa. < 00, 


we conclude (III.6.15). If r > q > n the same conclusion holds since, in such 
a case, by the Holder inequality, it follows that 


Re llonon < egRPG/I-/r- UM) all, on ons 


and (III.6.15) is recovered. Finally, if g € [n, 00) M (r, co), from Lemma II.3.3 
(see also Exercise III.6.3) we find that if 


u € D'4(R") 1 L"(R"), (III.6.16) 


then u € L4(R”) and the following inequality holds 


llella < cleltgllulls >, (III.6.17) 
with ( ’ 
n(q—-T 

A= > _ (1 III.6.18 

r(q—n) + nq ne ( ) 


and c = c(n,q,r). Since v € D'4(R”) N L"(R"), we apply this result to v 
to deduce v € L4(R") and (II1.6.15) again follows. The proof is therefore 
completed. 


? Recall that for 2 bounded, Hj (2) = Dy4(@). 
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Approximation problems in the spaces ae al [ne We *(0)] and in 
the space Hj M [nf D3”*(2)] [respectively, Dg’? [ne We" (2))] and 


Dy n [re DI"(D)| can be treated by the same technique used before. 
Their resolution is left to the reader in the following two exercises. 


Exercise III.6.1 Under the hypothesis on 92, q and r; stated in Theorem III.6.1, 
show that any function v € Hj(2)N [NE Wo" (2)] [ respectively, Hj (2) M 
[MB Do’* (2)]], can be approximated in the space Hj (2) 9 [NEW (2)] [re- 
spectively, in H}(2)N new, (2)]] by functions from D(.). 


Exercise III.6.2 Under the hypothesis on 92, g, and r; stated in Theorem III.6.1, 
show that any function v € Dj4(Q)N [NEL Wo" (2)] [respectively, Dj’ (Q) N 
[MaDe (2 1 < qri < oo, can be approximated in the space Dj’4(Q) N 
[M1 Wo’ (2)] [respectively, in Dg’4(2)N [M4 Dy"" (@)]] by functions from D(Q). 


Exercise III.6.3 Prove the interpolation inequality of Nirenberg given in (III.6.16)— 
(II1.6.18). Hint: Use the “cut-off” method of Theorem II.6.3 to approximate any wu 
satisfying (III.6.16) with functions from C6°(R”). Successively, employ inequality 
(11.3.5) together with the Hélder inequality. 


III.7 Notes for the Chapter 


Section III.1. As already pointed out, Lemma III.1.1 plays an important 
role in the theory of the Navier-Stokes equations. It is then not surprising 
that it has received the attention of many writers who proved it by several 
methods and under more or less different assumptions on the regularity of w. 
To our knowledge, a first, elementary demonstration of the result was pro- 
posed by Hopf (1950/1951, pp.214-215) without, however, giving full details. 
Hopf’s proof, which essentially aims at showing that the line integral of u on 
every closed loop is zero, was clarified and completed by Prodi (1959) and 
Ladyzhenskaya (1969). The assumption n = 3 implicitly made by these au- 
thors is removed, along the same line of method, by Temam (1973, Chapter I, 
§1.4). A less elementary proof based on de Rahm’s theorem on currents, which 
assumes wu to be only a distribution, is given by Lions (1969, pp. 67-69) and 
Temam (1977, Chapter I, Proposition 1.1). Tartar gives an alternative proof, 
with w in a negative Sobolev space, based on operator theory (see Temam 
1977, Chapter I, Remark 1.9). A similar result is furnished by Giga & Sohr 
(1989, Corollary 2.2(i)). For other proofs that avoid de Rahm’s theorem, see 
also Fujiwara and Morimoto (1977) and Simon (1991, 1993). 

The Helmholtz—Weyl1 decomposition of the vector space L4({2) in domains 
with a compact boundary has been the object of several investigations. In 
addition to the papers quoted in Section III.1, we refer the reader to von 
Wahl (1990b) and the bibliography of the work of Simader & Sohr (1992). 
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We also would like to mention the paper of Fabes, Mendez & Mitrea (1998, 
§§11,12) where sharp results are furnished for the validity of the decomposition 
in bounded domains with lower regularity (locally Lipschitz). In particular, 
in Theorem 12.2 of Fabes, Mendez & Mitrea, loc. cit. it is shown the exis- 
tence of a bounded and Lipschitz domain of R”, where the Helmholtz—Weyl 
decomposition fails for all p ¢ [3/2, 3]. 

Concerning the Helmholtz—-Weyl decomposition in domains with noncom- 
pact boundaries, we would like to mention the following important contribu- 
tions. For the aperture domain (see (III.4.4)), its validity has been proved 
by Farwig (1993) and Farwig and Sohr (1996). Miyakawa (1994) showed an 
analogous result for semi-infinite cylinders and for infinite layers in R", n > 2, 
using Littlewood-Paley theory. Wiegner (1995) studied the case of a layer in 
IR? by means of (partial) Fourier transforms. Thater (1995) and Sohr and 
Thater (1998) proved the validity of the decomposition for infinite cylinders 
of R”, n > 2, based on estimates for imaginary powers of the operator asso- 
ciated to the associated Neumann problem. Finally, an elementary and deep 
analysis of the decomposition in the case of infinite cylinders and layers of 
R", n > 2, can be found in the paper by Simader and Ziegler (1998). For 
further and more recent contributions to this question, we refer to the article 
of Farwig (2003) and the bibliography therein. 

Decompositions of weighted Lebesgue spaces on exterior domains have 
been studied by Specovius-Neugebauer (1990, 1995) and Fréhlich (2000). 

Decompositions in Sobolev and Besov spaces are investigated in Fujiwara 
and Yamazaki (2007). 


Section III.2. The notion of trace on the boundary for functions in Hy, for 
q = 2, was introduced by Temam (1973, Chapter I), starting with identity 
(III.2.2). The same question was independently addressed by Fujiwara & Mo- 
rimoto (1977) for 1 < g < ov, who generalized the results of Temam by means 
of a different (and less direct) approach. 


Section ITI.3. The auxiliary problem considered in this section has also been 
studied in detail by Cattabriga (1961) for n = 3 and q € (1,co); Ladyzhen- 
skaya (1969, Chapter I, §2) for n = 2,3 and q = 2; Neéas (1967, Chapitre 3, 
Lemme 7.1) for n > 2 and q = 2; Babuska & Aziz (1972, Lemma 5.4.2) for 
n = q = 2 (see also Oden & Reddy 1976, Lemma 6.3.2); Solonnikov & Séadilov 
(1973) and Ladyzhenskaya & Solonnikov (1976) for n = 2,3 and gq = 2; Amick 
(1976) for n > 2 and q = 2; Bogovskii (1979, 1980) and Erig (1982), for n > 2 
and 1 < q < o; Pileckas (1980b, 1983) for n = 2,3 and 1 < q < co; Giaquinta 
& Modica (1982) for n > 2 and q = 2; Solonnikov (1983) and Kapitanskii & 
Pileckas (1984) for n > 2 and q € (1,00); Arnold, Scott & Vogelius (1988) 
for n = 2 and q € (1,00); von Wahl (1989, 1990a) for n = 3 and q € (1,00); 
Borchers & Sohr (1990) for n > 2 and q € (1, 00),'; Bourgain & Brezis (2003) 


' Proposition d) of Theorem 2.4 of Borchers & Sohr (1990) is not correct as stated. 
The corrected version is furnished in Corollary 2.2 of Farwig & Sohr (1994a); see 
also Remark (iii) and the footnote at p. 274 of this latter paper. 
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when n > 2 and q € (1, 00), and finally, by Duran & Lopéz Garcia (2010) for 
n = 2 and q € (1,00). The main difference among the results proved by these 
authors relies either upon the method used to construct v or upon the regu- 
larity assumptions made on 2. In particular, the method of Bogovskii is based 
on the explicit representation formula (III.3.8) which adapts to the divergence 
operator a well-known formula of Sobolev (1963a, Chapter 7, §4; specifically, 
see eq. (7.9)). A similar representation for the curl operator has been given 
by Griesinger (1990a, 1990b). With the exception of Solonnikov & Séadilov 
(1973), Bogovskii (1980), Kapitanskii & Pileckas (1984), and Borchers & Sohr 
(1990), all other mentioned authors consider the case 2 bounded. However, 
once (III.3.1), (III.3.2) is solved for such domains, the problem for 2 exterior 
can be directly handled by using the technique of Theorem III.3.6. The case 
{2 = R' requires, apparently, a separate treatment and will be considered in 
Section IV.3; see Corollary IV.3.1. In this respect, we refer the reader to the 
papers of Cattabriga (1961), Solonnikov & Séadilov (1973) and Solonnikov 
(1973, 1983). These latter two papers deserve particular attention where ex- 
plicit solutions are given (see Solonnikov 1973, formula (2.38), and Solonnikov 
1983, Lemma 2.1). 

Problem (III.3.1), (I[1.3.2) can also be solved in Sobolev spaces Wj’"4(2) 
with s real, Bogovskii (1979, 1980), and in certain weighted Sobolev spaces 
(Voldrich 1984). In this respect, as we already observed in Remark III.3.5, 
problem (III.3.1), (III.3.2) can not be solved in (bounded) domains having an 
external cusp. Nevertheless, Duran & Lépez Garcia (2010) have shown that, 
for such domains, it can still be solved in suitable weighted Sobolev spaces, 
with weights depending on the type of cusp. 

For 2 exterior, results in weighted Sobolev spaces can be obtained by 
using, in Theorem III.3.6, Stein’s Theorem IJ.11.5 instead of Theorem IT.11.4. 
In this regard, we refer the reader to the papers of Specovious-Neugebauer 
(1986) and Lockhart & McOwen (1983). We finally mention that the same 
type of problem can be analyzed for the equation curly = f. In addition to 
the already cited papers of Griesinger, we refer the interested reader to the 
book of Girault & Raviart (1986) and to the works of Borchers & Sohr (1990), 
von Wahl (1989, 1990a) and Bolik & von Wahl (1997). 

Theorem III.3.4 is due to Galdi (1992a). A different proof of Theorem 
III.3.5 (with slightly more stringent assumptions on the regularity of 2, is 
given in Farwig & Sohr (1994a, Corollary 2.2). Extensions of these results 
to Sobolev spaces Wj"4(2) with s real and (suitably) negative are shown in 
Geissert, Heck, and Hieber (2006, § 2). 

The numerical value of the constant c appearing in (III.3.2), and (II1.3.65), 
is very important for several applications, see, e.g., Chapters VI and XII. In 
this respect, we refer the reader to the papers of Horgan & Wheeler (1978), 
Horgan & Payne (1983), Velte (1990), and Stoyan (2001). 

A different proof of Theorem III.3.7, originally due to Kapitanskii & 
Pileckas (1984, Theorem 1), was provided, in a different context, by Dacorogna 
(2002). 
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Section III.4. An elementary proof of the coincidence of Hj (2) and #1 (2) 
for 2 bounded was first given by Heywood (1976) for n = 2,3 and q = 2. His 
method, which can be easily extended to the cases n > 2 and q € [1,0o), is 
a generalization of that used for a star-like domain. Actually, he introduces 
a smooth transformation T,(x),z € 92, p € (0,1) that replaces the simple 
contraction px used for the star-like case. For this procedure to hold it is, 
of course, necessary that {2 have some regularity, and Heywood shows that 
C? smoothness is sufficient. However, as proved in Theorem 1 of Heywood’s 
paper, the procedure would equally work with much less regularity. A proof of 
the coincidence for n > 2 and gq = 2 using de Rahm’s theorem on currents was 
previously furnished for 2 locally Lipschitz by Lions (1969, pp. 67-68; here 
the domain must be locally Lipschitz even if it is not explicitly stated) and 
by Temam (1977, Chapter I, Theorem 1.6). The same result is established by 
Salvi (1982) using extensions of sequentially continuous functionals. Other, 
different approaches are employed by Ladyzhenskaya & Solonnikov (1976) for 
n = 2,3 and q = 2 and, along the same lines, by Pileckas (1980b, 1983) for 
arbitrary q € [1,0o) and, for n > 2 and q € [1, 00), by Bogovskii (1980). In 
particular, Bogovskii requires only that 2 is the union of a finite number of 
domains each of which is star-shaped with respect to a ball (see Theorem 
III.4.1); for example, 2 satisfies the cone condition. More recently, Wang & 
Yang (2008) have shown coincidence for n = 2,3 and q = 2, provided 2 has 
only a kind of segment property. It is, however, still an open question to prove 
(or disprove) the validity of the coincidence for bounded domains with no 
regularity. In this respect, we wish to mention a result given in Sverdk (1993), 
Remark at p. 12, which shows H!(Q) = H4(Q), where is any bounded open 
set of R? such that, denoting by B an open ball with B D Q, we have that the 
set B — Q has a finite number of connected components. Probably, it is true 
that H1(Q) = H*(Q) (or, equivalently, D}?(Q) = Dj?(Q)), for any bounded 
domain in R", n > 2. It is worth emphasizing that should this not be true 
for some bounded open connected set 2%, the Stokes problem formulated in 
2 corresponding to zero body forces and zero boundary data would admit a 
nonzero smooth solution; see Remark IV.1.2. 

The case of an exterior domain has likewise been analyzed by Heywood 
(1976), Ladyzhenskaya & Solonnikov (1976) for n = 2,3 and q = 2, by Pileckas 
(1980b, 1983) for n = 2,3 and q € (1,00), and by Bogovskii (1980) for n > 2 
and q € (1,00). All these authors prove the coincidence of Hj (2) and H}(2) 
under the same regularity assumptions made on 2 for the corresponding 
bounded case. A more elementary proof for n > 2 and q € [1,0o) that re- 
quires 2° be star-shaped is provided by Bogovskii & Maslennikova (1978) 
and Maslennikova & Bogovskii (1978). 

Lemma III.4.2 is due to me. I have been kindly informed by Professor K. 
Pileckas that a similar result has been independently proved by Professor V. I. 
Burenkov and it appears in note 5.3 to Chapter VI of the Russian translation 
of the book of Stein (1970). 
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Section III.5. The papers mentioned in the notes to Section H1.4 concerning 
the coincidence of the spaces Hj(Q) and Hj(2) also deal with the same 
problem for D!4(Q) and D!4(Q). 

The relation between linear functionals on Dj’4(Q) vanishing on Dj4(2) 
and the existence of a pressure field for Stokes and Navier-Stokes problems 
was first recognized by Solonnikov & Séadilov (1973), who prove Corollary 
IIIL.5.1 for ¢q = 2, n = 3 and 2 of class C?. The same result was rediscovered 
thirteen years later by Guirguis (1986). 


Section III.6. The results given here are due to Galdi (1992a). They will 
be used in several questions concerning Navier-Stokes equations, such as the 
validity of the energy identity in exterior domains (see Section X.2). Similar 
results, with different techniques and much more regularity on the domain, 
are contained in the works of Giga (1986) and Kozono & Sohr (1992a); see 
also the Appendix of Masuda (1984) and Lemma 3.8 of Maremonti (1991). 


IV 


Steady Stokes Flow in Bounded Domains 


Ora sia il tuo passo 
pitt cauto: ad un tiro di sasso 
di qui ti si prepara 
una pill rara scena. 


E. MONTALE, Ossi di Seppia. 


Introduction 


We now undertake the study of the mathematical properties of the motion 
of a viscous incompressible fluid. We shall begin with the simplest situation, 
namely, that of a steady, infinitely slow motion occurring in a bounded region 
92. The hypothesis of slow motion means that the ratio 


lju- Vol 
\yAv| 


of inertial to viscous forces is vanishingly small, so that we can disregard the 
nonlinear term into the full (steady) Navier-Stokes equations (1.0.31). If we 
introduce reference length LZ and velocity V, this approximation amounts to 
assume that the (dimensionless) Reynolds number 


VL 
R=— 
Vv 
is suitably small. 
G.P. Galdi, An Introduction to the Mathematical Theory of the Navier-Stokes Equations: 231 
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The linearization procedure can be performed around a generic solution 
Vo, Po, Say, of equations (1.0.1). In this chapter (and the next two) we shall 
consider the case where vp = 0, p = const., so that we recover the following 
Stokes equations (see Stokes 1845) 


Av=Vp+f 
in 92. 
V-v=0 


(IV.0.1) 


Here we have formally put, without loss, the coefficient of kinematic viscosity 
v equal to unity. To system (IV.0.1), we append the usual adherence condition 
(1.1.1) at the boundary, that is, 


v=v, at ON. (IV.0.2) 


Since (2 is bounded, from (IV.0.1)2and Gauss theorem, it follows that the 
prescribed velocity field v. must satisfy the compatibility condition: 


i v.:-n=0. (IV.0.3) 
02 


The main objective of this chapter is to show existence, uniqueness, and 
regularity along with appropriate estimates for solutions to problem (IV.0.1)— 
(IV.0.3). In doing this, we shall be inspired by the work of Cattabriga (1961) 
and Galdi & Simader (1990). Specifically, we first give a variational (weak) 
formulation of the problem and introduce the concept of g-generalized solu- 
tion (for g = 2, simply: generalized solution). These solutions are essentially 
characterized by the property of being members of the space D'4(Q) and a 
priori they do not possess enough regularity to be considered as solutions in 
the ordinary sense. Following the work of Ladyzhenskaya (1959b), it is simple 
to show the existence of a generalized solution to (IV.0.1)—(IV.0.3). However, 
it is a much more difficult job to study its regularity, that is, to show that, 
under suitable smoothness assumptions on f, v., and §2, such a solution be- 
longs, in fact, to the Sobolev space W™4(2) and that it obeys corresponding 
estimates: 


[lO m+2.q + IlPllm+i.g S ¢(IlFllm.g + [lO -llm+2-1/4,4(02)) + (IV.0.4) 


with m > 0 and q € (1, 00). 

Since system (IV.0.1), (IV.0.2) is elliptic in the sense of Douglis-Nirenberg 
(see Solonnikov 1966, Temam 1977, pp. 33-34), the validity of a weaker form 
of estimate (IV.0.4), namely, 


[P[lm+2.q + [lPllmtt¢ S ¢ (Fling + les llm+2—1/4,0(02) + llvlla + llell—1.4) 


holding for g-generalized solutions, can be obtained directly from the gen- 
eral theory of Agmon, Douglis, & Nirenberg (1964) and Solonnikov (1966) 
(without, however, providing existence). 


IV.1 Generalized Solutions. Existence and Uniqueness 233 


Here, to reach our goal, we shall follow a classical approach due to Cat- 
tabriga (1961) that relies on the ideas of Agmon, Douglis, & Nirenberg (1959). 
This method consists in transforming the problem into analogous problems 
in the whole space and in a half-space by means of the “localization pro- 
cedure.” Now, in R” and R%, the task of proving the unique solvability of 
(IV.0.1), (IV.0.2), and (IV.0.4) is rendered easy by the circumstance that one 
can furnish an explicit solution to the problem. It is worth noticing that such 
a procedure is completely similar to that employed for the Poisson equation 
at the end of Section II.11 and that the only tool needed is the Calderén— 
Zygmund Theorem II.11.4 and its variant as given in Theorem II.11.6. We 
also wish to emphasize that the study of the Stokes problem in R” and in 
RR‘ possesses an independent interest and that it will be fundamental for the 
treatment of other (linear and nonlinear) problems when the region of flow is 
either an exterior domain or a domain with a suitable unbounded boundary. 

By the same arguments, we shall also show existence and uniqueness of 
q-generalized solutions when q 4 2 and shall derive corresponding estimates, 
formally obtained by taking in (IV.0.4) m = —1 and q € (1, 00). 

We end with a final remark. As a rule, we shall treat in detail only the 
physically interesting cases when the relevant region of motion is either a 
three-dimensional or (for a plane flow) a two-dimensional domain. In par- 
ticular, all results will be essentially proved for space dimension n = 2,3. 
However, whenever needed, we shall outline all the main steps to follow in 
order to generalize the proof to n > 4. 


IV.1 Generalized Solutions. Existence and Uniqueness 


In this section we shall prove some existence and uniqueness results for Stokes 
flow. Following Ladyzhenskaya (1959b), we shall give an integral variational 
formulation of the problem, which will then be easily solved by the classical 
Riesz representation theorem.' However, the solutions we shall obtain are a 
priori not smooth enough to be considered as strict solutions of the starting 
problem; for this reason, they are called generalized or weak. Nevertheless, in 
the next sections we will show that provided the force, the velocity at the 
boundary, and the region of motion are sufficiently regular, weak solutions 
are, in fact, differentiable solutions of (IV.0.1), , in the ordinary sense and 
assume continuously the boundary data. 

To justify the generalized (or weak or variational) formulation, we proceed 
formally as follows. Let v, p be a classical solution to (IV.0.1), 9, for example, 


' It should be observed that, in spite of its simplicity and elegance, the method of 
resolution based on the Riesz theorem is not constructive. The more constructive 
Galerkin method will be considered later, directly in the nonlinear context (see 
also Chapter VII). 
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v € C?(2), p € C!(Q). Multiplying (0.11) by an arbitrary function p € D(2) 
and integrating by parts we deduce ? 


(V»,Vy)= | vw:ve=- | F-e=-(h.9). (IV.1.1) 


Thus, every classical solution to (IV.0.1), satisfies (IV.1.1) for all p € D(2). 
Conversely, if v € C?(2) and f € C(Q), from (IV.1.1) and Lemma III.1.1 
we show the existence of p € C1(2) verifying (IV.0.1),. On the other hand, 
we may think of a function v satisfying (IV.1.1) but which is not sufficiently 
differentiable to be considered a solution to (IV.0.1), (for a suitable choice of 
p). In this sense (IV.1.1) is a “weak” version of (IV.0.1),. For further purposes, 
we may and shall consider the more general situation in which the right- 
hand side of (IV.1.1) is defined by a functional f from Dy (0). We shall 
then write (f,y) instead of (f,~) where, we recall, (-,-) denotes the duality 
pairing between W2'4(Q) and Wd'" (Q), 1/q¢ + 1/q! = 1 (see Section II.3). 
As far as the regularity of a weak solution is concerned, we merely require 
a priori v € D'4(Q) for some g € (1,00), so that the solenoidal condition 
will be satisfied according to generalized differentiation, while the boundary 
condition (IV.0.2) is to be understood in the trace sense (see Theorem IT.4.4 
and Remark II.6.1). If, in particular, the velocity at the boundary is zero, we 
require v € Dy4(2) which, along with the solenoidality condition, furnishes 
vE Dy (Q); see Remark IV.1.2. We may then summarize all the above in 
the following. 


Definition IV.1.1. A field v : Q — R” is called a q-weak (or g-generalized) 
solution to the Stokes problem (IV.0.1), (IV.0.2)? if and only if 


(i) v € D'4(Q), for some g € (1, 00); 
(ii) v is (weakly) divergence-free in 92; 
(iii) v satisfies the boundary condition (IV.0.2) (in the trace sense) or, if the 
velocity at the boundary is identically zero, v € Do’4(Q); 
(iv) wv verifies the identity 


(Vu, Vy) = -(f,¢) (1V.1.2) 


for ally € DPQ), 1/qt1/q =1. 
If g = 2, v will be called a weak (or generalized) solution. 


Remark IV.1.1 Since 2 is bounded, Do’4(Q) and Wo’4(Q) are isomorphic; 
see Remark II.6.3. Furthermore, if 2 is locally Lipschitz, D14(Q) endowed 
with a suitable norm, is isomorphic to W!4(Q); see Remark II.6.1. Therefore, 
if v,. = 0 we may equivalently require in (i) that v € Wo’? (2), while, if v. 40 
and 2 is locally Lipschitz, (i) is equivalent to v € W!4(Q). o 
2 As agreed,we shall put, without loss of generality, v = 1. 


3 Solutions possessing a priori even less regularity than q-weak solutions (the so 
called very weak solutions) will be briefly considered in the Notes for this Chapter. 
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Remark IV. te 2 Ifthe velocity at the boundary i ae zero, every - weak solution 
belongs to Di 7((2). We recall that, in general, Di 1(Q) > Doy4(2), for each 
QcCR,n > 2, and each qg € (1, 66), see Sachin III.5. In this regard, it is 
pact danas to realize that if there exists a domain, 2# such that Di (Qt) A 

D; Di Gh\e one could find a nonzero generalized solution, v*, to the Stokes 
rohan (IV.0.1)-(IV.0.2) with Q = 0+, corresponding to zero force and zero 
boundary data. This fact is an immediate consequence of Exercise III.5.3. 
Moreover, as it will be shown in Theorem IV.4.3, v' € C%(Q) and we can 
find a corresponding pressure field p* € C%°(Q), such that the pair (v*, p*) 
satisfies the problem (IV.0.1)—(IV.0.2) in the ordinary sense! It is clear that 
such a situation is difficult to explain from a physical point of view, in that the 
flow (v4, p#) should be driven merely by the “roughness” of the boundary of the 
bounded domain where the motion occurs. In fact, if a mild degree of regularity 
on the boundary is assumed, then vt = Vp' = 0. These considerations add 
more weight to the conjecture that Dj?(Q) = Dy7(Q) for every bounded 
domain 92, but, as we remarked several times in the previous chapter (see, 
especially, the Notes to Section III.4), no proof of this fact is available to 
date. Oo 


In this section we shall establish existence and uniqueness of weak solu- 
tions. The analogous questions for q-weak solutions, arbitrary gq > 1, will be 
considered in Section IV.6. Before performing this study, however, we wish to 
make some preliminary considerations. 


Definition IV.1.1 is apparently silent about the pressure field. Actually, 
this is not true, as we will show. Assume, at first, v,p a classical solution and 
multiply (IV.0.1), by w € Cp°(2) (not necessarily solenoidal). Integrating by 
parts we obtain, instead of identity (IV.1.2), 


(Vu, Vw) = —(f,b) + (pv, V- e). (IV.1.3) 


Now, if f has a mild degree of regularity, to every q-weak solution we are 
able to associate a “pressure field” p in such a way that (IV.1.3) holds and, 
further, we can give a definition of q-weak solution equivalent to Definition 
IV.1.1, using (IV.1.3) in place of (IV.1.2) as a consequence of the following 
general result. 


Lemma IV.1.1 Let 2 be an arbitrary domain of R”, n > 2, and let f © 
Wo '4(2'), 1 <q < ©, for any bounded domain Q' with Q C Q. A vector 
ek v € W,.4(2) satisfies (IV.1.2) for all y € D() if and only if there exists 

“pressure field” p € Li..(&2) such that (IV.1.3) holds for every wp € Cf°(2). 
- moreover, §2 is bounded and satisfies the cone condition and f € Do 49(9Q), 
v € D'4(Q2) then 


4 By the results of Section III.5, 2' should be less regular than a domain that is 
the union of a finite number of domains each of which is star-shaped with respect 
to a ball. 
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pe LQ). 
Finally, if we normalize p by the condition 
Z p=0, (IV.1.4) 
Q 
the following estimate holds: 
IIplla S$ (UF lla. + Ieli,¢)- (IV.1.5) 


Proof. We begin to prove the first part. It is enough to show that (IV.1.2) 
implies (IV.1.3), the reverse implication being obvious. Let us consider the 
functional 
Fw) = (Vv, Vo) + (Ff, ) 

for w € Db’? (a! ). By assumption, F is bounded in Dot (2’) and is identically 
zero in D(2) and, therefore, by continuity, in DET (2). If Q is arbitrary (in 
particular, has no regularity), from Corollary III.5.2 we deduce the existence 
of p € Li..(@) verifying (IV.1.3) for all w € C§°(). If Q is bounded and 
satisfies the cone condition, by assumption and Corollary II.5.1 there exists 
a uniquely determined p’ € L4(2) with 


| 
Q 


F(p) = (p', V- #), (IV.1.6) 
for all y) € Db" (Q). From (IV.1.3) and (IV.1.6) we find, in particular, 
(p—p',V-w)=0, for all pb € CH(2), 


such that 


implying p = p’+const. (see Exercise II.5.9), and so, if we normalize p by 
(IV.1.4) we may take p = p’. Consider the problem 


1 
Vp = |[plt2p- | Inl?2p = 9 
Ie 
; IV.1.7 
be wy" (2) ney 
Ilhi9 <erllellg-3, 


with 2 bounded and satisfying the cone condition. Since 


| g=0, g€L%(2), llalle < calle, 
Q 


from Theorem III.3.1 we deduce the existence of w solving (IV.1.7). If we 
replace such a w into (IV.1.6) and use (IV.1.4) together with the Hélder 
inequality and inequality (I1.3.22)2, we obtain (IV.1.5). The proof is therefore 
completed. 
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Remark IV.1.3 If we relax the normalization condition (IV.1.4) on p, in 
place of ([V.1.5) one can show, as the reader will easily check, the inequality 


inf [lp + ella Se(IFll-aq + lel.) - 


We now pass to the proof of existence and uniqueness of weak solutions. 


Theorem IV.1.1 Let 2 CR”, n > 2, be bounded and locally Lipschitz. For 
any f € Dj ?(Q) and v, € W'/?2(9Q) verifying 


| vx. n=0, 
dQ 


there exists one and only one weak solution v to the Stokes problem (IV.0.1), 
(IV.0.2). Moreover, if we denote by p the corresponding pressure field associ- 
ated to v by Lemma IV.1.1, the following estimate holds: 


Ile lla,.2 + Ilpll2 < ¢ (WF ll-1.2 + Ilvall12,20@2)) 5 (IV.1.8) 
where c = c(n, 22). 
Proof. By the results of Exercise III.3.8 there exists a solenoidal extension 
V € W!?(Q) of v, such that 
IV |l1,2 < calle l1/2,2(a2) (IV.1.9) 


with c; independent of V and v,. We look for a generalized solution of the 
form v = w+V where w € Dj’*() satisfies the identity 


(Vw, Vy) = -(f,¢) — (VV, Ve), (IV.1.10) 


for all p € Dj’*(Q). The right-hand side of (IV.1.10) defines a bounded linear 
functional in Dj’?(2) and so, by the Riesz representation theorem, there exists 
one and only one w € Dg’*(2) verifying (IV.1.10). This shows existence of 
a weak solution. To prove uniqueness, denote by v; another weak solution 
corresponding to the same data. Evidently, Theorem II.4.2 furnishes that u = 
v — v1 is an element of Dj7(Q) and, therefore, by the results of Section IIL.5, 
of Dy’7(Q). On the other hand by (iv) of Definition IV.1.1 it follows that 


(Vu, Vy) = 0 


for all y € Dj?(Q), implying u = 0 a.e. in Q. To show estimate (IV.1.8), 
we take » = w into (IV.1.10), apply the Schwarz inequality and inequality 
(I1.3.22)2, and use (IV.1.9) and (1.5.1) together with (III.3.14) to obtain for 
some C2 = C2(n, 2) 

|lwlla2 < c2 (WF l]-1,2 + lle«ll1/2,200)) - (IV.1.11) 


Estimate (IV.1.8) then follows from (IV.1.4), (IV.1.9), and (IV.1.11). 
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Remark IV.1.4 If v. = 0, the existence of a generalized solution is estab- 
lished without regularity assumptions on 92. Oo 


Exercise IV.1.1 Theorem IV.1.1 also remains valid if V.v = g # 0, where g is 
a suitably ascribed function. Specifically, show that for 2, f, and v. satisfying the 
assumption of that theorem and all g € L?() such that 


fo- fe 
Q 02 


there exists one and only one weak solution v to the nonhomogeneous Stokes prob- 
lem, that is, a field v : 2 — R” satisfying (i), (iii), and (iv) of Definition IV.1.1, 
with q = 2, and V-v = g (weakly). Show, in addition, that v and the corresponding 
pressure field p obey the following estimate: 


Ilo] 


12 + Ilpll2 < ¢ (IF ll-1.2 + llu-lla/2,2;a@) + IIgll2) - 


Hint: Look for a solution of the form v = w+ V where w verifies (IV.1.7), while V 
solves V-V =g, in 2, V =v. at OF and use the results of Exercise III.3.8. 


IV.2 Existence, Uniqueness, and L?-Estimates in the 
Whole Space. The Stokes Fundamental Solution 


Our next task is to establish interior and boundary inequalities for solutions to 
the Stokes problem that will furnish, in particular, that generalized solutions 
are in fact classical if the domain and data are sufficiently smooth. We first 
derive these estimates in two special cases, namely, when either 2 = R” or 
92 = R'. The job here is easier because we are able to furnish solutions 
of explicit form. To this end, let us introduce the fundamental solution for 
the Stokes equation (IV.0.1), which plays the same role as the fundamental 
solution of Laplace’s equation.' Consider the second-order, symmetric tensor 
field U and the vector field q defined by the relations 


fag 
ee (54 io] 5(\x— yl) 


O 
qj (x -y)= “aa =), 
J 


(IV.2.1) 


where z, y € R”, 6; is the Kronecker symbol and @(t) is an arbitrary function 
on R, which is smooth for t 4 0. Noticing that 0|a — y|/Ox; = —O|x — y|/Oy:, 
by a simple calculation from (IV.2.1) one has for x 4 y and all i,j =1,...,n? 


' Actually, all the material presented in this and in the subsequent section will 
be derived along the same lines of the one developed for the Dirichlet problem 
for the Poisson equation at the end of Section II.7 (see Exercise I.11.9, Exercise 
I1.11.10, and Exercise II.11.11. 

? We recall that, according to Einstein’s convention, unless otherwise explicitly 
stated, pairs of identical indices imply summation from 1 to n. 
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O 

AU; ‘(a = y) + Bu, ile = y) = 6;; A? B(x = y) 
‘ (IV.2.2) 

O 
Choose now @ as the fundamental solution to the biharmonic equation. So, 
for n = 3, 
jz — yl 
P(\x — =— 
(|e - yl) == 


and the associated fields U and g become (Lorentz 1896) 


1 [ oy = (x5 — ys)(@z — Ys) 


U;,(x —y) = -—— 
j(@—y) Bx |le—y ey 
(IV.2.3) 
1 aj Yj 
qj(e—y) = ine 
Likewise, for n = 2, 
(|x — yl) = [a — y|? log( | — yl)/8 
and we have 
1 1 sok a ity = ae 
Ui;(z — y) = ——— 6:7 log 4 Gi wlei — v5) 
4 |x —y| lx — y| 
(IV.2.4) 
1 xj yy 
qj(z — y) = in ley 


Moreover, with the above choice of &, from (IV.2.2) it follows that the fields 
(IV.2.3) and (IV.2.4) satisfy 


0 
AU;;(a — y) + Fa, aie —y)=0 
‘ fora F y. (IV.2.5) 


fe) 
Bq, Viale —y) =0. 
The pair U,q is called the fundamental solution of the Stokes equation. 


Remark IV.2.1 In dimension n > 3 the fundamental solution is given by 
(IV.2.1) with 


—(1/87?) log |x — y| ifn=4 
@ = 
[I'(n/2 —2)/16n"/?] |x — y|4-” ifn > 4. 


One thus has for all n > 4 
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pote + (n—2) 


1 2j Yj 
q(x —y) = Nw, Je — yl” 


From (IV.2.3) and (IV.2.4) (and Remark IV.2.1), we may formally compute 
the asymptotic properties of U and gq. In particular, the following estimates, 
as either |x| — 0 or || > oo, are readily established: 


U(x) = O(log |a|) if n = 2, 
Ula) =O(a|-?) a> 2, 
(IV.2.6) 
D°U(z) = O(\2|-"“!*1#7), Jal > 1, n> 2, 
De q(x) =O(\a|-"!2'*7), Jal 20, n> 2. 


Let us now consider the following nonhomogeneous Stokes problem 
Av=Vp+f 
in R” 


V-v=g 


(IV.2.7) 


where f and g are prescribed functions from C§°(R”). Using (IV.2.3) and 
(IV.2.4) it is not difficult to prove the existence of solutions to (IV.2.7), veri- 
fying suitable L4-estimates. To reach this goal, we introduce the Stokes volume 
potentials 


(IV.2.8) 


where F € Cp°(R"). Since 


U(a —y): F(y)dy = U(z)- F(a — z)dz 


R” R” 


[ae Pendy= fale) Fe 2)az 


one has u,7 € C®(R”). Moreover, it is easy to show that w, 7 is a solution 
to (IV.2.7) with g =O and f = F. Actually, it is obvious that V - u = 0; also, 
using (I[V.2.1) and Exercise II.11.3, we deduce 


Au(x)— Vala) = Af A(x yl) F)dy 
Rr (IV.2.9) 


= A(€ « F)(x) = F(x). 
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We shall now look for a solution v, p to (IV.2.7) of the form v = u+h, p=7 
where u and z are volume potentials corresponding to F = f — Ah and 


h=V(E*9). (IV.2.10) 
Since Ah = Vg € C§°(R”) and 
Vou=z, (IV.2.11) 


from (IV.2.9) and (IV.2.11) we may conclude that v, p is a solution to (IV.2.7). 
Furthermore, from (IV.2.6) one shows as |x| — co 3 


v(x) = O(log |z|) ifn = 2, 
eo=O(|2/-"™) itn > 2, 
(IV.2.12) 
Deets) = Olle|-o- 8")... lal Si w> 2, 
D°p(x) = O(le|-"-I¥!), Jal 20, n> 2. 


Let us now derive some L%-inequalities for v, p in terms of g and f. From 
(IV.2.10) and the Calder6n—Zygmund Theorem II.7.4 we have 


lAle+i1.q <clgleg, for all 2>0 (IV.2.13) 


with c = c(n,q). Next, consider the identity with |a| = @ 


Dj; D° u(x) = D,Uxge(a — y)D; D° Fe(y)dy 
Rz 


= lim Dy Uxe(a — yD° Fe(y)dy (IV.2.14) 
e0S \n—y|>e 
+lim DUe(x — yD° Fe(y)nj(y)doy, 
OS |2—y|=e 


where n; is the jth component of the unit outer normal to the sphere |z—y| = 
e. From (IV.2.3) and (IV.2.4) one has that D;Uxe is homogeneous of degree 
1—n, so that by Lemma II.11.1, Dj;Uxe is a singular kernel. Furthermore, 
again by that lemma, it follows that 


lim DjUxe(x — y)D* Fe(y)n;(y)doy = AijneD° Fe(x) 


£70 SJia—y|=e 


with Ajjxe a constant fourth-order tensor. Combining this formula with 
(IV.2.14) gives 


3 More detailed estimates will be given in Section V.3. 
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Dj; D°ux(£) = lim | . Dy Uxe(x _ y)D®° Fy(y)dy + AjjneD° Fy(2), 
x—y|>e 


where the integral is to be understood in the Cauchy principal value sense. 
We may now employ in this identity the Calderén—Zygmund theorem and 
(IV.2.13) to obtain for all 2>0 and allg>1 


elerag Ser (Flea + Iglesia) » (IV.2.15) 


where cy = ci(n, q). Likewise, one proves 


[tle+1,q S 2 (\Fleg + lglesia) - (IV.2.16) 


From (IV.2.13), (IV.2.15), and (IV.2.16) we thus obtain the following estimate 
for the solution v, p, valid for all > 0 and allg >1 


|v) e+2,9 + Iple+1,¢ < €(|fleq + lgle+t,q) (IV.2.17) 


with c = c(n,q). 


Other estimates can be obtained directly from (IV.2.8) and (IV.2.10), by 
noting that 


D°F 
|D,D°u(x)| + |D°n(2)| < e1 | bese 
rn |v —y| 


JD h(2)| < ca [| PPO ay 


Ri |e—y|"" 


If 1 <q <n, we may thus apply the Sobolev Theorem II.7.3 to obtain 


nq 
|vje+i,s: + |Ples, < ca IFleg + lgletig), s1 = Aaa (IV.2.18) 
Likewise, if 1 < g < n/2, from (IV.2.18) and (II.6.17) we have 
nq 
lees Sea (Iflea Iglesia), 82 =. (IV.2.19) 


Assume now f and g merely belonging to W"4(R”) and D™*14(R”), 
respectively, m > 0 and q € (1, 00). We can approximate them with sequences 
{fits {gn} C C§(R"). Denoting by {vx,p,} the corresponding sequence 
of solutions to (IV.2.7), we see that each solution satisfies (IV.2.17) for all 
é € [0,m] and, if 1 < q < n [respectively, 1 < q < n/2], it satisfies also 
(IV.2.18) [respectively, (IV.2.19)]. Employing these estimates together with 
the weak compactness property of spaces D4 (see Exercise II.6.2), one easily 
shows the existence of two fields v and p such that 


veB= () De44(R"), pEeP= () D14(R") 
&=0 &=0 
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and 
Jim (D*vx,%) = (D%0,), 0<|al<m+2 


Jim (D°V px, p) = (D°Vp,p) 0< |B] <m 


for all x € LY (R”). This implies, in particular, that the pair v, p satisfies 
(IV.2.7) a.e. in R” along with estimates (IV.2.17)—(IV.2.19). Furthermore, by 
Lemma II.6.1, we have 


ve w™?4( Br), peWw™4(Br), 


for all R> 0. 

Let now v1,p; denote another solution to (IV.2.7) corresponding to the 
same data as v, p, with |vi|c+2,q finite, for some @ € [0, m]. It is then easy to 
show that |v1 — v|e+2,q = [pi — Ple+i,g = 0.4 In fact, setting z = v1 — v and 
T =p, — p, we obtain 


Az=Vr 
(IV.2.20) 
V-z=0 
a.e. in R”. It follows at once that 
Vr-Vw=0 


Rv 


for any w € C§°(R”). Since D° Vr € L1(R"), |a| = £, by a well-known result of 
Caccioppoli (1937), Cimmino (1938a, 1938b), and Wey] (1940) we then deduce 
that 7 is harmonic, and hence smooth, in the whole space. As a consequence, 
by Exercise IT.11.11 it follows that D°Vr = 0. Therefore, (IV.2.20), furnishes 
AD°z = 0 and, again by Exercise II.11.11, we have |z|e42,q = 0, which is 
what we wanted to prove. 


We collect the results obtained so far in the following. 


Theorem IV.2.1 Given 
few" (R"), gE pr ha(R*), m>0, l<q<w, n>2, 


there exists a pair of functions v,p such that v € W™+?4(Br), p € 
w™*14(Br) for any R > 0, satisfying a.e. the nonhomogeneous Stokes sys- 
tem (IV.2.7). Moreover, for all € € [0,m], |v|e+2,q and |p\ce+1,q are finite and 
we have 


|vle+2.g + IPle+i,¢ < €(|fleg + lgle+1,q) : (IV.2.21) 


If, in particular, n/2 <q <n, then |v|e+1,s, and |ples,, $1 = ng/(n — q), are 
finite, and we have 


4 Notice that if v is a solution to (IV.2.7) having |v|c+2,q finite, then |ple+1q is 
finite too. 
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[vlera.sr + [Ples: + |Plerag + IPlerig SCF leg + [9letig). — (IV.2.22) 


Furthermore, if 1 < q < n/2, then |v|¢,s5,, 52 = nq/(n — 2q), is finite and the 
following inequality holds 


|vle,so+|Vle+i,s, +|Ples, +|Plete.gt+|Pletig S C(\Fleg + lgleti,g) - (IV-2.23) 


In the above inequalities, c = c(n,q, ¢). In addition, if f,g € C§°(R"), then 
v,p € C™(R") and they have for large |x| the asymptotic behavior indicated 
in (IV.2.12). Finally, if v1, p1 is another solution to (IV.2.6) corresponding to 
the data f,g with |v1|e+2,q finite for some ¢ € [0,mJ, then |v1 — vl e42,q = 0 
and |pi — ple+1,q = 0. 

The last part of this section is devoted to show existence and uniqueness 
of g-weak solutions to (IV.2.7). The results we obtain are similar to those of 
Theorem IV.1.1 and Exercise IV.1.1, with the difference that now we consider 
the problem in the general context of spaces Dy", l<q<am. 

To this end, we give the following 


Definition IV.2.1 A vector field v is a g-generalized solution to (IV.2.7) if 
and only if 


(i) v € Do'(R”); 
(ii) (Vu, Ve) = —[f, ¢], for all p € Dy” (R”); 
(ili) (v, Vy) = —(9, ¢), for all p € Cg°(R"). 


Lemma IV.1.1 implies the following result. 


Lemma IV.2.1 Let f € Wo ’"(Br), for all R > 0. Then, to every q- 
generalized solution in the sense of Definition IV.1.2, we may associate a 
pressure field p € L4(Br), all R> 0, such that 


(Vu, Vb) — (vp, V-%) = [fb], for all  € C2°(R"). (IV.2.24) 


If, in particular, f © DR"), then p € L4(IR") , and the following estimate 
holds 
IIPlla S ¢ (lag + IF ll-a4) - 


We then have 
Theorem IV.2.2 Given 


f € Dp 4(R"), 9 € L4(R"), 1<q<oo, n>2, 


there exists at least one q-generalized solution, v to (IV.2.7). Moreover, de- 
noting by p the pressure field associated to v by Lemma IV.2.1, we have 


lela + Ilplla < €UFl-1.0 + Ilglla) - (IV.2.25) 
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Ifq € (1,n), then v € L"4/("—9(R") and the following inequality holds 
Ile llng/(n—a) + Pla.q + Ilplla S CF |-1,9 + llglla) - (IV.2.26) 


Finally, if v; is a qy-generalized solution (1 < qi < 00, q: possibly different 
from q) corresponding to the same f and g, it follows that v1 =v+c a.e. 
in R”, for some constant vector cy, with cy = 0 ifq < n and q, < n, and, 
denoting by pithe pressure field associated to v1 by Lemma IV.2.1, we have 
also p; = p+ const. a.e. in R”. 


Proof. We begin to observe that if we prove the existence of a g-generalized 
solution satisfying (IV.2.25), then the validity of (IV.2.26) follows from this 
equation and Theorem II.7.6. We next notice that it is enough to show the 
existence result for f, g € C§°(R”) (fj satisfying (II.8.10) when gq’ > n, for 
alli = 1,...,n). The general case will then follow by a standard density ar- 
gument that uses (I[V.2.25), the weak compactness property of spaces Dt 
(see Exercise II.6.2), Theorem II.8.1 and the density of Cf°(R”) in L4(R”). 
Actually, given f € Dj "4(R”), g € L4(R”), let {f.}, {gn} C C5°(R”) be two 
sequences approximating f and g. If existence of a solution {vx, pz} is estab- 
lished for each f;, and g,, by ([V.2.25) and the weak compactness property of 
Do? and L4, 1 < q <0 (see Exercise II.6.2 and Theorem II.2.4(ii)), we may 
find two fields v € Do’4(R”) and p € L4(R”) such that, for all ¢ € L® (Q), 


jim (Di(ve);9) = (Div;,9), Jim (pe, ) = (p, ¢), 1,9 = 1, 22eN, 


and which, by Theorem II.2.4(i), obey (IV.2.25). Furthermore, since for any 
keN 


(Vor, Vb) — (pe, V-%) = lf, P], for all p € Co?(R"), 


we take the limit k — oo into this identity and use the density properties of 
Ce into Do "4 and L4, thus proving existence in the general case. Therefore, 
we need to show existence for smooth f and g only. In such a case, we know 
that a solution to the problem is given by v = v1 + v2 +h, p = pi t+ pao, 
where h is defined in (IV.2.10) and v1 =U « f, vg =U *« Ah, p, = —q« f, 
p2 = —q * Ah. From (IV.2.13) we obtain 


loli + [Alig < cillglla (IV.2.27) 


with cy = c(n,q). On the other hand, for fixed p > 0 and arbitrary y € 
L’ (B,) we have (extending y to zero in Bs) 


|Di(v1)sllaB, = sup |(Di(wv1);, 9)| 
ell <1 


(IV.2.28) 


= sup 
llellqr <1 


[fw | [ete — weteae| ay 
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for all i,7 = 1,...,n. From Theorem II.7.6 and the Calderén—Zygmund the- 
orem it is easy to show that, for any i and j, the function ¢, = D,U;; * y 


belongs to pe (R”) and that 
[Vorlla mn < call¢lla.e,» 


where co = c2(n,q). From this inequality, ([V.2.28), and the fact that f, 
satisfies (II.8.10) if g’ > n, we deduce 


|Verllae, < ¢slfl-1.4 
which, since c3 is independent of p, in the limit p — oo yields 
\vi lig < c3|f|-1,¢- (IV.2.29) 


with cz = cs(n,q). As a consequence, (IV.2.25) follows from (IV.2.27), 
(IV.2.29), and Lemma IV.2.1, and the existence proof is accomplished. It 
is worth emphasizing that the solution v, p just considered for f,g € CR°(R”) 
is a smooth solution to (IV.2.7) and that it satisfies 


v € Dy"(R"), pe L"(R”) for all r € (1,00). 


With this in mind, we shall now show the uniqueness part. Let v; be a q- 
generalized solution to (IV.2.7), corresponding to the same f and g. Setting 


w=v1-2, 
from the definition of s-generalized solution it follows that 


(Vw, Vd) =0, for all de DY" (R") ND)" (R”) 
: ° (IV.2.30) 
(w, Vy) =0, for all y € CS°(R”). 


By what we have shown, given F' € C§°(R"”), corresponding to f = F, g = 
¢@ = 0 there exists a smooth solution u, 7 to (IV.2.7), which further satisfies 


(u,7) € Do” (R”) x L"(R"), for all r € (1,00). (IV.2.31) 


If r < n/(n — 1), the function F' must verify (II.8.10). We now multiply 
(IV.2.7),, written for w and 7, by wrw where Wr is the Sobolev “cut-off” 
function defined in (II.7.1). Integrating by parts over R”, with the help of 


Exercise II.4.3, we deduce for all sufficiently large R: 


WrVu: Vw= -{ (Vor: Vu-w—TVvrw) —(F,w).  (IV.2.32) 


n 


R” 


By the Holder inequality, we have 


IV.3 Existence, Uniqueness, and L’-Estimates in a Half-Space 247 


| (Vur -Vu-w— TVURW) < (ela 92 + II7 la) IVeRrille, dp 


+ (ltulaq + Irlla) IVeRell,. 5, 

(IV.2.33) 
where Qp is defined in (1.7.3) and contains the support of Vwr. As shown 
in the proof of Theorem II.7.1, 


VeRrilla,o, tIVYRrMl, 5, 70 as R00 (IV.2.34) 


and so, letting R — oo into (IV.2.32), from (IV.2.31), (IV.2.33), and (IV.2.34) 
it follows that 
(Vu, Vw) = (F,w). (IV.2.35) 
Because of (IV.2.30), we may now take y = wu into (IV.2.30) and use (IV.2.35) 
to find 
(F,w) =0, (IV.2.36) 


which, by the arbitrarity of F’, in turn implies w = 0 ae. in 2, if both q 
and q are strictly less than n. Otherwise, since F' has to satisfy (II.8.10), we 
obtain w =const. a.e. in 92. From (IV.2.24) we then recover T = const. a.e. 
in 92, which completes the proof of the theorem. 


IV.3 Existence, Uniqueness, and D4-Estimates in a 
Half-Space. Evaluation of Green’s Tensor 


In this section we shall prove results similar to those of Theorem IV.2.1 and 
Theorem IV.2.2 for the inhomogeneous Stokes problem in the half-space R", 
n > 2. Here the situation is complicated by the fact that the domain has a 
boundary, even if a simple one. We begin to study the problem 


AW =VS 
in Rt 


V-W=0 (IV.3.1) 


W=@ at V={rx eR”: 2, =0}, 


where  € C™(2’) for some m > 1, ® = O(log |€|) as |E| > o0,1 and D°® € 
C(), 1 < |a| < m. To this end, we introduce with Odqvist (1930, §2) the 
Stokes double-layer potentials (for the half-space) 


Wij (ae —y)  Wyj(a — 
we) =2f 068) [tant a) + LEAD 4 Mal te, 
Z Uk OYi 
s(v) = ~4f 8(y) “BEY nor, 
py Yi 
(IV.3.2) 


' We could allow @ to “grow” faster. Such a weaker assumption, however, would 
be unessential for further purposes. 
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where n (= —e,) is the outer normal to ¥.? Recalling the expressions (IV.2.3) 
and (IV.2.4) of the Stokes fundamental solution, (IV.3.2) can be rewritten as 


(IV.3.3) 
S(x) = —D; f k(x! —y', tn) Pi(y')dy’ 
with z’ = (21,...,%n—1) and 
2 In(xi — yi) (Zi — Ys) 
- / — / — SNE NTT ——} 
re uae) wn (le —y'2 + azyemreye” 0, 
(IV.3.4) 


4 Ln 


Rel al a SS 
(a y', Ln) NW, (ja! — y/ |? + 2)n/2’ 


Yn = 0. 

We easily show that W and S are C™ solutions to (IV.3.1), 5. In fact, it is 
clear that W and S' are smooth; in addition, since q is harmonic (for x 4 y) 
from (IV.2.5) and (IV.3.2), we find 


OPqj(x—y) | 0a;(x—y) 

AW, (x) = -2 f ily) | Duce: FD, | npdoy 
and, by (IV.2.2)2, 
OW; (x) _ / — Og(a—y) , PUij(e@—y) | PUR; (a — y) 

Ox; =e ei) dis Ox; + Ox 5 OY * Ox jOYs nedoy 
= -2f Mite Dag, 
z Uj 
However, it is immediately checked that 
Og Og; OG OG; OG OG OG, OG 0 
» LFY, 


Ox; 7 Ox,” Oy; 7 Oy” Oy; a Oa,” Ox; OY; 


and so,we deduce that (IV.3.1), 5 are satisfied. Also, for all 2’ € R”~! we can 
prove 
lim, W (2', tn) = B(2’). (IV.3.5) 
Actually, for fixed € € R"~!, we take an n — 1-dimensional ball C., centered 
at € such that 
sup |®(€) — B(y)| <e. (IV.3.6) 
yeCe 
By a direct calculation based on (IV.3.4)1, one shows that the following rela- 
tions hold: 
? The functions (IV.3.2) are the analogue of the familiar Poisson integral for the 


Dirichlet problem for Laplace equation in the half-space, considered at the end 
of Section II.11. 
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G) ff KyE-v,en)d/ = 65 +011) as 250, 
Ce 
(i) f KuE-v,20)]dy! <c 
Dy 


with c independent of x, and €. Likewise, using the growth properties of &, 
we obtain 


(iii) i: Ki (E-y', tn) @i(y')dy’ =0(1) as rz, 0. 
Ee OF 


Therefore, using (i) and (iii) we recover as x, — 0 


Wy(Ean) (6) =f Kyle — a! 2a) Yay’ — 8506 
+f Kalan) biu a 


a Kij(E— y's tn) [Pily’) — Pi(§) dy’ + o(1), 


€ 


which, in view of (IV.3.6) and (ii), in turn implies 


lim sup |W(€, zn) — B(€)| < ce. 


Ln—0 


By the arbitrarity of ¢, we deduce (IV.3.5). 

We wish to determine some L%-estimates for W and S in terms of & 
analogous to those derived for the Dirichlet problem for the Laplace equation 
at the end of Section II.11, and which for problem (IV.3.1) were proved for 
the first time by Cattabriga (1961). To be specific, we shall deal with the case 
n = 3, the general case being treated similarly. For |a| < m, from (IV.3.3) we 
have 


DP°W;(x) = i Kij(a! — y',tm)D!°@;(y!)ay 
ay, 


(IV.3.7) 
D!*S(x) = -p; | k(x’ — y', @)D'Bi(y')dy’, 
y 
where 
pie a 1V.3.8 
© Opp One cae a ay tagt...+4m-1=|a), — {1V.3.8) 


We observe that from (IV.3.4) it follows that Kj,;(x’,x3), i,j = 1,2,3, and 
k(x’, a3) are of class C® for x3 > 0, with bounded derivatives of any order in 
the hemisphere {||? = 1,73 > 0}. Moreover, since 
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Ui vj XZ a (< =) 
at eyes = A “AleP Ie! 
4 yt 


| |x)? 


x3 (= x3 
— Ww — — 
1 |z| |x|" || 
k(a’ == 
(x , £3) ea al? jae 
and observing that 


2i;(2',0)=w(2",0) =0 forall a’ 40, 


we conclude that Kj; and k satisfy all assumptions of Theorem II.11.6. So, if 
D°@ is in L4(%) and has finite ((D°®));_1/¢,q norm, 1 < q < 00, we obtain 


VD°W, D'S € L1(R%) 
together with the following estimate 
|D!°W | 1,9 + ||D’*Sllq < ¢((D°#)) 1-1 9,95 (IV.3.9) 


where c depends only on q, n (=3), and a. A similar inequality also valid for 
x3-derivatives can be easily obtained using (IV.3.9) and the fact that W,S 
is a solution to (IV.3.1). Let us consider the case ja] = 1. Differentiating 
(IV.3.1), with respect to x3 and employing (IV.3.9), we have 


||D3Wallq < ||D3D2Wallq + ||DsDiWillg < 2c((V®))1-1/q,q- — (IV.3.10) 


Moreover, setting 


2 2 
Wat aAn, #2222 v= (3 ) 


~ Ox? = Ox2’ Oxy’ Oxo 

from (IV.3.1), we obtain 
AW; = D3S 
D2W' = —-A’W'+V'S 
and thus, again by (IV.3.9), 
||DsW'llq + || DsSllq < 8e((V®))1-1/4,0 
which, along with (IV.3.10), proves the desired estimate; that is, 
[Weg +1Sli.q S C(V®))1-1/q,° 


where c depends only on n, a, and q. More generally, if |a| > 1, one can use 
a similar argument (which we leave to the reader) to show the inequality 
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[West +|Sleg Se >> (D°®))1-1/¢,0 (IV.3.11) 
jaj=k 


where 0 < k < m. If q € (1,n) we may obtain a sharper estimate. In fact, 
from Theorem II.6.3(i) and (IV.3.11), we deduce, in particular, the existence 
of constant vectors W‘ such that 


> |D°W — WO IIngi(n—g S © D> (D°B))1-1/4,0- 


jaj=k jaj=k 


However, by direct inspection, from (IV.3.3); and (IV.3.5)1, we have D*W —> 
0 as 2, > 00, |a| > 0 which, in turn, implies (as the reader will easily show) 
W*) =0. Therefore, we conclude 


|W i..na/(n—a) + |Wletig t+ |Slkq S¢ » ((D°®))1-1/qaq ifg € (1,7). 
jaj=k 
(IV.3.12) 


The results proved so far continue to hold if we weaken somewhat the 


regularity assumptions made on ®. For later purposes (see Section IV.5) it is 
interesting to consider the case when 


Bew™ (ys) with s ((D°®))1-1/4,q < ©. 


ja|=m 
Under these hypotheses it is simple to show that (IV.3.2) is still a C™-solution 
of (IV.3.1), 5 though, of course, the boundary value is now attained a priori 
in a way less regular than (IV.3.5), that is (see Exercise IV.3.1), 


Ln—0 


lim | |W(2', zn) — &(x')|%dax' = 0, (IV.3.13) 
Cc 


where C is any compact subset of »’. Furthermore, since by the results of 
Exercise II.10.1 it follows that ((D°®))1_1/q,q is finite for all |a| € [0,m], we 
conclude that 

D°VW, D*S € L*(R%), 


and that inequality (IV.3.11) holds for these values of a. 
We may thus summarize all previous results in the following. 


Lemma IV.3.1 Let 6 € C™(X), m > 1, with ®(€) = O(log |€]) as |E| > 
oo and D°® € C(L), 1 < Jal < m. Then the functions W, S defined by 
(IV.3.3), (IV.3.4) are of class C° in R'} and satisfy there (IV.3.1) and (IV.3.5). 
Moreover, if ® € D*:4(X)) and ajar ((D°#))1-1/q,¢ is finite for some integer 
k €[0,m], 1 <q <0, then 


(i) |W|k41,¢ and |S|x,q are finite, and, if gq € (1,n), also |W|kng/(n—q) is 
finite ; 
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(ii) W, S satisfy inequalities (IV.3.11), (IV.3.12). 


Likewise, let 


BeEwW™4(E) with YS) ((D*B))1-1/4,q < 00. 


ja|=m 


Then W, S satisfy (IV.3.1), ([V.3.13) and statements (i) and (ii) hold for all 
integers k € [0, ml. 


Exercise IV.3.1 Show the validity of condition (IV.3.13). Hint: Use the same ar- 
guments adopted in the proof of (IV.3.5). 


We shall next consider the problem 


Aw=Vs+f 
in Rt 


Viw=g9 (IV.3.14) 


v=0 at », 


where f, g € C§°(R") and shall prove the existence of a solution verifying 
suitable estimates in terms of the data. This will be done by reducing (IV.3.14) 
to (IV.3.1) and then using Lemma IV.3.1. First, we make extensions f,. and 
gr of f and g to the whole of R” in the way suggested in Exercise IT.3.10, so 
that f,, 9r € Ci**(R") for sufficiently large r and 
|[D? Fella < c||D® fllarn 
0< |) <r41, (IV.3.15) 
||D’ grllarn < cllD’gllary 


where c depends only on r, n, and q. Successively, we look for a solution of 
the form _ 

w=u,t+wWw, s=s,4+S, (IV.3.16) 
where wy, $1 is the solution to (IV.2.7) with f = f 
existence is ensured by Theorem IV.2.1, while W,S solve 


, and g = g,, and whose 


AW =VS 
- in Rt 
V:-w=0 (IV.3.17) 


W =-w, at X. 


We shall show that & = —wy|y satisfies the assumptions of the first part 
of Lemma IV.3.1. Therefore, by that lemma, Ww, S will obey, in particular, 
estimate (IV.3.11). From Theorem IV.2.1 it follows that 6 € C™(2’). More- 
over, B(E) = O(log |é|) and D°® € C°(L) for all ja] € [1, s] if n = 2, while 
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@® € C™(Z) for all m € [0, s] ifn = 3. Let us now prove that for any |a| € [1, s] 
and any q > 1 
D°@ € L4(5), 
(IV.3.18) 
((D°®))1-1/¢ <%, 

so that all the hypotheses of the first part of Lemma IV.3.1 are fulfilled. 
Recalling that w is given by (IV.2.8), with F = f,.—Ah, = f,.—Vg,r where 
h, is given by (IV.2.10) with g, in place of g, from (IV.2.12), we find 


D°@(z') = O(|2'|~"*") as |z’| > 00. 


This property, along with the fact that D°® € C°(L), implies (IV.3.18),. On 
the other hand, using Theorem IT.10.2 and Theorem IV.2.1, it follows that, 
for all |a| > 0, 


((D°Vw1))1-1/4,4 S$ ¢||[D°Vwillar 
(IV.3.19) 
Se (|D° Fla + ||D°gr|lar) - 


We may thus apply Lemma IV.3.1 and use (IV.3.16), (IV.3.19), ([V.3.15), and 
Theorem IV.2.1 to obtain for all 2 > 0 


leler2.g t+ Isletag S [wilesa,g + salerig + [Wles20 + [Sler1.¢ 
(IV.3.20) 
<e(|Fleg + Iglesia) » 
where c depends only on q, @, and n. As in the proof of the previous lemma, 
we observe that, if g € (1,n), from Theorem II.6.3, the fact that D’w — 0 as 


Ln — 00, |a| > 0, and (IV.3.20), we deduce that |w|e+1ng/(n—q) is finite and 
that 


|] e+1,ng/(n—a) SEU Flea + Iglets.a) - (IV.3.21) 


By using exactly the same procedure employed for Theorem IV.2.1, based 
on the density of Cg°(R%) in W'!(R”), inequalities (IV.3.20) and (IV.3.21), 
and the functional properties of spaces D™4(R"), we can extend the results 
just proved to the case where 


few™ (Re), geD™t (RI), m>0,1<q<o. (IV.3.22) 
Clearly, the corresponding solution, that we continue to denote by w, s, is 
such that 

we) D*?7(R7), se [)D*"(R), (IV.3.23) 
£=0 £=0 
and, if g € (1,00), 


oe a pina e-aipe), (IV.3.24) 
&=0 
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Thus, in particular, by Lemma II.6.1, 
wewni(C), sewm(C), 


for all (open) cubes CC RY‘. Finally, w and s satisfy (IV.3.20), and, if q € 
(1,7), (IV.3.21) for all @ € [0, m], and w has zero trace at the boundary. 


We have therefore proved 
Lemma IV.3.2 For any f,g in the class defined by (IV.3.22), there exists a 
solution w,s a.e. to the nonhomogeneous Stokes system (IV.3.14) such that 


wewn(Cc), sewmt(c), 


for all open cubes C C R'}. Moreover, w, s satisfy (IV.3.23) and, if q € (1,n), 
also (IV.3.24). In addition, for every ¢ € [0, mJ, the following inequality holds: 


|wle+2q + |Slerig S €(lFlea + lglert.a) - (IV.3.25) 


If q € (1,7), we also have: 


lwlesana/in—a) + Wwles29+ Islere <e(lfleg+Igleria)- — (1V.3.26) 
In the above inequalities, c = c(n, £, q). 


The next step is to prove uniqueness for such solutions. In this respect, 
the general result proved in the following theorem is appropriate. 


Theorem IV.3.1 Let ue W™*2:4(C), tr € W™19(C) (m > 0, C arbitrary 
open cube in R', n > 2) be a solution a.e. to the Stokes system (IV.3.14) 
with f = g =0. Assume |ule+2,q finite for some € > 0 and some q € (1,00). 
Then 

|ule+2.q = |Tle+1,q = 0. 


In particular, if 0 = 0, then 
U=a2L,, 7 = const. 
with a = (a1,...,@n—1,0) constant vector. 


Proof. To fix the ideas, we shall consider the case n = 3 and @ = 0, the general 
case being handled in a completely analogous way. As in the proof of Theorem 
IV.2.1, we obtain at once that 7 is harmonic throughout the half-space. Let 
ue and 7.-/be the regularizations of w and a, respectively, with respect to 
wv’ = (#1, 22). It is readily shown that, for all «’ > 0, uz and 7. satisfy the 
same boundary-value problem as u,7 and that 


w= Due, s= Dr 


with D’ defined in (IV.3.8), are solutions to the following problem 
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Aw = Vs 
in R3 
V-w=0 


(IV.3.27) 
w=0 at Y=R? x {0}. 

By assumption and the properties of mollifiers one shows 
w,s,D?w,Vs€ L"(R3) 


and, therefore, by a simple interpolation, 


w € W2(R3); 


(see Exercise IV.3.2). Let now f € Cg° (R°) and let v,p be the corresponding 
solution determined in Lemma IV.3.2 with g = 0. Evidently, 


0, =D"v, pp =D" 
solve (IV.3.14) with f replaced by Df and g = 0. Moreover, 
v1 € W247 (R38), pi © WE (R3). 


We next multiply (IV.3.27), by v1, integrate by parts, and use Theorem II.1.2 
to obtain 
o- | wD?g= | Dw: f. 
RY RY 


Since f is arbitrary from CG? (R,) and w € L4(R%), from this relation and 
(IV.3.27) we derive, in particular, for all z € R? and all <’ > 0 


w(x) = Du, (x) =0 
(IV.3.28) 


DP? aa (@) = Cer, 


where c-, depends only on e’. Since 7" is harmonic throughout R? with Vie € 
L1(R%.) we deduce with the help of (IV.3.28), that 7. must be constant 
with respect to x, for all e’ > 0, which finally gives 7 = const. This being 
established, from 

Auz = V Ter 


it follows that uw. is harmonic throughout the half-space. Recalling that 
D?u € L4(R2.) and ue, = 0 at Y, from the property of mollifiers and Re- 
mark II.11.3 it is easy to show that D?u = 0, i.e., u = up + Up - x, where ug 
and Up are a constant vector and a constant 3x3 matrix, respectively. Since u 
is zero at Y and V-u=Oin Ri one obtains, in conclusion, u = x©3(a1, a2, 0), 
for some a1, a2 € R. The proof of the theorem is thus complete. 
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On the strength of the results shown so far, we can prove the following 
theorem, which represents the analogue of Theorem IV.2.1 for the half-space. 


Theorem IV.3.2 Let ©) = {x € R” : x, = 0}. For every 
fewn(R)), ge D™*'*(Ri) 


and 
Bew"''(y) with SY> ((D°S))1-1/q,q finite, 


ja|=m+1 


m>0,1<q<o,n> 2, there exists a pair of functions v,p such that 
vE wt?4(C), Dp € wera), 


for all open cubes C' C R", solving a.e. the following nonhomogeneous Stokes 


system 
Av=Vp+f 
in Rt 


Viv=9 (IV.3.29) 


v=@®@ at Dd. 


Moreover, for all £ € [0,m], the seminorms |v|e+2,q4 and |p|e41,q are finite and 
we have 


wle+2q+ lett < C(Iflea + lglg + D> ((D%O))1-1/aq)- (IV-3.30) 
ja|=@+1 


If, in particular, q € (1,n), then also |¥|¢41nq/(n—q) is finite, and, for all 
£€ [0,m], we have 


|e e+1,ng/(n—a) + |Plet2,atlsleti¢ S e(lFleatlglerta+ ? ((D*¢))1-1/a,a) - 
ja|=é41 

(IV.3.31) 
In the above inequalities c = c(n,q,m). Furthermore, if v1, p, is another 
solution to (IV.3.29) corresponding to the same data and, for some é € [0, ml, 
|v1|e42,q is finite, then |v — vileroq = |p — Pilesi,g = 0. In particular, if 
é = 0, there exists a vector a = (a@1,...,@n—1,0) such that v = v1 + avn, 
p = pit+const. Finally, if = 0, q € (1,n) and |v1|1nq/(n—q) is finite,® then 
a=0. 


Proof. A solution to (IV.3.29) is given by v = W+w, p = S'+ 8, where 
W,S and w,s are given in Lemma IV.3.1 and Lemma IV.3.2. Then, from 
those lemmas, we deduce that v, p possesses all the properties claimed in the 


3 Notice that, by Theorem 11.6.3(i), we can find a uniquely determined c € R” such 
that ||Vu1 + €||ng/(n—q) is finite. So, the request is that c = 0. 
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statement. This concludes the proof of existence. Concerning uniqueness, in 
view of Theorem IV.3.1 we have only to discuss the case when a = 0. But this 
is obvious, since, under the stated assumptions, V(v — v1) € L"4/("-9(R"). 
The proof of the theorem is complete. 


Exercise IV.3.2 Let u € L4(R) with D?u € L4(R%), 1 < q < oo. Show that 
Vu € L7(R'). Hint: Use Ehrling’s inequality (II.5.20) on every unitary cube in R. 


Our next task is to prove existence of q-generalized solutions to problem 
(IV.3.29). In complete analogy with Definition IV.2.1, by this latter we mean 
a field v such that 


(i) ve Dt 4(R?); 
(ii) (Vv, Vy) = —[f, ¢], for all p € Dy” (RY); 


) 
(iii) (v, Ve) = —(9, 9), for all » € Co*(RY); 
(iv) v obeys (IV.3.29), in the trace sense (see (IV.3.13)). 


In view of Lemma IV.1.1, if f € Wo '“(C), for all open cubes C C R®, 
then, to every q-generalized solution we may associate a pressure field p € 
Li,.(R%) such that 


loc 
(Vv, Vp) — (p, Vb) = -[f, p], for all p € Co°(R"). 
Moreover, if f € Dp '’4(R%), then p € L4(R"). 
We have 
Theorem IV.3.3 Given 


fe D) (RY), 9 € L1(R%) 


and 
Ge L1(S’) with ((®))1-1/qq finite, 


1<q<o,n> 2, there exists at least one q-generalized solution to (IV.3.29). 
Moreover, this solution satisfies the inequality 


wlia + Iiplla < ¢ (IF l-1.4 + Ilglla + ((6))1-1/a,4) + (IV.3.32) 


where the constant c depends only on q and n. Finally, if v1 is a q,-generalized 
solution (1 < qi < 00, q1 possibly different from q) corresponding to the same 
f, g, and ®, it follows that v; = v a.e. in R'% and, consequently, denoting 
by p,the pressure field associated to v; by Lemma IV.1.1, we also have p, = 
p+ const a.e. in R". 


Proof. We first show existence. As we know, if f, g € Coe (R”), a smooth 
solution to (IV.3.29) is given by 


v=u+W, p=pitS, 
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where 
V1;(2) x) + Ux * (fsk — Dregs) (£ )= hi(x) + Ai(x) 


sale Kij (2! — y', tn) Ay (y’, 0)dy! 


I Kig(a! — y/,an)[®,(y") — hy (y’, 0)]ay! 


= B(x) + b;(x) 
pi(x )=-G* (fei — Digs)}(2 ) 
= D; 5 fa —y', @n)Aj(y’, 0)dy’ 


2 i (2! — y/,@n)[®j(y/) — hy(y/, 0)]dy’. 


Moreover, h is defined in (IV.2.10) while f, and g, are smooth extensions of 
f and g to R” satisfying (IV.3.15). Since h(y’,0) € £2(2’), by Lemma IV.3.1 
we find 

[Blaq Ser ((())1-1/a,q + IIglla) - (IV.3.33) 


Let us now estimate the term A+ B. For fixed y € CG°(B,), we have 


T= (D(A + Boe) = [eee f Une w)lfaclw) ~ Deaslo)lty 
-{ Kij(a’ — 9, &n)Aj (1, oan} 
>» 
= [ elape{ f Cale — witty) ~Praclty 


= [ Koletnses) | Uinta! ~ sam lfx(a) Deas) ant} da 


and, therefore, after integration by parts, we arrive at 
- ‘ [fse(y) — Degs(y)]Dezindy (IV.3.34) 
R” 
with 


zin(Y) =] {Ul =9)= I Kij(a'—n, 23) U jay’ —y', un)ai/} y(x)dz. 


Denote by Zix (x,y) the function in curly brackets in this integral. It is easy 
to show that, for every fixed y € R", it holds that 
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Zin (x,y) =0, for all z € R%. (IV.3.35) 


Actually, for y € R", by what we already proved in this section and the 
Ys y y 
properties of the tensor U, both 


Uix(x — y) 
and 
i Ki (a! — 9, tn) Uj (0! — y's yn) dn’ 
a 


as functions of x solve the Stokes system in R% and assume the same value 
at &’. Moreover, they both have second derivatives that are summable in R™ 
to the qth power, 1 < q < oo. Therefore, by Theorem IV.3.1, their difference 
d(x) (say) can be at most a (suitable) linear function of x,. However, as is 
immediately seen, d(x) tends to zero as x, tends to infinity and (IV.3.35) is 
therefore established. Setting 


Ceik (y) = Dexix(y), 
from (IV.3.35) we obtain, in particular, 
Con(y) =0, for ally eR". (IV.3.36) 
We shall show next that Ce, € D'4(R%) and 
ICeinliag S ll¢lla.B, (IV.3.37) 


for some c independent of p. To this end, we observe that 


Ceik = Di | Vin (x — y)p(x)da + Di | Ujr (a! — y's Yn) xig(n', Od!’ 
R" Dy 


ae, 
(IV.3.38) 
where 
20 sta) = [. Ki; (a! — 1, 2n — Mn) p(a)da. (IV.3.39) 
+ 
By the Calderén—Zygmund theorem, we have 
CM lag < callella,z, (IV.3.40) 


with c, = ci(q,n). Moreover, it is not difficult to show the following two 
statements: 

(i) Ujn(n’ —y’, yn) satisfies the assumptions made on the kernel k in Theorem 
I : 


ee 


(ii) Xag(n', 0) € L1(2). 
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We may therefore apply Theorem II.11.6 to deduce 
whee max((xig(1", 0)))1-1/4,4 (IV.3.41) 


with cg = c2(q,n). Applying the trace Theorem II.10.2, from (IV.3.41) we 
recover 
CP hig Ses max |iglig (IV.3.42) 


However, employing Lemma IJ.11.1, it readily follows that for each fixed m, 2, 
and j the kernels D,,Kj; are linear combinations of kernels, each satisfying 
the hypotheses of the Calderén—Zygmund theorem, so that from (IV.3.39) it 
follows that 


Ixigliq S call¢lle,,, 


with cy = c4(q,n). This inequality, together with (IV.3.42), furnishes 


Clg < csll¢lla.z,, 


which, along with (IV.3.40), proves (IV.3.37). In view of Theorem II.7.7, from 
(IV.3.36) and (IV.3.37) we conclude 


Ceik € Dye) 
(IV.3.43) 
ICecel1.q < CollY|lo,B, 


for a constant cg independent of p. With a view to (IV.3.43) and (IV.3.36), 
from equation (IV.3.34) we derive 


[Z| = |(De(Ai + Bi), 9) S er fs — V9s|-1.4.R2 | ¢lla.B, 


IA 


er (IFl-1a.Ry + Ilgllane ) Ilella.z,» 
so that, by the arbitrariness of y and p, we obtain 

|A+ Blig <a (|fl-1¢ + lle) (IV.3.44) 
From (IV.2.13), (IV.3.33), and (IV.3.44) we then conclude 


lig S ¢9 (Fl-1.¢ + Iiglla + ((9))1-1/a,4) - 


By similar argument one shows 


IIPlla < co (\Fl-1,4 + Iiglla + ((%))1-1/a,4) 


and thus the existence proof is complete, at least for smooth f and g. If 
f and g merely satisfy the assumptions formulated in the theorem, we can 
easily establish existence by means of the estimate (IV.3.32) and the usual 
density argument which, this time, makes use of Theorem II.8.1. The proof 
of uniqueness is entirely analogous to that given in Theorem IV.2.2 and it is 
therefore omitted. The theorem is completely proved. 
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A simple, interesting consequence of Theorem IV.3.3 is the following. 


Corollary IV.3.1 Given 
g€ LRN) NL®™(R), 1<qa<oco, 
there exists v € Dg’4(R%) N Do” (R%) such that 


V-v=g in RY 
(IV.3.45) 
|vlir < ellgllr r=4,41; 


where c = c(n,r). 


In the last part of this section we shall provide the Green’s tensor (of the 
first kind) for the Stokes system in the half-space. We look for a tensor field 
G(a,y) = {Gi;(x, y)} and for a vector field g(x, y) = {9;(x, y)} such that for 
all j =1,...,n: 


Og; (x, an 
A.Gy(2,y) + Hew) = 0, rye RY, 2 Ay 

OGi; (x,y) Ipn 

en, x,y € RY 


Gi;j(z,y) = 0, c€ Y=R"'x {0}, ye RF 


| ae Gi(z,y) =0, yeR!, 


and, moreover, as |x — y| > 0 


Gi;j(x,y) = Vig(x@ —y) + 0(1), 9; (z, y) = a(x — y) + O(1), 


where U,q is the Stokes fundamental solution (IV.2.3), (IV.2.4). The pair 
G,g is the Green’s tensor for the Stokes problem in the half-space and is the 
vector counterpart of the Green’s function for the Laplace operator given in 
(II1.1.35). We can provide an explicit form of G and g, see, e.g., Maz’ja, 
Plamenevskii, & Stupyalis (1974, Appendix 1), and one has for j = 1,...,n 


and y* = (y1,..-,—Yn) 


Gi; (x,y) = Uij(z — y) —Uig(e@ —y*) + Wij(z,y), t=1,...n-1 
Ging(&, y) = Ung (@ — y) + Ung (@ — y*) + Wrj(2, 9), 
g(x,y) = a(x —y) -alz—y") —ti(z,y), t=1,...n-1 
Gn(©Y) = Gn(@ — y) + In(@ — y*) — tr(@,y) 


(IV.3.46) 
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where W;; (x,y), ti(x, y) satisfy for all 7 =1,. 


Wij (x ,Y) == f Kos(e' — 1, Ln) [Vin (1! — vie —Yn) 
Uin(n! —y',yn)ldn’, i=1,...,n-1 


Wrj (a ,Y) =~ f Kost Knj (x —7, Ln)[Unn(’ —~ y', —Yn) 


—Unalt =o dalla 
(IV.3.47) 


ti, y) = —Dn | h(a! — 1, %tn) [Vin 7 — 9's Yo) 
> 
—Uin (1! — y's Yn) an’, i= 1, ag = 1 


Ce ene i k(e? —1f,¢_) Canali! — ¥/',—n) 
—Unaly’ —y,Yn)lan’ 


where the kernels Kj; and k are defined in (IV.3.4). In particular, one finds 
for n = 3: 


Oo? 1 
Weslayy) = AF (4), ane 
r3 O 1 r3y3 0? 1 ; 
— __ 4&3 i T3Y3 OO =1,2 
3j(@, 9) oo (—)+ An Ox;0ys \Ja—yt J? 97 
y3 O 1 T3Y3 er 1 ; 
Wi3(z, y) = -—— | —— “dn Seed \iaa? 7 
3(x y) An Oy; (= ) a 4nr Ox30Y; je—y | . 
1 «3 0 1 a 
rays 1 
4n Ox30Y3 |x —y*| 


y3 Oo 1 ; 
tj ) = 5. BL. bo bh ee = 1,2, 
(2,y) Qn Ox30Y; (. -y ) : 


t3(a fo _—_ 4 —— 
Nee 2n Ox3 \ |x — y*| 27n Oxrz30y3 \\a—y* |)’ 


4 Uij(a—y*) is regular for all x, y € R%. Notice that, unlike the analogous Green’s 
function for the Laplace operator, the function 


Ui (x — y) — Vig (a — yr) 


cannot be taken as the Green tensor for the Stokes problem, since the solenoidality 
condition is not satisfied. Thus, we must modify it by adding functions W;;. 


(IV.3.48) 
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while, for n = 2: 


T2Y2 oO? 1 
11(2, y) On dx Oy, (m —) ’ 


x2 O iL r2y2 0 1 
W. = —— — | In —_ or l 
A eee (m —_) "Gr OeiOy Te ¥T) 
y2 O 1 toy. 1 
Wiley) = —2 5 (In 
12(2, y) Qn Oy (in ——) 7 Qn Oxr20y, "Try" 


1 1 O 1 
Wo2(z,y) = — In —— ai ln —— 
Q0r |x | 


"Je—y"] 2x Oza 
2 
_ yo O° (1 —7) 4 E2y2 a) (1 —7) 
27 Oyo la — y*| Qr Ox20Oyo la — y*| 


O? 1 
ti(a, y) = 2 ( —) ’ 


OT Ox20Yy1 " la — y*| 


Y2 Oo? 1 
t = —— —— | ln —— ]}. 
2(x, y) Ir Ox20y2 (ms) : 
IV.3.49 


From (IV.3.46)—(IV.3.49) we wish to single out some estimates for Gg that 
will be useful later. Precisely, by a simple computation, we find for n = 8, 


|D°Gij(z,y) < |e— yl! 
(IV.3.50) 
|D*gi(x, y) < |x — yl-? I! 
and for n = 2, 


|D°9:(2,y)| + |DeD°Giz(x,y)| < ele — yl", (IV.3.51) 


where |a| > 0, c= c(n) and D®, D,, are acting either on x or y. 


Exercise IV.3.3 Starting from (IV.3.46), (IV.3.47), prove the following estimates 
for all n > 3 and all ja| > 0 


|[D°*Gis(a,y)| < ex —y|-7 le? 
; (IV.3.52) 
|[D% g(x, y)| + |DeD°Gig(x,y)| < ele — y[-* I". 
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In this section we will investigate the properties of generalized solutions “far” 
from the boundary of the region of motion by means of the results established 
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in Section IV.2 for solutions in the whole space. Actually, we consider a pair 
of functions v,p with v € Wie. (2), V-v = 0 in the generalized sense and 
p € L},,.(@) satisfying identity (IV.1.3) for all x € C§°(Q) and shall show that, 
for suitable f, the fields v, p obey certain L%-inequalities that imply, among 
other things, that any weak solution is in fact of class C®°(2), provided f 
enjoys the same property. 

We begin to prove some preliminary results. First of all, the regularizations, 
Ve, Pe, of v and p, respectively, obey the Stokes equation in any subdomain 
Q with Qo C Q. This result is a straightforward consequence of the following 
very general one. 


Lemma IV.4.1 Let 2 be an arbitrary domain of R", n > 2. Suppose that 
v € Lj,.(2) obeys the conditions 


(v, Ap) = (f,), for allp € D(Q), 


(IV.4.1) 
(v, Vu) =0, for ally € CX(2), 


where f satisfies either (i) f € L},,(Q), or (ii) f € Do ’"(w), for all w with 


loc 


@C 2, and some q > 1. Then, for any domain Q with Q) C Q, we have 


Av. = Vp) +g 
‘ © in 2, 
V-ve =0 


(IV.4.2) 


for some p©) € C™*°(Q2), and where g = f, in case (i), while, in case (ii), 
g. =V-F-., where F € L"() satisfies (f,x) = (F, Vx), for all x € D(M) 
(see Theorem II.1.6 and Theorem II.8.2). 


Proof. Let p € D(2). Then yp, € D(2), whenever € < dist (2, 02), and can 
be thus replaced in (IV.4.1),. Using this latter relation, by a straightforward 
calculation that uses Exercise II.3.2, we then show 


(Av. —g-,~) =0, for all p € D(M). 


Therefore, (IV.4.2)1 follows from this equation and from Lemma III.1.1. The 
second equation in (I[V.4.2) can be proved from (IV.4.1) in exactly the same 
way. 


The previous result trivially implies the following one. 
Lemma IV.4.2 Let 92 be an arbitrary domain of R", n > 2, and let v,p with 
v € Wee (2), Vv =0, and p € L},.(Q) satisfy (IV.1.3) for all  € CS (Q) 


loc 


and with f € Li..(Q). Then the regularizations, vz, pe, 


loc 

Av. =Vpe+ fe 

in {2, 
V-v-=0 


(IV.4.3) 


for all domains Q9 with Q C Q. 
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Employing Theorem IV.2.1 and Lemma IV.4.2 we shall show the following 
interior regularity result. 


Theorem IV.4.1 Let 2 be an arbitrary domain in R", n > 2. Let v be 
weakly divergence-free with Vv € Li..(2), 1 < q < oo,’ and satisfying 
(IV.1.2) for all y € D(Q). Then, if 


it follows that 
ve Wirt), pe with.) 


loc loc 


where p is the pressure field associated to v by Lemma IV.1.1. Further, the 
following inequality holds: 


|U|m-+2,4,0 + [Plm+i,4,2 S €(Fllmq.a” + Wlellijg,e”—a + |[Pllq,e”-2) 
(IV.4.4) 
where 2’, 2" are arbitrary bounded subdomains of Q with 2’ CQ", 2" Cc Q, 
and c = c(n,q,m, 2, 2"). 


Proof. Consider a “cut-off” function y € C®(R”) that is one in 2 and zero 


outside 2”.? Choosing in (IV.4.4) 2 D Q” and multiplying (IV.4.3) by 9, 
after a simple manipulation we obtain that the functions 


U= PVe, T= Ppe 


satisfy 
Au=Vr+fi+f,. 
(IV.4.5) 
V-u=4q, 
where 
fi=¢fe fo=—peVP+2Vp:Vv_et+v-Ay 
(IV.4.6) 


gG=VYP: ve. 


Problem (IV.4.5) can be considered in the whole of R", by extending v., p- 
and f. to zero outside 2”. Since D?u € L4(R”") we may apply Theorem 
IV.2.1 with m = 0 to deduce the following estimate 


|D?ullg + [Vallq <r (IP Fella + IVV E> veJllq 
(IV.4.7) 
[Vie - Vvellg + lve A¥llq + llPeV¢lla) » 


where cy = ci(n,q). From (IV.4.6), (IV.4.7) and from the properties of ~ we 
obtain 


' Notice that, by Lemma II.6.1, v € L7,.(2). The assumption on v can be weak- 
ened. We shall show this directly for the nonlinear case in Chapter IX. 
? For instance, we may choose y as the regularization (yq’)- of the characteristic 


function of the domain 2’ and take ¢ sufficiently small. 
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|| D7 vellq,a° + Veellq.a Se (Fella + llvelliqa-—a" + Ilpellg,.a”—a") - 


Letting « — 0 into this inequality and recalling the properties of the molli- 
fier (II.2.9) along with the definition of weak derivative, one thus proves the 
theorem for m = 0. The general case is now treated by induction. Assuming 
that the theorem holds form = @— 1, > 1, we shall show it form = @. By 
hypothesis we then have 


ve Wet), pe W24(2) 


loc loc 


and, moreover, 
lUle+i,qat + |Plegat < (Fleas w+ |lvlliq.er—a8 + IIpllq,.0” 28) (IV.4.8) 


where 2 c Qt, Qt C 2". We now choose y in (IV.4.5) as a C® function 
that is one in 2 and zero outside Q'. Applying Theorem IV.2.1 to solutions 
to (IV.4.5) and recalling (IV.4.8) we thus deduce 


|vele+2,q,0' + |Peleti,g,a S e1 (IF lleq,02 + ||velle+i.¢,.0#—a + IlPe\|q,2#-2") 


<1 (IF lleg.o” + [lolli¢.e7—2" + [lplla.o”—2") - 


This inequality, in the limit ¢ — 0, then proves the validity of the theorem for 
arbitrary m > 0. 


Remark IV.4.1 It is of some interest to observe that if Q/” — 9’ satisfies 
the cone condition, the term containing the pressure on the right-hand side of 
(IV.4.4) can be removed, provided we modify p by the addition of a suitable 
constant. Furthermore, if Q’” > Q” with Q’” — Q” satisfying the cone condi- 
tion, then the term ||v||1,¢,@”—. can be replaced by ||v||q,.a”—.; see Remark 
IV.4.2. | 


The next result provides a sharpened version of that just proved. In this 
respect, we observe that if uv € Wer (2) satisfies (IV.1.2) for all p € D(), 
with f © Wo. 4 (wy), for all bounded subdomains w with @ C 92, and where 
a priori r #£ q, by Lemma IV.1.1 we can associate to v a pressure field p 
satisfying (IV.1.2) with p € Li (Q), u = min(r,q). We have 


loc 
Theorem IV.4.2 Let Q satisfy the assumption of Theorem IV.4.1. Assume 
v is weakly divergence-free with Vu € Li,.(92), 1 < r < o, and satisfies 
identity (IV.1.3). Then, if 


f ewre(2), m>0, 1<q<oo, 


it follows that 
ve wmt4(02), pewmt4(9), 


loc loc 


where p is the pressure field associated to v by Lemma IV.1.1. 
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Proof. By Theorem IV.4.1, it is enough to show 


Vue Li (Q)3 (IV.4.9) 


loc 


If r > q the assertion is obvious. Therefore, take gq > r. Then f € Li.(Q2) 


loc 


and, by Theorem IV.4.1 and the embedding Theorem II.3.4, we deduce 


v € We (2) 
with ry =nr/(n—r) (> 1) ifr <n and for arbitrary r; > 1 ifr > n. In the 
latter case (IV.4.9) follows. If g < ri < n we again draw the same conclusion. 
So, assume 1 <r; <q. Then f € L7}.(2), and Theorem IV.4.1 and Theorem 
II.3.4 imply 

v € W,"?(2), 


loc 


with rg = nri/(n — 11) = nr/(n — 2r) (> 1) if 1 < ry <n and arbitrary 
ro > 1, whenever r; > n. If either rg > q or 71 > n, (IV.4.9) follows; other- 
wise we iterate the above procedure a finite number of times until (IV.4.9) is 
established. 


Combining the result just proved with Theorem II.3.4 (specifically, in- 
equality (II.3.18)) we at once obtain the following theorem concerning interior 
regularity of g-weak solutions. 


Theorem IV.4.3 Let v be a q-weak solution to the Stokes problem (IV.0.1), 
(IV.0.2) corresponding to f € C®(2). Then, v,p € C%(Q2) where p is the 
pressure field associated to v by Lemma IV.1.1. 


Intermediate regularity results are directly obtainable from Theorem IV.4.1 
and the embedding Theorem II.3.4 and are left to the reader as an exercise. 
Other regularity results in Holder norms can be obtained from the results of 
Section IV.7. 


Exercise IV.4.1 (Ladyzhenskaya 1969). In the case where g = 2, Theorem IV.4.1 is 
obtained in an elementary way. Denote by vy the “cut-off” function of that theorem, 
multiply (IV.4.3),) by y” Ave and integrate by parts to show (IV.4.4) with m = 0, 
q = 2. (Observe that if ¢ € C$(2), ||D?¢|l2 = ||Ac|l2.) Use then the induction 
procedure to prove the general case m > 0. 


Exercise IV.4.2 Show that Theorem IV.4.1 also holds when V-v = g # 0, pro- 
vided g € W/7*"9(Q). In such a case, the term 


I[9llm+4.4,.0” 
must be added to the right-hand side of (IV.4.4). 


We shall next consider interior estimates for g-generalized solutions. Specif- 
ically, we have the following theorem. 


3 See footnote 1 in this section. 
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Theorem IV.4.4 Let 2,2’, Q”, and v be as in Theorem IV.4.1. Suppose 
f © Wo '"(w), for all bounded domains w with G C Q. Then the following 
inequality holds: 


Ilolla.q.0” + IIpllq.er S (NF ll-1.4,.07 + llellq.a”—a@ + |lpll-1,¢,0"-2") , 
(IV.4.10) 
where p is the pressure field associated to v by Lemma IV.1.1. 
Proof. Let y be as in Theorem IV.4.1 and set 
U=pv, T= pp. 


From the assumption and Lemma IV.1.1, we know that (v, p) satisfies (IV.1.3) 
for all w € DD (2). Therefore, choosing into this relation w» = yd, d € 
De (IR"), we then readily deduce that wu, 7 satisfy the identities 


(Vu, Vd) — (7, V- 6) =—[f1,¢], for all 6 € Dj" (R”), 


(IV.4.11) 
(w, Vx) =—(g,x), for all yx € Dy (R”) 
with 
fi =fo—pVet+2Ve-Vut+vAy 
[fo 9] = (f,9¢) (IV.4.12) 


g=Ve-v. 


Applying Theorem IV.2.2 to the above problem we then obtain that wand 7 
obey the inequality 


Jela.a + Hlatlla < CF 1 I-14 + Ilglla)- (IV.4.13) 
On account of (IV.4.12), it follows that 
IFil-14¢ < 1 ([Fpl-1,¢ + [PVe + 2Ve- Vu + vAg|_1,9) (IV.4.14) 


and 
Illa SVE rlla < callvlla.er—a (IV.4.15) 


Let @ be arbitrary element from Dut (R”). We distinguish the two cases: 


(i) n/(nm-1)<q<a, 
(ii) L<q<n/(n—-1). 


In case (i), g’ <n and so, from the Sobolev inequality (I1.3.7), we derive 
IPlla,2”—2 S c3|Pli,9, 


which, after a simple calculation, allows us to show that 
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Feel ate + |pVet 2Vye- Vu + vAg|-1,¢ 
S ¢4 (I|Fll-1,4,07 + llollg.e”—a + |lpll-1,¢,0"-2) . 
(IV.4.16) 
In case (ii) choosing a= = ye; into (IV.1.3) delivers 
(Vu, Ve) _ (p, Diy) =. [Fis ] ’ for all i = iF rey Te 


As a consequence, observing that 


i (2Ve:Vu+vAy) = Vy: Vv 
n R” 


we find 


[fy —PpVep+2Ve- Vu + vAy, 4] = [f, —pVet 2Ve: Vu + vAy,¢+C], 


(IV.4.17) 
for any constant vector C’. Choosing 
C=-ay | o, M=N-7 
IM] Jaa 
from Poincaré’s inequality (II.5.10) we deduce 
b+ Ella S esl liq: (IV.4.18) 


Since 
l[f, —pVe +2 Ve: Vu+ vAy, o+ C]| 


<5 (IF ll-1.4.07 + [lela + Mlell-1.4.10) Il6 + Clam 

(IV.4.19) 

from (IV.4.17)—(IV.4.19) we conclude, also in case (ii), the validity of (IV.4.16). 
The theorem becomes then a consequence of (IV.4.13)—(IV.4.16) and of the 
properties of the function y. 


Remark IV.4.2 If, in the previous theorem, we modify p by the addition of 
a constant, then we can remove the term involving the pressure on the right- 
hand side of (IV.4.10), provided 2” — satisfies the cone condition. Therefore, 
under these conditions, we obtain, in particular, the following estimate 


lloll1q.0° + inf [Ip + klla.ar S €([Fll-1¢,0” + llvllaov—ar) - — (IV.4.20) 


To see this, set, for simplicity, D = Q” —’, and let g € Wo "1(D) be arbitrary. 
Moreover, let 6 € C§°(D) be a fixed function with [,,¢ = |D|. We then 
consider the problem 


Vib=9-$9n, BEWo(D), [leq < ellgllia- (IV.4.21) 
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In view of Theorem III.3.3, (IV.4.21) has at least one solution. We thus replace 
this solution in relation (IV.1.3) and integrate by parts to obtain 


(p+k, 9) = (f,») —(v, Ap), (IV.4.22) 


where k = —(p@)p. Thus, from (IV.4.22), with the help of the estimate in 
(IV.4.21), and by the arbitrariness of g, we at once deduce 


lp + kl|-1.4,0 < c(IFll-1¢,0 + llulla,p) ; 
which is what we wanted to prove. Oo 


The result to follow is a sharpened version of the preceding one. In this 
respect, we recall that if v € Wet (2) satisfies (IV.1.2) for all pg € D(2) 
with f € Wy @(w), w as in Theorem IV.4.4 and a priori r # q, we can 
always associate with v a pressure field p satisfying (IV.1.3). In particular, 
p€ Li (Q) where « = min(r, p). We have 


loc 


Theorem IV.4.5 Let 2 be an arbitrary domain in R", n > 2. Suppose 
vE Wi (2), 1 <r < 0, is weakly divergence-free and satisfies (IV.1.2) for 
ally € D(Q). Then, if f € Wo 4(w), 1<q< ©, for all bounded domains w 
with © C 22 it follows that 

ve Wee(Q), pe Li,.(9), 


loc 


where p is the pressure field associated to v by Lemma IV.1.1. 


Proof. If r > q there is nothing to prove. We then take g > r. Consider 
problem (IV.4.11)—(IV.4.12). If r > n, by the embedding Theorem II.3.4 we 
easily deduce 

velit 


loc 


(Q), pe Wo 4) 


for all bounded w with @ C 2. and consequently, repeating the reasonings 
used in the proof of Theorem IV.4.4 we obtain, in particular, 


IFil-ae S CCF -1,4,0% + llollt.ar + Ilpll-1.4,0”) 
(IV.4.23) 
IIglle < ellolle.a” 


with t = q. Therefore, by Theorem IV.2.2, we deduce the assertion of the 
theorem. If r < n, again by Theorem IT.3.4, we obtain 


ve Li 


loc 


(Q), pEeWo Ww), m1 =rn/(r—n) 


and so the assertion again follows from (IV.4.23) with t = r; and Theorem 
IV.2.2 ifr, > q. If ri <q, from (IV.4.23) it still follows that 


f, € Dy" (R") 


and so, using once more Theorem IV.2.2, 
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ve We" (2), pEeL (2) (r>r). 


loc loc 


This “bootstrap” argument becomes of the same type as that of Theorem 
IV.4.2 and then, proceeding as in the proof of that theorem, we arrive at the 
desired conclusion. 


Exercise IV.4.3 Show that Theorem IV.4.4 continues to hold if V-v = g #0, 
where g € L},.((2). The inequality in the theorem is then modified by adding the 
term 

IIglla,0 


to its right-hand side. 


Exercise IV.4.4 It is just worth noting that interior estimates of the type proved in 
Theorem IV.4.1 and Theorem IV.4.4 are also valid for the “scalar” case, namely, the 
Poisson equation Au = f. In fact, let u € W,4(Q), q € (1,00), satisfy (Vu, Vv) = 


loc 


(f,) for all  € CG°(2). Show that, if f € W,e7(2), m > —1, then necessarily 


loc 


u€ W,"*?4(Q), and the following estimate holds 


I[Ulm+2.¢,2° SEF llm.a.e” + llulla.o”) » 


for all Q” and 2’ as in the above theorems, and with c independent of v and f. 
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We wish now to determine L4-estimates analogous to those of Theorem IV.4.1, 
but in a subdomain of 2 abutting a suitably smooth portion o of the bound- 
ary. This will then allow us, in particular, to obtain regularity results for 
generalized solutions up to the boundary. Following the method outlined by 
Cattabriga (1961) and based on the work of Agmon, Douglis, & Nirenberg 
(1959), the strategy we shall adopt is to introduce a suitable change of vari- 
ables so that, locally “near” the boundary, the Stokes problem goes over into 
a similar problem in the half-space. The desired estimate will then follow 
directly from Theorem IV.3.2 and Theorem IV.3.3. 

Assume 2 has a boundary portion o of class C?. Without loss, we may 
rotate the coordinate system with the origin at a point xo € o in such a way 


that, if we denote by ¢ = ¢(a1,...,%n—1) the function representing o, 
V¢(0) = 0. (IV.5.1) 
(This means that the axes 21,...,%,—-1 are in the tangent plane at a, at 


the point 29.) Next, we denote by 2 any bounded subdomain of 2 with 
og = 09229 NOM and consider a pair of functions 


v €W(2), pEW'4(2),1 <q <o, 


solving a.e. the Stokes problem in 9 corresponding to f € L4(Q) and 
v, € W?-1/44(¢). If we direct the positive x,-axis into the interior of Q, 
for sufficiently small d > 0 the cylinder 
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w={rE:|2'|<d,C <a, <¢+2d} 
is contained in 2. Let yp € C~(R”) with py = 0 in Q—w and y=1 inw’ 


with 
w ={xE:|2'|< 6,6 <an <¢+26,6 < d}. 


If we make the change of variables 
Yi = Ti, Yn =2n— 6, (IV.5.2) 


the functions v, p, f, vx, and ~ go over into 4, p, f, Bs, and ©, respectively, 
while w and w’ are transformed into the cubes 


B= {ye R": |y'| <d,0 < yn < 2d} 


and 


@ = {y ER”: |y'| < 5,0 < yn < 26}, 


respectively. Moreover, setting 
Uu= pu, TS Op 


and extending all the fields to zero outside @, after a simple calculation we 


find! 
Au=Vr+F 
in Rt 
V-u=g (IV.5.3) 
u=@ at Y=R"!x {0}, 
where 
Fy = Gf + Dy (bjim) + Dj (ajxDeus) + au + BO; + yjDj0; 
g = Dj(ejaua) + mi (IV.5.4) 


@; = (xj 


and ajr, bjr, Cir, Oj, B, 77, and 7; are continuously differentiable functions 
in the closure of &. Moreover, the functions aj;x, bjx, and cj, are bounded by 
A|V¢| with a constant A independent of d, while aj, 3, y;, and 7; are zero 
outside @. Notice that by (IV.5.1) 


! Notice that if f and f are related by transformation (IV.5.2), 


OF OF Ie fo pe OE 
Or; Oys Oyn Oxi , Orn  OYn’ 
and My 
A eS oe a ep 


OY; a Ox; 7 Oxn Oyi’ 
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aji(0) = bje(0) = cjx(0) = 0. (IV.5.5) 


From (IV.5.4) we readily obtain 


IF llgee Ser (Flea + llellao 
+ 


+||8ligota|D?ullon, +Vrllane)  (1V.5.6) 


lalliowy <2 ([lli0 + el Dalene ) 
where c; and cz can be taken independent of d, while 


a = max max(aj;x) 
jk 


b = max max(b;x) 
jk 


c = max max(c;x). 
yes 


Furthermore, 
Pe ws), (V®)) 1-1/4, < OH, 


see Exercise IV.5.1, and 
D?u € L4(R%). 


We may thus applyTheorem IV.3.2 with m = 0 to system (IV.5.3) to deduce, 
in particular, that u and 7m satisfy inequality (IV.3.30). We then have 


IF lla.o + lliqa + Plla.o S ¢3 (Flaw + lllicu + llllaw) = (IV.5.7) 


and, by Exercise IV.5.1, (1.4.19), and the properties of the function y, we 
have also 


(V®))1-1/a,q S C4llPV«|l2-1/4,() S ¢5||¥*|l2-1/4,4(0) (IV.5.8) 


where c3, c4, and cs do not depend on d, f, v, p, and ®. Collecting (IV.5.6)— 
(IV.5.8) and using (IV.3.30) we deduce 


[1 — c6(a + ¢)]||D?u||¢,nn +(1 — e7b)||Vallgre 
Seg (Flaw + lle«llo-1/a.a(0) + Wellt,aw + llllaw) 
(IV.5.9) 


where, again, cg, c7, and cg do not depend on d, f, v, p, and ®. Recalling 
(IV.5.5), we can take d as small to satisfy the conditions 


(a+c) < 1/ce, b< 1/cz. 


Thus, from (IV.5.9) and the obvious inequalities: 
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wllequr S Wewllegu S collP@llegen < crolleullegu (IV.5.10) 
holding for all @ > 0 and for a suitable choice of co, cio, we finally obtain 
IlOlle,qur+ Mplla.a0" 
S crt (lFllaw + llosll2—1/q,a(0) + [lla + llPllaw) 5 


with cj; independent of v, p, f and v,. It is now easy to generalize this 
estimate to the case when 


ve w™'?9(9), pe w™t4(Q), m> 0. 
The corresponding assumptions on the data are then 
fEW™NN), Ve EC W™P-/49(G) (IV.5.11) 


and, further, o of class C™+?. To this end, it is sufficient to use Theorem 
IV.3.2 in its generality along with an inductive argument entirely analogous 
to that employed in Theorem IV.4.1. If we do this we obtain 


[Pll m+2.qu'+ IPllm+i.4.0" 


< C12 (lf lla + [le llm+2—1/4,9(0) + llelltaw + Ilpllaw) 
(IV.5.12) 


which is the general estimate we wanted to show. 


Following Cattabriga (1961), we shall now prove that for (IV.5.12) to hold 
it is enough to assume only 


v €W1(2), pe L4(N). (IV.5.13) 


More precisely, suppose v, p is such a pair of fields satisfying identity (IV.1.3) 
for all w € C§°(M) and some f, along with the condition v = v, at o 
(in the trace sense). Then if f and v, verify (IV.5.12) for m > 0 and a is 
of class C™*+? it follows that the norms of v and p on the left-hand side 
of (IV.5.13) are finite and (IV.5.13) holds. We shall prove this assertion for 
m = 0, the general case being treated by a simple iteration and therefore left 
to the reader. By performing on v and p the same kind of transformation 
made previously to arrive at (IV.5.3), we can deduce that this time u and 7 
are g-generalized solutions to the inhomogeneous Stokes problem in the half- 
space (see the definition before Theorem IV.3.3) corresponding to the data 
F, g and @ defined in (IV.5.4),. In particular we have 


(Vu, Vp) — (7, Vb) =—(F,), for alle DPT (R"). — (IV.5.14) 


Replace w by the difference quotient Ae, where the variation is taken with 
respect to any of the first n — 1 coordinates, see Exercise II.3.13. Since 


IV.5 L‘-Estimates Near the Boundary 275 


Anyw = -{ WAw, 
RY 


Ry 


we immediately deduce that A’u and Am are again a q-generalized solution 
corresponding to the free terms A’ F, A"g and to the boundary data A’®. 
Recalling that 

|A*wlla < Vella, 


see Exercise IT.3.13(iii), from (IV.5.4) and (IV.5.7) it follows that 
|A"F|-1¢.90 Se (IF llaw + llPllaw + olla 


+al|A"Vullay + 6 4"laxn ) 


|A%alla.wy Sco (llelliau + clA"Vulla.re ) 
with c 1, cp independent of d and h. Since 
Au € Dh4(R"), Ar € L4(R"), 


we may use this latter inequality, the results of Exercise IV.5.1 and estimate 
(IV.3.32) together with the property 


VAru = A’Vu 
to deduce 
[L—er(a t+ c)]|A*Vulla.ry +(1 — c1b)| Aa |loRe 
<3 (IF llaw + lleslle-1/a,9(0) + llulla.aw + llpllaw) 
(IV.5.15) 

with cz independent of h and d. Taking d so small that 

(at+c)<1/a, b<1/ce, 
from (IV.5.15) it follows that 


|A'Vatllaan +A’ algae S c4 (Flaw + lleslle-1/a.00) + Wlliqw + IiPllaw) 


with cy independent of h. From the properties of the difference quotient (see 
Exercise II.3.13), we then conclude that V’/Vu and V'z exist? and belong to 
L4(R‘.). Moreover, 


IV'Vullawe + 1V' llores Sc (Flaw + lrelle-1/aa(o) + llvlla.qe + llPllaw) - 
(IV.5.16) 
From (IV.5.3), and (IV.5.16) it is not hard to show 


? We recall that V’ is defined below (IV.3.10). 
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we DR"), me D'4(R"). (IV.5.17) 


To fix the ideas, consider the case n = 3. From (IV.5.16) and (IV.5.3),//.1.8 
it follows that 
(D3uz + c3i:D3ui) € L4(R"). (IV.5.18) 


Moreover, integrating (IV.5.14) by parts and again employing (IV.5.16) one 
can prove for all 7 = 1, 2,3, 


[(1 + ag3)D3ui — (63; + b3:)D37] € L4(R%). (IV.5.19) 
Conditions (IV.5.18) and (IV.5.19) then yield 
(1 + a33) {[e31 Dur + c32D3u2 + (1 + c33)D3 us| 


— Dsr [cgib31 + c32 + (1 + b33)(1 + €33)]} € LY(R}). 
(IV.5.20) 
Because of (IV.5.5) we can choose d so small that the coefficient of D37 is 
strictly positive. From (IV.5.18) and (IV.5.20) we thus derive 


Dsr € L4(R%), (IV.5.21) 
which, in view of (IV.5.19), gives 
Du; € L4(R%). (IV.5.22) 


From (IV.5.16), (IV.5.21), and (IV.5.22) we then conclude the validity of 
(IV.5.17). On the other hand, from (IV.5.10), (IV.5.13) and (IV.5.17) we can 
finally assert 

ve Wu"), pEeW (wu), 


which is what we wanted to show. 
The results obtained so far can then be summarized in the following 


Theorem IV.5.1 Let 22 be an arbitrary domain in R", n > 2, with a bound- 
ary portion o of class C™*?, m > 0. Let Qo be any bounded subdomain of 2 
with 0Q) 102 =o. Further, let 


ve W1(2), pE LN), 1<q<~a, 
be such that 
(Vu, Vb) = -(F,4) + (BV -W), for alll b € CH(), 
(v, Vy) =0 for all yp € CH°(), 
v=v, ato. 


Then, if 
few™t(2), v. € W™t?-17/49(), 


we have 
ve wn), pew), 


for any Q2' satisfying: 
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(i) on CG No; 
(ii) 02! NON is a strictly interior subregion of o. 


Finally, the following estimate holds 
|| |lm+2,q,.0°+ [lPllm+1.4,2" 


< €([|F lla, + [l¥«llm+2-1/4,9(0) + llull1,¢,2% + llplla,20) » 
(IV.5.23) 


where c = c(m, n, q, 2", 20). 


Remark IV.5.1 A consideration similar to that made in Remark IV.4.1 ap- 
plies also to the estimate (IV.5.23). Oo 


From this theorem and Theorem IV.4.3 we thus obtain, in particular, the 
following result concerning global regularity of g-generalized solutions. 


Theorem IV.5.2 Let v be a q-generalized solution to the Stokes problem 
(IV.0.1), (IV.0.2). Then if Q is of class C©, f € C®(Q) and v, € C~(A2),7 it 
follows that v, p € C®(22), where p is the pressure field associated to v by 
Lemma IV.1.1. 


As in the case of interior regularity, intermediate smoothness results can be 
obtained from Theorem IV.4.1, Theorem IV.5.1, and the embedding Theorem 
II.3.4. We leave them to the reader as an exercise. Regularity in Holder spaces 
can be obtained from the results of Section IV.7. 


Exercise IV.5.1 (Agmon, Douglis, & Nirenberg 1959). Let 2 C R” have a smooth 
boundary portion o and let 6 € W™ 1/%4(c), m > 1, 1 < q < ©, be of compact 
support in a. Perform the change of variables (IV.5. 2) for a sinfciently regular Gs 
and denote by d, 6, G o the transforms of ¢ and o under this change, so that o can 
be considered defined in the whole of R"~' and of compact support in G. Show the 
existence of a constant c independent of ¢@ such that 


a4 ~ 
c |@llm—1/a,q(o) < Pll m—1/q,q(R"-2) < cll m—1/q,4(0)« 


Hint: Let 2) = QB, with 02;N02 =o and B a ball centered at ro € a. Denote 
by Q, the transform if 92. By Theorem II.10.2, we may find ve Ww" (RY), of 


compact support in the closure of , and such that v = o at ¢, v = 0 at OR: — GC, 
and, moreover, 


lellm,o.e¢ S C1llbllm—1/a,aR"—2)- 


If u is the transform of v under the inverse of (IV.5.2), one has u = ¢ at o and 
|Ul|mqnn S Callullm.as21 S C2llv|lmgen < €3¢1[16llm—1/q,q(R"-1), 
which proves the first inequality. The second one is proved analogously. 


3 Namely, v. is infinitely differentiable along the boundary. 
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Exercise IV.5.2 Show that Theorem IV.5.1 also holds when V-v = g # 0,g € 
w™*14 (Qo), provided we add the term 


Ilgllm+1.4,20 
on the right-hand side of (IV.5.20). 


Exercise IV.5.3 Let 2, ¢ and Q, and 9’ be as in Theorem IV.5.1. Let u € 
W170), ¢ € (1, 00), satisfy the following condition 


(Vu, Vv) = —(f,%), for all  € Co? (Mo) 


U=Ux ato. 


Show that, if f € W™7(Q), ue € W™t?-1/99(¢), m > 0, then necessarily u € 
w™*?-9(9'), and the following estimate holds 
I[Ullm+2,4,927 SC (NF lmao + [lus llm+2-1/4,4,(0)) » 


with c independent of u, f and ux. 


We conclude this section by giving an estimate near the boundary involving 
the L7-norm of Vv and p. Specifically we have 


Theorem IV.5.3 Let 22 be an arbitrary domain in R", n > 2, with a bound- 
ary portion o of class C'.* Let, further, Q', Qo, v, and p be as in Theorem 
IV.5.1. Then if 

FEW, (M0), vs € WI-V09(G), 


the following inequality holds: 


Ilollia.'+ lela." 


< e(|Fll-1,¢,020 + lle«ll1—1/¢,¢(0) + llelle,¢0 + llell—1,¢,220) - 
(IV.5.24) 


Proof. Transforming v and p into u and 7, respectively, as before, we readily 
obtain that u and 7 obey (IV.5.3), (I[V.5.4) in the weak form. Successively, 
we apply the results of Theorem IV.3.3 to u, 7 and derive, in particular, that 
they obey the inequality 


lia Wrlla Se (IF l-1.¢ + Ilglla)- (IV.5.25) 
Recalling (IV.5.4) and (IV.5.10) it is not difficult to show that 


Flory So (If llr + llell—aqu + [ella + all Verlag + Ollzllaer ) 


lalla.wy Ses ([Ollaw + cll Vella.ze ) 
(IV.5.26) 

Therefore, (IV.5.24) becomes a consequence of (IV.5.25), (IV.5.26), and 
(IV.5.10). 


4 Notice that we only need o of class C1. In fact the result can be extended to o 
Lipschitz but with “not too sharp” corners; see Galdi, Simader, & Sohr (1994). 
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Remark IV.5.2 A consideration similar to that made in Remark IV.4.2 ap- 
plies also to the estimate (IV.5.24). Oo 


Exercise IV.5.4 Show that Theorem IV.5.3 continues to hold if V-v = g #0, 
where g € L7(o). The inequality (IV.5.21) is then modified by adding the term 


IIglla,220 


on its right-hand side. 


IV.6 Existence, Uniqueness, and D4-Estimates in a 
Bounded Domain 


The interior and boundary inequalities demonstrated in Section IV.4 and Sec- 
tion IV.5 allow us to derive L%-estimates for g-generalized solutions holding 
for the whole of 92, in the case where 9 is bounded and suitably regular. 
Specifically, setting 

olla = ing [leo + ella (IV.6.1) 
we have 


Lemma IV.6.1 Let v be a q-generalized solution to the Stokes problem 
(IV.0.1), (IV.0.2) in a bounded domain 2 of R", n > 2, of class C™*?, m > 0, 
corresponding to 


fewn(n), oe Wr?-Y29(90). 


Then, 
Dew erent).. pe Wer a), 


where p is the pressure field associated to v by Lemma IV.1.1. Moreover, the 
following inequality holds: 


| ||m+2,q \|P||m+1,q/R <¢ (UF naa a || V+ Im+2—1/4,q(02)) (IV.6.2) 
with c= c(m,n,q, 22). 


Proof. By covering 92 with a finite number of open balls, from Theorem IV.4.1 
and Theorem IV.5.1 we deduce 


vew™n4( 2), pe W™12(2) 
and the validity of the inequality 
[2 limn-+-2,¢ + [Pliwtiyg <a CF lea oF || || m4+2-1/¢,9(82) + lP\lq + Il ||1,¢) . 


We add to both sides of this inequality the Z%-norms of all derivatives of v 
[respectively, of p] up to the order m+1 [respectively, m] and employ Ehrling’s 
inequality (II.5.20) to derive 
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||Ullm+2.q + [lpllm+i.g S 2 (lIFllmq + [l«llm+2-1/4,0(02) + llPlla + llella) - 
(IV.6.3) 


Clearly, (IV.6.3) remains unaffected if we replace p with p+ c, for any cE R. 
Thus, taking the inf.eg of both sides of this new inequality, we obtain 


\|&||m+2,q 1 [Pll m+1,4/R ae) CF lsc = || I|m+2—1/¢,9q(02) 
(IV.6.4) 


+lpllae + Ilvlla) - 


It is easy to show that, provided the solution is unique, we can drop the last 
two terms on the right-hand side of (IV.6.4). In fact, it is enough to show the 
existence of a constant cz independent of the data and the particular solution 
such that 


lIMlla + lpllase S ¢3 (IF llm.g + [les llm+2—-1/4,4(02)) - (IV.6.5) 
If (IV.6.5) were not true, a sequence would exist such as 
{ve} CW™*?9(2), {pe} CW™**T(Q), 
with 
lexlla + llpellasR =1, for allk €N, 
while the right-hand side of (IV.6.5) tends to zero. By (IV.6.3) we then have 


|x [| m+2,¢ a lPkllm+1,q/R 


uniformly bounded in & and therefore we may select a subsequence which, by 
the compactness result of Exercise II.5.8, converges strongly to limits 


u ew), 7 €L4(), 


respectively, with 
Ilellq + Ilse = 1. 


However, this last relation is easily contradicted. Actually, it is immediately 
shown that wu is a qg-generalized solution to the Stokes problem in 2 cor- 
responding to f = v, = 0 and so, by the uniqueness hypothesis, u = 0, 
a = const. The proof of the lemma is therefore completed, once we have 
shown the following result. 


Lemma IV.6.2 Let 2 be a bounded, C?-smooth domain of R”. If v is a q- 
weak solution to the Stokes problem (IV.0.1), (IV.0.2) corresponding to zero 
data, then v = 0, p = const. a.e. in 22, where p is the pressure field associated 
to v by Lemma IV.1.1. 


Proof. If q => 2, by the uniqueness part of Theorem IV.1.1 we already know 
that the previous statement is true (even assuming less smoothness on (2). If 
q < 2, from the first part of Lemma IV.6.1 we have 
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ve W712), pewrs(Q), 
and so, by the embedding Theorem II.3.2, it follows that 
veEWw'™(2), pe L™(2), r1=nq/(n—4q). 


Now, if r; > 2 we are finished; otherwise, by the first part of Lemma IV.6.1 
we have 
veWwn(2), pewr"(Q), 


and so, again by Theorem II.3.2, it follows that 
ve W'"(2), pEL™(Q), r2=ng/(n—2q) (>11). 
If rg > 2 the proof is achieved; otherwise, 
ve W2" (2), pe W"(2) 


and we continue this procedure as many times as needed until we arrive to 
show, after a finite number of steps, 


ve Ww'?(). 


The lemma is therefore completely proved. 


We now turn our attention to the question of existence of g-generalized 
solutions. When qg = 2 the answer is already furnished in (IV.1.1). In the 
general case we argue as follows. Given 


fewms(Q), ve W™?-1/49(9N), 1<q <0, 
with 
| v.:-n=0, (IV.6.6) 
OQ 


let us approximate them with sequences {f;,},{vsx} of sufficiently smooth 
functions. We can always assume 


| Vern =0.! 
(eke) 


' Actually, let {vz} be a sequence of smooth functions tending to vs in 
w2-l/ad (02), and let ¢ be a smooth function with fre o = 1. The sequence 


Vek = Uk —O Up-n, kEN 
an 


is smooth, tends to v in W?~!/%7(9Q), and satisfies 


/ Vik n=O. 
aan 
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Denote by 
{Vx}, {Pet 


the corresponding solutions whose existence is ensured by Theorem IV.1.1. 
From Lemma IV.6.1 we have for all k € N: 


vp © W??(2), pe Ee W?(Q). 
If n = 2, the embedding Theorem IT.3.4 tells us 
ve © W'"(2), pe € L"(Q), for any r € (1, 00) 
and so Lemma IV.6.1 ensures 
ve © W242), pe € W'4(2) 


and estimate (IV.6.1) holds. We then let k — oo and use (IV.6.1) to obtain 
for some v € W?:4(2), p € W'4(2) 


vp v in W?4(Q), 
Dr —>p in W)4(Q). 


Clearly, v, p solve a.e. the Stokes system (IV.0.1) corresponding to f, while 
v equals v, at the boundary in the trace sense. For n > 2, we have 


vp ©W""(2), pe EL"(Q), for any r € (1, 2n/(n — 2)). 
Thus, if 2 <n < 4, we again use Lemma IV.6.1 and Theorem II.3.4 to deduce 
ve W4(2), pews). 


We then proceed as in the case where n = 2. For n > 4, by a double application 
of Lemma IV.6.1 and Theorem II.3.4 we have 


ve, € W""(2), p, € L"(Q), for any r € (1,2n/(n—4)) 


and, by the same token, we recover existence if 4 < n < 6, and so forth. 
Existence of solutions for all 1 < gq < oo and any space dimension can therefore 
be fully established. 


By means of a similar procedure, we may also show existence of g-weak 
solutions corresponding to arbitrary 


fe Wo (2), vx €WI-M49(02), 1 <q < 00, 


with v, satisfying (IV.6.3) and 2 of class C?. In fact, if v is a q-weak solution, 
from Theorem IV.4.4 and Theorem IV.5.3 we derive 


Ilvllaq + llplla < ¢ (IF ll-1.9 + le lla—1/a,a02) + Welle + Ilpll-1¢) V-6.7) 
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where c = c(n,q, 2) and p is the pressure field associated to v by Lemma 
IV.1.1. From (IV.1.3) it is apparent that the inequality just obtained remains 
unaffected if we replace p with p+ c, c € R. We then recover 


llollng + Iipllase S (IF ll-1.9 + [l[l1—1/4,0(0.2) + [loll + Ile ll-1,¢7R) - 


The last two terms on the right-hand side of this relation can be increased by 
the data: 


llrllg + Ilpll-a.aza S © (WF ll-1g + lle sll1—1/4,0102)) » (IV.6.8) 


with C = C(q,n, 2). This can be proved by the same contradiction argument 
used to show (IV.6.5). In fact, if (IV.6.8) were not true, there would exist a 
sequence of solutions 


{vx, De} C Wh4(Q) x (L£9(2) / R) 
with 
l@xlla + llpell_1,¢/7R =1, forallk EN, 


corresponding to data {f;,, v.x} converging to zero in the space W~14(Q) x 
W!-1/44(9Q). However, by the compactness results of Theorem II.5.3 and 
Exercise II.5.8, we find 


{v,p} © W'4(Q) x L1(Q) (IV.6.9) 
such that 
vz converges to v weakly in W14(Q2), strongly in L4(Q) 
Dr converges to p weakly in L47(Q) / R, strongly in W~14(). 


Since v,p is a solution to the Stokes problem with f = v,. = 0, by Lemma 
IV.6.2 it follows that, as k — ov, 


v=0, p=const, in, 
and therefore (IV.6.9) cannot hold. We then conclude the validity of the in- 
equality 
llollag + lela < ¢ (IF ll-1¢ + les ll1—1/4,0(02)) - 


By means of this relation, we may argue as before to prove existence of q- 
generalized solutions. 


The results shown so far in this section are collected in the following main 
theorem. 


Theorem IV.6.1 Let 2 be a bounded domain of R", n > 2. The following 
properties hold. 
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(a) Suppose 2 of class C™*?, m > 0. Then, for any 


few™t(Q), v.» € Wt?-1/49(9Q), 1<q<oo, 


| v,°-n=0, 
a2 


there exists one and only one pair v, p* such that 

(i) ve W™ 9/2), pe W™19(9); 

(ii) v, p verify the Stokes system (IV.0.1) a.e. in Q and v satisfies (IV.0.2) 
in the trace sense. 

In addition, this solution obeys the inequality 


with 


||P [m+2.¢ + IPllm+1.q/R S & (IFllm.g + l]e-llm+2-1/¢,q(0@)) » (IV-6.10) 


where c, = c1(n,m, q, 2). 
(b) Suppose 2 of class C?. Then, for every 


fEWe (2), ve CWI-V49(9N), 1<q<o, 


there exists one and only one q-generalized solution v to the Stokes prob- 
lem (IV.0.1), (IV.0.2). This solution satisfies the inequality 


llPlli.g + llPllase S €2 (IF ll-1.¢ + llvsll1—1/4,a(02)) + (IV.6.11) 


where p is the pressure field associated to v by Lemma IV.1.1. 


Exercise IV.6.1 Let wu € Hy(2), 1 <q < ©, with Q a C?-smooth bounded 
domain. Show that there exists c = c(n,q, 2) such that 


Illi Se sup {Cavell (IV.6.12) 
1 qd 
p € Hy (22),~ #0 mae 


Hint: The map y € Hy (Q) ‘Se Wit (2) — (Vu, Vy) defines a linear functional. 
Therefore, by the Hahn-Banach Theorem II.1.7, there is f € Ws '4() such that 
(fe) = (Vu, Ve), » € Hj,(Q) and with ||f||-1,q equal to the right-hand side of 
(IV.6.12). Consider then the Stokes problem with v. = 0 and f = f and apply the 
results of Theorem IV.6.1(b). 


Exercise IV.6.2 Suppose v,p solves the Stokes problem (IV.0.1) with 2 = Br, 
and suppose also v € W™T?1(Q), f © W"4(Q), for some m > 0, q € (1,00), and 
vx = 0. Show that there exists a constant c independent of R such that 


|Y]m+2q 5 CllFllma- 


? p is determined up to a constant that may be fixed by requiring Pg = 0. In such 
a case, the term ||p||m41,¢/e can be replaced by ||p||m+1,¢- 
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Exercise IV.6.3 Show that the first [respectively, second] part of Theorem IV.6.1 
continues to hold if V-v = g #0, with g €¢ W™t'7(Q) [respectively, g € L7()] 


and 
fo=f Va N. 
Q aQ 


Inequality (IV.6.10) [respectively, ([V.6.11)] is then accordingly modified by adding 
to its right-hand side the term 


IIgllm+1q, [respectively, ||gllq]- 


Hint: Use Exercise [V.4.2, Exercise IV.5.2, Exercise IV.4.3, and Exercise IV.5.4, 
together with the reasonings employed to arrive at Theorem IV.6.1. 


We end this section by proving a further useful estimate satisfied by 
the pressure field p, in addition to those already provided by (IV.6.10) and 
(IV.6.11). Specifically, we have 


Theorem IV.6.2 Let Q be a bounded domain of R", n > 2, of class C?, 
and let (v,p) € W74(Q) x W1:4(Q) be a solution to (IV.0.1), corresponding 
to f € H,(), for some q € (1,00).? Furthermore, we normalize p by the 
condition By = 0. Then, given € > 0, there exists c = c(2,n,q,1,€) such that 


IIPlla < €lelag + € [Pll 


for anyr € [q(n—1)/n, qd], if¢ > n/(n—1), and anyr € (1, q], if¢ < n/(n—1). 


Proof. We dot-multiply both sides of (IV.0.1) by Vy, v € W!’ (Q), to obtain 
Av-Ve= | Vo-Ve, forall ge Wh4 (2). (IV.6.13) 
Q Q 
We then choose y as the solution to the following Neumann problem 


Ov 


Ag=9-Goin?, On 


=0, [eno (IV.6.14) 
02 2 


where g € LY (2). From a classical result of Agmon, Douglis & Nirenberg 
(1959, §15), it follows that this problem has one and only one solution y € 
W?-7 (Q), which, in addition, satisfies the estimate 


Ilvll2.q° < ellglle » (IV.6.15) 


for some c = c(2,q,n). Thus, integrating by parts on the right-hand side of 
(IV.6.13), using (IV.6.14), and the condition Dg = 0, we obtain 


Av-Ve= -| pg. (IV.6.16) 
Q Q 


3 In view of the Helmholtz—Weyl decomposition Theorem III.1.2, we may assume, 
without loss, f € H,q({2), instead of f € L7(2). 
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On the other hand, integrating by parts the left-hand side of this latter relation 
we find 


Av-Vo =| [V-(Vu- Vy) —- Vu: VVy¢] =| nvovy- | Vu: VV¢. 
Q Q aa Q 


From this equation and (IV.6.16), we may conclude 


| ps- ve: vvy- | n:-Vu-Vo. (IV.6.17) 
Q Q an 


From the Holder inequality and (IV.6.15), we have 


Vv: vv9| <elv|ialigiia - (IV.6.18) 
Q 


Moreover, again by the Holder inequality, the trace Theorem II.4.1, and 
(IV.6.15), we find 


A 


| n-Vov- v4] < ||Vo]p,aallVellr,aa < €llVullr,aall¢lle.a 
an 


IA 


e||Vell-aallglle ; 


where r’ € [q',q/(n — 1)/(n—7)], if ¢’ <n andr’ € [q', 0), if qd > n. (These 
conditions are equivalent to those given for the exponent r in the statement 
of the theorem.) Finally, on the right-hand side of this last displayed relation, 
we employ the inequality given in Exercise II.4.1, to obtain 


i n-Vo- ve] S (ce [vag + llvlle,) Ilgllar - (IV.6.19) 
OQ 


Since g is an arbitrary element of L" (2), the theorem follows from (IV.6.17)- 
(IV.6.19) and Theorem II.2.2. 


By combining the previous result with inequality (IV.6.10), we immedi- 
ately obtain the following 


Corollary IV.6.1 Let 2, v, p, f and r be as in Theorem IV.6.2. Then, for 
any € > 0 there exists c = c(92,n,q,7,€) such that 


IIplla < Clulag +e (IF llr + ll«llo—1/rr(aey) » 
where v,, is the trace of v at 0Q.4 


4 In view of the trace Theorem II.4.4, vu. € W27 1/44 (O22), as a consequence of the 
assumption v € W?4(Q). 
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IV.7 Existence and Uniqueness in Holder Spaces. 
Schauder Estimates 


Existence and uniqueness results similar to those proved in Lemma IV.6.1 and 
Theorem IV.6.1 can also be obtained in Hélder spaces C*(2), together with 
corresponding estimates (Schauder estimates). The procedure is the same as 
the one used for Sobolev spaces W™:4({2); that is, one first shows existence, 
uniqueness, and the validity of corresponding estimates for solutions in R” 
and R' and, subsequently, one specializes the results to a (sufficiently smooth) 
bounded domain by means of the “localization procedure” used in the proof 
of Lemma IV.6.1. 

However, to obtain existence in R” and R%, instead of the Calderén— 
Zygmund Theorem II.11.4 and Theorem II.11.6, we have to employ their 
counterparts in Holder spaces, namely, the Holder-Lichtenstein-Giraud the- 
orem; see, e.g., Bers, John, & Schechter (1964, pp. 223-224), and Theorem 3.1 
of Agmon, Douglis, & Nirenberg (1959), respectively. 

Since estimates in Holder norms will not play any relevant role in this 
book, we shall not give details of their derivation, limiting ourselves to quote 
the main results without proofs. In this regard, it should be observed that 
they can be obtained, as a particular case, from the work of Agmon, Douglis, 
& Nirenberg (1964) and Solonnikov (1966) since, as already observed, the 
Stokes system is elliptic in the sense of Douglis-Nirenberg. Thus, from the 
uniqueness Lemma IV.6.2 and the results of Agmon, Douglis, & Nirenberg 
(1964, Theorem 9.3 and Remarks 1 and 2 that follow the theorem) we have 


Theorem IV.7.1 Let 2 be a bounded domain in R”, n > 2, of class C™+?, 
m > 0, A € (0,1), and let v, p be a solution to the Stokes problem (IV.0.1), 
(IV.0.2) with 

eeCrD), per rN), 


Then, if _ 
f é CPA), Vx E Cmr2A/aa) 


we have 
veor™r?A), peo (N), 


and the following estimate holds: 


llPllom+2a + inf ||p + clloma Se (Ilflloms + [lPsllom+2a (aa), (IV.7-1) 


where c = c(m, A, 2,n). 
Concerning existence, we have (Solonnikov 1966, Theorem 3.1), 


Theorem IV.7.2 Let 2 be a bounded domain of R", n > 2,'of class C?, 
A € (0,1). Then, given 


Actually, in Solonnikov’s paper the result is proved for n = 3. However, the 
technique employed there can be extended to the case where n > 2. 
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fEC OM, vu, €C(0n), 
there exists one and only one solution v, p to (IV.0.1), (IV.0.2) such that 


PEC ND). eC). 


Remark IV.7.1 Theorem IV.7.1 and Theorem IV.7.2 continue to hold when 
g=V-v#0. In such a case, one has to assume 


g € Crea) 
and to add the term 


IIgllom+n.a 


on the right-hand side of (IV.7.1), while for Theorem IV.7.2 we have to take 
ge Cr”*(2). a 


IV.8 Green’s Tensor, Green’s Identity and 
Representation Formulas 


Theorem IV.6.1 allows us, in particular, to construct the Green’s tensor solu- 
tion for the Stokes problem in a bounded domain 2. Actually, for fixed y € Q, 
let us consider the functions A;,,;(x, y),ai(z, y) such that for all i,j =1,...,n 


da; (x,y) 
A,Aij(z,y) + Bie =0, ref, 


Ox; 


Aj; (x,y) =Uij(e—y), © EON. 


—§ £E80 (IV.8.1) 


From Theorem IV.6.1, we know that Aj;(z,y), ai(x,y) exist and, for 2 of 
class C™*?, they satisfy 


| Aaj ||m-+2,q + |l@illm4i,g/R < Cy(w,n,™, q), 


where c, does not depend on y for all y exceeding a fixed distance d from 022. 


In analogy with the Laplace operator, we define 
Gij(x, y) = Uig(@ — y) — Aaj (2, y) 
: : : (IV.8.2) 
95(@, y) = G(x — y) — ai(, 9), 


? » is determined up to a constant that may be fixed by requiring of q P = 9. In such 
a case, the norm involving p on the left-hand side of ([V.7.1) can be replaced by 


I[Pllom+1.a. 
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which is the Green’s tensor solution for the Stokes problem in the bounded 
domain 2 (Odqvist 1930, §5). It is not difficult to show (Odqvist 1930, p. 358) 
that the tensor field G satisfies the following symmetry condition 


Moreover, from (IV.8.1), (IV.8.2), and the properties of the tensor U it follows, 
in particular, for any n > 2, that 


IGig(x,y)| Scale — yl, |DeGig(a,y)| < cal — yl!" (IV.8.4) 


for all « € 2 and for all y € 2 with dist (y,OQ) > d> 0, cq cw asd — 0. 
By using (IV.8.3) analogous estimates can be obtained interchanging the roles 
of x and y. If n = 3 and 92 is of class C!, \ € (0,1), relations (IV.8.4) can 
be extended to all 2, y € 2 and one has 


IGy(e,y)| <ele— yl", [DeGy(e,y)| <ele—yl?,c,yeR,  (1V.8.5) 


with a constant c = c({2); see Odqvist (1930, Satz XVIII) and Cattabriga 
(1961, pp. 335-336). Observe that estimates (IV.8.5) formally coincide with 
the same estimates in the case of a half-space; see (IV.3.50). Extension of 
(IV.8.5) to higher dimension can be obtained by the results of Solonnikov 
(1970). We also refer the reader to this paper for further evaluations related 
to G, g. 

We shall next derive several useful representation formulas for solutions 
to the Stokes problem. To this end, we recall that the Cauchy stress tensor 
T = {T,; = Ti;(v, p)} associated with a flow v, p is given by 


Ti3 = — poi; + 2Di;, (IV.8.6) 
where 
Ov; Ov; 


is the stretching tensor. If u, 7 are sufficiently regular vector and scalar fields, 
respectively, and assuming that 2 is a bounded domain of class C!, we may 
integrate by parts to obtain the identities 


V-T(v,p):u= -| T(v,p): vu+ | u-T(v,p)-n 
Q Q an 
(IV.8.8) 


V-T(u,7):v=- T(u,n):Vo+ f v-T(u,7)-n, 
Q Q aQ 


where n is the unit outer normal at 02. By the symmetry of T and taking v 
and wu solenoidal, 


T(v,p):Vu= | T(u,7): Vv. 
Q Q 
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Therefore, from this relation, ([V.2.2), and the identity 
V-T=-Vp+ Av (IV.8.9) 


and the analogous one for u and 7, we obtain 
) [((Av—Vp)-u—(Au—Vzr)-v] = | [u-T'(v,p)—v-T(u, 7)]-n. (IV.8.10) 
Q an 


Relation (IV.8.10) is the Green’s identity for the Stokes system. By using stan- 
dard procedures, it is easy to derive from (IV.8.10) a representation formula 
for v and p (Odqvist 1930, §2). In fact, we choose for fixed j and x € 2 


uly) = uj(x — y) = (O15, Ua5,---, Ung) 
(IV.8.11) 


m(y) = q3(x— y), 


where U, q is the fundamental solution (IV.2.3), (IV.2.4), and substitute them 
into (IV.8.10) with 2 replaced by 2. = 2— B.(x). Setting f = Av — Vp, we 
obtain 


f(y) uj(a — y)dy = | _[uile-u) Te, rV) 


Qs 
—v(y) -T(u;,q;)(% — y)| -ndoy 
+f lue-v) Teri) 
OB.- (2) 
—v(y) - T(uj,q;)( — y)] - ndoy. 
(IV.8.12) 
Clearly, 
ae Oe ee [fo -ug(a — y)dy 
. (IV.8.13) 
lim | uj(e— y)-T(v,p)(y) -ndoy = 0. 
e—0 OB 
Moreover, since 
1 (xe — yr)(@e — ye)(%;5 — Ys) 
Til te. G4) = a IV.8.14 
e(U;, G5) Wn |x — y|r+2 ’ ( V.8 ) 
by a simple calculation one shows 
lim | v(y) -P(aj,q))(e — y) -nly)doy = —vj(2) (IV.8.15) 


e—0 OB. 


and so from (IV.8.11)—(IV.8.15) we finally deduce the following representation 
formula for vj, 7 =1,...,n, valid for all x € Q2: 


IV.8 Green’s Tensor, Green’s Identity and Representation Formulas 291 

(a) = f Usle— wildy ~ f Wyle w)Tulv.\() 

Q an (IV.8.16) 
—vi(y)Tie(uj, aj)(x — y)|ne(y)doy. 


To give a similar representation for the pressure p, we begin to observe that 
for f smooth enough (e.g., Hélder continuous) the volume potentials 


W;(«) = - Uis(e —y) few) dy, 


S(x) = - fale — y)fily)dy 


are (at least) of class C?(Q) and C!(), respectively (Odqvist 1930, Satz 1; 
see also Section IV.7) and that, moreover, it is (see Exercise IV.8.1) 


AW (x) — VS(x) = f(a), ve 2. (IV.8.17) 
We next observe that from (IV.8.16) 


O 
ath = Av; = AW; +f [U:ATie(u,;, q;) = (AU, )Tie(v, p)]ne, (IV.8.18) 
J 02 


which, by (IV.8.17) and (IV.2.5), in turn implies 


Op os 04: 
Ps +f | 2 Tie(v, p) + ui ATie(u;, qj) | ne. 
an 


Observing that q; is harmonic (for x # y) we also have 


O74; 


fa) O 
ATie(uy, 95) = —dieAgj + p—-AUi; + -—-AUe; = rrr 


Oxe Ox; 
for « # y, which, once substituted into (IV.8.18) and upon using the relation 
0q;/Oxe = Oqe/Ox;, yields for all x € 2 


p() = — | ule —v) fil) dy + i cep hope 
° a (IV.8.19) 
Oqe(x — y) 


Ine(y)doy. 


Identity (IV.8.19) gives the representation formula for the pressure. 


Exercise IV.8.1 Prove the validity of equation (IV.8.17). Hint: Set w = Ex f 
(f =0 in 2°). From potential theory it is well known that, for f Hélder continuous, 
it is (at least) w € C?(Q) and, moreover, Aw = f in 2, see Kellog (1929, Chapter 
VI, §3). 
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Formulas (IV.8.16) and (IV.8.19) can be easily extended to derivatives of 
arbitrary order. Actually, observing that for any multi-index a 


A(D*v) — V(D%p) = D°*f, 
one readily shows, for all x € 92, 


De; (2) = | Uy a w)D* filu)dy - : Wale Tu(Dev, Dery) 


—D°vi(y)Tie(uj, aj) (x — y)]ne(y)doy 


(IV.8.20) 
and 
Dep) = - i ale — 9) D*fiy)dar | lala — w)Tu(Dv, D°p)(u) 
20° ri(y) EY ny(y)doy 
(IV.8.21) 


Relations (IV.8.20) and (IV.8.21) were obtained under the assumption of 
suitable regularity on v and p. Nevertheless, it is not difficult to extend them 
to the case when velocity and pressure fields belong to suitable Sobolev spaces. 
Precisely, we have 


Theorem IV.8.1 Let Q be a bounded domain of R”, n > 2, of class C™*?, 
m > 0, and let v € W™t?-4(2), p € W™+14(Q) be a solution to (IV.0.1) 
corresponding to f © W"4(Q), 1 <q < cw. Then, v and p obey (IV.8.20) 
and (IV.8.21), respectively, for all |a| € [0,m] and almost all x € 92. 


Proof. We prove (IV.8.20), the proof of (IV.8.21) being entirely analogous. 
Let v, be the trace of v on 092. From Theorem II.4.4 we then have v, € 
wm+2-1/4.9(9Q). Denote by {f;,}, {vsx} two sequences of smooth functions 
approximating f and v,, respectively, in the spaces to which they belong, and 
by {vx, pr} the corresponding solutions to (IV.0.1) and (IV.0.2). By what we 
have seen, for all |a| € [0,mJ, these solutions obey (IV.8.20) and (IV.8.21) 
with v; in place of v and with f,, in place of f. Denote by (IV.8.20), these 
relations and let k — oo. In this limit, from Lemma IV.6.1 we obtain 


ve v in W+29(Q) 


(IV.8.22) 
Pep in W™h9(22). 


Set 
V;(b) = ip Uyle y)D*biu)dy 
B,(b, s) = i _[De(a) Tales. a)(@ 9) 


—U;; (x — y)Tie(D°b, D*s)(y)|ne(y)doy 
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and 
P(b) = [le — y) Db; (y)dy 


Alb, s) = , _ [ale =) Tu(D%, D*s)(y) 


-2f pev,(y)2@@—¥) 


ne(y)da 
we Ox; ol ) y 


and assume first ¢ > n/2. From the estimates (IV.2.6) for U we have, if n > 2, 


T= |Vi(Fx) — Vi(F)| < ella — 9 llaya—vll Fx — Fllma S call fe — Filme 
(IV.8.23) 
while, if n = 2, 


Ty < ell log|x — ylllasq—ll Fx — Fla < Cllfi — Fillm.a- (IV.8.24) 


Moreover, for any fixed « € 92, from Theorem II.4.1 it follows for all q > 1 
that 


|B; (vx, pe) — By(v, p)| < cs (lve — Vllm-+1,q(a2) + IlPe — Pllm,q(ae)) 


< e4 (lve — U||m42,¢,0 + IP — Pllm+t,¢,2) 
(IV.8.25) 
where cq depends on dist (7,02) = d (cz — cw as d — 0). Also, from the 
embedding Theorem II.3.4, we have D°v € C(Q2) and, as k > ov, 


D°v, > D*v in C(M). (IV.8.26) 


Relations (IV.8.22)—(IV.8.26) show (IV.8.20) if ¢ > n/2, and then for allg > 1 
ifn = 2. Assume now 1 < q < n/2, n > 2. Let 2 be any subdomain of 2 
with 2 c 2. Using the Minkowski inequality several times we obtain 


|| Dv; — Vi(F) — Bye, P)lla.2" S [Ue — Ulla." + Vi (Fe) — Vi (Fla 


+||Bj (ve, Pe) — By(v, P)Ilq.a° + || D® (ve3) — Vil Fe) — By (ve, Pr) lla 
(IV.8.27) 
If g = n/2, from (IV.2.6) and Theorem II.11.2 we derive that V; is a bounded 
transformation of L"/?(Q) into L"(Q), for all r € (1, 00), while, if q € (1, n/2), 
again from (IV.2.6) and Sobolev Theorem II.11.3, V; is a bounded transforma- 
tion of L4(Q) into L"4/("-29(Q). Therefore, observing that q < nq/(n— 2q), 
in either case we derive 


IIVi(Fi.) — Vi(Pyllaer S coll fx — Fllm.a.2- (IV.8.28) 


Thus, recalling that v;, satisfies (IV.8.20), identically, from (IV.8.22), (IV.8.25), 
(IV.8.27), and (IV.8.28) we conclude the validity of (IV.8.20) also for q € 
(1, n/2]. The proof of (IV.8.21) is entirely analogous, provided we distinguish 
the two cases n > q and n < q. We leave details to the reader. The proof of 
the theorem is complete. 
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Representation formulas that involve only the body force and the velocity 
at the boundary can be obtained if we make use of the Green’s tensor solution 
(IV.8.2). Actually, applying (IV.8.10) with 


™(y) = a;(x,y) 
and taking into account that A, a are smooth fields solving (IV.8.1), we find 
f(y): Aj (a, y)dy = fuse) Tw, p(w) vu) -P(As,45)(e-2)] roy, 
(IV.8.29) 


where, we recall, wu; = (Ui;, U2;,...,Unj). Subtracting (IV.8.29) from (IV.8.16) 
and bearing in mind the definition of G given in (IV.8.2) we then conclude 


2 


05 (x) =f esletnay— f boyn (Gj, 9;)(@, y)|ne(y)doy, (IV.8.30) 
where G; = (Gij;,G;,...,Gn;). Finally, along the same lines leading to 
(IV.8.19), one proves the following formula: 


p(t) =- | gia) fly)dy — 2 [ _wa)ne(anday: (IV.8.31) 


Exercise IV.8.2 Let v be a q-generalized solution to the Stokes problem (IV.0.1), 
(IV.0.2) in a half-space, corresponding to smooth data of bounded support. Show 
that v and the corresponding pressure p satisfy the representation (IV.8.30), 
(IV.8.31) with G and g given in (IV.3.46). 


IV.9 Notes for the Chapter 


Section [V.1. The first existence and uniqueness result for the Stokes prob- 
lem in a bounded domain is due to Korn (1908), under the restriction V-f = 0. 
The problem of existence with no restriction on the body force was solved for 2 
a ball by Boggio (1910), Crudeli (1925a, 1925b), and Oseen (1927, §§9.1,9.2). 
In particular, Oseen determines explicitly the Green’s tensor for the Stokes 
problem in a ball. Existence and uniqueness in full generality, with no restric- 
tion on f or the shape of 2, was provided by Lichtenstein (1928), in the wake 
of the work of Umberto Crudeli. 

The existence of a pressure field associated to a qg-generalized solution along 
with the validity of the corresponding estimate was first established by Cat- 
tabriga (1961) for space dimension n = 3. The same result was obtained, with 
a much simpler proof, in the case g = 2 (generalized solutions) by Solonnikov 
& Séadilov (1973) and it was successively rediscovered, essentially along the 
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same methods, by Amick (1976); see also Temam (1977, Chapter I, Lemma 
2.1). 
Section IV.2. The material contained in this section is taken, basically, from 
Galdi & Simader (1990). However, the uniqueness part of Theorem IV.2.2 is 
due to me. Similar results can be found in Cattabriga (1961), Borchers & 
Miyakawa (1990, Proposition 3.7 (dii)), and Kozono & Sohr (1991, §2.2). 
Existence and uniqueness of solutions in weighted Lebesgue and homoge- 
neous Sobolev spaces can be immediately obtained by using, in the proofs 
of Theorem IV.2.1 and Theorem IV.2.2, Stein’s Theorem II.11.5 in place of 
Calderén—Zygmund Theorem IT.11.4; see Pulidori (1993). For similar results 
in the two-dimensional case, we also refer to Duran & Lopez Garcia (2010). 


Section IV.3. The guiding ideas are taken from the work of Cattabriga (1961, 
§§2,3). However, all theorems in this section are due to me. In this respect, I 
am grateful to the late Professor Lamberto Cattabriga for the inspiring and 
enjoyable conversations I had with him, in the winter of 1987, on the existence 
part of Theorem IV.3.3. 

A weaker version of the estimates contained in Theorem IV.3.2 and The- 
orem IV.3.3 is given by Borchers & Miyakawa (1988, Theorem 3.6) and by 
Maslennikova & Timoshin (1990, Theorem 1). Results in weighted L% spaces 
can be found in Borchers & Pileckas (1992). 

The special case of Theorem IV.3.2 corresponding to f = 0, g = 0 and 
q = 2 is proved by Tanaka (1995), by the Fourier transform method. More 
general (slip) boundary conditions are also considered. 

The Green’s tensor for a three-dimensional half-space was determined for 
the first time by Lorentz (1896); see also Oseen (1927, §9.7). 


Section IV.4. Theorem IV.4.1 (for n = 3) is essentially due to Cattabriga 
(1961, 85), while Theorem IV.4.2, Theorem IV.4.4, and Theorem IV.4.5 are 
due to me. 

A result similar to that proved in Remark IV.4.2 was first shown by Sverdk 
& Tsai (2000, Theorem 2.2). In fact, Remark IV.4.2 is motivated by their work. 


Section IV.5. The results contained in this section are a generalization to 
n > 2 of those proved by Cattabriga (1961, §5) for n = 3. 

An improved version of the results stated in Remark IV.5.1 and Remark 
IV.5.2 can be found in Kang (2004). 


Section IV.6. Theorem IV.6.1 plays a central role in the mathematical theory 
of the Navier-Stokes equations. In the case where n = 3 it was shown for 
the first time by Cattabriga (1961, Teorema at p.311). The same result of 
Cattabriga for m > 0 was announced by Solonnikov (1960) and a full proof, 
based on the theory of hydrodynamical potentials, appeared later in 1963 in 
the first edition of the book by Ladyzhenskaya (1969) (in this regard, see 
also Deuring, von Wahl, & Weidemaier (1988) and the book of Varnhorn 
(1994)). Sobolevski (1960) proved a weaker result in the special case m = 0 and 
q = 2. In their study on the unique solvability of steady-state Navier-Stokes 
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equations, Vorovich and Youdovich (1961, Theorem 2) showed Cattabriga’s 
result for m > 0 and q > 6/5. Finally, we wish to mention the ingenious work 
of Krzywcky (1961), where estimates for the Stokes problem are obtained from 
the Weyl decomposition of the space L?. 

Since the appearance of these papers, several works have been published 
which, among other things, investigate the possibility of generalizing Cat- 
tabriga’s theorem in the following two directions: (i) extension to arbitrary 
dimension n > 2; (ii) extension to less regular domains. To the best of our 
knowledge, the first attempt toward direction (i) is due to Temam (1973, 
Chapter I). However Temam’s arguments work only when g > 2 and m > 0, 
if nm > 3, and for arbitrary m > —1, q € (1,00) if n = 2. In particular, the 
proof of this latter result is achieved by showing that the Stokes problem 
is equivalent to a suitable biharmonic problem. In this respect, we refer the 
reader to the paper of Simader (1992), where an interesting analysis between 
these two problems is carried out for any n > 2. Another contribution along 
direction (i), in the case where m = 2, is due to Giga (1981, Proposition 
2.1), who uses a theorem of Geymonat (1965, Theorem 3.5) on the invariance 
of the index of the operator associated to an elliptic system in the sense of 
Douglis-Nirenberg. This method requires, however, (2 of class C®. Ghidaglia 
(1984) has extended Cattabriga’s theorem to arbitrary n > 2 when gq = 2. In 
this respect, it is worth mentioning the contribution of Beirao da Veiga (1998) 
where results similar to those of Ghidaglia are proved, but under much less 
regularity on (2. However, the most important feature of this paper is that 
the author avoids potential and/or general elliptic equation theories, while he 
uses, instead, only the elementary estimate ||u||2.2 < c||f|l2 for the unique 
solution u € Wy*(2) A W?-2(Q) of the scalar Poisson equation Au = f. 

The full generalization of the results of Cattabriga to arbitrary space di- 
mension n > 2, i.e. Theorem IV.6.1, was established for the first time, indepen- 
dently, by Kozono & Sohr (1991) and Galdi & Simader (1990, Theorem 2.1). 
(Actually, the proof given by the former authors requires slightly more regu- 
larity on 2 than that stated in Theorem IV.6.1.) Concerning (ii), Amrouche 
& Girault (1990, 1991), suitably coupling the work of Grisvard (1985) and 
Giga (1981), have proved Theorem IV.6.1 with m > 0, for Q of class C™+, 
and with m = —1, for Q of class C!. Galdi, Simader, & Sohr (1994) extend 
Theorem IV.6.1 with m = —1 to locally Lipschitz domains with “not too 
sharp” corners, or to arbitrary domains of class C!. If n = 3 and q € [3/2,3] 
their result continues to hold for 2 locally Lipschitz only, provided 02 is 
connected; see Shen (1995). The Stokes problem in non-smooth domains has 
also been addressed by Kellogg & Osborn (1976) for 2 a convex polygon, and 
by Voldiich (1984) for arbitrary 2 C R", n > 2, but in weighted Sobolev 
spaces. Dauge (1989) and Kozlov, Maz’ja and Schwab (1994) have considered 
extensions of the work of Kellogg and Osborn to three-dimensional domains. 

Existence and uniqueness for the Stokes problem in corners and cones 
has been studied by Solonnikov (1982) and Deuring (1994), respectively. A 
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comprehensive analysis of these questions can be found in the monograph of 
Nazarov and Plamenevskii (1994). 

Along with the definition of weak solution, one can introduce the notion 
of very weak solutions (Giga, 1981, §2; see also Conca, 1989). Specifically, set 


Co (2) = {bh € C7(2) : Plan = 9}, (x) 


and formally dot-multiply both sides of (IV.0.1); by a € C2(Q). After inte- 
grating by parts over 2 and taking into account (IV.0.1)2 and (IV.0.2), we 


find 
[v-40=-[ paves fp-w- fo n-vo-w.. 


These considerations lead to the following definition. A field v : 2 — R” 
is called a very weak solution to the Stokes problem (IV.0.1)—(IV.0.2) if (i) 
v € H,(2), some g € (1, 00), and (ii) v satisfies the following relation 


(v, Ad) = (f, 0) —(n- Vu, vs)ag, for all b € C2(2) with divy =0in 2, 


where, we recall, (-,-)aq denotes the duality pairing between the spaces 
W-1/4:9(8Q) and W1~1/4-4' (AQ); see Section IIL.2. Notice that v is not re- 
quired to possess any derivative, hence the attribute of “very weak”. It is 
also clear that a q-weak solution is also very weak, and that the converse 
need not be true. Existence and uniqueness of very weak solutions has been 
shown, for 2 of class C'°°, by Giga (1981, Proposition 2.2). In particular, the 
author proves that, for any f € Dj ‘4(Q) and any v, € W~/49(9), there 
exists a unique corresponding very weak solution. Furthermore, we can find a 
“pressure field” p € W, '"(Q) such that 


(v, Aw) = —(p, div) + (f,b) + (n- Va, v«)a0, for all p € C5(2). 


More recently, the question of existence, uniqueness, continuous dependence 
and regularity of very weak solutions (also for the full nonlinear problem, see 
Notes for Chapter IX) has been analyzed in detail by Galdi, Simader & Sohr 
(2005, Theorem 3 and Lemma 4). Among others, one main result of this paper 
explains and characterizes the way in which a very weak solution attains the 
boundary value v,, a thing that a priori is not completely obvious; see also 
MaruSic-Paloka (2000, Section 3). It turns out that the normal component of 
v at OF is a well defined member of W~!/%4(0Q), as a consequence of the 
fact that v belongs to H,(§2); see Theorem III.2.3. Moreover, let W19() 
denote the completion of W14(Q) in the norm 


esl ee.e¢c = llelle + Pe Aell—aye, 


with P, projection operator of L4(Q) onto H,(2). Then, if Q is of class 
C?1, and u € W!4(2) we have that n x ulaq is well defined as an element of 
€ W—!/49(9Q), and the corresponding trace operator is continuous; see Galdi, 
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Simader & Sohr, loc. cit., Theorem 1. In addition, it can be shown that every 
very weak solution corresponding to f € Wo “(Q) and v, € W7!/49(aN), 
belongs, in fact, to the space W14(2); see Galdi, Simader & Sohr, loc. cit., 
Lemma 1. Higher regularity results can be derived from Lemma IV.6.1. 

Galdi & Varnhorn (1996) have proved the maximum modulus theorem 
for the Stokes system. Specifically, they show that for solutions to (IV.0.1)— 
(IV.0.3) with f =0 and 2 of class C?, the estimate 


max |v| < C max|v,| (««) 
Q AQ 


holds, with C = C(n, 2). In general, the constant C is > 1, and, in fact, 
it is easy to bring examples where C > 1. The same result, under more 
general assumptions on the data, has been independently obtained by Mare- 
monti (2002). Previous contributions to this problem are due to Naumann 
(1988), and to Maremonti & Russo (1994) who first proved (**) for the two- 
dimensional case.! An interesting question is to furnish a bound for the con- 
stant C appearing in (**). This problem has been addressed, by an elegant 
method, by Kratz (1997a, 1997b). 


Section IV.8. Integral representations of various types for the general non- 
homogeneous Stokes problem along with their comparative analysis are given 
in the paper by Valli (1985). In this paper some errors in analogous formulas 
given by other authors are also pointed out. 


' The results of Galdi & Varnhorn, and of Maremonti & Russo cover the case of 
more general domains such as the exterior ones. In this respect, it seems inter- 
esting to notice that, in the case where 2 is a half-space, the estimate (**) with 
suitable C = C(n) > 0 immediately follows, in arbitrary dimension n > 2, from 
the representation (IV.3.3); and the estimate (ii) given after (IV.3.6). 


V 


Steady Stokes Flow in Exterior Domains 


... Tu stesso ti fai grosso 
col falso immaginar, si che non vedi 
cio che vedresti, se l’avessi scosso. 


DANTE, Paradiso I, vv. 88-90. 


Introduction 


In this chapter we shall analyze the Stokes problem in an exterior domain. 
Specifically, assuming that the region of flow 2 is a domain coinciding with 
the complement of a compact set (not necessarily connected) we wish to es- 
tablish existence, uniqueness, and the validity of corresponding estimates for 
the velocity field v and the pressure field p of a steady flow in 92 governed by 
the Stokes approximation, i.e., 


Av=Vp+f 
in (2 
V-v=0 

v=v, at ON, 


(V.0.1) 


where f, v. are prescribed fields and where, as usual, we have formally set the 
coefficient of kinematic viscosity to be one. Of course, since 92 is unbounded, 
we have to assign also the velocity at infinity, which we do as follows: 


lim v(x) =0. (V.0.2) 


There is a physically significant special case of problem (V.0.1)—(V.0.2) 
that, in fact, constitutes the main motivation for its study. Precisely, consider 
the slow motion of a rigid body 6, with impermeable walls, that moves with 


G.P. Galdi, An Introduction to the Mathematical Theory of the Navier-Stokes Equations: 299 
Steady-State Problems, Springer Monographs in Mathematics, 
DOI 10.1007/978-0-387-09620-9_5, © Springer Science+Business Media, LLC 2011 
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prescribed translational velocity, vo, and angular velocity, w, in an otherwise 
quiescent viscous liquid. By “slow” we mean that all nonlinear terms related to 
the inertial forces of the liquid can be disregarded compared to the linear one 
related to viscous forces. This happens if the appropriate Reynolds number is 
vanishingly small, that is, 


max {|vo|, wid} < =, (V.0.3) 


where d = 6(). We further assume that the liquid fills the whole space, 2, 
outside 5, and that body forces are negligible. Then, problem (V.0.1), (V.0.2) 
with f =0, and v, = v9 + w x @, describes the motion of the liquid referred 
to a frame attached to the body B. 


a priori, we are not expecting that (V.0.1), (V.0.2) may fully describe, 
even qualitatively, the physics of the problem at low Reynolds number. This 
is because, if the Stokes approximation of a flow can be fairly reasonable near 
the bounding wall of the body, where the viscous forces are predominant, it 
need not be equally reasonable at large distances where the effects related to 
those forces become less important. Let us consider, for instance, a unit ball, 
S, (with impermeable walls) moving with a small (in the sense of (V.0.3)) 
translational velocity vg and zero angular velocity in a viscous liquid that fills 
the whole space and is at rest at infinity. Then, by what we said, the motion 
of the liquid can be described by (V.0.1), (V.0.2) with Q = R°?—S, f =0, 
and v, = Uo. In such a case, Stokes derived in 1851 a remarkable and explicit 
solution vg, ps given by (see Stokes 1851, §39) 


win Feaferen(Q)] rae (B) 
ps(x) = 00 ag (=) 


Iz 


(V.0.4) 


Employing this solution one can easily compute the force exerted by the liquid 
on the sphere and find results that are significantly in agreement with the 
experiment. However, for the same solution it is apparent that v(a) = v(—a) 
and, therefore, according to Stokes approximation, there is no wake region 
behind S in contrast with what should be expected in the actual flow. 


Similar incongruities are observed if S rotates with a constant and small 
(in the sense of (V.0.3)) angular velocity w, without translating (i.e. v9 = 0). 
In this situation, the solution to (V.0.1), (V.0.2) with f = 0, and v, =w xz 
is given by (see Lamb 1932, §334 ) 
ee (V.0.5) 
UD = ie) —_— = WU. 
\x|3 ? Pp Po ’ 

' A most remarkable example is the Erenhaft-Millikan experiment for determining 


the elementary electronic charge, where one uses the Stokes law of resistance 
derived from (V.0.4) (Perucca 1963, Vol IT, p.670). 
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where po is an arbitrary constant. From (V.0.5) it follows that the component 
of the velocity along the axis parallel to w is identically zero. However, this 
is at odds with the well-known experimental observation that the sphere acts 
like a “centrifugal fan”, receiving the liquid near the poles and throwing it 
away at the equator; see Stokes (1845) and Lamb (1932, p. 589). This fact 
was first theoretically explained by Bickley (1938). 

Another —and maybe more famous- difficulty arises when one replaces the 
sphere S with an infinite straight cylinder C moving with translational velocity 
vo in a direction perpendicular to its axis, and zero angular velocity (Stokes 
1851, $45). In this situation, the motion of the liquid is planar and, therefore, 
one may write 

_ Low Ow 


Up = 


=——. Ua = — — 
roo’ 6° Or’ 
where w = w(r, 0) is the stream function and (r, @) is a polar coordinate system 


in the relevant plane of flow orthogonal to the axis of C. Assuming the radius 
of C to be one, problem (V.0.1), (V.0.2) with 


Q={p eR? +a] +42 > 1}, 


f =0 and v, = vo, can be written, in terms of w, as 


Ay =0 in Q 

Ow 

an 0 = 

56 Ucos@é atr 

ae Usind atr=1 (V.0.6) 
Or 

mie roo Or 


where, without loss of generality, we have taken vo = (U,0,0). A solution to 
(V.0.6) can be sought in the form 


P(r, 0) = F(r)G(0). 
Owing to (V.0.6)3 4, we find 
G(0) =sin 8, 


and so, by an easy calculation, we show that F'(r) satisfies a fourth-order 
Euler equation whose general integral is 


F(r) = Ar-+ + Br+Crlogr + Dr®, 


A,...,D being arbitrary constants to be fixed so as to match the boundary 
conditions and conditions at infinity in (V.0.6). To satisfy the latter it is 
necessary to take B = C = D = 0. Moreover, (V.0.6)2 implies A = U, 
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while (V.0.6)3 requires A = —U. This is possible if and only if A = U = 0. 
Thus, v = 0, p = const. is the only possible solution (of the particular form 
chosen) of the problem, which tells us that the cylinder can not move. Stokes 
then concluded with the following (wrong, in retrospect) statement; see Stokes 
(1851, p. 63): 


“It appears that the supposition of steady motion is inadmissible.” 


This is the original formulation of the famous Stokes paradox, which plays 
a fundamental role in the study of plane steady flow, also in the nonlinear 
context (see Section XII.4). The Stokes paradox, in other different and more 
general forms, will be considered and discussed in several sections of this 
chapter. 2 

The situation just described is similar to that of the well-known Laplace 
equation with homogeneous Dirichlet boundary data in the exterior of a unit 
circle, where the function ju(a) = log |x| is a solution to the problem and there 
are no non-zero solutions that behave at infinity as o(,u(z)). In fact, also for the 
exterior plane Stokes problem, from the reasonings previously developed we 
can construct solutions analogous to y and find the following two independent 
solutions 
vf? = 2log |x| + 203/|acl? + (a? — 03)/|x|4 - 1, 


1 U1X2 = 
Us ) =-—-2 ig (1 = |x| ] 3 


a) = 4a, /|z/?, 


7 ie (V.0.7) 
vy” = -2——F (1-|2|"*), 


||? 
2 
vy” = 2log|a| + 20}/|a|? + (03 — #7)/lel* — 1, 
a?) = Ago /|x)?. 
As in the case of the sphere, also for the planar flow past a cylinder one 
can exhibit a solution corresponding to the case when C rotates (without 
translating) with constant angular velocity w around its axis in a quiescent 


liquid. Precisely, the appropriate solution is given by (see Lamb 1932, §§ 333, 
336) 


x 
ee Tee? P=DPo0,; (V.0.8) 


where po is an arbitrary constant. However, it is interesting to observe that, 
unlike the case of the sphere, the velocity field in (V.0.8) is also a solution to 
the full nonlinear Navier-Stokes problem, corresponding to the pressure field 


p=po-=—>.- (V.0.9) 


? It is interesting to notice that a general proof of the Stokes paradox, independent 
of the particular form of the solution and the shape of the body appeared only 
in 1938; see Kotschin, Kibel, & Rose (1954, pp. 361-366). 
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Other contradictions and paradoxes related to problem (V.0.1), (V.0.2) 
will be mentioned in the introduction to Chapter VII. There, and in the sub- 
sequent Chapter VIII, to avoid these contradictions, we will consider an ap- 
proximation different from that of Stokes, obtained by linearizing the Navier— 
Stokes equation around a non-zero rigid motion solution (Oseen, and gener- 
alized Oseen approximations). 


The main objective of this chapter is to investigate unique solvability for 
problem (V.0.1), (V.0.2) and to see to what extent it is possible to prove, for 
the obtained solutions, estimates analogous to those derived in the preceding 
chapter in the case of a bounded domain. Now, while existence and uniqueness 
of generalized solutions together with corresponding estimates are proved (for 
n > 2) by a direct extension of the method employed for the bounded domain 
(in fact, even with an arbitrary flux of v,. at 092), the problem of determin- 
ing analogous results for g-generalized solutions (q 4 2) is more complicated 
and demands a preliminary, detailed study of asymptotic properties at large 
distances. Of course, as in the case of the Poisson equation in exterior do- 
mains, we are not expecting that the theory holds in Sobolev spaces W™4 
but, rather, in homogeneous Sobolev spaces D™ 4. However, as we shall see, 
even enlarging the class of functions to which solutions belong, such results 
can be proved if there is a certain restriction on g depending on the number of 
space dimension n. This fact can be qualitatively explained as follows. We be- 
gin to consider smooth body forces of compact support in (2 and for these we 
show the unique solvability of problem (V.0.1), (V.0.2) in a function class F, 
(say) along with suitable estimates that represent the natural generalization 
to the exterior domain of those determined in Theorem IV.6.1 for a bounded 
domain. Successively, given f in an arbitrary Sobolev space W™~?4, m > 2, 
we approximate it by a sequence from C§°(2) and analyze the convergence of 
the corresponding solutions to a solution to (V.0.1), (V.0.2) in the class F, by 
means of the preceding estimates. Now, if qg is sufficiently small (1 < q < n/2) 
every function in F, satisfies (V.0.2), in a suitable sense, and the above pro- 
cedure is convergent to a uniquely determined solution to (V.0.1), (V.0.2); 
on the other hand, if q is large enough (q > n/2) the elements of F, need 
not verify (V.0.2) and, moreover, (V.0.1) with f = v. = 0 admits nonzero 
solutions in the class F,, which form a finite dimensional space 3/,. Therefore, 
for g > n/2, our procedure gives rise to a solution satisfying a priori only the 
Stokes system (V.0.1) and the corresponding estimates are available only in 
the quotient space Fy/Xq. 


An analogous situation occurs when f is a functional on Dut and solutions 
are sought in the space D'4 (weak solutions). In fact, when q > n (q > 2, if 
n = 2), also in this class there is a nonempty null space S, to the Stokes system 
(V.0.1). It then follows that such solutions are not unique if g >n (q > 2, if 
n = 2), while they can exist for 1 <q<n/(n—1) (1<q< 2, ifn = 2) if and 
only if the data satisfy a compatibility condition of the Fredholm type. This 
latter property has some interesting consequences and, in particular, it leads 
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to a necessary and sufficient condition for the existence of planar solutions 
to (V.0.1), (V.0.2). Specifically, these solutions can exist if and only if f and 
v, verify a suitable relation. Of course, if f = 0, the choice v. = vo, with 
vo constant vector, does not satisfy such a relation, in accordance with the 
Stokes paradox. However, this relation may be satisfied for other, physically 
significant, choices of v.; see Exercise V.7.1. 

In the light of what I have described so far, a question that naturally arises 
is if, by suitably restricting the function class of body forces, it is possible to 
determine “stronger” estimates that would ensure that the limit solution, 
obtained by the density procedure previously mentioned, “remembers” the 
condition at infinity (V.0.2). Such a problem is, in fact, resolvable provided 
f = V-F with F decaying sufficiently fast at large distances (see Section 
V.8) and, as we shall see in Chapter X, these results will be decisive in the 
solvability of the nonlinear problem with zero velocity at infinity. 


V.1 Generalized Solutions. Preliminary Considerations 
and Regularity Properties 


In analogy with the case where 92 is bounded, we begin to give a variational 
formulation of the Stokes problem (V.0.1), (V.0.2). To this end, multiplying 
(V.0.1) by gy € D(Q) and integrating by parts over 2, we formally obtain! 


(Vu, Ve) = —[f, 4]. (V.1.1) 


Definition V.1.1. A vector field v : 2 — R” is called a q-weak (or q- 
generalized) solution to (V.0.1), (V.0.2) if for some g € (1,00) the following 
properties are met: 
(i) v € Dh(Q); 
(ii) v is (weakly) divergence-free in 92; 
(iii) v assumes the value v, at O92 (in the trace sense) or, if the velocity at 
the boundary is zero, v € Do’4(); 


Gv) tim ff jo(a)i=o: 
zr|— co Sn-1 
(v) v verifies (V.1.1) for all yp € D(). 


If qg = 2, v will be called a weak (or generalized) solution to (V.0.1), (V.0.2). 


Remark V.1.1 If v.. = 0, condition (iii) tells us that v assumes the homoge- 
neous boundary data in the sense of the Sobolev space Wo and no regularity 
is needed on §2; see Remark II.6.5. On the other hand, if v. 4 0, according 
to the trace theory of Section II.5, 2 has to be (at least) locally Lipschitz. 


' As agreed, we are taking vy = 1. Furthermore, as in the case where Q is bounded, 
we are considering the more general case that f is an element of Dj ‘"(Q), so 
that, since 9 is an exterior domain, we replace (f,y) with [f,y], where, we 


recall, [-,-] denotes the duality pairing between Dj’4(Q) and Dut (2). 
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Remark V.1.2 If v, = 0, a q-weak solution belongs to Dy4(2). This follows 
directly from conditions (ii) and (iii) of Definition V.1.1. Consequently, for 
domains such that Di4(2) > Dy4(Q) the definition of g-generalized solution 
using this latter space could then be more restrictive than Definition V.1.1. 
In this regard, we recall that, by virtue of the results of Theorem III.5.1, the 
two spaces coincide if 2 satisfies some mild regularity requirement like, for 
instance, cone condition. However, to date, it is still to ascertain if there exists 
an exterior domain, *, for which Dy? (24) x Da (2). If such 2% exists, 
then, as in the case of a bounded domain (see Remark IV.1.2) we could prove, 
by means of Exercise III.5.3 and Theorem V.2.1, the existence of at least 
one smooth, nonzero solution, v*, p*, to (V.0.1),(V.0.2) in 2%, corresponding 
to f = v, = 0. In addition, v* would tend to zero as |x| — oo uniformly 
pointwise, and v‘, p* would have the asymptotic behavior specified in Theorem 
V.3.2. Hi 


From Lemma IV.1.1, it follows that to every g-weak solution we can asso- 
ciate a suitable pressure field p. Namely, if f € Wo °4(2), 1<q< o™, for 
any bounded subdomain 2’ with Q’ C Q, there exists p € L7,.(Q) such that 


loc 


(Vv, Vw) = —[f, b] + (p, V- ) (V.1.2) 


for all = € CG°(2). However, if 2 is locally Lipschitz and f € DQ) we 
have the following global result. 


Lemma V.1.1 Let 92 be a locally Lipschitz exterior domain in R” and let v 
be a q-generalized solution to (V.0.1), (V.0.2). Then, if 


fe Dor"), 


there exists a unique p € L1(2) satisfying (V.1.2) for all w € C§°(2). Fur- 
thermore, the following inequality holds 


elle S$ €(\Fl-1,¢ + l¥l1,4) - (V.1.3) 


Proof. The functional 
Fp) = (Vv, Vo) + [f, 9] 


is bounded for ¢ € DY (Q) and vanishes for a € DPT (9). The existence 
and uniqueness of p is then a direct consequence of Corollary III.5.1. Consider, 
next, the problem 

V- w= |p|? *p 


ap € DY (2) (V.1.4) 


lia’ < callplla- 
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Since p € L4(2), by Theorem II.4.2, there exists at least one w satisfying 
(V.1.4). Replacing such a a into (V.1.2) and using the Holder inequality then 
shows (V.1.3). 


The next step is to investigate the regularity of g-generalized solutions. 
Since regularity is a local property, such a study is most easily performed 
by means of the results shown in Section IV.4 and Section IV.5. Specifically, 
from Theorem IV.4.1 and Theorem IV.5.1 we have the following result, whose 
proof is left to the reader as an exercise. 


Theorem V.1.1 Let f € W/07(2), m>0,1<q <0, and let 


ve Ww, 4(2), pe Lt (2)? 


loc loc 


with v weakly divergence-free, satisfy (V.1.2) for all x € CS°(2). Then 


ve Wit29(2), pe winth4(.). 


loc loc 
In particular, if f € C®(Q2), then 
v, pEC*(M2). 
Also, if 2 is of class C™+? and f € W,27(2), ve © W™+2-1/99(92), then 


vewmr24179), pewmth4()). 


loc loc 


In particular, if Q is of class C° and f € C™(22), vx € C(O) then v, 
p € C%(), for all bounded 2 c 2. 


V.2 Existence and Uniqueness of Generalized Solutions 
for Three-Dimensional Flow 


In this section we shall be concerned with the well-posedness of the Stokes 
problem when the region of flow is a three-dimensional exterior domain.? 
The two-dimensional case, being related to the Stokes paradox, is in general 
not solvable. Actually, as will be proved in Section V.7, it admits a solution 
if and only if the data obey suitable restrictions; see also Theorem V.2.2. 
Furthermore, the problem of existence of g-generalized solutions for any q > 1 
will be treated in Section V.5. 


? As a matter of fact, both assumptions on v and p can be replaced by the following 
one: 


Vv € Li,.(2), 


with v satisfying (V.1.1) for all y € D(2). This is because, by Lemma IJ.6.1, v € 
W.22(Q) and, by Lemma IV.1.1, we infer the existence of p € L7,,(2) satisfying 
(V.1.2). 

' Actually, n-dimensional with n > 3; see Remark V.2.1. 
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Theorem V.2.1 Let Q be a locally Lipschitz exterior domain of R*. Given 
FED (2), v. € W790), 


there exists one and only one generalized solution to the Stokes problem 
(V.0.1), (V.0.2). This solution satisfies for all R > 6(Q°) the following es- 
timate 


lll2,0n + lv|1,2 + Ilpll2 < ¢ {|F|-1,2 + llvxlli2,2(0.2)} (V.2.1) 


where p is the pressure field associated to v by Lemma V.1.1 and c = c(Q, R), 
c— oo as R= ow. Furthermore, 


i. |v(x)| = 0(1//|2|)_ as |x| — 0. (V.2.2) 


Proof. The proof of existence and uniqueness goes exactly as in Theorem 
IV.1.1, provided we make a suitable extension of v,. In this respect, it is 
worth noticing that it is not required that the flux of v. on O02 be zero. Set 


@ =y V~°N, o(x) = —-PVE(z), 
aa 


where € is the fundamental solution to the Laplace equation and with the 
origin of coordinates taken in (2°. Clearly,” 


Ao =0 inf, 


| o:-n=@. 
Xe) 


Putting w, =v. —o, it follows that 
w,: n=0 
an 


and we can apply the results in Exercise III.3.8 to construct a solenoidal field 
V, € W'(Q), vanishing outside 2,, for some p > 5(2°), that equals w. on 
O02 and, moreover, 

IVilla2e, < a|lwelliy2,2(a2) (V.2.3) 


with c = c(2,). On the other hand we have, clearly, 
|| |]1 2,210.2) < €2l|v«ll1/2,2(aa); 
so that (V.2.3) implies 


? Recall that n is the unit outer normal to 02. 
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Villi.2,2, S ¢3||v«ll1/2,2(a2) (V.2.4) 


with cz = c3(2,p). A generalized solution to the exterior problem is then 
sought in the form 
v=wivVica, 


where w € Do? (2) solves 


(Vw, V¢) _ =|j; | ~~ (VV, V¢), 


with 
V=Vi+0. 


Existence, uniqueness, and estimate (V.2.1) are proved along the same lines 
of Lemma IV.1.1, provided we use Lemma V.1.1 instead of Lemma IV.1.1 and 
note that, since Ao = 0 in 2, we have 


Vo: Ve=0, 
Q 


for any p € Dj*(2). To show estimate (V.2.2) we notice that for |2| suffi- 
ciently large 


[welserf (ewte)l + loi lve) 


=c4] |w(x)| + O(1/2)2), 
S2 


and, since w € Dy’*(2), by Theorem II.7.6 and Lemma II.6.3 it follows 


[ote = o/VieD. 


which furnishes (V.2.2). The proof of the theorem is then completed. 


Exercise V.2.1 Show that Theorem V.2.1 holds also when V -v = g # 0, where 
g is a prescribed function of L?(Q). In this case (V.2.1) is modified accordingly, by 
adding the term ||g||2 on its right-hand side. Notice that, unlike the case where 2 
is bounded (see Exercise I[V.1.1), no relation between g and v. is needed. 


Remark V.2.1 If in Theorem V.2.1, v. = v9 +w x x = V, the solenoidal 
extension of the boundary velocity can be performed in an elementary way. 
Specifically, we need a field a that equals V near 022, equals O at large dis- 
tances, and has first derivatives in L?(2). Thus, assuming without loss of 
generality vp = (vo,0,0), we may take (Borchers 1992) 


a =—35V x [V x (Cur) + Cx?w)], (V.2.5) 


where ¢ is an arbitrary function from C§°(2) that is zero near O22 and one far 
from 02. Consequently, in particular, if v. = V, existence of a generalized 
solution is proved without regularity assumptions on 92. |_| 
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Remark V.2.2 In spatial dimension n > 3 the results of Theorem V.2.1 
continue to hold with estimate (V.2.2) replaced by 


| lv(2)| = o(1/|2|"/2-}) as |ar| co. 
Sn-l 


In the case of plane motions, however, we have a different situation that 
resembles the Stokes paradox mentioned at the beginning of the chapter. 
Actually, using the same method of proof, we can still construct a field v 
satisfying conditions (i)-(iii) and (v) of Definition V.1.1. However, we are 
not able, for such a v, to check the validity of (iv), that is, to control the 
behavior of the solution at large distances. This is because functions having 
a finite Dirichlet integral in two space dimension need not tend to a finite 
limit at infinity, even in a generalized sense; see Section II.6 and Section II.9. 
Nevertheless, as will be shown in Theorem V.3.2 (see also Remark V.3.5), 
every such solution does tend to a well-defined vector, U., at infinity, whenever 
the body force is of compact support. However, we cannot conclude 


Vo = 0. (V.2.6) 


Actually, (V.2.6) is in general not true, and in Section V.7 we shall prove 
that (V.2.6) holds if and only if the data satisfy certain restrictions. The 
meaning of the vector vo. will be clarified in Section VII.8, within the context 
of a singular perturbation theory based on the Oseen approximation. Here, 
we end by pointing out the following Stokes paradox for generalized solutions 
(Heywood 1974).? Oo 


Theorem V.2.2 Let v be a weak solution to the Stokes problem in an exte- 
rior, locally Lipschitz two-dimensional domain corresponding to f = v, = 0. 
Then v = 0 a.e. in 22. 


Proof. By assumption, 
(Vv, Vy) =0, for all p € Dy’? (), (V.2.7) 


where v € D!:?(Q) and v = 0 at 0 (in the trace sense). By Theorem II.7.1 
with q = n = 2, it follows that v € Dp? (2) and, since v is solenoidal, this 
implies v € De), On the other hand, since 92 is locally Lipschitz, by 
Theorem III.5.1, we find 


and so v € Dy (2), which together with (V.2.7) completes the proof of the 
theorem. 


3 In a private conversation in the summer of 2003, Olga Ladyzhenskaya pointed 
out to me that a result entirely analogous to Theorem V.2.2 is stated, without 
proof, at p. 43 of Ladyzhenskaya (1969). 


310 V_ Steady Stokes Flow in Exterior Domains 


V.3 Representation of Solutions. Behavior at Large 
Distances and Related Results 


In order to perform an L%-theory in exterior domains of the type performed for 
bounded domains in Section IV.6, we need to know more about the asymptotic 
behavior of solutions at great distances. We shall see, in particular, that under 
suitable conditions of “growth” at infinity, they behave exactly as the Stokes 
fundamental solution, provided the force f is of compact support. All this will 
be proved as a consequence of some representation formulas we are about to 
derive. In principle, this can be done quite straightforwardly from the results 
of Section IV.8. Actually we may write (IV.8.20) and (IV.8.21) on QN Br(zx), 
for sufficiently large R, then let R — oo and require that the surface integrals 
calculated at OBr(x) converge to zero. However, this method would impose 
too severe restrictions a priori on the behavior of v and p at large distances 
and the results obtained under such assumptions would be of no use for further 
purposes. We therefore employ another technique introduced by Fujita (1961) 
in the nonlinear context, which is based on a suitable “truncation” of the 
fundamental solution. 

Let 7 = w(t) be a C™-function in R that equals one for |t| < 1/2 and zero 
for |t| > 1. Setting 


oro ~ 9) =0 (*54), R>0, 


there follows 
Lif |e—y| < R/2 
VR(@-y=4 
Oif|r—yl2R (V.3.1) 


|D°br(x—y)|< MRI", |a| >0 
where M is independent of x, y. The Stokes-Fujita truncated fundamental solu- 
tion ce a is then defined by (IV.2.1) with ® replaced by wr@. Evidently, 
from (V.3.1), we have 


US (w@—y) =Uij(e-y), a (a-y) =ai(a-y), if |e — yl < R/2, (V.3.2) 


while o = 
Uy" (e@-y) =a" (e@-y) =0, if|z—y| > R. (V.3.3) 
Moreover, from (IV.2.2) it follows for « 4 y that 


a 
AUS (@ — 9) + 59-9) = He -y) 
i (v.3.4) 
agpUes (#— 9) =0 


where H. ae is defined by 
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0 ife=y 


H{®) (2 —y) = 
ij (7-9) big A*(r®) (x —y) ife Ay. 


Since (a — y) is biharmonic for x 4 y and all derivatives of Wr(x — y) vanish 
unless R/2 < |x — y| < R, we recover that H - ) is indefinitely differentiable 


and vanishes unless R/2 < |x —y| < R. Also, for u € Lj,,({2) it is a *UE 
C™(R"). Finally, from (V.3.1) and the properties of & we at once obtain the 
following uniform bounds as R — oo 
O(log R/R?2+!1), if n = 2 
\D°HS? (a —y)| = jaj>0  —(V.3.5) 
O(n Ih) ifn > 2. 
Consider now the Green’s formula (IV.8.10) in a domain 2, not necessarily 
bounded, with 
R R) 77(R R 
u(y) = wf (ey) = (UY, Uf, ..., 0) 
my) = 45" (w—y). 
Such a procedure is meaningful, since, whatever the domain (2 may be, in view 
of (V.3.3) the integration is always made on a bounded region (the support of 
wWr(a — y)). By repeating all the steps leading to (IV.8.20) and (IV.8.21) and 
recalling (V.3.2) we thus readily obtain 


Dv; (x) = | Uy (x — y)D® fi(y)dy 


2 | Ue — y)Te(D?v, D*p)(y) 


—D%vi(y)Tie(u , \)(a — y)|ne(y)doy 


(V.3.6) 
Likewise, setting 
Sa) = f (ey D° luda, 
we have 
a(D%p) _ as'®) | Oe EA ie ie 
Ox; 7 Ox; ss an yy ee » BYP) 
ao, 1,0 (x — y) (V.3.7) 
—2D%v;(y) DOF; ne(y)do 
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see Exercise V.3.1. Notice that if R < dist (#,02), formulas (V.3.6) and 
(V.3.7) do not require any regularity assumption on 2. The following result 
holds. 


Lemma V.3.1 Let (2 be an arbitrary domain of R”. Let v € We (Q,1< 
r < oo, be weakly divergence-free and satisfy (V.1.1) for all p € D(Q2) and 
some r € (1,00). Then, if f € W?""(Q), 1 < q < ov, it follows that v € 


loc 


Wi"*?-4(Q) and, moreover, for all fixed d > 0, for all |a| € [0,m] and for 


loc 


almost all x € Q with dist (x,02) > d, v obeys the identity 
D°v;(x) = | US (a y)D® fi(y)dy— I. H;; D(x )D° vu; (y)dy (V.3.8) 
Ba(x) 


where G(x) = Ba(x) — Baj2(2). 


Proof. The first part of the lemma has already been proved in Theorem IV.4.2. 
Concerning the validity of (V.3.8), we notice that if v and p are smooth, it 
follows from (V.3.6), by taking R = d and recalling the properties of rey ) 
The validity of (V.3.8) under the hypothesis of the lemma is recovered by 
adopting exactly the same procedure used in the proof of Theorem IV.8.1, 


and we leave it to the reader. 


Remark V.3.1 The assumptions of Lemma V.3.1 do not require 2 to be 
an exterior domain. Rather, 2 can be any domain of R”. Actually, Lemma 
V.3.1 will be applied in Chapter VI to the study of the asymptotic behavior 
of Stokes flow in domains with noncompact boundaries. |_| 


Remark V.3.2 For future purposes, we observe that a representation analo- 
gous to that furnished in Lemma V.3.1 also holds for solutions to the Poisson 
equation Au = f in an arbitrary domain 2 of R”. More precisely, set 


E®) (x —y) = vr(a - y)E(x@ -y), (V.3.9) 


where € is the fundamental solution of Laplace’s equation (II.9.1) and wp is 
given in (V.3.1). In a strict analogy with the Stokes-Fujita truncated funda- 
mental solution, one has 


E(a — y) if |a—y| < R/2 


EB(z —y) = V.3.10 
eo if |a—y| > R. 


Furthermore, for all x ¥ y, 
AE) (a — y) = H® (az — y) (V.3.11) 


with 
ife=y 


0) 
H'®) (2 —y) = 
a Pe aneee yE(a —y)) if #y. 


(V.3.12) 
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Clearly, the function H“) is infinitely differentiable and vanishes unless R /2< 
|x — y| < R, and by the properties of wp, 


log R/R2+1¢l, ifn =2 
|D°H®™) (xz —y)|<C (V.3.13) 
ge ifn > 2. 


Repeating step by step the proof of Lemma II.9.1 with €“) in place of € and 
using (V.3.11) we deduce for almost all « € 2, with dist (z,02) > R, the 
following general representation formula 


(V.3.14) 
with Ja] > 0. oO 


Exercise V.3.1 Let 2 be of class C™t?, m > 0, and let vu € W™*?-4(Q,), 
p € W™*t14(Q,) solve a.e. the Stokes system (V.0.1), 5, corresponding to f € 
w4(Q,), 1 <q < oo, all p > 6(Q°). Show the validity of (V.3.6) for almost all 
x € 2 and all R > 6(2°). Assuming, further, that the support S of f is bounded, 
show the validity of (V.3.7) for almost all 2 € 2 and all R for which Br(x) D S. 
Hint: (V.3.6) is shown by the same technique of Theorem IV.8.1. For (V.3.7), the 
only term that demands little care is that involving S“®). However, for Br(a) > S 
we have 


s(n) = | ai(a ~ yD" fuly)dy = (2) 


and, since D;q is a singular kernel, under the stated assumptions on f the function 
D;S belongs to L7(2,) for all r > 6(.2°) and one has 


||D; S| 


a2, Se|D"flla,a; 
see, e.g., Mikhlin (1965, §29). 


Lemma V.3.1 allows us to derive some information concerning the point- 
wise asymptotic behavior of g-weak solutions. For instance, we have! 


Theorem V.3.1 Let 9 be an arbitrary exterior domain in R", n > 2, and 
let v € D14(Q®) 7 L8(Q*), for some R > 6(2°) and some q,s € (1,00). 
Assume further that v is weakly divergence-free and satisfies (V.1.1), for all 
yp € D(Q) with fe wW™"(2*), m> 0, n/2 <1 < oo. Then 


lim D° v(x) = 0, for all |a| € [0, m]. 


|z|—-0o 


' The hypotheses of the following theorem are not optimal on v. However, they 
will suffice for further purposes. Furthermore, the theorem holds under alterna- 
tive assumptions on f. We shall formulate these latter directly in the nonlinear 
context; see Section X.5. 
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Proof. We show the result for n > 3, the case n = 2 being treated analogously. 
For fixed d > 0 and all x € 2 with dist (7,02) > d, we have 


d a —n 
[ @re-w fily)dy| < ellle — y|?-“"lla/(q—1), Baa) || F lla, Ba(a) 
PAGH 
< c1||Fllmq.Ba(e) 
(V.3.15) 
and 
d a a d 
[ HY (aw —y) D®vi(y)dy] = | D* Hi) (x — y)vily)dy 
B(x) A(«) 
(V.3.16) 


d 
<¢ max||H,;) (x — 9)|lm.s" (2) ¥lls,6¢2) 
< Cie ls Bates 


where we have exploited the properties of the function H. ) The theorem is 
then a consequence of this fact, (V.3.15), (V.3.16), and Lemma V.3.1. 


Remark V.3.3 From Theorem V.3.1 and the equation of motion (V.0.1) we 
can immediately derive a pointwise behavior of the pressure field p at large 
distances. For example, if f satisfies the assumption of that theorem with 
m > 2 and, further, D° f(x) tends to zero as |x| > oo, |al € [0,m— 2] we 
have 
lim D°Vp(x%) =0, 0< |la|<m-—2. 
||—00 


Exercise V.3.2 Let v satisfy the hypotheses of Theorem V.3.1, with the possible 
exception of condition (iv) of Definition V.1.1. Assuming f ¢ W™"(Q"), r > n, 
show 

lim D°Vv(zx) = 0, for all |a| € [0,m]. 


|x|—+00 


Theorem V.3.1 is silent about the rate of decay of solutions. However, if 
f is of compact support we can obtain sharp estimates for v, p and for their 
derivatives of arbitrary order. In fact, we have 


Theorem V.3.2 Let 2 be a C?-smooth, exterior domain and let v € 


Wr4(2), ¢ € (1,00), be weakly divergence-free and satisfy (V.1.1) for all 


y € D(2) with f € L7(2). Assume, further, that the support of f is bounded. 
Then, if at least one of the following conditions is satisfied as |x| — co: 


Ole) 00a) 


- |u(x)| 7 
(ii) [waar = o(logr), some t € (1,00), 
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there exist vector and scalar constants Ugo, Poo such that for almost all x € 22 


0;() = Ue0j + 7 Uyle— filwdy - | Wale ~ W)Tulv,2)(0) 


—vj(y) Tie (uj, q5)(@ — y)Inely)doy Nott) 
= Uo0j + uh) (a) 
and 
v2) = Poo ~ fale v)siladdy + f lay(e— v)DuCv,p)(u) 
Oqe(x — y) (V.3.18) 


—2ui(y) pe nel) doy 


= Poo +p) (a). 


Moreover, as |a| — 00, v“)(x) and p“)(x) are infinitely differentiable and 
there the following asymptotic representations hold: 


a (V.3.19) 


where 
T, = -| Tye(v, p)ne +f fi (V.3.20) 
Ke) Q 
and, for all |a| > 0, 


(V.3.21) 
D(x) = O(\2|-"!*!). 


Proof. Let us observe that, since the support S of f is compact, v and p 
are infinitely differentiable at each point of 2 — S, as follows from Theorem 
IV.4.1. We begin to show that (V.3.19)—(V.3.21) are a consequence of (V.3.17), 
(V.3.18). Actually we have 


ol (x) = TUi; (2) +f vi(y) Ta (uj, aj)(@ — y)nedoy 
+f Wise = y) _ Vis (x) fily)dy 


-| [Vig (a — y) — Vig (a) |Tie(v, p)(y)ne(y) doy. 
OQ 


(V.3.22) 


316 V Steady Stokes Flow in Exterior Domains 
On the other hand, from (IV.8.14) we deduce 
|D°Ti.(uj,q;)(« —y)| = O(la|*"“I*!), Jal > 0, (V.3.23) 


uniformly with respect to y in a bounded set. Likewise, since 
ce 0 a 
|D® (Ui (a — y) — Uigz(x)) | = uaz, ? (Uij (x — By))), 
where (@ € [0, 1], by (IV.2.6) it follows 


|D* (Uig(a — y) — Uig(x)) | = O([a|*-"*/), [al > 0, (V.3.24) 


again uniformly in y in a bounded set. Thus, by observing that v!) (zx) is 
infinitely differentiable for all « € Q-—S, relations (V.3.19),, (V.3.20), and 
(V.3.21) follow from (V.3.22)-(V.3.24). The analogous estimate for p can be 
shown in an entirely similar way. To prove (V.3.17), we take R so large that 
S C Br(«). Therefore, for such an R, 


[oP o-widy = f vile —viday (V.3.25) 
‘¢) Q 


From Exercise V.3.1 we know that, under the stated assumptions, v(x) obeys 
(V.3.6) with a = 0 for almost all x € 2. Therefore, from (V.3.22) and (V.3.25) 
we find, for almost all x € 92, 


v(x) =v) (x) + v?) (2), (V.3.26) 


where 
v?) (x) —— jf a (x — y)u;(y)dy. (V.3.27) 


Since v — v“) is independent of R, so is v°). Let us show that 
Py? =0. (V.3.28) 


Actually, from (V.3.21) and (V.3.27) we deduce for a suitable constant c in- 
dependent of R 


] (e7 
[D'v® (zx) < 


<a> lo], (V.3.29) 


QR/2,R(2) 

where a= 1lifn=2,a=0ifn>2and Qror(x) = {fy € 2: R/2< |x-y| < 
R}. It is easy to prove that under the assumptions (i) and (ii) the right-hand 
side of (V.3.29) tends to zero as R — oo. In fact, 


log” R 
loe® R “ = ETE) 
BT Jonas) dog 
R/2,R(®) gee (assumption (ii) 


R 
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with c,, C2 independent of R. So, there exists an n x n matrix A with 
trace(A) = 0 and a vector vo, such that 


v?) = A-2+ Vo. 
On the other hand, by using either (i) or (ii) and observing that 
vo) (a) = of |x|) as |x| — 00, 


we readily show 
A=0, 


thus establishing (V.3.17). Finally, since 
AH? (a — y)oi(y)dy = Av} (2), 
Q 


identity (V.3.18) follows from (V.3.7), with a = 0, and (V.3.28). 


From the proof just given it comes out that one may weaken assumptions 
(i) or (ii) on condition that polynomials in v of suitable degree are added to 
the right-hand sides of (V.3.17) and (V.3.18). In particular, we wish to single 
out the following result, which will be of interest for later purposes. 


Theorem V.3.3 Replace assumptions (i) and (ii) of Theorem V.3.2 with 
D*v € L1(Q), for some q € [1, 00), (V.3.30) 


the other assumptions remaining unaltered. Then, there exist a scalar poo, a 
vector Uso, and ann X n matrix V. with trace(V) =0, such that 


U(£) = Voo + Von B+ UM) (zx) 
(V.3.31) 
P(£) = Poo + P(x), 
where v\!) and p“) are defined in (V.3.19). 


Proof. To show (V.3.31) it is enough to show that (V.3.30) implies (V.3.28). 
In this respect we have 


R 
Devo) < fH w@—y||D%eW)lay 
QR/2,R(x) 
log” R 
Sc Dolla nes 


Rr/4 


where ¢ does not depend on R anda =1ifn=2 anda =Oifn > 2. Letting 
R— ov into this relation proves (V.3.28). 


Remark V.3.4 In Theorem V.3.2 and Theorem V.3.3 no hypothesis is made 
about the behavior of the pressure at infinity; rather, it is derived as a conse- 
quence of the behavior assumed on the velocity field. | 
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Remark V.3.5 As pointed out in Remark V.2.2, for 2 a two-dimensional 
exterior domain, by the method of Theorem V.2.1 we can construct a field v 
satisfying (i)-(iii) and (v) of Definition V.1.1, with g = 2. However, we are not 
able to check condition (iv), for a prescribed vu. € R?. Nevertheless, if f is of 
compact support, Theorem V.3.2 implies that v does tend to a certain vector 
Voo € R?. In fact, since v € D!:?(Q), it is then simple to show that 


oe T(v,p)-n=0, (V.3.32) 


where R is taken so large that Qpr includes the support of f and p is the 
pressure field associated to p by Lemma V.1.1. To prove (V.3.32) we notice 
that from (V.0.1) and from the definition of T we have, for all S > R,? 


T(v.p)-n=f T(v,p)-n= (2D w)-n-+pn), 
OQR ans ans 


However, since v € D!:?(Q") and, by Lemma V.1.1, the corresponding pres- 
sure field p € L?(2*), we can find a sequence {5;}, S$; — 00 as k — ov, along 
which the last integral on the right-hand side of the preceding identities tends 
to zero, thus proving (V.3.32). Theorem V.3.2 then ensures the existence of 
a well-defined vector vx to which v tends at large distances. In general, vo. 
cannot be prescribed a priori (in particular, cannot be zero) unless the data 
verify a suitable restriction, see Section V.7. Notice, also, that, in the partic- 
ular case when v, = f = 0, describing the slow, plane motion of the liquid 
past a cylinder, we can take Q” = 2 in (V.3.32), thus obtaining that the total 
force exerted by the liquid on the cylinder is zero. This is another form of the 
Stokes paradox; see also Section V.7. |_| 


Let us now derive some significant implications of Theorem V.3.2. We 
begin with a uniqueness result for g-generalized solutions. 


Theorem V.3.4 Let v be a q-generalized solution to the Stokes problem 
(V.0.1), (V.0.2) in an exterior, three-dimensional® domain of class C?, corre- 
sponding to f =v, =0. Then v=0. 


Proof. From Lemma V.1.1 and the regularity results of Theorem IV.4.1 and 
Theorem IV.5.1, we derive 


v EWe(Q)NCX(Q), pe Wy2t(M)NC%(Q), for all g € (1, 00). 


loc 
We may then apply Theorem V.3.2 to deduce 
v=O(|2|~"), p, Vu = O(|2|~?). (V.3.33) 


? Observe that v,p € C™~(Q"). 
3 The result continues to hold in any space dimension n > 3. 


V.3 Representation of Solutions and Behavior at Large Distances 319 


For fixed R > 6(2°), we dot-multiply (V.0.1), by v, integrate by parts over 
Qpr (this is allowed by Exercise II.4.3), and take into account (V.0.1),. We 
thus deduce 


ve:vo= | n:(Vu-vu—pv). 
QR OBR 


Estimating the surface integral through (V.3.33), and letting R — oo then 
proves the result. 


Similar uniqueness results can be obtained for regular solutions possessing 
a suitable behavior at large distances. For example, we have the following 
result which for space dimension n = 2 furnishes another form of the Stokes 
paradox, already considered for generalized solutions in Theorem V.2.1. The 
proof is much like that of Theorem V.3.4 and, therefore, it will be omitted. 


Theorem V.3.5 Let v,p be a regular solution to the Stokes system (V.0.1), 
in a C!-smooth exterior domain of R", corresponding to f = v. = 0. Then, 
if as |x| > oo 


it follows that v = 0. 


Other consequences of Theorem V.3.2 are left to the reader in the following 
exercises. 


Exercise V.3.3 Let v, f, and 2 satisfy the assumptions of Theorem V.3.2. Show 
that ||v—vol|q = |vi.. = co for all g € (1,n] and all r € (1,n/(n—1)], unless T = 0. 


Exercise V.3.4 Prove the following result of Liouville type. Let v,p be a regular 
Stokes flow in R”, corresponding to zero or, more generally, potential-like body force. 
Then if v is bounded, it follows that v = const. 


Exercise V.3.5 Let 2 = R”. Prove that if v and f satisfy the assumptions of 
Theorem V.3.2 the following asymptotic formulas hold: 


v(t) = veo + U(2)- 7 fto(2), 


P(x) = Poo — q(x) - ant +(x), 


where Vcc, Poo are vector and scalar constants, while o and 7 satisfy (V.3.21). 


Exercise V.3.6 Show the following “scalar” version of Theorem V.3.2. Let 2 be a 
domain of class C? and let u € Wr (2), some q € (1,00), be a solution to Au = f 


in 2, where f € L7(§2) is of bounded support. Then, if at least one of the following 
conditions is satisfied as |x| — oo: 
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(i) |u(x)| = o(|2]) 


ii _lu(z)|t = plloer) some 2 
( ) [. + apt * (1 s Vi te (1, ), 


there exist uoo € R such that for almost all x € 


Ou OE 
use + f ee—v)fddy— f tee - S2W) uF Ce — w))nelwdo, | 


u(x) 


Uso + u (x) 


Moreover, as |z| — oo, u(x) is infinitely differentiable and there the following 
asymptotic representations hold: 


uD (x) = a€(x) + o(2), 


=-f pane ff t 


D°o(x) = O(\a|'~""*"). 
Hint: Reproduce the same type of argument adopted in the proof of Theorem V.3.2, 


where 


and, for all |a| > 0, 


by replacing the (tensor) Stokes-Fujita truncated fundamental solution with the 
(scalar) Laplace truncated fundamental solution defined in (V.3.9)—(V.3.13). 


V.4 Existence, Uniqueness, and L%-Estimates: Strong 
Solutions 


Our next objective is to investigate to what extent the results proved in Sec- 
tion IV.6 can be generalized to the case when the region of motion is an 
exterior one. Specifically, in the present section we shall be concerned with ex- 
istence, uniqueness, and L4-estimates of strong solutions to the Stokes problem 
(V.0.1), (V.0.2), i.e., solutions with velocity fields possessing at least second 
derivatives, while in Section 5 we analyze the same question for g-generalized 
solutions. 


To begin, we shall study some properties of solutions {v, p} to the Stokes 
system 


Av=Vp+f 
in 2 


V-v=0 (V.4.1) 


v=v, at ON, 


with 2 an exterior domain in R” (n > 2). Notice that the velocity field v 
need not satisfy a priori any prescribed condition at infinity. For this reason 
we prefer to call (V.4.1) a Stokes “system” instead of a Stokes “problem”. 


We have 
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Lemma V.4.2 Let v,p be a solution to (V.4.1), 9. Assume v € W242), 
p € W,'(Q) for some q € (1,00), and for some r € (1,00) and some R > 
26(2°) 

2 € D**( 2"). (V.4.2) 
Then, if f € L4(Q2) it follows that 


v € D*1(2), pe D2). 


Proof. Denote by y = (|#|) a C°°-function in 2 that is zero for |z| < p and 
equals one for |a| > R/2, 6(2°) < p < R/2. Setting wu = yu and 7 = yp we 
then have that wu and 7 solve in R” the system 


Au=Vr-+fy 
(V.4.3) 
Viw= 9g; 


where 
fis = Ofi + Tik(v, p) Dey + De(veDiip + viDey), g=v-Vop,  (V.4.4) 


with T defined in (IV.8.6). Clearly, f; € L4(R”) and g € W!7(R") and so we 
may apply Theorem V.2.1 to prove the existence of a solution u* € D?-4(R"), 
n* € D'4(R"). Letting w = u—u*, T= 7 —7*, we show 


D? w(x) = Vr(x) =0, for all « € R”. (V.4.5) 
Actually, in R”, 
Aw = Vr 
(V.4.6) 
V-w=0 


and, therefore, A(Vr) = 0 in R", which implies A(Aw) = 0 in R”.1 Denot- 
ing by ~; the ith component of Aw, we apply the mean value theorem for 
harmonic functions (e.g., Gilbarg & Trudinger 1983, Theorem 2.1) to deduce 
for all « € R” and with s = |x — y| 


Wi(x) = : | {Au; — Au7} dy. 
Bs (ax) 


Wns” 


So, by the Hélder inequality, (V.4.2), and the fact that D?u* € L4(IR°), we 
get / , 

|abi(x) | x ae +4 gr -l/a ) 
fori =1,...,n. Letting s — oo in this relation gives Aw = 0 in R”, which, in 
turn, by (V.4.6)1, delivers (V.4.5),. As a consequence, from (V.4.6); it follows 
that 


' Notice that, by Theorem V.1.1, w,7 € C®(R"). 
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A(D?w) =0 in R”. 
Thus, arguing as before, one shows (V.4.5),, completing the proof of the 
lemma. 


Remark V.4.6 If Q is of class C?, the conclusion of the preceding lemma 
can be reached under the assumptions that v satisfies (V.4.1) and, moreover, 


f € LQ), ve D*(Q), vs. © W2-/414N). (V.4.7) 
To this end, it is enough to show that (V.4.7) implies 
ve W222), pew,3(M). (V.4.8) 


loc 


If r > q the assertion is obvious. Therefore, take g > r. From the embedding 


Theorem II.3.4 and hypothesis (V.4.7) on v we readily conclude v € W;,"' (2) 


with 1 <r, < nr/(n—r) (> 1) ifr <n and for arbitrary 71 > 1 ifr >n.In 
the latter case it follows that v € W,4(Q) and by Theorem IV.4.1 


loc 
ve We(Q), pe Wiei(2). (V.4.9) 


If q <r, <n we again draw the same conclusion. So, assume 1 < ry, < q. 
Then f € L"(2) and Theorem IV.4.1 along with Theorem II.3.4 implies 
v € Wy?) with 1 < re < mri/(n—11) (> m1) if 1 < m1 <n and for 
arbitrary ro > 1, whenever r, > n. If either ro > gq or ry > n we recover 
(V.4.9); otherwise we iterate the above procedure as many times as needed, 
until (V.4.9) is established. Properties (V.4.9) and the trace Theorem II.4.4 
furnish v € W2-1/44(9Qp) for all R > 6(2°). By Theorem IV.6.1 there 
exists a solution v,, p; to the Stokes problem in 2p corresponding to the 
body force f, which equals v at the boundary 0Qp such that v1 € W?4(Qp), 
pi € W14(QR). Thus, u = v — v; is a solution to the homogeneous Stokes 
problem in Qr with u € Wh"(QR), since q > r. By Lemma IV.6.2 we then 
have u = 0 and (V.4.8) is accomplished. | 


We shall next establish for solutions to (V.4.1) an estimate that is the coun- 
terpart for exterior domains of estimate (IV.6.3) already proved for bounded 
domains. Precisely we have 


Lemma V.4.3 Let v, p be a solution to (V.4.1) in an exterior domain 2 C 
R” of class C™*?, n > 2, m > 0, corresponding to f € W™(Q), vs € 
wt2-1/49(9Q), 1 <q < oo. Assume 


v € D®1(2). 


Then v € D*+2:9(2), p € D*+1(Q) for all k = 0,1,...,m, and for any 
R> 6(Q°) it holds that 


m 


llliaen + D_ {lelete.g + [Plati.at 
iia » , : (V.4.10) 


Se (IlFllm.q + [Ps llm+2-1/4,0(02) + llvllqon + llpllaen) » 
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where c = c(n,m,q, R). 


Proof. As in the proof of the previous lemma, we transform (V.4.1) into 
(V.4.3). Since w € D?4(R”), from Theorem IV.2.1 it follows that w € 
D*+2.4(R"), « € D*+1:4(R”) for every k = 0,...,m. Furthermore, 


m 
So {lulereqt lt ]e+1,q} 


k=0 


<1 (IF llm.q + VP-U|lmt1.q + [PAG||m.a + PV ellm.a) » 


(V.4.11) 
where cy = ci (n,m, q). Inequality (V.4.11) then implies 
{||n42,¢,.08/2+ |Ple4i,¢,0%/2} 
do i : (V.4.12) 


S62 (IF llmg + [Ullm+1.¢,2n/2 + lIPllm.a.en/2) - 
Consider now problem (V.4.1) in Qp and use estimate (IV.6.3) to deduce 
I|U||m+2,¢,2n+ |lPllm+i.4 
S ¢3(|Fllm.q.en + llUllm+2-1/4,q(02R) + llUllaer + (IPllaen)s 


(V.4.13) 
Setting 0 = OQRN 2, by the trace Theorem II.4.4 we have 


[lel heni4 4 Aquat’ 4 (|P|mn+2,9,622/2 = [|v ||m-+1,¢,.2n) . (V.4.14) 


Combining (V.4.12)—(V.4.14) we derive 


m 
llll.a.02 + > {lvlesaq + Plata} 
&=0 


S65 (IF llm.g + [vs llm42-1/4,0(02) + [l¥llm+1,¢,08 + llPllma.2n) » 


and therefore applying Ehrling’s inequality (see Exercise II.5.16) to the last 
two terms on the right-hand side of this last inequality, we finally deduce 
(V.4.10) and the lemma is proved. 


In a complete analogy to the case where 9 is bounded, we wish now to 
investigate whether the local norms involving v and p on the right-hand side 
of (V.4.10) can be dropped out. Proceeding as in Section IV.6 (see the proof 
of Lemma IV.6.1) we may try to use a contradiction argument to show the 
inequality 


Plan + lIPllaen S ¢ (lfllmg + lP«lm+2—1/4,4(02)) + 


which in turn would imply 


324 V Steady Stokes Flow in Exterior Domains 


m 
lllliaan + >, {lvletoa t+ lletta} S ¢ (WF lla + [les llm+2-1/4,0(02)) - 
k=0 

(V.4.15) 
However, this argument needs the uniqueness of solutions to the homogeneous 
Stokes problem (V.4.1), ( i.e., (V.4.1) with f = v. = 0) in the class of those 
functions for which the norms appearing on the left-hand side of (V.4.15) are 
finite. On the other hand, it is hopeless to determine uniqueness in such a 
class, unless we can control in some sense the behavior of v at infinity. Now, 
if1 <q <_n/2, this can be done as a consequence of the double application of 
Theorem II.6.1. However, if g > n/2 we do not have this control any more, and 
there could be nonzero solutions to (V.4.1), in D?:4(Q). We shall call these 
solutions exceptional. A typical example of an exceptional solution is given 
by A(x), r(x), with h = vp — vg, 7 = ps, and vg, pg Stokes solution past a 
sphere; see (V.0.4). We emphasize that the existence of exceptional solutions 
is related to the fact that a function in D?4(Q), even though approximable 
by functions of bounded support (see Theorem II.7.4), need not “recall” the 
zero value at infinity of the approximating functions, since the approximating 
procedure has been performed in a norm which, in general, does not control 
the behavior at infinity. 

Notwithstanding this difficulty, we are able to characterize the space of 
exceptional solutions and to determine its dimension d = d(n, q). Specifically, 
it comes out that d is always finite and that d= 0 ifl<q<n/2,d=nif 
n/2<q<n,andd=n?+n-—1 ifq>n, see Lemma V.4.4. On the strength 
of this result we then show the existence of solutions v, p € D?:4(Q) x D1:4(Q) 
that satisfy estimate (V.4.15) modulo exceptional solutions; see Lemma V.4.5. 
However, because d = 0 if 1 < q < n/2, for these values of q the validity of 
(V.4.15) is established. 


We begin to characterize the space of exceptional solutions. To this end, 
we set 


D?:4(Q) = D®4(Q), ifq>n 


D24(Q) = {u € D24(Q) : luli, < 00,7 = | if 5 <q<n 
n—q 


B24(Q) = {u € D®4(Q) : |lulls + lula, < 00,8 = —+—,r = —+ \ 
n — 2q n-q 
ifl<q< 
(V.4.16) 
From Theorem II.7.4 we know that, for 2 exterior and locally Lipschitz, every 
function from D?4(Q) can be approximated by functions from C§° (2) in the 
seminorm | - |2,¢- 
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If a solution v to (V.4.1)) is in D?-4(Q) for some q > 1, the correspond- 
ing pressure field p is evidently in D!4(Q). Denote by 7, the subspace of 
D?4(Q) x D!4(Q2) formed by solutions v, p to (V.4.1),. We have 


Lemma V.4.4 Let Q be an exterior domain of class C? and set d = dim(¥,). 
Then, 
n+n?—lifg>n 


d= <n if q € [n/2,n) 
0 if € (1,n/2). 


Proof. Let us first consider the case where n > 2. We begin to show the 
following two assertions: 

(i) For any vx. € R” — {0} there is a unique (nonzero) solution v,p € 
C™(Q) to (V.4.1), such that 


lim |v(a) — voo| = 0. 


|z|—00 
This solution verifies the condition 
v € D?4(Q), for gq >n/2. 


(ii) For any second order tensor A = {Ajj}, Aj; #0, with trace(A) = 0, 
there is a unique (nonzero) solution v,p € C°(Q) to (V.4.1), such that 


lim |v(7) -—A-a| =0. 


|z|—-co 
This solution verifies the condition 
v € D?-(Q), forq>n. 


To prove (i), we observe that, if we denote by v1, pi the solution con- 
structed in Theorem V.2.1 corresponding to f = 0, and v, = —Vo0, the pair 
Vv =v, +V5, p =/P1, satisfies all requirements. In fact, it belongs to C'°°, by 
Theorem IV.4.3, and by Theorem IV.5.1, 


veWw (2), pew,gi(®), for any t>1. (V.4.17) 

Also, v and p satisfy the asymptotic expansion (V.3.17)—(V.3.21) which, in 

particular, furnishes that v — v. uniformly. Finally, again by (V.3.17)— 
(V.3.21) and (V.4.17), we deduce 

v € DY"(2)N D*4(Q), for all r > n/(n—1) (V.4.18) 


and since 
v ¢ L*(2), for any s € (1,00), 
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it follows that 
v € D*4(2Q), for q>n/2. 


The uniqueness of the solution is a consequence of Theorem V.3.4. 
To prove (ii), we begin to make a suitable solenoidal extension of the field 
Vo =A-a. Let w denote a solution to the problem 


V-w=Vo-Vo=g in 2 


ne anon (V.4.19) 


where ¢ is the “cut-off” function used in the proof of Lemma V.4.2 and 2’ is 
a locally Lipschitz subdomain of 2 that contains the support of vy. Since 


| g=0, GEC (2), 
‘G v 
by Theorem ITI.3.3 we can take w € Cf°(2). Setting 


a(x) =(1—y)Vo—w, (V.4.20) 


by (V.4.19), @ is solenoidal, belongs to C™({2), vanishes near 092, and equals 
Vo at large distances. Since 


Pa € C(2), (V.4.21) 


we may use the same procedure adopted in the proof of Theorem V.2.1 to show 
the existence of a generalized solution v to (V.4.1)) such that v = u+a, with 
u € Dj*(2). Employing Theorem IV.4.3 and Theorem IV.5.1 we deduce, as 
before, that v and the corresponding pressure p are of class C™°(2) and satisfy 
(V.4.17). Using the asymptotic expansion (V.3.17), (V.3.19), and (V.3.21) for 
u and recalling (V.4.21), we deduce 


D?v € L4(2), for allg>1. 


Since v does not belong to any space D!\"(2) nor to any L*(2), from (V.4.16) 
we conclude 
v € D*4(Q), forqg>n, 


which completes the proof of (ii). 

Now, let hi, 7, 1 = 1,...,n be the solutions to (V.4.1), of type (i) cor- 
responding to the n orthonormal vectors vi = e;. Likewise, let ui;, 7); be 
the n? — 1 solutions to (V.4.1)) of the type (ii) corresponding to the n? — 1 
matrices of zero trace E;;, where 


E e; © €; if ixAg 
aaa ej ®ej —En Gen if i=j¥n. 
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It is readily seen that the system constituted by the n?-+n—1 vectors {h;, ui; } 
is linearly independent. Actually, assume per absurdum that there are noniden- 
tically zero constants a;, ai; € R such that 


ahi(z) + 37, ,4jtij(2) =0 for all « € 2, 


where the prime means that the term 7 = 7 = n is excluded from the summa- 
tion. From (V.3.17),, (V.3.19),, and (V.3.21), we would then obtain for all 
sufficiently large |x| 


1? 


aje; + ij Oy Fay ‘e= O00) |a)""*), 


which implies 
aje; = Seka = 0; 
that is, 


ay = Ai = 0, for all 19s 


leading to a contradiction. Now, if v,p is a solution to (V.4.1)) with v € 


D2-4(Q), for some q > 1, from Theorem V.3.3 we deduce the existence of 
Voo € R” and of a traceless matrix B such that as |a| — oo 


v(t) =Vo+B-2+O(1/\z|"~*). (V.4.22) 


Clearly, by (V.4.16), we must have 

(a)¥o =B=0,ifl<q<n/2; 

(b) B=0,ifn/2<q<n. 

In case (a), by Theorem V.3.5, we have v = 0 and so d = 0. In case (b) 
we may write v. = vje;, for some v; € R,i = 1,...,n. Therefore 


w=v— uh, 2=p-—vUTti; 


is a solution to (V.4.1)) with w = o(1) as |x| — oo and so, again by Theorem 
V.3.5, we deduce w = 0, which shows d = n if n/2 <q <n. Finally, if qg > n, 
we may write B = B;;E;; and thus, setting 


WwW =VvU— uh; = Bij Ei;, 2 =P — Viti — BijTij, 


we again derive that w and z solve (V.4.1), with w = o(1) as |x| — ov, 
which yields w = 0, namely, d = n? +n—1. The proof of the theorem is then 
accomplished if n > 2. Let us consider the case where n = 2. We begin to 
show the existence of two independent solutions h;,7;, i = 1,2, to (V.4.1)) 
with _ 

h; € D®4(Q), 1=n/2<q<n=2. 


To this end, set 
uj=U-e;,, 3 =—q- ei, 
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where U, q is the two-dimensional Stokes fundamental solution. We look for 
solutions of the form 


hy=uj;+v;, m=s +p; i= 1,2, 


Av; = Vp; 
in 2 
V-v; =0 


where 


(V.4.23) 
Vv, = —u; at ON. 


By Exercise III.3.5 we may extend —w,; at the boundary to a solenoidal func- 
tion 0; € W!?(Q) of compact support in Q. We then use the technique of 
Theorem V.2.1 to show the existence of a weak solution v; to (V.4.23) of the 
form 


Vjz=Wi+Vi, Wi E Dea 


with 
PiE IAQ), 


Actually, such a solution is of class C'°°(2), by virtue of Theorem IV.4.3. It 
is easy to prove that 


T(v;, pi): =0 (V.4.24) 
OB, 


for all r > 6(Q°). Actually, writing (V.4.23), in the form 
Vv: T(v;, pi) = 0, 


we have 


T (vi, pi) n= T(vi,pi)-n =) (2D(w;)-n— pin) (V.4.25) 
OB, OBR OBR 


for all R > r. By the summability properties of w;,p; we easily establish the 
existence of a sequence {R;,} C Ry with 


lim Rp = ~, 
k—-o0o 


along which the right-hand side of (V.4.25) vanishes, which in turn implies 
(V.4.24). From (V.3.17)-(V.3.21) we then obtain for large enough |x| that 
v;(x), pi(x) admit the following representation: 

vi(x) = voi + O(1/|2) 


(V.4.26) 
pi(x) = O(1/|z|*) 


for some constants vo; and so 
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hi(x) = voi + U(x) -e; + O(1/|z)) 


: (V.4.27) 
mi(x) = —q(x) - e; + O(1/|zx/°). 
The solutions h;,7;, 7 = 1,2, are linearly independent and, further, 
h; € D*4(2), q>n/2 (=1). (V.4.28) 


In fact, if 
ayhy(x) + aghe(x) =0, for alla € 2, 


from (V.4.27), we would obtain for some vo € R? 
(aye1 + Q2€2) iB U(x) =Vvo + O(1/|z]), 


which can be attained if and only if vp = ay = a2 = 0. Moreover, by (V.4.27) 
and the regularity properties of h; near the boundary (see (V.4.17)), 


hi € Dt" (2)N D*4(2), r>n/(n—-1)=2, q>1 


and since h; ¢ L°(2) for any s € (1,00) we obtain (V.4.28). As in the case 
where n > 2, we shall next construct n? — 1 (= 3) independent solutions w;;, 
Tig with 
Ui E D*1(Q), qan (= 2). 
Specifically, we look for solutions to (V.4.1), of the form 
Wij = Aig + Wij, 


where a,,; are solenoidal extensions of type (V.4.20) of the fields Vo;; = Ei;-x, 
while w;; solve the problem 


Aw; = Vig = Aaj; 
in 2 
V ‘Wig = 0 

Wij = 0 at On. 


Since a;, satisfies (V.4.21), we apply the technique of Theorem V.2.1 to deduce 
the existence of 
Wiz € Dd, (Qi, Tig © Va), 


As before, by Theorem V.3.2, for all sufficiently large |a| we have 
Wij (2) = Wooig + O(1/|2]) 
7ij(@) = O(1/|zI?) 
for some constants Wooi;, and so 
Uij (©) = Wooig + Big + O(1/|2/*) 


(V.4.29) 
Ti (x) = O(1/|a|*). 
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As in the case where n > 2 one shows that uj; € D®4(Q), for allq >n = 2 
and that the five vectors {h;, u;;} form a linear independent system. Now, if 
v, pis a solution to (V.4.1), with v € D?-4(Q), for some q > 1, from Theorem 
V.3.3 we obtain that for large |x|, v(x) satisfies (V.4.22), with B = 0 if 
1 <q < 2. Reasoning exactly as in the case where n > 2 one shows d= n = 2 
ifg<n=2andd=n+n?-1=5if q>n=2, thus completing the proof 
of the lemma. 


With the aid of Lemma V.4.3 and Lemma V.4.4 we can now obtain in 
the case of exterior domains a result analogous to that proved, for bounded 
domains, in the first part of Theorem IV.6.1. To this end, for fixed R > 6(2°) 
and > 0, v > 1 we set 

l-+v 
lull, 2,9 = Weelly—1,9,02 + >, [Hl,9,0- 
i=l 
The following lemma holds. 


Lemma V.4.5 Let 2, f, vx satisfy the same assumptions of Lemma V.4.3 
and let v € D?:4(Q) be a solution to (V.4.1) corresponding to f and v,. Then 
v € D*+?2:9(92), p € Dk+1:4(22) for all k =0,1,...,m and if q > n we have 


inf {||0 — All2,rm.¢+ [lp — TIl1zm.a} 
q 


eee (V.4.30) 
<e(Fllenjq + |lellm+2—-1/4,0(02)) 3 
ifn/2<q<n: 
inf {|v — Alar + llp— allr+ llv — Allon. + lp — Tl2,R:m,9} 
meee (V.4.31) 
<6(|Fllmiq + lle llm4+2—1/4,0(02)) » 
where r = nq/(n — q); and if1 <q <n/2: 
lolls + lvlir + [lplle+ We ll2,z:m.q + IlPllazim.ah (V.4.32) 


<6((|F ma + esllmpasiyaatemy) 
where s = nq/(n — 2q). 


Proof. In view of Lemma V.4.3, we have to show only the validity of (V.4.30)— 
(V.4.32). Consider first the case where n < g. Taking into account that (h, 7) 
solves the homogeneous system (V.4.1)o, from (V.4.10) we derive 


inf v—h F _ . 
a itfig, (IO hllo,Rma + IP ~All eon} 


Se (stn or || 0+ |lm4+2—1/9,q(02) (V.4.33) 


inf v—h _ . 
ees lq.2n + |lp vlan) 
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We claim the existence of a constant c, independent of v,p, f, and v, such 
that 


inf {lv — Algor + |p — Tllaent < cll Fllm.g + [Ix |lm+2-1/4,4(0.2))- 


(hyw)EXq 
(V.4.34) 
Actually, if (V.4.34) were not true, we could select two sequences {f,} C 
W™4(Q), {ous} C W42-1/4-9(82) with 


f,-0 in W™9(2) 


(V.4.35) 
Ves 2 0 in W™t?2-1/2.9(92) 
as $s — oo, while the corresponding solutions {v,,p,} satisfy 
oe —Alqert|lps —Tlqen}=1 for alls €N. (V.4.36) 
On the other hand, (V.4.35), (V.4.36), and (V.4.33) imply 
inf {luvs — Rlo,r:m.q + ||[Ds — Tll2,R:m,q} < M (V.4.37) 


(h,w)EXig 


with M aconstant independent of s. By the property of the infimum, inequal- 
ity (V.4.37) furnishes the existence of a sequence of solutions {U, = vs; — hs, 
D, =ps — Ts} for some (hs, 75) € Liq such that 


|Psll1,¢.02n + ||D?Fslla0 + IIBslla.en + lIVBsllao < 2M. (V.4.38) 


By the weak compactness of the space W™4(Q), 1 < q < ov, and by the 
compactness results of Exercise II.5.8, we deduce the existence of a sub- 
sequence {v.s,ps/} and two pairs (v\,p) © W!4(QR) x L4(QR) and 
(V,P) € £4(2) x £9(2) such that 

vs 2 VY, py > pO weakly in W!4(Qp), strongly in L4(Qp), 


D?v7 => V, Vps — P in L4(9). 
(V.4.39) 
By the definition of weak derivative, it readily follows that D?v“) and Vp 
exist in Qg and that V = D?v, P = Vp“ in Qr. Fix now R, >R. In 
Exercise V.4.7 the following inequality can be proved 


Ulleen, <1 (IVullaen, + llulleen) for all Ri > R, 
where cy = ¢1(Qr, Qr,,q), and therefore from (V.4.38) we deduce 
Ils'l]1,9,.2R, + IlPs'llaen, < M1. 
Thus, from {v.’,ps’} we can select a subsequence {v.”, ps} such that 


vs 2 V7), pen > p® weakly in W!4(Qp,), strongly in L4(Qp,), 
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where 
(vp) € W»4(Qr,) x L4(Qn,). 
Clearly, 
v =v and p®@) =p in Qp, 
V = D*v?), P=Vp™ in Qp. 


Iterating this procedure along a denumerable number of strictly increas- 
ing domains of the type Qr,,,m © N, invading 2, and using the classi- 
cal diagonalization method, we can eventually define a pair 0, D in 2 with 
D,p © W'4(92,), for all p > 6(°) and, moreover, D?0, Vp € L4(2). It is 
simple to check that 0, p solve the homogeneous Stokes system and since, by 
(V.4.16), D?4(Q) = D?-4(Q) for q >n, by Lemma V.4.4 we must have 


b=h, p=7, for some (h,7) € Dy. (V.4.40) 
As a consequence, by (V.4.39), and (V.4.40), it follows that 


Himsip( iat { oh —Allaan + libw — Allon ) 
(hyr)eXy 


s!—00 TE 


= im, (les — he — Aller + |[ps' — Ts — T\lq,0n) = 0, 
which contradicts (V.4.36). Thus (V.4.34) holds and the lemma follows when 
q>n.Ifn/2 <q <n, we know from Theorem II.7.4 and Theorem II.6.1 that 
v obeys the inequality 

|wlir S$ c1||D?v]Iq, (V.4.41) 


where r = ng/(n — q). Likewise, by possibly adding a suitable constant to p, 
we have 

lIpllr < calpli.g S ¢3||D7 Hla. 
Therefore, in such a case, (V.4.33) can be strengthened by including in the 
curly brackets on its left-hand side the quantity 


|v —Alir + |lp—7Ilr- 


Repeating the procedure adopted for the case where gq > n, we obtain this 
time that the limit function D also belongs to D'"(Q) implying, in view of the 
characterization given in (V.4.16), 3 € D2-7(Q). Also, 0 = h, p = m for some 
(h, p) € and so, reasoning as before, we then prove (V.4.34) and, consequently, 
(V.4.31). Finally, if 1 < q < n/2, in conjunction with (V.4.41), from Theorem 
II.6.1 we establish the validity of the inequality 


Ills < colvlar < c3||D?v|]q 


for s = nq/(n — 2q). Then the limit function U belongs to L*(2)N D'"(Q)N 
D2-1(Q) and so, by characterization (V.4.16), 7 € D?-4(Q). Again reasoning 
as before, we show (V.4.34) and arrive at (V.4.32). The proof of the lemma is 
complete. 
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Exercise V.4.7 Let 92 be an exterior, locally Lipschitz domain of R", n > 2 and 
let wu € LI(QR), Vu € L1(Or,), Ri > R > 6(2°). Use a contradiction argument 
based on compactness to show the inequality 


Ilullaen, SAMNVUllaen, + llullaer), 
where c = c(Qr, Qr,,¢). 


Concerning the behavior at large distances of a solution v € D?-4(Q), we 
have the following result. 


Lemma V.4.6 Let 92 be an exterior domain in IR”, and let v be a solution to 
(V.4.1), » corresponding to f € L'(Q), with v € D*:4(Q). Then, ifl<q<n 
and t > n we have 

lim Vv(x) =0 (V.4.42) 


|2|—+00 


uniformly, while, if 1 <q <n/2 andt >n/2 


lim v(x) =0 (V.4.43) 


|z|—-0o 
uniformly. 


Proof. From Lemma V.3.1 we have the following representation for v: 


vj() = a Use wildy — i HO(e—y)i(ydy — (V.4.44) 


x 


with B(x) = Ba(x) — Baj2(x). By (V.4.16), we derive that, if 1 <q <n, then 
Dv; € L"(2), r = nq/(n — q), and so differentiating (V.4.44) and recalling 
the properties of ee and - ) we deduce 


|D.v;(2)| < ¢ (Ile — yl" le Baw lI F lleBae) + IVrllr,Ba(@) } - 
Since t’ < n/(n — 1), it follows that 
II|e — yl" NleBy Scr 


and so the preceding inequality implies (V.4.42). If 1 < q < n/2, from (V.4.16) 
we derive v € L*(2), s = ng/(n — 2q) and from (V.4.44) we deduce 


lvj(2)| Se (Ile- yl lle Ba@llFlle.Ba + UlPlls,Bace)) 5 


which shows (V.4.43). 


We shall next prove some existence results in the class of velocity fields 
belonging to D?4(Q). 
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Theorem V.4.6 Let Q be an exterior domain of class C™+?, m > 0. Given 
fe w™7(Q), v. € W™t?2-1/49(9Q), 1 < q < 00, there exists a unique 
solution to (V.4.1) such that 


v,p € D*(Q) x D4(Q) / XN. 


Moreover, 


ve () D***9(2), pe [| DEY 9(9) 
k=0 k=0 
and estimates (V.4.30)—(V.4.32) are satisfied. 


Proof. We approximate f and v, by functions {f,} C C§°(Q2), {ven} C 
wm+2-1/"7(8Q) any r € (1, 00), respectively. From Theorem V.2.1, for all s € 
N there exists a generalized solution vs, ps € D':?(Q) x L?(2) corresponding 
to f,,Uxs, and tending to 0 as |x| — oo in the case where n > 2. (If n = 2 
this limit is undetermined.) Using Theorem IV.4.1 and Theorem IV.6.1 one 
readily establishes (as in the proof shown in Remark V.4.6) that (at least) 
vs © W*4(Qr), ps € W'4(Qr) for all R > 6(Q°). From this information and 
Theorem V.3.2 it follows that ifn > 2 


vs E L'(Q) t>n/(n—2), 
Vous € L"(2) r>n/(n—1), 
D?v, € L4(2) q>1, 
while, if n = 2, 


Vu, € L(2) r>n/(n—-1), D?v, € 12) q>1, 


so that from (V.4.16) we obtain v € D?-4(Q) for all q > 1. (Notice that the 
case 1 < q < n/2 is excluded if n = 2). The solutions (vs, ps) will then satisfy 
(V.4.30)—(V.4.32), depending on the values of g and n. Assume g > n. Given 
€ > 0 from (V.4.30) and from the linearity of problem (V.4.1), for s’, s”’ 
sufficiently large , we deduce 


oe {|Us — Us" — hla. + |psr — Ds — Tig} <€. (V.4.45) 
This relation implies that (v,,p,) is a Cauchy sequence in the quotient space 
D2-4(Q) x D}4(Q) / Zq and so, by a classical result of functional analysis,” 
there is an element (v,p) € D2:4(Q) x D'1(Q) to which vs,ps tend in the 
quotient norm defined by the left hand side of (V.4.45). Consequently, in view 
of Lemma V.4.5, the theorem follows if q > n. Likewise, if n/2 <q <n, from 
(V.4.31) we deduce 


? See, e.g., Schechter (1971, Chapter III, Theorem 5.3). 
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inf {|vs: — Ug" — Ali, +P |v — Us — hho. = [Ds — Ps! — Tl1,q} <é, 
(h,w)EXq 


namely, (vs, ps) is a Cauchy sequence in D?-4(Q) x D!4(Q) / 54 and we prove 
the theorem as before. Finally, if 1 < g < n/2, from Lemma V.4.4 it is 34 = 0 
and vs: — Us", Ps — ps Satisfy (V.4.25),, thus being a Cauchy sequence in 
D?-1(Q) x D'4(Q) and the result again follows. The proof of the theorem is 
therefore completed. 


Let us now consider some consequences of Theorem V.4.6. Taking into 
account the property of the infimum, we immediately obtain 


Theorem V.4.7 Assume 2, f, and v, satisfy the assumptions of Theorem 
V.4.6. Then there exists a solution v, p to (V.4.1) obeying the estimate 


m 


llell¢02 + (Pllaent >, (ele+2q + [Ple+t.4) 
k=0 


<e CF ll se oF || «|| m4+2—1/9,4(02)) , 


where c = c(n,q,m, 2, R). 
We also have 


Theorem V.4.8 Suppose 2, f, and v, satisfy the assumptions of Theorem 
V.4.6. Assume, in addition, f € L'(Q), v. € W?-'/4*(AQ), for some 1 <t < 
n/2. Then, there exists one and only one solution v, p to (V.4.1) such that 


v € D##(Q)N [ng ,D*+?-9(.9)] 
pe D'(Q)n [Nt D*+9(2)] 0 Le/—-(9). 


Furthermore, v and p obey the following estimate 


m 


[lvls + lolae+ |vloe+ llplle + lplae + 55 (loles2q + [leti.a) 
k=0 


<e(lFlle + |Fllmq + llello—1/e,4(a2) + |] U«Ilm4+2-1/4,4(02)) 


(V.4.46) 
with r = nt/(n—t), s = nt/(n—2t), and c = c(n,q,t,m, 2). Finally, we have, 


as |xz| — ©o, 
[ lw(e)| = 0 (A/|el"/"-) 
[ [Vo(2)| = 0(1/|2I"/"-2) (v4.47) 
- tp(x)| = 0 (2/2) 
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and, ifq > n, 
lim v(x) = lim Vv(r) =0 (V.4.48) 


uniformly. 


Proof. From Theorem V.4.6 we deduce the existence of a solution to (V.4.1) 
such that . 
ve D2), pe D(A, 


and verifying 
lulls + lvlir + [elo + llplle + [plas S cf lle + [les llo—1/ee(aay)-  (V-4.49) 


However, since f € W4(Q), v. € W™"-2+1/49(9Q), from Lemma V.4.2 and 
Lemma V.4.3 it follows that v € D*+?4(Q), p € D*++9(9N), k =0,...,m, 
and that, moreover, 


m 
S- (lvle+2.q + |Ple+iq) Sc (NF llm.g + ||2%« || m+2—1/9,9(822) 


= (V.4.50) 


+ Wlolla.2n + lIplla.2n) - 
Given € > 0, one can prove the following inequality (see Exercise V.4.8) 
lullean S llUlle,on + €lUlin,en (V.4.51) 
for all k,o > 1, with c = c(e, Kk, 0, Qr). Using (V.4.51) we obtain 
IIPlla.en < ellpllr + €lpli.q.eR: (V.4.52) 
while using it twice furnishes 
Plan S allvlls + c2lvlie + €l|D?M|lq,2n- (V.4.53) 


Using (V.4.52) and (V.4.53) on the right-hand side of (V.4.50) and employing 
(V.4.49) allows us to recover the estimate (V.4.46). Furthermore, relations 
(V.4.47) follow from Lemma II.6.3, while (V.4.48) is a consequence of Lemma 
V.4.6. Finally, uniqueness is easily implied by Theorem V.3.4. The theorem 
is, therefore, completely proved. 


Exercise V.4.8 Use a contradiction argument based on the compactness results of 
Exercise II.5.8 to show the validity of inequality (V.4.51). 


Exercise V.4.9 The results proved in this section continue to hold if, more gen- 
erally, V-v = g # O. In particular, show the validity of Theorem V.4.6 in such 
a case, if g € D™t'4(Q) and provided the term |g|m+i.q + |lgllq.an is added on 
the right-hand side of the estimates (V.4.30)—(V.4.32). Notice that, unlike the case 
where 2 is bounded, no compatibility condition is required between g and v.. 


V.5 Existence, Uniqueness, and L’-Estimates: g-generalized Solutions 337 


V.5 Existence, Uniqueness, and L%-Estimates: 
q-generalized Solutions 


In the present section we shall investigate the existence and uniqueness of 
g-generalized solutions to system (V.4.1) and the validity of corresponding 
estimates. As in Section V.3, we shall see that these results heavily depend 
on how qg and n are related. However, this time, if1 <q<n/(n—1)(1<q< 
n/(n— 1) for n = 2) the above mentioned solutions exist if and only if the 
data satisfy a suitable compatibility condition; see (V.5.4). As a by-product, 
our theory will furnish a general representation formula for functionals on 
Dt (2). 

In order to simplify matters, we assume that the velocity field v, at 
the boundary is identically zero. Generalizations to the more general non- 
homogeneous case are left to the reader in Exercise V.5.1. We therefore con- 
sider the following system 


Av=Vp+f 
in 


V-v=0 (V.5.1) 


v=0 at ON, 


We have 


Definition V.5.1. A vector field v : 2  R” is called a q-generalized solution 
to the Stokes system (V.5.1) if and only if v € Dj“(Q) and, furthermore, 


(Vu, Vy) =—[f, ¢], for all gy € DP (2). (V.5.2) 


Remark V.5.1 Unlike the definition of g-generalized solutions given in Sec- 
tion V.1 for the Stokes problem (V.0.1), (V.0.2), in the case under considera- 
tion q-generalized solutions need not tend to zero at infinity; actually, as we 
shall see, this happens if and only if n/(n—1) < q < n, see also Remark V.1.1. 

Oo 


From Lemma V.1.1 it follows that, provided 2 is locally Lipschitz and 
fe Deg), to any q-generalized v to (V.5.1) we can uniquely associate a 
pressure field p € £4(§2) such that 


(Vu, Va) —(p,V-v) =—[f, v], for all b € D(M). (V.5.3) 


As in the case of strong solutions, a fundamental role in our treatment is 
played by exceptional q-generalized solutions, i.e., vector fields v € Do4(Q) 
solving (V.5.1) with f = 0 (denoted from now on by (V.5.1),). Their geometric 
structure is characterized in the following lemma. 


338 V Steady Stokes Flow in Exterior Domains 


Lemma V.5.1 Let 2 C R"be an exterior domain of class C?. Denote by Sq 
the subspace of Dj’4(Q) x L4(Q) constituted by q-generalized solutions (v, p) 
to (V.5.1)). Then, ifl<q<n (1<q<n forn=2) S, = {0}, while ifg >n 
(q>n for n = 2) dim(S,) =n. 


Proof. Assume 1 < q <n. From Lemma II.6.2 in the limit |a| — oo, it follows 


that 
i. lv(2)| = o(1). 
Sn 


Therefore, v is a g-generalized solution to the Stokes problem (V.0.1), (V.0.2), 
according to Definition V.1.1 corresponding to identically vanishing data and 
so, in view of Theorem V.3.4, we have v = 0 if 1 <q<_n. Also, ifq=n= 2, 
from (V.5.2) 

(Vv, Vy) =0 for all p € Dy?(2) 


and so we may take » = v to obtain again v = 0, which completes the proof 
of the first part of the lemma. Assuming next g > n (q > n ifn = 2), consider 
the pairs (h;,7;) of solutions to (V.5.1), constructed in the proof of Lemma 
V.4.4. By what we have seen there, these solutions are linearly independent 
and, moreover, 

hy € D'9(Q) for allg > n/(n—1). 


Therefore, from Theorem II.7.6 and Theorem III.5.1, 


hi € Dy (2) for allg>n (q>nifn=2) 


and the proof of the lemma is achieved. 


Remark V.5.2 A basis {h;,7;} in S, can be sometime explicitly exhibited. 
For example, if 2 is exterior to a sphere, it is immediately seen that h,, 7; 
can be taken just as follows: 


hi =e, — v9), m= pe, 


where vp? is the Stokes solutions (V.0.4), corresponding to v9 = e;, 1 = 
1, 2,3, respectively. Likewise if 2 is exterior to a circle, a basis is constituted 
by the two independent solutions (V.0.7). oO 


Lemma V.5.1 has an important consequence, that is, a g-generalized solu- 
tion to (V.5.1) withl <q<n/(n—1) (l<q<nifn= 2) exist only if the 
body force —f satisfies the compatibility condition 


[f,h] =0, for all (h,r) € Sy. (V.5.4) 


In fact, condition (V.5.4) is also sufficient to prove existence of qg-generalized 
solutions for the values of q specified above. In order to show this, we premise 
the following general result that will be useful also for other purposes. 
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Lemma V.5.2 Let u;,i=1,...,N, be N independent functions in DUT (Q), 
1<q' <o. Then, the following properties hold. 
(i) There exist N elements, €,,...,@x, of De), q=d/(q' —1), satis- 
fying the conditions 


[€;,u;) =o ;, ij=1,...,N, 


and such that every f € Do ‘4(Q) can be represented as follows 


N 
fawt)> ful, 
i=1 
where 
[w,wi] =O, i=1,...,N. 


(ii) For any given f € Dp ‘"(Q) such that 
Pale ty Sou I (V.5.5) 
there exists a sequence, { f,,,} C C§°(2), whose elements satisfy 


(fim:Ui) =90, for allm€N and alli=1,...,N, (V.5.6) 


? 


and, in addition, 
lim |f — f ml—1.¢ =O: 
m—co 


Proof. We begin with a suitable decomposition of the space L% (Q). Let g;, 
i=1,...,N, be independent elements of L4(.2). We want to show that there 
exist D; € C§e(2), i= 1,...,.N, such that 


(Li, gj) = ij, 0,4 = loaves Na (V.5.7) 


The proof of (V.5.7) will be given by induction.1 Suppose N = 1. Then, 
there exists 7 € C§°(2) such that (¢,g) 4 0, because, otherwise, g = 0, 
which contradicts the assumption. We then choose L = w/(w, g), thus proving 
(V.5.7) for N = 1. Next, assume that there exist L.€ C§°(2),i=1,...,N-1, 
N > 2, such that 


then we show that there are LD; € C§°(2), i =1,..., N satisfying (V.5.7). In 


fact, set 
N-1 


y=- y (L;,9v)9; +9n- (V.5.9) 


jai 


‘TI owe the proof of this property to Professor Christian Simader and Dr. 
Thorsten Riedl. 
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Then, by the same token, there is g € C§°(2) such that 


(y,7) #0, (V.5.10) 
and so, setting 
N-1 
L=o- > (¢,9,)L;, (V.5.11) 
j=l 


and using the induction hypothesis (V.5.8), we find 


(l, 9x) _ (Y; 9x) _ (Y, 9x) = 0, k= 1, <s N= 1, (V.5.12) 
whereas, using (V.5.9) and (V.5.10), we obtain 


(l, gx) = (¥, 9n) Se L;,9w) 


N-1 N-1 (V.5.13) 
y) + So (Lj, 9n)(¢.9;) — >> (¢,9;)(£5; 9) 
j=l j=l 


= (9.7) #0. 
Therefore, from (V.5.11)—-(V.5.13), we deduce that, defining 
i a = 
Ly = ——., L,=L;- (Lig Iyn,i=1,...,N—-1, 
Ton) ew 


the functions L,,..., Ly obey property (V.5.7) that, consequently, is com- 
pletely proved. Next, let F € L4(Q2) be arbitrary, and set 


N 
W=F- SOF, 9) Li ’ 
i=l 
where L; € C§°(2) satisfy (V.5.7). Then, clearly, in view of (V.5.7), we have, 
on the one hand, 


(W,g:)=0, i=1,...,N, (V.5.14) 
and, on the other hand, 
N 
F=W+) (F,9)Li, (V.5.15) 
t=1 


which, since W is uniquely determined, furnishes the desired decomposition of 
the space L7(2). Now, pick f € Da) From Theorem II.1.6 and Theorem 
II.8.2 we know that there exists F € £9(2) such that 


[f,%] = (F, Vy). (V.5.16) 
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Thus, if we choose, in particular, g, = Vux, the statements in part (i) of 
the lemma follow from this representation and from (V.5.7), (V.5.14), and 
(V.5.15). We shall now show part (ii). Let f € Dp ‘'(Q), and let F be a 
corresponding function in L7((2) satisfying (V.5.16). Since f must. satisfy 
(V.5.5), we find that F' obeys the following conditions 


(F,Vu;)=0, 1=1,...,N. (V.5.17) 
Denote by {Fm} C C§°(2) a sequence such that F',, — F in L‘, and set 


N 
Win = F, = pweye Vu;)L; ‘ 


i=l 


With the help of (V.5.7) and of (V.5.17), we easily establish the following 
properties 


{Wim} C Op (2) 
(Win, Vux) = 0, for allm € Ny and allk € {1,...,N}, 
Wm—F in L4(). 


The last statement of the lemma then follows by setting f,, = V:Wm, 
meEN. 


We are now in a position to prove the following. 


Theorem V.5.1 Let Q be an exterior domain in R” of class C?. Then, for 
every f € Dj "4(Q) satisfying (V.5.4) if1 <q<n/(n—1) (1<q<n/(n-1) 
ifn = 2) there exists one and only one q-generalized solution to (V.5.1) such 
that 

(v,p) € DPA) x £42) / Sy 


Moreover, this solution verifies 


aint, (le Bla + lip alla} < lfl-ae (V.5.18) 


Proof. As in the proof of Theorem V.4.6, it is enough to show the result for 
functions f € Co°(2), that, when 1 < g < n/(n—1) (1 <q < n/(n—1) if 
n = 2), satisfy, in addition, the condition 


(f,hi) =0, for alli=1,...,n. (V.5.19) 


In fact, the general case will be a consequence of inequality (V.5.18), of the 
density of C§°({2) into Dy '"(2) and of Lemma V.5.2. Thus, for a smooth f 
we construct a solution v € Do” (2), p € L?(Q) by the methods employed in 
Theorem V.2.1 (see also Remark V.2.1). This solution satisfies 
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lvl + [ple <clfl-12 


which, in particular, proves the theorem in the special case where g = n/(n — 
1), n = 2. From Theorem IV.4.2 and Theorem IV.6.1 it follows that 


v EC™@(N)NW?41(QR), pEC?(2Q)NW'4(QR) (V.5.20) 
for all R > 6(2°) and q > 1. Moreover, from Theorem V.3.2, we obtain 
Vue LQ"), pe LQ!) 


for all g > n/(n — 1). This property, together with (V.5.20), with the aid of 
Theorem II.7.1 and Theorem III.5.1 in turn implies 


ve Dj (2), pE LQ), q>n/(n—-1). (V.5.21) 
Applying Theorem IV.2.2 to system (V.4.3)-(V.4.4) we readily deduce 
|Vollq.ax2 + lpllaaz2 < e(lef +T(v,p)- Vel-1¢ + lllVellla) . (V-5.22) 
Since q’ < n, from Sobolev inequality (II.3.7) and for all & € Dit (R”) 
lf, ®)| < |Fl-1alePlia < lfl-14|Pli¢- (V.5.23) 
Likewise, taking into account that ;D;y € Wo’4(Qr); i,j = 1,...,n, from 


(V.3.1) we have 


|(T(v,p)- Ve, ® is Da tl (|(Divj, Oj Diy)| + |(Djvi, $j; Diy)| 
7 ‘lGpaece Ded) (V.5.24) 
< €([lUllg.en2 + lIPll-1,4,en/2) |Plag’- 
Therefore, (V.5.22)—(V.5.24) imply 
[Vol|g.on2 + llpllqone < ¢((Fl-1.¢ + llellaen2 t Ilpll-1,¢,n/2)- (V-5-25) 


Moreover, from estimate (IV.6.8) in Qr we also obtain 


llvlliaen t lIpllaen S ¢(lFl-1¢ + llvllaen + llPll—1,4,22 + llulli—1/4,q(0Bn)) » 
(V.5.26) 


where we used the obvious inequality 


IFll-1a.en <|Fl-1.- 


By employing the traceTheorem II.4.4 at the boundary term in (V.5.26) we 
deduce 
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IlPll1.a.02n + Ilpllaer SC (\Fl-1.¢ + llllaer + llpll-1.¢,en + IVllq,o7/) - 

(V.5.27) 

The solution v,p will then satisfy (V.5.21) and, by (V.5.25), (V.5.27), the 
inequality 


elt. + llella S$ CClFl-1.4 + [lllaen + [lpll-1.4,28 ) (V.5.28) 


for all g > n/(n — 1). Let us show that if f satisfies (V.5.19) the properties 
just shown continue to hold when 1 < q < n/(n—1) (1 <q < n/(n—1) if 
n = 2). We already know that v and p satisfy (V.5.20) for all g > 1. Also, 
v and p obey the asymptotic expansion (V.3.17), (V.3.18), and (V.3.19). If 
n > 2, since v € Dy*(Q) we find v. = 0, and so to show v € Dy"(), 
1<q<_n/(n—1), by Theorem II.7.1 it is necessary and sufficient to prove 
that the vector T defined in (V.3.20) is zero. Likewise, for n = 2, since it is 
readily shown that v € Dg’?(Q) implies T = 0 (see Remark V.3.5), to prove 
v €Dy"(2), 1 <q<n/(n—1), again by Theorem II.7.1 it is necessary and 
sufficient to prove v4 = 0. From Green’s formula applied in Qr we have for 
all R > 6(2°) 


QR OBR 


By this relation and the asymptotic properties of (h;, 7;) (see Lemma V.4.4), 
and of (v, p) (see Theorem V.3.2) it follows for n > 2 


f-hy= -e;- T(v,p)-n 
QR OBR 


+f {(e; —hi)-T(v,p)-n+v-T (hj, 77) +n} 
OBR 


=-e;: | T(v,p)-n+O(1/R"~*) 
dBR 


and so, by (V.5.19), 


ej - T(v,p)-n=O(1/R"*), 1=1,2,3. (V.5.30) 
OBR 


On the other hand, by taking Qr so that Qe Nsupp (f) = 0, from (V.5.1) we 
have 


T-e,=e;- T(v,p)-n = O(1/R"?), 
aBr 


which entails T = 0, thus proving v € Dg’"(2), p € L4(2), 1 <q <n/(n—1), 
for n > 3. Suppose now n = 2. As already noticed T = O for solutions 
v € Dy’ (Q), p € L?(Q) and so from (V.3.17)-(V.3.19) it comes out that 


T(v,p) = O(1/|x/?) 
V = Ve—_ + O(1/|2)I). 
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Also, by (V.4.27) we have 


hy = O(log |r|) 
T(hi, 7) = O(1/|21). 


Consequently, (V.5.29) furnishes for all ¢ € (0, 1) 
Voo* T(hi,m;)-n = O(1/R'~*). (V5.3) 


However, a comparison between the general expansion formulas (V.3.17)— 
(V.3.21) and (V.4.27) reveals 


T (hj, 7) “n= &, 
OBR 


which once replaced into (V.5.31) yields v. = 0. Therefore, we conclude 
v € Dy (2), p € LQ), 1 <q <n/(n—1) if n = 2. We shall next establish 
the validity of (V.5.28). As in the case where g > n/(n — 1) we arrive at 
inequality (V.5.22). Now, taking into account that y = 0 near 02 and y = 1 
in Q® we have 


[if = [ef +T(0.»)-Vo) 


=| of-¥-T)+ f oTon [ pr -n= T-n 
Q2R 02 OBR OBR 


and so, by what we have shown, 


| fee: (V.5.32) 

Q 

By (V.5.32), in view of Theorem II.8.1 (see also Remark II.8.1), the functional 
[B] < Do" (R") > (F1,8), Se[B], dzn 


is well defined and independent of the particular choice of the function ® in 
the equivalence class [&]. Thus, for any such ®, we define 


a 1 
== ee ®, 
|Qr| Jon 


so that by Poincaré’s inequality (II.5.10) 
Pigeon < IGhig- (V.5.33) 


From (V.5.32) it follows that 
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(f1,®) — (f1,8) = (vf, £) + (T(v, p) . Vy, 8), 


and so we may proceed as in (V.5.23), (V.5.24) by using this time (V.5.33) 
instead of the Sobolev inequality to reach estimate (V.5.25). Since (V.5.26) 
holds for all g > 1, we may finally establish, in the same way as in the case 
where g > n/(n — 1), the validity of (V.5.28). Once (V.5.28) is recovered, we 
obtain from it 


inf —h - 
aint (lv —Al a+ lip ala} 


[|v — Ala.an + ||P — 7I|-1,9,08] 


(V.5.34) 
Using a contradiction argument entirely analogous to that of Theorem V.4.6 
and based on compactness results of Exercise II.5.8 and Theorem II.5.3, we 
can show 


<4 {fluo +, 


inf 
h,r)€Sq 


inf —h — 7||_ < = 
aint, {12 — Plate + IiP—all-aa.en} Seal fla 
which, once replaced into (V.5.34), yields (V.5.18). Existence is then fully 
carried out. The uniqueness of solutions just determined is also immediately 
established and therefore the proof of the theorem is complete. 


A significant consequence of Theorem V.5.1 is a general representation 
of functionals on the space Di), 1 <q < &. Specifically, we have the 
following result; see Galdi & Simader (1990, Section 7). 


Theorem V.5.2 Let 92 be as in Theorem V.5.1, and let f € DQ), The 
following properties hold. 


(i) Ifq>n/(n—-1) (¢>n/(n—1) ifn = 2) then f can be represented as 
[f.¢] = (Vv, Ve), p € Dy (2), (V.5.35) 


with v uniquely determined if g <n (q <n ifn = 2), while v is deter- 
mined up to a function h, ifq >n (q>n ifn =2), where (h,7) € Sy. 


(ii) Ifl<q<n/(n—-1) 1 <q<n/(n-1), ifn =2), there exist a uniquely 
determined vector function v € DAO), and n functions r1,...,1%, with 
r; € D'4(Q), i = 1,...,n, uniquely determined up to a constant, such 


that for all p € Dit (2) and for any fixed basis {h;,7;} in Sq we have 


n 


[f, 9] = (Vv, Ve) + SF, Ad (Vri, Ve). 


i=l 


Proof. Since Dy4(Q) is a subspace of Dj’4(Q), by the Hahn-Banach Theorem 
II.1.7(a), there exists F € Dj '’4(Q) such that [F,¢] = [f,¢], for all p € 
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Dit (Q). The result stated in part (i) is then an obvious consequence of 
Theorem V.5.1. We now pass to the proof of part (ii). Again by the Hahn- 
Banach Theorem II.1.7(a), we extend f to some F € Dj'"(). Then, from 
Lemma V.5.2, we find 


F=wt+) (fail &, (V.5.36) 
i=1 
where [w,h;] = 0, i = 1,...,n, and where we employ the fact that, since 


hy € Di (2), qd >n(q >n, ifn = 2), we have [f, hi] = [F, hi]. From 
Theorem V.5.1 it then follows that there exists a unique v € Dy) such 
that ; 

[w,~] = (Vv, Ve), pe Do? (2). (V.5.37) 
Furthermore, from Theorem II.1.6 and Theorem II.8.2 we may find D; = 
{(Lni)i} € £1(2), i=1,...,n, such that 


[ei] = (Li, Ve) = ((Lur)is Deyn),  € DY (2). 


We further apply to each LZ; the Helmholtz decomposition Theorem III.1.2 
to obtain D; = R;+ Vri, where R; = {(Re)i}, it = 1,...,n, satisfy 
(Revi; Ded) = 0, for all d € no (2), and all ] = 1,...,n. The last dis- 
played equation then becomes 


Zi, e] = (Vri, Vy), pe Dy (2). (V.5.38) 


The proof then follows from (V.5.36)—(V.5.38). 


From the previous results we obtain the following one. 
Corollary V.5.1 Let Q be as in Theorem V.5.1 and let v € Dj4(Q). Then, 
ifl<q<n(l<q<nifn=2) 


|v] 1.4 < Cc sup (Vv, Vel 
geri'p £0 |PlLa 


Proof. It follows at once from Theorem V.5.1 and Theorem V.5.2. 


Exercise V.5.1 Let @ be as in Theorem V.5.1. Show that given f € Dj '**(9), 
vx € W-1/49(8Q), g € L1(Q), q>n/(n—1) (q>n/(n—1) if n = 2) there exists 
v € D'"(Q) solving (V.5.2), which equals v. on OQ in the trace sense and with 
V-v=gq in the generalized sense. Show, further, that existence of the above type 
continues to hold if 1 <q < n/(n—1) (1 <q <n/(n-—1), if n = 2) provided the 
following compatibility condition is satisfied: 


FA] + (om) + fi (m Vhs v. —avs-n) =0 
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for all (h, 7) € Sj. Prove also that v and the corresponding pressure p (€ L%({2)) 
verify the estimate 


inf — {lv — Alia + lp — allat < CU Fl-1.4 + Ilglla + |e ll1—-1/¢,q(02))- 
(h,r)ESq 


Finally, show that, if 1 <q <n, v tends to zero as |x| — oo in the following sense 


/ |v(2)| = o(1/|al"/4~>). 
gn-1 


The last part of this section is devoted to the proof of a “regularization 
at infinity” for g-generalized solutions. In this respect, we recall that if v © 
D4(Q) satisfies (V.1.1) for all p € D(Q), with f € D>" (w), for all bounded 
subdomain w with @ C 22, and where a priori r 4 g, by Lemma IV.1.1 we 
can associate to v a pressure field p satisfying (V.1.2) with p € Lii.(2), 
fu = min(r, q). 


Theorem V.5.3 Let 2 be an exterior domain of R”, let v € D'4(Q), 1 < 
q < co, be weakly divergence-free satisfying (V.1.1) for all p € D(2), and let 
p > 6(2°). Then, the following properties hold 


(i) If 
f € Dy"(2"), r>n/(n-1), 
we have 
vé D'"(Q*), pe L(*) (V.5.39) 
for all R> p. 
(ii) If 
fe L(2"), 1l<s<oa, 
we have 
wé€ D**(2"), pe D*(2*). (V.5.40) 
for all R > p. 


In both cases, p is the pressure field associated to v by Lemma IV.1.1. 


Proof. The fields 
U= YU, T= yp 
solve the weak formulation of problem (V.4.3)—(V.4.4) in R”, namely, 


(Vu, Vy) _ (1,V : w) — —|fi,¥I, for all wy € Co°(R"), 


(V.5.41) 
(u, Vx) = —(9,x), for all x € C§°(R”), 


where (¢ = 1,...,n) 
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fie = Sede + Talo, Dp) Dee + Daur Dip +u: Dep), 
[Fo Vl = 1f, ¢¥] 
g=v- Vo, 

and T is defined in (IV.8.6). By Theorem IV.4.5, 


ve W"(2), pe L.( 2) 


loc 


and so 
g € L’(R"). (V.5.42) 


Furthermore, reasoning exactly as in the proof of Theorem V.5.1, one easily 
shows that for r > n/(n — 1) 


f, ED, 7 &. (V.5.43) 


In view of Theorem IV.2.2, (V.5.42), and (V.5.43) we establish the existence 
of a solution w1, 71 to (V.5.41) such that 


uy, € D'"(R"), m € L(R"), (V.5.44) 


and, by the uniqueness part of the same theorem we deduce 


V(ui —u) =0, m1 —7 = const. (V.5.45) 


Since y = 1 in 2”, conditions (V.5.44) and (V.5.45), after a possible mod- 
ification of p by adding a constant (which causes no loss), prove (V.5.39). 
Assume now f € L*(2°). By Theorem IV.4.2 we deduce 


v €W25(2), pEew,5(2) (V.5.46) 


loc loc 


and so u, 7 solve (V.4.3)—-(V.4.4) a.e. in R”. (V.5.46) implies 
fi é ite”), gé€ w?s(R"). 


We may then apply Theorem II.3.1 to (V.4.3)—(V.4.4) to establish the exis- 
tence of a solution w1, 71 such that 


wu, € D®*(R"), m € D'9(R"). (V.5.47) 


Setting w = wu; —u, by Lemma V.3.1 we obtain 


D,Dew;(x) = [ (ay (a — y)Dp Deuri(y)dy — Due? (a — y)Deui(y)) dy 


(V.5.48) 


for all a € R” and all d > 0. By properties (V.3.5) of A, relation (V.5.48), 


with the help of the Holder inequality, implies for all sufficiently large d, 
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|DyDew;(2)| < clogd (d-"/" || D®a||s,a¢2) + "|| Vell g,a¢e)) 


Letting d — oo into this inequality and recalling that gy = 1 in QR proves 
(V.5.45),. Consequently, (V.5.41), yields 


(m —7,V-w) =0, for all » € C§°(R”), 


which, by (V.5.46), in turn delivers (V.5.45),. The theorem is completely 
proved. 


Remark V.5.3 For future reference, we wish to observe that results analo- 
gous to those of Theorem V.5.3 are valid for the following Dirichlet problem 
for the Poisson equation: 


Av=f inQ, v=v, at ON. 


In particular, if v € D'4(Q), for some q € (1,00), and f € L§(2°),1<s<o, 
then v € D?*(Q®) for all r > p. The proof of this assertion, completely 
similar to (and simpler than) that of Theorem V.5.3, is left to the reader as 
an exercise. Oo 


V.6 Green’s Tensor and Some Related Properties 


The results established in the previous two sections allow us to prove the exis- 
tence of the Green’s tensor for the Stokes problem in a (sufficiently smooth) 
exterior domain. Actually, for fixed y € 2, let us consider the functions 
Aj;(z,y), ai(z,y) such that for alli,j7 =1,...,n andallye€ 


A,Ais(z,y) + Gailey) =0, t€0, 


OAij (2,9) =0, rE OQ 


Ai; (x,y) =Uij(x@—y), «EON 


lim Aj;;(x,y) = 0. 


|a|—+00 


From Theorem V.4.8, we know that A;;(z,y) and a;(z,y) exist and, from 
Theorem V.1.1, that they are smooth in 92. Thus, in analogy with the case of 
a bounded domain, we have that the fields 


Gis (x, y) = Uis(a — y) — Aas (2, y) 
g(x,y) = G(x —y) —ai(z,y) 


define the Green’s tensor for the Stokes problem in the exterior domain (2 
(Finn 1965a, §2.6). It is not difficult to show along the same lines of Odqvist 
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(1930, p. 358, see Finn 1965, loc. cit.) that the tensor field G satisfies the 
following symmetry condition 


Gij(z, y) = Gyily, x). 


In the rest of this book, we shall not make use of the Green’s tensor 
solution, and, therefore, here we shall not provide a detailed study of its 
properties. Nevertheless, we would like to point out some features of G, that 
do not appear to be widely known; see, e.g., Babenko (1980, Proposition I). 

More specifically, from the result obtained in Theorem V.5.1 we will show 
that, if 2° D> Baz, some a > 0, then the tensor G does not satisfy certain 
estimates which, on the other hand, are known to hold for the same quan- 
tity in a bounded domain (see (IV.8.4)) and in a half-space (see (IV.3.3)).+ 
For instance, the Green’s tensor for the Stokes problem in an exterior three- 
dimensional domain does not satisfy the following estimate: 


|VGis(z,y)| <elx—y\-?, (V.6.2) 


for all x,y € 2, x A y, and with V operating on either x or y. Actually, let 
F be a second-order tensor field with Fi; € Cg°(2) and such that 


(V-F,h) #0 forall he S,, q>3. (V.6.3) 


For example, we may take F = wVh, where w = v(|a|) is a smooth, non 
negative function such that w(|a|) = 0 if either |z| < R or |z| > 2R, R > 
6(Q°). We then have 


(V-FA)=- | wVh:Vh, 


QR 2R 


which is, of course, non-zero. Now, in view of (V.6.1) and the properties of 
G, g, it is immediately recognized that the fields 


v(e)= | Gey) (V-FW) dy, pa) =- [sew Fedy 
2 QQ 


define a solution to the Stokes system (V.5.1) with f = V- F. Furthermore, 
since 


v(x) =— | VG(z,y)- F(y)dy, 
2 


and F is of bounded support, the validity of (V.6.2) would imply 
v(x) = O(|a|~?). (V.6.4) 


This property, with the aid of Theorem V.3.2, then furnishes that the vector 
T defined in (V.3.20) must be zero. Thus, from (V.3.19) and (V.3.21) we 
obtain 


' Actually, if Q = R", then G = U, and G obeys the same type of estimates 
holding for a bounded domain and a half-space; see (IV.2.6). 
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Vou(z) = O(|a|-°). 


Such a condition, along with (V.6.4) and the fact that v vanishes at the 
boundary, leads, by Theorem II.7.6, to the conclusion that v € Dy{(Q), for 
all q € (1,00). By Theorem V.5.1, however, this is possible if and only if 


(V-F,h)=0 for allh € Sy, ¢ > 3, 


contradicting (V.6.3). As a consequence, the invalidity of (V.6.2) is proved.” 
However, one can prove (in three dimensions) that the following estimate, 
weaker than (V.6.2), does hold:* 


[Weule.nllu av sete, ce 2 (V.6.5) 
Q 


and that 
IGg(z,y)|<ela—yl", 2, ye Q,cF y; 


see Finn (1965a) Theorem 3.1 and §2.6. 


V.7 A Characterization of Certain Flows with Nonzero 
Boundary Data. Another Form of the Stokes Paradox 


We wish to investigate the meaning of condition (V.5.4) in the context of slow 
motions of a viscous flow past a body, subject to zero body force and zero 
velocity at infinity. This last condition imposes, in fact, no serious restriction, 
since the Stokes system is invariant if we change v into v+a, for any constant 
vector a . In order to make the presentation clearer, we shall limit ourselves 
to considering smooth regions of motion and smooth velocity fields at the 
boundary as well, leaving to the reader the (routine) task of extending the 
results to less regular situations. 


Consider the problem 
Av = Vp 
in 2 


V-v=0 
VGA 
v=v, at ON, ( ) 
| ae v(x) = 0. 


Let us begin to show that (V.5.4) is equivalent to the following requirement 
On UV, 


? With V operating on y. The symmetry property of G allows us to draw the same 
conclusion if V operates on x. 

3 Notice that, if a tensor function G satisfies (V.6.2), then (V.6.5) follows from 
Lemma II.9.2. 
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| v,:- T(hi, mi): 2 =0, for alli =1,2,...,n, (V.7.2) 
OQ 


where {h;,7;} is a basis in S, constructed in the preceding section. In fact, 
we write 
v=wivica, 


where 


a(x) = ®VE(x) 


o- | Ux N, 
OQ 


and V, is a smooth solenoidal extension in 2 of compact support of the field 
v.(2)—o(x), cE dN. 
Thus, (V.7.1) can be equivalently rewritten as 


Aw=Vp+f 
in 2 


V-w=0 
w=0 at 0, ets) 
| ae w(x) =0, 
where 
f =—-AVi. 
Clearly 
f © Dp "(Q), for all q € (1,00) 
and condition (V.5.4) furnishes 
[f, hi] = —- AV, -h, =- A(Vi +0)-hi= | v. T(hi,7;)-n =0 
Q Q an 


which proves (V.7.2). Suppose now 2 C R°." It is easy to show that a solution 
to (V.7.1) verifies (V.7.2) if and only if the following condition holds: 


T(v,p)-n=0. (V.7.4) 

aa 
From a physical point of view, this means that, within the approximation 
we are considering, the net external force applied to the body is zero. This 
happens, for example, if the body is self-propelled; Pukhnacev (1990a, 1990b), 
Galdi (1999a). In fact, if (V.7.2) is satisfied, then by Theorem V.5.1 there is a 
solution w to (V.7.3) in the class Dj’“(Q), 1 < q < 3/2. This in turn implies 


' We may take 2 C R",n > 3. 
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that a solution v to (V.7.1) exists in the class D'4(Q), 1 < q < 3/2. In view 
of Theorem V.3.2, however, such a circumstance is possible only if (V.7.4) is 
satisfied (see Exercise V.3.3). Conversely, assume we have a solution to (V.7.1) 
satisfying (V.7.4). Then, again by Theorem V.3.2, we have v € D14(2), 
1<q< 3/2, and so w € Do4(Q) and, by Theorem V.5.1, (V.7.2) is satisfied. 
It is interesting to observe that if R? — 2 = By, from (V.0.4) we have (see 
Remark V.5.2) 


Ox = ie * grdis 
3 


so that condition (V.7.2) becomes 


new (V.7.5) 
OQ 


Let us next consider the case 2 C R?. We then show that a solution to 
(V.7.1) exists if and only if condition (V.7.2) is satisfied. Since, as we shall see, 
the vector field v, = const. does not verify (V.7.2) this latter statement can 
be interpreted as another form of the Stokes paradox. Assume (V.7.2) holds. 
Then, by Theorem V.5.1, there is a solution w to (V.7.3) and, consequently, a 
solution v to (V.7.1). Conversely, assume that there is a solution v to (V.7.1); 
then w = v — V; —@ is a solution to (V.7.3) which, by Theorem V.3.2, 
belongs to the class DFO), 1<q< 2. Asaconsequence, by Theorem V.5.1, 
condition (V.7.2) must be satisfied. We now show that v, = vo does not verify 
(V.7.2) for any nonzero choice of the constant vector vp. This is because from 
(V.4.27) and Theorem V.3.2 it follows that 


T (hj, 7) “n= —-ej, i= 1,2, 
OQ 
and therefore (V.7.2) would imply 
Vo: Ee; = 0, al ees 
that is, 
Vo = 0. 


If 92 is the exterior of a unit circle, from (0.5) we deduce again that (V.7.2) is 
equivalent to (V.7.5). 


Exercise V.7.1 Prove that for 2 C R*, the field vs = const. does not verify 
(V.7.2). Give a physical interpretation of this fact. Moreover, for 2 the exterior of 
the closed unit ball centered at the origin, show that (V.7.2) is satisfied by 


Vx =WXE (V.7.6) 


and that this finding is in agreement with (V.0.5). Finally, suppose that 92 is the 
exterior of the closed unit circle centered at the origin and lying in the plane x3 = 0. 
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Show that condition (V.7.2) is again equivalent to (V.7.5), and that it is satisfied 
by the field (V.7.6), with w directed along the x3-axis, and by the field v.{ = Ka2e1, 
« # 0 (simple shear flow). 


V.8 Further Existence and Uniqueness Results for 
q-generalized Solutions 


One undesired feature concerning the g-generalized solutions constructed in 
Section V.5 is the fact that their existence and uniqueness are recovered only 
if we restrict suitably the range of values of q, #.e., gq € (n/(n — 1),n). Now, 
while the restriction from below (q > n/(n —1)) is necessary unless f satisfies 
the compatibility condition (V.5.4), the restriction from above (q < n) is due 
to the circumstance that the estimates we are able to derive for solutions 
under the sole assumption f € Do 4(Q) are not sufficient to guarantee their 
uniqueness. However, we may wonder if, taking f from a suitable subclass 
of the space Dp 44(9), we could remove the restriction q < n. Following the 
work of Galdi & Simader (1994), in the present section we shall show that, 
for n > 3, this is indeed the case provided f is of the type V- F, with Fa 
second-order tensor field (i.e., f; = DF yi) such that either ||(|a|"~1+1)F loo 
or ||(|z|? +1) F'l|oo is finite. Since the estimates we shall derive guarantee that 
the solution tends to zero at large distances, we are not expecting that a 
similar result holds also in the case of plane motions for, as we have learned 
from the preceding section, a two-dimensional solution to the Stokes problem 
tends to zero if and only if the data satisfy compatibility condition (V.5.4). 


We begin to show a simple approximation lemma. 


Lemma V.8.1 Suppose 
(1+ |2|)F € LY (R"), a>O0,n> 2. 
Then, there exists a sequence {F;,} C C§°(R") such that 


jim Fn —F\|s =0 for alls > n/a, 


(V.8.1) 
I(z|* + 1)Filloo S$ 2(2°7* + 1] (lz|% + 1) Flloo- 
Proof. Let v,, h € N, be smooth functions in R” such that 
len(x)| <1 
al Lif |a|<h (V.8.2) 
Ale) = 
0 if |x| > 2h. 


Set 
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Fr(a) = n(a)(F(@)e, €=1/h, 


where, as usual, (-)- denotes mollification. Clearly, {F;,} C C§°(IR"). Observ- 
ing that F € L*(R") for each s > n/a, we find in the limit k — co 


Fn — Fs < (F)iyn — Fils + (I. — Ya)(F)ryalls 
< 2||(F)1yn — Fils + 1. — Ya)F lls > 0 


as a consequence of (V.8.2), of property (II.2.9)2 of mollifiers and of the 
dominated convergence theorem of Lebesgue given in Lemma II.2.1. Rela- 
tion (V.8.1), is then acquired. From the definition of mollifier, we obtain for 
alle € (0, 1] 


({x|% + I\(F(e))el < | 


n 


nf .f{@-y : . 
ae fal ) tle — |yl* Fw) ldy 
Rn E 


= Ty +T1o. 


i (7=*) due + piFwlay 


Now 


a —n 7 a 
fr € [Klol®+1)F ce fj (F=#) ay = (Mel? + Foo. (V8) 


Furthermore, for | —y| <¢ <1 
jz] <|e—yl+ ly <1 +lyl 
and so, in view of inequality (II.3.3) (with n = 2 and q= a) we derive 
[le!* — yl*] < 2° + 1) + Iyl®). 


Therefore, recalling that j (7=") = 0 for |a — y| >, it follows that 


—n .f &— a a 
fps 2° +1)M(el* +1) Face” fj (FS4) dy = e+ DMMel + DF lw 


and the lemma is completely proved. 


We are now in a position to show the following intermediate result. 


Lemma V.8.2 Assume G, f,, and g are a given second-order tensor, vector, 
and scalar field, respectively, in R", n > 3, satisfying 


(1+ |2|*)G@ € L°(R”), 
fi,g € L4(R"), for each q > n/a, 


supp(f,), supp(g) C Brz, for some R>0, 
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where a is either 2 orn — 1. Then, the problem 


(Vu, Vy) ~~ (7,V . w) = (G, Vw) _ (fi; w), for all = Cee (R”), 


(u, Vx) = —-(9,x), for all x € C>°(R”), 
(V.8.4) 
admits at least one solution u,a such that 


u€ D'4(R"), 7 €L4(R"), for allg>n/a, 
(1 + |z|*—1)u € L~(R"). 
Moreover, this solution satisfies the estimate 
I[|a]°~ Atl] o0 + [tela gee + [I7Tllare 


S e([I(l2|* + 1)Glloo + IFill-1.¢.82 + lIgllaBe) 
(V.8.5) 
with c = c(n,q). Finally, if u’,2' is another pair satisfying (V.8.4) with the 
same data as u,7 and with 
u! € Wo (R") N L*(BS), 2 € Li, (R”) 


for some r,s € (1,00) and p > 0, then u = u’,7 = 7’ + const. a.e. in R”. 


Proof. We approximate G with functions {G;,} C C§°(IR”) of the type con- 
structed in Lemma V.8.1. In addition, by the elementary properties of molli- 
fiers, we see that the functions 


fin =(fiadtyns Gr=(Q)isn, REN A>ho > 4/R 


belong to C§°(Bgr/4) and satisfy, as h — oo, 


IIfin — Fill-1.4.B2 + llgn — gllaBn 9, for all g > n/a. 
Let us consider the following problem for all h > ho: 
Aun = VTh +V- G, + Fin 
in R” 
V+ Un = Gh (V.8.6) 


lim up(x) = 0. 


|xz|—-0o 
Proceeding as in Section IV.2, we look for a solution to (V.8.6) of the form 
Un =Wr+hn, Th =Th; 


where w,, and 7, are the volume potentials (IV.2.8) corresponding to the 
body force V-G;,+ f;, and hy, is given in (IV.2.10) with gp, in place of g. We 
begin to furnish estimates for h;. From Calderén—Zygmund Theorem I.11.4 
we immediately deduce 
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|Ralia < callgnlla.Bas (V.8.7) 


with c, = c1(n,q). Moreover, we have for |x| > 2R, 
|hn(x)| < a | lgn(y)|la — yl? "dy < call?" |IGnlla.Br: 
R/2 


and so 
I\(le]°—* + 1)Ralloc,Bg, < callgnila Be: (V.8.8) 


2R —_ 
with cz = c4(n,q, R). We shall next estimate w;,. From (IV.2.8), it follows 
(omitting the index h) 


wi(x)=— | DUij(e — y)Gaj(y)dy +f Ui (x — y) fig (y)dy = Gi + Go. 
R” Rn 
(V.8.9) 
Clearly, again from the Calderén—Zygmund theorem, we deduce for all q € 
(1,00) 
IGalt.g S ¢5||Gllq- (V.8.10) 


Moreover, denoting by WR a C%-function which is one in Bgp/4 and zero 
outside Br, we obtain, for all y € C5°(R”) 


(F159) = (Fi YRv)l S WF ll-1¢,BellYrellie,Be- (V.8.11) 
Now, if g > n/(n — 1), by the Sobolev inequality (II.3.7) we easily show 
IIPeellia.Be S c7leligR, 
with c7 = c7(r,q,n) and so (V.8.11) yields 
Ifil-1am S e7|lFill-14.Bn- 


Therefore, repeating the same argument employed in Section IV.2 (see (IV.2.27)— 
(IV.2.28)) we recover for all g > n/(n — 1) 


Gali < call fill-1¢.br- (V.8.12) 
Collecting (V.8.7), (V.8.9), (V.8.10), and (V.8.12) furnishes 
Jenlt.a S co(IGalla + IFiall-1.4.8n + IIgnlla.Be)- (V.8.13) 


Moreover, recalling the expression (IV.2.8)2 for 7, (= 7») and reasoning as in 
(V.8.10) we readily prove 


Ilr alla S cro Gall + I Filla.¢,Bx)- 
This latter inequality and (V.8.13) then yield 


Junlig + Illa S cu(G@alla + IFinll-1.a.82 + Ilgallaen), for all q > n/a. 
(V.8.14) 
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We next show the pointwise estimate for w,. From (V.8.9) and from the 
expression of the tensor U (omitting the index h), 


|G1(x)| < erall(l21* + Glo f Jz — yl" yl“ dy, 


and so, Lemma II.9.2 implies 


II(le]°~* + 1)Gslloo,Bg_ S crsll|(le|* + 1) Goo. (V.8.15) 
We have also 
iSe(e)iel@ =| f— F1(v) Bla a)ay), (V.8.16) 
Bry 
where, fori=1,...,n, 
B;(z,y) = Ur(y)Uis (a — y)|a|°~"- (V.8.17) 
Since for y € Br and |a| > 2R it is 
|U(x — y)| + |VU(« — y)| < ela|'~* 
with c = c(R,n), from (V.8.16) and (V.8.17) we find 
; 1/q 
Gale < ilreee|f (Ben +IV,Bewdt] gi 


< cial fi \|-1,9,Bn- 


Thus, from (V.8.8), (V.8.9), (V.8.15), (V.8.18), and property (V.8.1), of Gr 
we recover 


I(l2|°-? + 1)eealloc,pg, S crs(II(lel® + 1)Gllco + IlFrnll—1.80 + lignlla,Ba): 
(V.8.19) 
We next pass to the limit h — oo. From the linearity and from the uniqueness 
of problem (V.8.6), by virtue of (V.8.14) and by the properties of the approx- 
imating functions G),, f;;,, and g, we obtain, in particular, that the sequence 
{un, Tn} is a Cauchy sequence in Do’4(R”) x L4(R”) for all q € (n/a, 00) and, 
by the Sobolev inequality (II.3.7), it is also a Cauchy sequence in L*(R”), 
s = ngq/(n— q), for all q € (1,n). We may then assert the existence of two 
fields wu, 7 such that 


UE Dy 0"); am € L(R"), for allg>n/a 
with 
Jim tun — Ulig = lim tn, — 7||, =0 for allg > n/a 


(V.8.20) 
dim |e, — t|nq/(n—q) = 9 for all g € (1,7). 
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After multiplying (V.8.6), by % € Co°(R”) and (V.8.6), by x € CG°(R”), 
integrating by parts and using (V.8.20) we deduce at once that u,7 solves 
(V.8.4). In addition, again by (V.8.20) and (V.8.14), it follows that wu and 7 
satisfy the estimate 


lela tlltlha < cro (Glla + Fill-148e4lI9llaen), for all g > n/a. (V.8.21) 


Furthermore, by (V.8.20), and Lemma II.2.2, we see that we can select a sub- 
sequence {wy}, say, which converges pointwise to wu, a.e. in R”. Consequently, 
by passing to the limit h’ — oo into (V.8.19) we conclude 


II(|a|°~* + 1)ulloo,Bg_ S e15({I(|21* + 1)Glloo + [I Fill-1,¢,82 + llglla.Be): 
(V.8.22) 
Finally, since by the embedding Theorem II.3.4, 


I|24|| 00, Bor < cl|Ull1,r,Ban ron, 


estimate (V.8.5) becomes a consequence of this last inequality, of (V.8.21) 
and of (V.8.22). Concerning uniqueness, let v = u—w’, p = 7 —7'. From 
(V.8.4), the assumptions made on wu’, 7’ and the regularity results of Theorem 
IV .4.2 we deduce that v, pis a C™-smooth solution to the homogeneous Stokes 


problem 
Av = Vp 
in R”. 
V-v=0 


From Lemma V.3.1 we then have 
vi(a) = | Ne — wiley) + used (V.8.23) 


where, we recall, 3(2) = Ba(x) — Baj2(x). Since u € L4(R"), for all g > n/a 
and u’ € L*(Br), for some p > 0, using the Holder inequality into (V.8.23) 
and taking into account that ||. elk < M, independently of x and for all 
t > 1, we easily show that v() tends to zero pointwise as |x| tends to infinity. 
Theorem V.3.5 allows us to conclude v = 0, p = const. and the lemma is 
completely proved. 


The following result furnishes an extension of the one just proved to the 
case of an exterior domain and it represents the main contribution of this 
section. For simplicity, we shall state it for homogeneous boundary data, i.e., 
v, = 0, referring the reader to Exercise V.8.1 for the more general case v, 4 0. 


Theorem V.8.1 Let 2 C R",n > 3, be an exterior domain of class C?. 
Suppose that the second-order tensor field F in 92 satisfies 


(1+ |2|*)F € L°(Q), 
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with a either 2 orn —1. Then, the problem 

(Vv, Vw) — (p, Vw) = (F, Vw) for all wh € C§°(R"), (V.8.24) 
admits one and only one solution v,p such that 

ve Diy(2), pe LQ), for each q>n/a, 
(1 + |2|?-")v € EL (9). 
Moreover, this solution satisfies the following estimate 
I(el°? + Dolls + lelig + lalla < ell(|el% + 1) Flee, (V.8.25) 

for each q > n/a and with c = c(n,q, 2). 


Proof. Since F € L9(2) with arbitrary g > n/a > n/(n — 1), from Theo- 
rem V.5.1 we know that there exists a unique (q-generalized) solution v, p to 
(V.8.24) such that 


v E Di (Q2), pe L4(Q) for all q € (n/a,n). (V.8.26) 
Moreover, by Sobolev inequality (II.3.7), we have 
v € LPV/(-9(Q), for all q € (n/a,n). (V.8.27) 


Finally, from the regularity results of Theorem IV.4.2 and Theorem IV.6.1, 
we readily find 


ve W'4(Qr), pe Lt(Qr), for allqg>n/a and all R> 6(2°). (V.8.28) 


Let y be the “cut-off” function of Lemma V.4.2. Problem (V.8.24) then goes 
into problem (V.8.4) with w= yv, 7 = yp and 


Gis = pi; 
fii = Tin(v, p) Dep + De(veDiv + viDev) — FriDeyp 
g=v- Ve; 


see also (V.4.4). Thus, from (V.8.26)—(V.8.28), from Lemma V.8.2 and (V.5.24) 
we obtain for all g > n/a 


I|(]2]°—* + 1) tl] oo,ne + |Ul1,9.R" + [It Ilq.R" 
<¢ (I\(lel® + 1)Flloo,@ + llllq.en + |lPll—1.4,2n) - 
Recalling that y is equal to one in 2/2. from this inequality it follows that 
I(ja|e—* + 1)¥||0,aR/2+ |V|14,08/2 + |lPl|q,aRn/2 


Se ((e|* + 1)Flloo,@ + |lllaen + llpll-1¢,22) - 
(V.8.29) 


V.8 Further Existence and Uniqueness Results for g-generalized Solutions 361 


If we add (V.8.29) to (V.5.26), by reasoning exactly as we did to obtain 
(V.5.28), we find 


[lPll1.q.02n + (el2-"+ Le o,an/2 + |P|1,4,0 + llplle.c 


Se ([(e|* + 1)Fllo0,2 + ||Ulla,an + |lpll-1,4,22) - 
(V.8.30) 
We now claim the existence of a constant « = K(n,q, 2, R) such that 


IlPlla2n + llPll-t.¢.en < All (2l* + 1) Flloo,a- (V.8.31) 


To show the validity of (V.8.31), we use the usual contradiction argument. 
Actually, the invalidity of (V.8.31) would imply the existence of a sequence 
{F,,,} verifying the assumptions of the theorem for each m € N and of a 
corresponding sequence of solutions {Um, Pm} such that 


lOmllq,en + |lPmll—1,¢,.en = 1 
(V.8.32) 
I|(|2|* + 1) F'mlloo,a < 1/m. 


Since, clearly, for all s > n/(a — 1) 
llPmlls,a7/2 < ell|z|°Pmlloo,2R/2 
from (V.8.32) and (V.8.30) we deduce, in particular, 
|Umll1.¢.2n + |lUmlls,en/2 + |0mlt.¢.0 + [lPmllae <M, 


for a constant M independent of m. From the weak compactness of reflexive 
Lebesgue spaces and the strong compactness results of Exercise II.5.8 and 
Theorem II1.5.3, it is easy to show the existence of a subsequence, denoted 
again by {Um, Pm}, and of two fields v,p such that 


v € 18(2?8) 9 D14(2) Nn W14(QR) 

pe LQ) 

Vom Vv in L4(Q) 

e (V.8.33) 

Pm > p in L4(Q) 

Um 2 v in LI(Qr) 

Pm —> p in Wo 4(Qp). 
It is immediately seen that v is a g-generalized solution to the Stokes sys- 
tem (V.5.1) (see Definition V.5.1) corresponding to v. = 0 and by virtue 
of (V.8.32), to F = 0. Moreover, by (V.8.33),, we deduce that, in the ex- 


terior of a ball of sufficiently large radius, v is in L*, for s > n/a and so 
v is a qg-generalized solution to the Stokes problem (V.0.1), (V.0.2) with 
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F = v, = Vx = 0. Thus, recalling that p € £4(2), from Theorem V.3.4 
we conclude v = p = 0 in (2. However, by virtue of (V.8.33); ¢, this conclu- 
sion contradicts (V.8.32), and, therefore, (V.8.31) is proved. From (V.8.31) 
and (V.8.30) we then obtain, in particular, 


II(x]°~* + Lvl o,an/2 + |¥lia t llplla S ell(la|* + 1) F loc, for all q > n/a. 


(V.8.34) 
Finally, since by the embedding Theorem II.3.4 


ello, Pee Sellvllarege, T> 


estimate (V.8.5) becomes a consequence of this last inequality and (V.8.34). 
The proof of the theorem is complete. 


Exercise V.8.1 Let 2 and F be as in Theorem V.8.1. Show that, given 
vx € W992), g € L(2), q>n/a, 
the problem 
(Vv, Vw) — (a, V+) = (F, Vw) for all p € Co°(R”), 
(v, Vx) = —(9, x), for all x € Co°(R"), 
admits one and only one solution such that 
ve D'4(Q), pEL(Q), (1+|2|*)v € L™(). 


Moreover, show that for all R > 6({2°) this solution satisfies the estimates 


a-1 a 
alr + 1) e|loo,an +] ¥lt.¢ + Ilplla < e(I(el" + YF loo + Ilglla + Ilo ll1-1/4,0(022)); 


where we can take Q® = 2 ifq>n. 


V.9 Notes for the Chapter 


Section V.1. The first existence and uniqueness theorems for the Stokes 
problem in an exterior domain 2 is due to Boggio (1910), for 2° a closed ball. 
In the same hypothesis on 2, Oseen (1927, §§9.3,9.4) furnishes the explicit 
form of the Green’s tensor. For an arbitrary exterior domain, Lamb (1932) has 
given a formal series development of a generic solution in terms of spherical 
harmonics. The first existence and uniqueness result in the general case can 
be found in the work of Odqvist (1930, §4). 

The variational formulation (V.1.1) has been introduced by Ladyzhenskaya 
(1959b, §2). Lemma V.1.1 with g = 2 and 2 of class C? is due to Solonnikov 
& Séadilov (1973, §3). 

Section V.2. A weaker version of Theorem V.2.1 is proved by Finn (1965a, 
Theorem 2.5) and Ladyzhenskaya (1969, Chapter 2, §2). Seemingly, Finn has 
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been the first to recognize that, for existence, the condition of zero flux of v, 
through the boundary is not necessary (see Finn, loc. cit., Remark on p. 371). 

The solenoidal extension of the boundary data, given in (V.2.5), in the 
case w = 0 is due to Ladyzhenskaya (1969, p. 41). 


Section V.3. Lemma V.3.1 generalizes Lemma 4.2 of Fujita (1961). Theorem 
V.3.2, Theorem V.3.4, and Theorem V.3.5 are an extension of classical results 
due to Chang & Finn (1961). A weaker version of the latter can be found in 
Finn & Noll (1957). Theorem V.3.3 is due to me; see also Galdi & Simader 
(1990). 


Section V.4. All results and methods are originally due to me. Notwith- 
standing, mainly in the literature of the early nineties, one can find a number 
of contributions by several authors, that cover, in part, some of these results. 
However, their approach is different than the one I introduced here. 

Weaker versions of Lemma V.4.3 with m = 0, n = 3 and q = 2 were 
originally given by Masuda (1975, Proposition 1 (iii)) and Heywood (1980, 
Lemma 1). 

Theorem V.4.6, form = 0, n = 3 and 1 < q < 3/2, was shown for the 
first time by Solonnikov (1973, Theorem 2.3). Generalizations of this result to 
higher values of q were first investigated by Maremonti & Solonnikov (1986); 
see also Maremonti & Solonnikov (1985). The extension of Solonnikov’s result 
to arbitrary dimension n > 3 can be deduced from the work of Borchers 
& Sohr (1987). Lemma V.4.3 and Lemma V.4.4 and Theorem V.4.6 in the 
particular case where m = 0 and n = 3 can be deduced from the work of 
Maslennikova & Timoshin (1989, 1990). A way of avoiding quotient spaces in 
Theorem V.4.6 is to modify suitably the conditions at infinity. This view has 
been considered by Maremonti & Solonnikov (1990). 

The validity of (V.4.15) with m = 0 in a more restricted class of functions 
has been disproved by Borchers & Miyakawa (1992). The results contained 
in Theorem V.4.8 have been the object of several researches. In this regard, 
we refer the reader to the work of Sohr & Varnhorn (1990), Kozono & Sohr 
(1991), Deuring (1990a, 1990b, 1990c, 1991), and Deuring & von Wahl (1989). 

Existence, uniqueness, and estimates for strong solutions in weighted 
Sobolev spaces have been studied by Choquet-Bruhat & Christodoulou (1981), 
Specovius-Neugebauer (1986), Farwig (1990), Girault & Sequeira (1991) and 
Pulidori (1993). 


Section V.5. Here we follow the ideas of Galdi & Simader (1990). Theorem 
V.5.1 in the case n > 3, q € (n/(n—1),n) and 2 of class C?, \ > 0, was 
first obtained by H. Kozono and H. Sohr in a preprint of 1989 and published 
later in 1991. In particular, in this paper we find a first systematic study 
of the Stokes problem in exterior domain in homogeneous Sobolev spaces. 
The estimates contained in Theorem V.5.1 when g € (1,n/(n — 1)] were first 
derived by W. Borchers and T. Miyakawa in 1989 and published later in 
1990. Generalizations of Theorem V.5.1 along the lines of Exercise V.5.1 are 
considered by Kozono & Sohr (1992b) and Farwig, Simader and Sohr (1993). 
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Most of the above results are reobtained, basically by the same methods, 
in the paper by Maslennikova & Timoshin (1994) 

Theorem V.5.3 is due to me. 

Weak solutions in weighted Sobolev spaces have been analyzed by Girault 
& Sequeira (1991), Pulidori (1993), Pulidori & Specovius-Neugebauer (1995) 
and Specovius-Neugebauer (1996). 

Weak solutions in Lorentz spaces have been studied by Kozono & Ya- 
mazaki (1998). 


Section V.7. Results of this section are essentially due to Galdi & Simader 
(1990), or else can be obtained as corollary to their work. However, the Stokes 
paradox, as presented here, was first formulated in the particular case of a 
domain exterior to a circle by Avudainayagam, Jothiram & Ramakrishna 
(1986). For further results related to the plane, exterior Stokes problem, in 
addition to the classical papers of Finn & Noll (1957) and Chang & Finn 
(1961), we refer the reader to the work of Sequeira (1981, 1983, 1986) and of 
Hsiao & McCamy (1981). Problem (V.7.1), (V.7.4) is related to the steady 
motion of a viscous fluid past a self-propelled body that is moving at constant 
small velocity. For this type of questions, see Pukhnacev (1990a, 1990b) and 
Galdi (1999a, 2002). 


Section V.8. For results related to Theorem V.8.1, we refer to the paper of 
Novotny & Padula (1995). 
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Steady Stokes Flow in Domains with 
Unbounded Boundaries 


Nel dritto mezzo del campo maligno 
vaneggia un pozzo assai largo e profondo 
di cui suo loco dicerd Vordigno. 


DANTE, Inferno XVIII, vv. 4-6 


Introduction 


So far, with the exception of the half-space, we have considered flows occurring 
in domains with a compact boundary. Nevertheless, from the point of view of 
the applications it is very important to consider flows in domains 2 having 
an unbounded boundary, such as channels or pipes of possibly varying cross 
section. In studying these problems, however, due to the particular geometry 
of the region of flow, completely new features, which we are going to explain, 
appear. To this end, assume {2 to be an unbounded domain of R” with m > 1 
“exits” to infinity, of the type (see Section III.4.3) 


m 
=| 0; 
i=0 
where (29 is a smooth compact subset of 2 while 2;,7 = 1,...,m, are disjoint 


domains which, in possibly different coordinate systems (depending on 92;) 
have the form 


Q: = {ax EIR": tp > 0,2" = (#1,.--,%n—1) € Zi(an)}. 


Here 1}; = Y;(ap) are smoothly varying, simply connected domains in R"~+, 
bounded for each x, > 0 with 


G.P. Galdi, An Introduction to the Mathematical Theory of the Navier-Stokes Equations: 365 
Steady-State Problems, Springer Monographs in Mathematics, 
DOI 10.1007/978-0-387-09620-9_6, © Springer Science+Business Media, LLC 2011 
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|Xii(tn)| > Lo = const. > 0. 


To fix the ideas, we suppose that 2 has only two exits. Denote by »' any 
bounded intersection of 2 with an (n — 1)-dimensional plane, which in 9; 
reduces to X’ and by n a unit vector orthogonal to X’, oriented from 2, toward 
922, say. Owing to the incompressibility of the liquid and assuming adherence 
conditions at the boundary, we at once deduce that the flux @ through » of 
the velocity field v(x’, x,,) associated with a given motion is a constant, that 
is, 

P= | v-n = const. (VI.0.1) 

xy 


Therefore, a natural question that arises is that of establishing existence of a 
flow subject to a given flux. Clearly, this condition alone may not be enough 
to determine the flow uniquely and, similarly to what we did for motions 
in exterior domains, we must prescribe a velocity field vx; as |x| — oo in 
the exits 22;. However, unlike the case of flows past a body, v.; need not be 
constant and, in fact, if 6 ~ 0, the corresponding v.,; can be a constant vector 
only if 

lim |2;(a,,)| = 00. (VI.0.2) 

|a|—00 

To see this, we observe that if v.o; = const. and v(x) > vo; as |x| > oo in 
§2;, uniformly (say), by the adherence conditions at the boundary it follows 
that voo; = 0 and so (VI.0.1) implies (VI.0.2) whenever & 4 0. Thus, if |X| is 
uniformly bounded, v.; can not be a constant and one has to figure out how 
to prescribe it. There are remarkable cases where v..; is easily prescribed; this 
happens when the exits 2;, 7 = 1,2, are cylindrical, namely, 


di(2n) = X04 = const., 


such as in tubes or pipes. In these situations it is reasonable to expect that 
the flow corresponding to a given flux ® should tend, as |x| — co, to the 


Poiseuille solution of the Stokes equation in QQ; corresponding to the flux ®, 


that is, to a pair (vp) where 


vi = uh? (2! en; Vos = —Cien (VL.0.3) 


(VI.0.4) 
vi =0 at OD}. 


Thus, if m = 3 and the sections are circles of radius R;, the solution to (VI.0.3), 
(VI.0.4) is the Hagen—Poiseuille flow 
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yp av’) = C;R?(1 — |x" |?/R?). 
0 4 a 


Likewise, for n = 2 and §2; a layer of depth dj, of) reduces to the Poiseuille 
flow 

vp’ (a) = Crd (1 — a3 /d?). 
The problem of determining a motion in a region (2 with cylindrical exits, 
subject to a given flux @ and tending in each exit to the Poiseuille solution 
corresponding to ®, is known as Leray’s problem; see Ladyzhenskaya (1959b, 
p. 175). 

However, if it happens that one of the sections »; is only uniformly 
bounded but not constant, then, in general, one does not know the explicit 
form of vo; and, alternatively, one can prescribe at large distance in the exits 
a “growth” condition (Ladyzhenskaya & Solonnikov 1980, Problem 1.1). Of 
course, this condition must be such that, in the class of solutions verifying it, 
uniqueness is preserved. Moreover, once existence is established, one should 
successively try to analyze the structure of solutions as |x| — oo. 


A further problem that arises when +’ is bounded is that the approach 
of generalized solutions used for flows in exterior domains (Theorem VI.2.1) 
is not directly applicable and one has to modify it appropriately. This fact 
is easily seen to be a consequence of (VI.0.1). In fact, using the Schwarz 
inequality and inequality (II.5.5) we obtain 


||? < glzimrnie» f Vu: Vv (VI.0.5) 
PSY 


which, for |’| uniformly bounded, implies an unbounded Dirichlet integral for 
v: 
|v]1.2 =0co, unless = 0. 


Let us next suppose that 27 satisfies (VI.0.2). We may then prescribe a uniform 
(zero) velocity field vo; at large distances in (2;, 1 = 1,2. We shall distinguish 
the following two possibilities: 


(i) if [Serna < eo, A=, 2, 
0 

(ii) | [ere da eo, 1,2. 
0 


In case (i) the condition of prescribed flux is compatible with the approach of 
generalized solutions, as a consequence of (VI.0.5). Nevertheless one must be 
careful in choosing the function space where such solutions are to be sought. 
Actually, if one required v € Dy (2), by the results of Section III.5 one would 
automatically impose zero flux through and would therefore exclude a priori 
all those solutions having @ ¥ 0. Instead, one should look for solutions in the 
larger space Dj’*(Q), where the condition  ¥ 0 is allowed. 

In case (ii) the non-zero flux condition again becomes noncompatible with 
the existence of generalized solutions. However, if 
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co 
Cc =| | d[[A--)(@-D—-d/(m—Yade, < oo, i=1,2, some q>2,! (VL0.6) 
0 


since from (VI.0.1), the Holder inequality and inequality (II.5.5) 
[P\2Gi < |vli¢, 


we deduce that now q-generalized solutions may still exist and that the “nat- 
ural” space where they should be sought is Dj4(). 

A last possibility arises when (VI.0.2) holds but the integrals G; are infinite 
for any value of q > 1. In this case it is not clear in which space the problem 
has to be formulated. 

Finally, we mention that, with the obvious modifications, all the above 
reasonings apply to the circumstance when one section (say) is bounded 
and the other is unbounded, as well as to the case where {2 has more than 
two exits to infinity. 

The question of the unique solvability of the Stokes (and, more generally, 
nonlinear Navier-Stokes) problem in domains of the above types has been 
investigated by several authors. In particular, Amick (1977, 1978) first proved 
solvability when the sections are constant (see Chapter XII), giving an affir- 
mative answer to Leray’s problem.” The case of an unbounded cross section 
was first posed and uniquely solved by Heywood (1976, Theorem 11) in the 
special situation of the so-called aperture domain: 


Q={x ER": 2, 40 or 2’ € S} (VI.0.7) 


with S a bounded domain of R"~! (see Section III.4.3, (III.4.4)). Successively, 
under general assumptions on the “growth” of 2’, the problem was thoroughly 
investigated by Amick & Fraenkel (1980) (see also Amick (1979) and Remark 
3.1) when 2 is a domain in the plane having two exits to infinity. In particular, 
the authors show existence of solutions and pointwise asymptotic decay of the 
corresponding velocity fields.?. However, uniqueness is left out. It is interesting 
to observe that, unlike the case of an exterior domain, for the general class of 
regions of flow considered by Amick and Fraenkel, there is no Stokes paradox; 
see also Section VI.2 and Section VI.4. 


The entire question was independently reconsidered within a different ap- 
proach by Ladyzhenskaya & Solonnikov (1980), Solonnikov (1981,1983) and 
their associates; see Notes to this chapter. When » is uniformly bounded, 
these authors show, among other things, unique solvability in a class of solu- 
tions having a Dirichlet integral that is finite on every bounded subset 12’ of Q 
and that may “grow” with a certain rate depending on X’, as {2 — 2; see also 


' Notice that since |X| > Yo > 0, in case (ii) the integrals G; are infinite for any 
q <2. 

? Under “small” flux condition in the nonlinear case; see Chapter XI. 

3 Under “small” flux condition in the nonlinear case, if © has a certain rate of 
“orowth.” 
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Remark 1.1. If, in particular, the exits 2; are cylindrical, the solution to the 
Stokes problem corresponding to a given flux tends in a well-defined sense to 
the corresponding Poiseuille solution in 2;. Likewise, if 4’ is unbounded and 
satisfies condition (i), they prove existence of generalized solutions in Dg’? (2) 
corresponding to Uv; = 0 and to a prescribed flux. 


In case (ii), there is the remarkable contribution of Pileckas (1996a, 1996b, 
1996c, 1997) who shows that in the particular case when each (2; is a body of 
revolution of the type 


{2 €R?: ty >0, |t1| < fi(tn)}, (VI.0.8) 


the problem is uniquely solvable for any prescribed flux, provided f;. satisfies 
(VI.0.6)* and a “global” Lipschitz condition (see (ii) at the beginning of Sec- 
tion 3). Furthermore, Pileckas shows that the decay rate of solutions is related 
to the inverse power of the functions f;. 


In the present chapter we prove existence and uniqueness of solutions to the 
Stokes problem in a domain with exits, when these exits have either constant 
sections 1’; or unbounded 3%; satisfying (i). Moreover, we shall perform an 
analysis of the pointwise asymptotic behavior either when 4; is constant. We 
also give some decay results when %;(2,,) becomes suitably unbounded as 
|x| — oo, and the exits are body of revolution as in (VI.0.8). However, these 
results are not sharp and we refer the reader to the cited papers of Pileckas 
for more complete results, obtained by completely different methods. 

For simplicity, we shall describe the results in details only when the number 
m of exits is two, leaving to the reader the (simple) task of generalizing them 
to the case m > 2, and to the case when some of the exits are cylindrical, 
while the others have an unbounded section verifying (i). 

Finally, in the last section of the chapter, we shall furnish a full treatment 
of the Stokes problem in the aperture domain (VI.0.7), which includes exis- 
tence, uniqueness and L‘-estimates of solutions together with their asymptotic 
behavior. Unlike the previously mentioned cases, for domain (VI.0.7) the sit- 
uation is rendered easier by the fact that the problem can be reduced to a 
similar problem in a half space where explicit representations of solutions are 
known; see Section IV.3 and Exercise IV.8.1. 


Exercise VI.0.1 Show that for solutions to (VI.0.3), (VI.0.4) there is a one-to-one 
correspondence between the pressure drop —C; and the flux 


a= | ul? (a")da’. 
vi 


In particular, show the existence of a positive constant cp = cp(5i,n) such that 
C; = cp®;. The constant cp will be called the Poiseuille constant. Hint: Consider 
the following problem 


Avi — = in Dt Wilas; =0, 


4 In this case, we have |;| = c(n)f?~+ 
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and use the linearity of problem (VI.0.3) . 


VI.1 Leray’s Problem: Existence, Uniqueness, and 
Regularity 


Let us consider a liquid performing a steady slow motion in a domain 2 
(Cc R”) of class C® + with two cylindrical ends, namely, 


with 2 a compact subset of 2 and 2;, i = 1,2, disjoint domains, which in 
possibly different coordinate systems, are given by 


2, = {x ER": a, < 0,0’ € Sy} 
Qo = {a ER”: a, >0,2' € Xo}. 


Here, ©;, 7 = 1,2, are C™-smooth, simply connected, bounded domains of 
the plane, if n = 3, while ©; = (—d;,d;), d; > 0, if n = 2. We denote by ’ 
a cross section of (2, that is, any bounded intersection of 2 with an (n — 1)- 
dimensional plane which in (2; reduces to ¥};. Moreover, n indicates a unit 
vector orthogonal to »’ and oriented from 2; toward 22 (so that n = —e,, in 
92; and n = e, in 92). 

The aim of this section is to solve the following Leray’s problem: Given 
® ER, to determine a solution v,p to the Stokes system 


Av =Vp 
in QQ (VI.1.1) 
V-v=0 
such that 
v=0 atOn 
VI.1.2 
[on-o ( ) 
y 
and 


v- vi? in Q; as |x| — ov, (VI.1.3) 

' Namely, for every zo € Q there exists r = r(ao) such that 02M B,(a0) is a 

boundary portion of class C°°. This assumption will imply, in particular, that 

the solutions we will determine are of class C™. Of course, we may relax the 

smoothness of 92 at the cost, however, of obtaining less regular solutions. Exten- 

sion of results under weaker regularity assumptions on the boundary are left to 
the reader as an exercise. 
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where wv are the velocity fields (VI.0.3) and (VI.0.4) of the Poiseuille flow in 
92; corresponding to the flux ®. 


We shall now give a generalized formulation of this problem, similar to 
that furnished in Chapters IV and V for flows in domains with a compact 
boundary. Multiplying (VI.1.1), by » € D(2) and integrating by parts we 
deduce formally 

(Vv, Vy) =0, for all p € D(Q). (VI.1.4) 
We have 
Definition VI.1.1. A vector field v : 22 — R” is called a weak (or generalized) 
solution to Leray’s problem (VI1.1.1)—(VI.1.3) if and only if 
(i) ve Wee (Q); 
(ii) v verifies (VI.1.4); 
i 


) 
(iii) v is (weakly) divergence free in 92; 
(iv) v vanishes on O2 (in the trace sense): 
) 
) 


(v 


(vi 


Oe n = @ (in the trace sense); 


(wo — vi ee € W?7(9;), i = 1,2. 
Evidently, conditions (ii)-(v) translate in a generalized form the corre- 
sponding properties (VI.1.1) and (VI.1.2), while (i) ensures a certain degree 
of regularity. Also, it is easy to see that (vi) implies the validity of (VI.1.3) in 
a well-defined sense. Actually, from the trace inequality of Theorem II.4.1 we 


deduce, with w = v — vl, 


| jeo@’ tn)? < | | [(w? + Vw : Vw)] dt 
a2 t>an J Ne 


where the constant c is independent of x,. So, by (vi), 
i |w(2’, 2n)|? > 0, as |x| > oo in Qo, 
Sg 


and similarly in 921. 
Furthermore, it can be shown that to every weak solution we can associate 
a corresponding pressure field p. Actually, directly from Lemma IV.1.1 we find 


Lemma VI.1.1 Let v be a generalized solution to Leray’s problem. Then 
there exists p € L7.,,.(2) such that 


(Vv, Vw) = (p,V-w), for all p € CS°(22). (VI.1.5) 


It is also simple to establish the smoothness of a weak solution v and the 
corresponding pressure field p. In fact, taking into account the regularity of 
92, from Theorem IV.4.1 and Theorem IV.5.1 we at once deduce the following 
result. 
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Theorem VI.1.1 Let v be a weak solution to Leray’s problem (VI.1.1), 
(VI.1.3) and let p be the pressure associated to v by Lemma VI.1.1. Then 
v,p © C™('), for any bounded domain 2 Cc 2. 


The objective of the remaining part of this section will be to prove existence 
and uniqueness of a weak solution to Leray’s problem. To this end, we need 
a suitable extension a (say) of the Poiseuille velocity fields vy which will 
play the same role played by the field (V.2.5) which, in the case of an exterior 
domain, is used to extend the rigid body velocity field V. Let us denote by 
a(x) a vector field enjoying the following properties: 


@) in Q2, for some R > 0, where, for a > 0, 


=v) in? a=” 
NE = {x € DM, : Bp, < —a} 
25 = {x € 22:4 > a}. 


A way of constructing such a field will be described. Let ¢;(a”), i = 1,2, be 
functions from C'°°(R"”) such that 


lifee OF 
Gi(x) = = 
0ifre 2- QR? 


and set 
2 


Va) = So Gila)vg”. 


i=1 
Clearly, V € C™®(Ar) where 
Ar=n—- [PF u OF] 
Consider the problem 
V-w=-V-V inAr 
we Wo’?(Ar) 
I|wl2,2,.42 SellV - V1 la2,42- 


Since V- V € W,?(Ap) and 
V:V=0, 
AR 


w exists, in view of Theorem III.3.3. Extend w to zero outside Ar and denote 
again by w such an extension. Evidently w € W?:?(Q) and so the field 
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a(x) = V(x) + w(z) 


satisfies all requirements (i)-(iv) listed previously. 
We look for a generalized solution to (VI.1.1)—(VI.1.3) of the form 


v=uUuta, 


where 
u € Dy” (2). 


Since, by inequality (11.5.5) 
Dy" (2) C Wo"(2), 


v satisfies (i) and (iii)-(vi) of Definition 1.1, while, from (VI.1.4), w must solve 
the equation 
(Vu, Ve) = (Aa, y), for all p € D(Q). (VI.1.6) 


The existence of u is readily established by means of the Riesz representation 
theorem. To this end, it suffices to show that the right-hand side of (VI.1.6) 
defines a linear functional in Dj’*(Q), i-e., 


|(Aa, p)| < clei, (VL.1.7) 


for some constant c (depending on a ) and for all g € Dj’?(Q). We split Q as 
follows: 


2 = NFU [RQ (NFUNFP)| VOF = OP UM RU OF, (VI.1.8) 


and observe that in each Q? the field a coincides with the Poiseuille solution 


v0) satisfying (VI.0.4). Therefore, we have 


R 
Aa: p= Av") p= -c; f / yp: nds] din =0 (VI.1.9) 
QR ar —oo LW, 


since y carries no flux. Likewise 


Aa-p=0. (VI.1.10) 
ak 


In Qor, by the Schwarz inequality and inequality (1.5.5), we have 


Aa- (| < ¢|| Aall2,aon|%l1,2,.2 (VI.1.11) 
Dor 

and so (VI.1.7) follows from (VI.1.9)-(VI.1.11) and property (i) of a . Exis- 
tence is then acquired. To show uniqueness, let v; be another weak solution 
corresponding to the same flux ® and Poiseuille velocity fields vl. Then, it 
is readily shown that w = v — v1 belongs to Dy’7(@). In fact, we have in QF 
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w=u-—(v,—v,’)+(a vi) =u-—(v1— vy) 


and, likewise, in 23° 


Therefore, taking into account condition (vi) of Definition VI.1.1 and that v 
is in C™(2'), for any bounded 2’ C 2, we obtain 


w € D'?(2). 

Since w is zero at the boundary, from Exercise VI.1.1 we have 
w € Dy (2) 

and, w being solenoidal, we conclude 
mie De (0), 


However, by Exercise III.5.1, 


so that 
w € D5 (2). 


This having been established, from (VI.1.4) it follows that 
(Vw, Vy) =0, for all yp € Dy7(2), 


implying w = 0 a.e. in 92, which is what we wanted to prove. 


For a more general uniqueness result we refer the reader to Exercise VI.2.2. 


Exercise VI.1.1 Let 2 be an infinite “distorted pipe” of the type specified above 
and let w € D'?(Q). Assume that the trace of w at OQ is zero. Show w € Dj’?(). 
Hint: Let wr be a C® function in 2 that is one in Qor (see (VI.1.8)) and vanishes 
in 22", 4 = 1,2. Then wrw > w in De). Moreover, since w = 0 at 02, wrw 
belongs to Wo 3 (Qo2R) and therefore it can be approximated there by functions from 
Co (Roar) C Co" (2). 


In order to solve Leray’s problem completely, it remains to study the 
asymptotic behavior of v. This will follow as a corollary to a general re- 
sult concerning estimates of solutions to the Stokes problem in a semi-infinite 
channel which we are going to derive. 


Lemma VI.1.2 Let 


Q={xER":2,>0,2' € VY} 
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with Y a C®-smooth, bounded, and simply connected domain in R"—!. Given 
f © C% (2), 2’ any bounded subset of 2, denote by u, tT € C'%°(2') a solution 
to the problem 
Au=Vr+f 
in 2 


V-u=0 (VI.1.12) 
u=0 at 02 — Xo 
with a 
Xo = {xE€ 2: a, =0}. 
For s > 1 and 6 € (0, s], set 
we={tEN:s<a,<s+l1}, 
W556 ={LEN:s-d0<a,<s+d4]}. 
Then, for all m > 0 and q > 1 the following estimate holds 
[lull m+2,qus + VTllmaws S ¢ (IF llmaus.5 + lltll1aws,s) (VI.1.13) 


where c = c(m, q, n, 6, X).? 


Proof. Evidently, it is enough to prove (VI.1.13) for s = 1, since the estimate 
for arbitrary s > 1 follows by making the change of variable 7, — 2x, — €, 
€ > 0. This will automatically imply that the constant c is independent of s. 
Choose 7 € C°(R) such that w(t) = 0 for t < 1, w(t) = 1 for t > 2 and put 


We(v) = ob (k(k + Lan — k? +2) [1— b (k(R + lan — h(2(K +1) +1) 4+] 
with & a positive integer. Of course, 
Oif ep <1—1/k 
ve(z) = & Lif 1-1/(1+k) <an <24+1/(1+4) 
Oif ty >24+1/k. 
We also put 
Up = {aE N:1-1/(K+1) <a, < 24+1/(114+4)}. 


Let k; € N be such that 
Up, © w1,6- 
For k > k1, by setting 
Wk = WRU, dk = rT, 
? The assumptions of regularity on f,u, and 7 are made for the sake of simplicity. 


Actually, for fixed m > 0, s > 1, and 6 € (0,s], it would suffice to suppose 
Ue W'4(ws,5),7 € L%(ws,s), and f € W™ 7 (ws,5). 
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from (VI.1.11) it follows that 
Aw; 4 
in D 


V > Wk = Gk (VI.1.14) 
wr, =0 at OD, 
where D is any C®°-smooth, bounded domain containing U;, and 
Fi = VeF 
Fy = 2Vuy,- Vut uArdy — TV ve, 
Gk = Vie- U. 


Fix kp > ki, ko € N, and apply to (VI.1.14) the results of Theorem IV.6.1 
with m = 0 along with those contained in Exercise IV.6.3 to obtain 


I[24||2,4,0x <4 (WF lacey —1 + | Fk lla,tey 1 + Il9k2ll1,4,0%,-1) : (VI.1.15) 
Recalling the definitions of Fy, and g;, we at once deduce 
| Pica lla, —1 + Il 9ill1,¢,0%, —1 ro) (lleel]1.9,0%,—1 + II7llq.t%,—1) 


which, possibly modifying 7 by adding a suitable constant, in view of Lemma 
IV.1.1 in turn gives 


| Fic lle, —1 a0 Il 9%2ll1,¢,0% 4-1 < c3||tl|1,¢,Un,—1- 
Replacing this estimate back into (VI.1.15) furnishes 
Il24||2,4,0x5 <4 (Flat, + I[2l]1,9,07%,-1) (VI.1.16) 


and so, in particular, 


|Ull2,qur Se4 (IF llawrs + lellt,qur,s) » 


which, by virtue of (VL1.11),, proves (VI.1.13) for m = 0. We next choose 
k3 = ko +1 and apply to solutions to (VI.1.14) the results contained in 
Theorem IV.6.1 and Exercise IV.6.3 with m = 1, to deduce 


Ilttll2,¢,t%g S65 (WF llaatng +P kollt.a0n. + Iigeslle,avey)-  (VI-1.17) 
Reasoning as before, we replace the obvious inequality 
| Fes lla. + Il9k3 ll1,4,0%5 < c6||tl|2,9,0%., 
into (VI.1.17) and use (VI.1.16) to recover 
Il24l|3,¢,0%5 <7 (IF llasqtey—1 + I[eell19,07%,-1) 
and so, in particular, 
IltIl3,qur S C7 (NF lliqcor5 + Meella,qur,5) » 


which, by (VI.1.12),, proves (VI.1.13) for m = 2. Iterating this procedure as 
many times as we please, we prove (VI.1.13) for all m > 0. 
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Let us now come back to the asymptotic estimate for v and p. Recalling 
that v = u+a, from (VI.1.1)—(VI.1.3) we have 


Au = Vr 
in (ae 
V-u=0 


u=0 at 0QR — OF (VI.1.18) 


[uen=o, 
by 


T=p—Cotn, UP = (9 € 1a, =F). 


(A system analogous to (VI.1.18) is verified in 2.) Employing (VI.1.13) with 
6=1,s=R+ j,j = 1,2,...,q = 2, f = 0, and summing from j = 1 to 
j =o it follows that 


where 


Ill] 42,2, 0841 + IVT llin,2,08+2 < 3¢|| tll 2,08 (VI.1.19) 


for all m > 0. Since an analogous estimate holds with (2, in place of 22 and 
since u, T€ C™(Qor), for all R > 0 (Qor defined in (VI.1.8)), we deduce 


ucw™?(Q), for allm>0. (VI.1.20) 


By using the embedding Theorem II.3.4 along with (VI.1.20) it is then easily 
established that for each multi-index a with |a| > 0, it holds that (see Exercise 
VI.1.2) 

|D°u(x)| > 0 as |r| > 00 in 2. (VI.1.21) 
Furthermore, by (VI.1.18), and (VI.1.20) we deduce Vr € W"?(2) for all 


m > 0 and so 
|D°Vr(x)| 0 as |x| > oo in 2, (VI.1.22) 


which completes the study of the asymptotic behavior. 
The results obtained in this section can be summarized in 


Theorem VI.1.2 Let 92 satisfy the assumptions stated at the beginning of 
this section. Then, for every prescribed flux ® € R, Leray’s problem admits 
one and only one generalized solution v, p. This solution is in fact infinitely dif- 
ferentiable in the closure of every bounded subset of 2 and satisfies (VI.1.1)- 
(VI.1.2) in the ordinary sense. Furthermore, v, together with all its derivatives 
of arbitrary order, tends to the corresponding Poiseuille velocity field in 92; 
as |x| — co and the same property holds for Vp. 


Exercise VI.1.2 Let C be a semi-infinite cylinder of type 22. Show that Theorem 
11.3.4 holds for W"'7(C). Hint: Let Cs = {wv €C: 8 < an <s+1},5=0,1,2..., and 
apply Theorem II.3.4 to W”*7(C;). The general case follows by noticing that the 
constants ci, c2, and c3 entering the inequalities (1.3.17), (II.3.18) do not depend 


on Ss. 
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Exercise VI.1.3 Assume that instead of two exits to infinity, 2, and (22, the 


omain as m > 3 exits 21,...,2;, where 921,..., 2; can be represented as 2 

d in 2h > 3 exits 2 Q, where 2; 2 b ted as 2 

(“upstream” exits) and Q/44,...,Q as Q2 (“downstream” exits). Assume also that 
DQ Vpa % 


is bounded and that 2 is of class C°°. Denote by &; the fluxes in Q. Then show 
that, for every choice of ©; satisfying the compatibility condition of zero total flux 


e 
a= Oi = isi41 i, 
Leray’s problem is solvable in 92. 


Remark VI.1.1 As already noticed at the beginning of this chapter, when 
the exits 2; have a uniformly bounded but not necessarily constant cross sec- 
tion, one does not know, in general, the explicit form of the limiting velocity 
field v0;, as |”| — oo in §2;. However, in such a case, one can alternatively pre- 
scribe “growth” conditions at large distances (Ladyzhenskaya & Solonnikov 
1980, Problem 1). For this type of question we wish to mention the following 
result, whose proof can be found in the paper of Ladyzhenskaya & Solonnikov. 

a 


Theorem VI.1.3 Let 
Q={x ER": 2, €R,2’ € V(ap)}, 


with © = X(ax,) a simply connected domain of R"~', possibly varying with 
X,. Assume there exist two constants 5), and 5 such that 


0< S < |X (an)| < Xe < 00, 


and that, in addition, there exists a € Wie? (2) such that 
(i) V-a=0 in Q; 

(ii) a-n=1; 

eee x 

(iit) [a] nat, eae F [@lt2,0-p 4, SC for allt > 1, 


where, for s € R, 
Qs so = AN{G ER": 5<a4,<s+1} (VI.1.23) 


and c is a constant independent of t. (Such a field certainly exists if the 
boundary O22 is sufficiently smooth.) Then, for any ® € R, there exists a pair 


v,p € C%(2) 0 We? (2)3 


loc 
solving the Stokes problem 


3 Clearly, reasoning as in the case of a constant cross section, if Q is of class C®, 
— 
then v,p € C™(), for all bounded Q' Cc Q. 
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Av = Vp 
in 22 
V-v=0 


v=0 at On 


[on-e 
>» 


Furthermore, the velocity field v satisfies for allt > 1 and all s € R the 
estimates 


Vu: Vu<ct 
(on 


i Vu: Vv <0, 
Qs,s41 


QM, = 20 {x ER": |x| < t} 
and C1, C2 are constants independent of t and s, respectively. Finally, if w,7 
is another solution corresponding to the same flux @ and satisfying a growth 
condition of the type (VI.1.24),, then w = v, Vr = Vp. 


(VI.1.24) 


where 


For a more general uniqueness result related to the above solutions, we 
refer the reader to Exercise VI.2.2. 


VI.2 Decay Estimates for Flow in a Semi-infinite 
Straight Channel 


The next objective is to establish the rate at which solutions determined in 
the previous section decay to the corresponding Poiseuille flow. We shall show 
that they decay exponentially fast as |x| — oo. This result will be achieved 
as a corollary to a more general one holding for a large class of motions that 
includes those determined in Theorem VI.1.2. 

We shall restrict our attention to flows occurring in a straight cylinder 
QQ = {xy > 0} x XY, where the cross section »’ is a C*°-smooth, bounded and 
simply connected domain in R"~!, even though some of the results can be 
extended to a more general class of domains; see Exercise VI.2.1. The cross 
section at distance a from the origin is denoted by ¥(a), despite all cross 
sections having the same shape and size. Denote by u,7 a solution to the 


problem 
Au = Vr 
in (2 
V-u=0 


u=0 at 02 —- X(0) wie) 


[un=o 
Zz 
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For simplicity, we assume u,7 regular, that is, infinitely differentiable in the 
closure of any bounded subset of 2. We also note, however, that the same 
conclusions may be reached merely assuming wu and 7 to possess the same 
regularity of generalized solutions to Leray’s problem. Our first goal is to show 
that every regular solution to (VI.2.1) with wu satisfying a general “growth” 
condition as |x| — oo has, in fact, square summable gradients over the whole 
of 92. Successively, we prove that these solutions decay exponentially fast in 
the Dirichlet integral, i.e., 


llellt > on < ellull} > a exp(—oR), (VI.2.2) 


where 


2° = {x EQ: 2, >a} 


and c,o are constants depending on 37. Once (VI.2.2) has been established, it 
is easy to prove that wu and its derivatives decay exponentially fast. Actually, 
combining (VI.2.2) and (VI.1.19) (with 22° = Q®) gives 


[Ul m42,2,0R+1 + ||VT\|m.2,0R+1 < c1|lUlli,2,0 exp(—oR/2) (VL.2.3) 
and so, using the results of Exercise VI.1.2 into (VI.2.3), we obtain 
|D°u(ax)| + |D°Vr(x)| < c2||/u(x)||1,2,0@ exp(—o%n /2) (VI1.2.4) 


for every x € 2 with x, > 1 and every |a| > 0. 


Remark VI.2.1 Estimate (VI.2.4) implies, in particular, that as |a| — oo, 
T(z) tends to some constant, exponentially fast. Actually, denoting by « = 


(2',2n), y = (y’, yn) two arbitrary points in 1 and applying the mean value 
theorem, we have for some 7’ € Y(yn) 


Ir(z) — Ty) S 


Un ! n—-1 
[OP al + Dera andlhes— wl 
Bn, i=1 


which, by (VI.2.4), implies that 7(x) tends to a constant 7; (say). Then, the 
stated property follows from the identity 


7(2):t,) = T+ [ ae é) 


and again from the estimate (VI.2.4). ai 


dg 


To recover the fundamental estimate (VI.2.2) we need some results con- 
cerning differential inequalities which we are going to show. 


Lemma VI.2.1 Let y € C'(R,) be a non-negative function satisfying the 
inequality 
ay(t) <b+y/(t), for allt > 0, (VE2.5) 
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where a > 0, b> 0. Then, if 4 
lim inf y(t)e~“" = 0, (VI.2.6) 
it follows that y(t) is uniformly bounded and we have 


sup y(t) < b/a. (VI.2.7) 
t>0 


Proof. From (V1.2.5) it follows that 


d 


—Fiy(tye*"] < bem 
which, once integrated from ¢ to t; (> ¢), furnishes 


b 
—y(ti)e 4 y(t)e ™ < le = gs; 


[=] 


If we take the inferior limit of both sides of this relation as tj — oo and use 
(VI.2.6), we then deduce (VI.2.7). 


Lemma VI.2.2 Let @ < oo and let y be a real, non-negative continuous 
function in [0, 3) such that 


y €C'(0, §), 
limay(t) = 0. 


Then, if y satisfies the integro-differential inequality 
B 
y(t) + af y(s)ds < by(t), for allt € (0, 8) (VI.2.8) 
t 


with a > 0 and b € R,? it follows that 
y(t) < ky(0) exp(—ot), for all t € (0,() , (VI.2.9) 
where 


pate 5 a1 (Veet). 


Oo 


' Notice that the assumption b > 0 is necessary for (VI.2.6) to hold. 
? Notice that if b < 0, (VI.2.8) at once implies (VI.2.9) with k = 1 and o = —b. 
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Proof. Making the change of variable 


(VI.2.8) gives 


we recover 
B 
F'(t) + 6F(t) = w(t) + af ets) ah(s)ds 


B 
+(6? — 6b— a) | e(t-s)ah(s)ds <0 
t 
provided we choose 6 as the positive root to the equation 
6° — db—a=0, 


that is, 


26 = b+ Vb? + 4a. 


Integrating the differential inequality in (VI.2.10) furnishes 
F(t) < F(O)e—®, 


which can be equivalently rewritten as 


)+ wo +6 fw s)ds < F(0)e~O-, 


We now estimate F'(0) in terms of y(0). From (VI.2.11), setting 
1 = 26 = b, 


it follows that 
F(0)e7™* 


which, upon integration from zero to (, gives 


1—e 718 


B 
| y(s)ds < F(0) 


O71 


(VI.2.10) 


(VI.2.11) 


VI.2 Decay Estimates for Flow in a Semi-infinite Straight Channel 383 


If we substitute the value of F'(0) into this last inequality we deduce 


1—e 74 


and so we obtain 


0 ~ on 


which along with (VI.2.11) completes the proof of the lemma. 


We are now ready to show the main results of this section. 


Theorem VI.2.1 Let u,7 be a regular solution to (VI.2.1) with 


lim inf (/ , / Vu: Vuds i) en atn = 0), (VL.2.12) 
Ln—co 0 Z(E) 


a" = (3 + ¢0) Vi 
co is the constant specified in (VI.2.14), and yz is the Poincaré constant for 3 
(see (II.5.3) and (VI.2.15)). Then 


where 


|wli.2 = OS. 


Proof. Multiplying both sides of (VI.2.1) by w and integrating by parts in 
(0,2) x 3? we obtain 


Gla.) = | , 
= (ru - 32") -| (ru - 42") 
Ean) " 2 Os, (0) - 2 Oxy , 


If we integrate this relation from t tot+ 1, t > 0, we have 


ne Ou? 
/ G(tn)dtn = | (run - i) + B, (VI.2.13) 
t De e44 OLn 


where £2; 441 is defined in (VI.1.23) and 


i Vu: Vuds’| dxy 
U(€) 


Let us consider the problem 
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V-w= Un in 24 t44 
w € Wo? (2241) (VI.2.14) 


|]12, Qe 44 < Co||tUn|l2,2¢,¢41- 


| Un = 0, 
Qt t41 


from Theorem III.3.1 and Lemma III.3.3 problem (VI.2.14) admits a solution 
with a constant co independent of t. Thus, from (VI.2.13) and (VI.2.1) it 
follows that 


t+1 2 
Ou 
= = Sy ce eaten 
| G(ap)dty, = i ( VT-w 1) +B 


Ou? 
= = : _i1 
— i. ( Vu: Vw-35 “) 


= (co + 5) [lel 2,024,043 [t#]1,2,0¢,044 +B. 


Since 


We next observe that, since u vanishes at 02, 4p = u(2’) > 0 (the Poincaré 
constant for 37) exists such that 


[lel], 5 S wll Velld, vs (VI.2.15) 


see (11.5.3). From (11.5.5) and Exercise II.5.2 we may give the following esti- 
mate for ju: 


z|Z| if n=3 
HL (2¢)2 

va if n= 2. 

7 


By using this inequality, we obtain 


t+1 
ut) =f Glan)dan < Vi (co +4) Ula. +B 
t 


Since 
2 
[elt 2 eee = dt’ 
the preceding inequality furnishes 
dy(t 
2p 
dt 
where a is defined in the statement of the theorem. Thus, we recover that 
y(t) satisfies (VI.2.5) with b = |B]. Furthermore, it is readily shown that, in 


view of (VI.2.12), y(t) also satisfies (VI.2.6) and consequently Lemma VI.2.1 
implies 
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t+1 
B 
/ G(ay)dry, < oe for allt > 1. (VI.2.16) 
t 


This inequality yields 
£= lim G(an) = \ul1 2,0 < OO. 


Actually, since G(x,,) is monotonically increasing in x, ¢ exists (either finite 
or infinite) and (VI.2.16) then implies  < oo. The theorem is proved. 


Remark VI.2.2 The previous theorem furnishes, in particular, that all reg- 
ular solutions to (VI.2.1) satisfying (VI.1.12) must decay to zero uniformly, 
according to (VI.1.21) and (VI.1.22). This follows from (VI.1.19) and Exercise 
VI1.2. | 


Exercise VI.2.1 Let 
Q={zER":2n>0,2' € L(zn)}, 


with X(2n) a smooth, simply connected domain of R"~', possibly varying with xp 
and satisfying the assumptions of Theorem VI.1.3. Assume 2 uniformly Lipschitz, 
ie., for every 2 € OM? there is B, (xo) with r independent of xo such that OQNB,(xo) 
is a boundary portion of class C°', with a Lipschitz constant independent of xo. Show 
that Theorem VI.2.1 can be extended to such a domain (2. Hint: It suffices to show 
that problem (VI.2.14) is solvable with a constant co independent of t. This fact, 
however, can be established via the hypotheses on {2 and with the aid of estimate 
(111.3.13). 


Exercise VI.2.2 (Ladyzhenskaya & Solonnikov 1980). Let 
Q= {x € R”:an€ Ra’ € Pere 
and suppose that (2 and »’ satisfy the same assumptions of Exercise VI.2.1. Show 
that if w,7 is a regular solution to (VI.2.1), vanishing at 02, having zero flux 
through » and satisfying (VI.2.12), then u = Vr =0. 
In the next theorem we establish the fundamental inequality (VI.2.2). 


Theorem VI.2.2 Let u,7 be a regular solution to (V1.2.1) satisfying (VI.2.12). 
Then 
|w]12 are, 4) 


and, for all R > 0, the following inequality holds: 
llullt 2.07 < cllull?.2,.cexp(—oR), (VI1.2.17) 
with 
_ 2G +2)? 
(cp + 2)"/? — & 
i 
o = — |( +2)? — oo], 


Vii 


where co is the constant specified in (V1.2.14) and js is the Poincaré constant 
for 3’. Moreover, for all |a| > 0, u,7 satisfy the pointwise estimate (VI.2.4). 
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Proof. By Theorem VI.2.1 and what we have observed at the beginning of this 
section, we have to show only the validity of estimate (VI.2.17). For the sake 
of simplicity we shall restrict ourselves to treat the case n = 3; also, Cartesian 
coordinates will be denoted by x1, x2, x3 and 2, y, z, indifferently. Proceeding 
as in the proof of the previous theorem we may write the identity 


-/ (/ Vu: Vudz) 
z Z(0) 
=| @ 335) - | @ 3) 
(21) 2 Oz Z(z) . 2 Oz , 


(VI.2.18) 
From Theorem VI.2.1 and Lemma VI.1.2 we know that u, Vr € W™?(Q) for 
all m > 0 and so, in particular, it easily follows that 


a(z1) =| Tu3(x", z1)dxz’ = o(1) as 2 oo. (VI.2.19) 
3(21) 


In fact, setting 
1 
F(z) = yf Tet dee’ 


from (VI.2.1), and Poincaré’s inequality (II.5.10) it follows that 


Ie(21)| = 


< er |1,2,5]|Ull2,5 


| (7 — F)u3(x", 21)dax’ 
2 (21) 


and (VI.2.19) becomes a consequence of (VI.1.21) and (VI.1.22). Thus, from 
(VI.2.19) and (VI.1.21), by letting z; — oo into (VI.2.18), we find 


oe) 2 
H(z) =| ( Vu: vu) dc =} @ 2 =) . (VI.2.20) 
z d(C) =(z) Oz 


We next integrate both sides of (VI.2.20) between t+ £andt++1 with la 
non-negative integer to obtain 


t+l+1 t+l+1 
) H(z) = | TU3 — :/ u? + +/ u?. (VI.2.21) 
t+ t+ Z(z) U(t+£+1) ZX (t+) 


By writing uz = V-w, with w a solution to (VI.2.14) and by arguing as in 
the proof of Theorem VI.2.1, from (VI.2.21) it follows that 


t+041 
2, 1 2 1 2 
/ H(z) < CoV HUT 2, Qe pe epers _ +/ ur + +/ u. 
t+e D(t+£+1) D(t+20) 


Summing both sides of this relation from ¢ = 0 to = oo and observing that, 
by Remark VI.2.1, 
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lim u?(a’, z) =0, 
z—CO Z(z) 


leads to 


i’ H(z) < co/pH(t) + a u. (VI.2.22) 


Since, by (VI.2.15), we have 


| wisn | Vu: Vu = —pH'(t), 
Z(t) Z(t) 


inequality (VI.2.22) finally gives 


a 2 a 2co 
Hy += | H< 7H) 


which, by Lemma VI.2.2, completes the proof of the theorem. 


VI.3 Flow in Unbounded Channels with Unbounded 
Cross Sections. Existence, Uniqueness, and Regularity 


In the present section we shall investigate existence and uniqueness of steady, 
slow motions of a viscous liquid in a domain 2 C R",n = 2,3, with m > 2 
“exits” to infinity 2;, 7 = 1,...,m, whose cross sections become suitably 
unbounded at large distances. To start, we shall assume m = 2 and that the 
domains 2; are bodies of rotation (see Section III.4.3). Several generalizations 
will be considered in Exercise VI.3.1-Exercise VI.3.4. Specifically, we take 


with Qo a compact subset of R” and 22;, i = 1,2, disjoint domains which, in 
possibly different coordinate systems, are given by 


Q; = {x ER": 2, > 0,|2'| < filan)}, 


where the functions f; satisfy, for all t,t;,t2 > 0 andz=1,2, 


(i) fi(t) = fo = const. > 0; 
(ii) | fi(t2) — fi(tr)| < M|te — t1| 


with M a positive constant. Furthermore, we shall assume f; (and therefore 2) 
of class C°°.! We shall also suppose that the planar cross section ©; = ¥};(%n) 


' See footnote 1 in Section VI.1. 
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of Q;, 1 = 1,2, perpendicular to the axis x’ = 0 and passing through the point 
(0,2) tends to infinity as |a| — oo in such a way that 


/ fo OM (dt < 00, 1=1,2. (VI.3.1) 
0 


This condition is equivalent to condition (i) stated in the introduction to the 
chapter. 

We denote, as usual, by » a cross section of 2, that is, any bounded 
intersection of 2 with an (n — 1)-dimensional plane that in 2;, i = 1,2, 
reduces to X'; and by n a unit vector normal to » and oriented from 2; 
toward {22 (say). We want to study the following problem: given ® € R, to 
determine a pair v,p such that 


Av=Vp 
in 2 
V-v=0 

v=0 at On 


[on-o 
» 


lim v(x) =0 in 2;,i1=1,2. 


|z|—-co 


(VI.3.2) 


To solve this problem, analogously to what we did in Section VI.1, we 
shall put it into an equivalent form that can be handled by the technique of 
generalized solutions. To this end, by multiplying (VI.3.1) by y € D(2) and 
integrating by parts we obtain formally 


(Vu, Ve) =0, for all y € D(M). (VI.3.3) 


We then give the following. 


Definition VI.3.1. A field v : 2 — R” is called a weak (or generalized ) 
solution to problem (VI.3.2) if and only if 


(i) ve DY*(2); 
(ii) v satisfies (VI.3.3); 
(iii) v satisfies (VI.3.2), in the trace sense. 


The meaning of conditions (ii) and (iii) is quite obvious. Let us comment 
on condition (i). First, we observe that it requires v € Dy? (2) and not v € 
Di 2). As already remarked, this allows for a nonzero flux & of v through 7; 
actually, if we required, instead, v € De ta we would automatically impose 
® = 0. Moreover, (i) ensures a certain degree of regularity for v and that v 
vanishes on the boundary in the trace sense. Finally, as we are going to show, 
condition (i) implies 
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1 
=a / v(x) > 0 as |x| > oo in 2;,1 = 1,2, (VI.3.4) 
|X(2n)| Je(en) 


which represents the generalized form of (VI.3.2);. Property (VI.3.4) is a 
consequence of the general inequality 


| ula! thde" < oft (0) f |Vw|?, (VL3.5) 
Z(t) 


Q(t) 


where 


Q(t) ={x# ER": 2, >t>0,|2’| < f(an)} 
i) =a" eR |e < 7G, 


f satisfies assumptions of the type (i), (ii) stated for f; and, finally, w is an 
arbitrary member from D!4((t)), 1 < q¢ < 00, vanishing at the lateral surface 
|x| = f(an), @n > t. To show (VI.3.5) we observe that (II.5.5) furnishes for 
almost all t > 0 


/ |w|?(a’, t)da’ < aft [ |\Vw(a', t)\?dx’, 1<q<oo. (VI.3.6) 
X(t) X(t) 


Consider, next, the function g(a) = f~7*1(an)en with en, unit vector in the 
direction x,. Integrating the identity 


V - (glw|*) = |w/*V «9 + 9° Vi wl" 


over (2;4,, in virtue of assumption (ii) on f we deduce for all t; >t 
iF | 1 
gay |w|? < | |w|? 
fr Osew fO" (hh) Je) 


ty 1 
te —_— wl?" |VwldS | dr 
fH UL. me 


qd 
im f ee 
Qty 7 


and so, from (VI.3.6) and the Holder inequality, it follows that 


1 | 1 
=a ||? < | |w|? + | |Vw|?. 
ime Z(t) iG) 3(t1) Q(t) 


However, again by (VI.3.6) and assumption (ii) on f, since w € D14(Q(t)), 
we have that the first term on the right-hand side of this latter inequality 
must tend to zero as t; tends to infinity, at least along a sequence of values. 
Therefore, (VI.3.5) is proved. 
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Remark VI.3.1 By using Lemma IV.1.1 and Theorem VI.1.1, one can show 
that to every weak solution there corresponds a pressure field p satisfying the 
identity (VI.1.5) and that the pair v,p is infinitely differentiable up to the 
boundary. a 


Our next objective is to show existence and uniqueness of a generalized 
solution. To this end, we observe that in view of hypothesis (i) on f;, from 
the results of the first part of Section III.5 and, in particular, from Theorem 
III.5.2, a vector field a € C™(2) vanishing near O02 exists such that 


a € Dy? (2) 
(VL3.7) 
7 a-n=1. 
ayy 


We then look for a generalized solution to (VI.3.2) of the form v = u + Ga, 
with w € Dj*(Q) obeying the identity 


(Vu, Vy) = —(Va, Vy), for all p € D(2). (VI.3.8) 


Clearly, if such a u exists, the vector field v satisfies all requirements of Def- 
inition VI.3.1. On the other hand, the existence of wu is at once established 
by means of the Riesz theorem for, evidently, the right-hand side of (VI.3.8) 
defines a linear functional in Dj’?(Q). Let us next establish uniqueness. Let 
v1 be another generalized solution to (VI.3.2) corresponding to the same flux 
@. Letting w = v — v; we have w € Dg(Q) and the flux of w through 2» is 
zero. Therefore, by Theorem II.5.2, w € De (Q). However, from (VI.3.3) we 
also have 
(Vw, Vy) =0, for all p € Dy7(2), 

so that we conclude w = 0. 

Finally, we wish to give an estimate for weak solutions. We recall that, by 
Theorem III.5.2, any v € Dj7(Q) can be written as v = u+ Ga, where a 
is a given vector in Di") (independent of v) and wu is a vector in Dg’?(Q) 
uniquely related to v. Writing (VI.3.3) for g € Dj’?(Q) and taking y = u we 
thus readily recover 

|vli.2 < |Pllali2 < |], 
where c depends only on 92 and n. 
Results obtained so far can then be summarized in the following. 


Theorem VI.3.1 For any ® € R there exists one and only one generalized 
solution v to problem (VI.3.2). Such a solution satisfies the estimate 


|vl1,2 < e|9|, 


where c depends only on {2 and n. Furthermore, denoting by p the correspond- 
ing pressure field, v, p are infinitely differentiable in §2!, with Q! any bounded 
domain contained in 2 , and satisfy (V1.3.1)—(VI.3.4) in the ordinary sense. 
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Remark VI.3.2 If the cross sections widen at such a rate that condition 
(VI.3.1) on f; is violated, then the unique solvability of problem (VI.3.2) 
becomes much more complicated. In this respect, we quote the results of 
Amick & Fraenkel (1980), when 2 is two-dimensional with two exits to infinity, 
and the more recent ones of Pileckas (1996a, 1996b, 1996c) valid for two- 
dimensional and three-dimensional domains as well, under the assumption 
that f; satisfies (i), (ii) and the following condition 


| fp eat <oo, for some q € (1,0). (VI.3.9) 
0 


A typical result proved there is the following one. 


Theorem VI.3.2 Let Q Cc R", n = 2,3, with f; satisfying (i), (ii) and 
(VI.3.9). Then, for any @ € R there exists a unique solution v,p to (VI.3.2) 
with v € Dy4(Q), and satisfying the estimate 


lel1q < P| 


where c = c(92,n,¢q). 
a 


Remark VI.3.3 Another approach to unique solvability that holds in both 
two and three dimensions and for cross sections that need not verify (VI.3.1) 
is that proposed by Ladyzhenskaya and Solonnikov (1980) and Solonnikov 
(1983). However, it is not known if their solutions, which have a finite Dirichlet 
integral only on bounded subdomains of 92, verify the condition at infinity 
(VI.3.2).. | 


Exercise VI.3.1 Assume that a body force is acting on the liquid and add its 
contribution f to the right-hand side of (VI.3.2),. Denoting by [F,y] the value of a 
linear functional F on Dy7(Q) at y, show that, given any bounded linear functional 
f on Dy? (2) and any ® € R, there exists one and only one vector field v satisfying 
(i) and (ii) of Definition VI.3.1 and the identity 


(Vv, Ve) = —[f,¢], for all p € Dy?(2). (VI.3.10) 
Moreover, prove that v satisfies the estimate 
|v|a2 < e(|P| + |F|-1,2) (VL3.11) 


with | f|—1,2 denoting the norm of f. Finally, show that if f is infinitely differentiable 
up to the boundary, the same holds for v and for the corresponding pressure p. 


Exercise VI.3.2 Assume 2 has m > 2 exits Q;,1 =1,...,m, all of the form speci- 
fied at the beginning of this section and verifying (VI.3.1). Given m real numbers ®; 
subject to the restriction }>/", ®; = 0, we shall say that v is a generalized solution 
to the Stokes problem in 2 corresponding to the fluxes ®; if v satisfies (i) and (ii) 
of Definition VI.3.1 and if 
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7 v:-n=@,, in the trace sense. 
by) 


a 


Show existence and uniqueness of this generalized solution. Hint: Use Lemma III.4.3. 


Exercise VI.3.3 Extend the results of Exercise V1.3.2 to the case when 2; are not 
necessarily bodies of rotation but rather verify the more general conditions: 


(a) Di C 2; C D? where 
Dj = {x ER”: an > 0,|2"| < filan)} 
D? = {x ER”: an > 0,|2"| < aifi(an), ai > 1} 
and 


(b) In the domains 
{zEN:Ri<an<R+f(R)}, t=1,..,m, 


problem (III.4.19) is solvable with a constant c independent of R. Hint: See Remark 
TI1.5.1. 


Exercise VI.3.4 Let 9 be a C™-smooth domain with m > 2 exits to infinity 
;. Suppose that the first 2 (< m) exits satisfy the condition stated in Exercise 
V1I.3.3, while the remaining m — @ are cylindrical. Show that, given m real numbers 
®; subject to the condition $7”, ®; = 0, there exists one and only one pair v,p 
infinitely differentiable up to the boundary such that 


Av = Vp 
in 2 
V-v=0 


v=0 at ON 


/ v-n=®, i=1,...m, 
Pe 


a 


e€ DS (Q), 2=1,.--, 
v— vl) eWw'?(Q:), i=€41...m, 


where v4” are the Poiseuille velocity fields associated to &;. Hint: Construct suitable 


(%) 
0 
extensions of the Poiseuille velocity fields and vectors having prescribed flux in 2; 


by means of the method used in Section VI.2 and Lemma III.4.3. 


Exercise VI.3.5 (Flow through an aperture, Heywood 1976). Let 2 be the domain 
(VI.0.7), with S containing the unit disk {|x| < 1}. Show that, given any bounded 
linear functional f on BD and any @ € R, there exists one and only one vector 
field v satisfying (i) and (ii) of Definition VI.3.1 and identity (V1.3.10) where, in this 
case, @ is the flux of v through S. Furthermore, show that such a solution satisfies 
inequality (VI.3.11). 
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VI.4 Pointwise Decay of Flows in Channels with 
Unbounded Cross Section 


To complete the study of problem (VI.3.2), it remains to investigate pointwise 
decay to zero of the velocity and pressure fields at large distances in the exits 
92;. Seemingly, this study is not easily performed by a simple modification of 
the methods used in the case of channels with bounded cross sections and we 
shall employ a different technique. 


Let v,p be a pair of smooth functions? satisfying the system 


Av = Vp 
in (2 
V-v=0 


eet apa (VI.4.1) 


[on=4 
>») 


where 2 is a semi-infinite channel with unbounded cross section, I’ its lateral 
surface, X’ its cross section, and @ a prescribed number. For simplicity, we 
shall assume hereafter that (2 is a body of rotation. However, the proofs we 
give apply unchanged to the more general case where {2 contains a body of 
rotation (2. In such a case, the results we find remain valid in 92. We thus take 
for n = 2,3,° 

Q={x ER": 2, > 0,|2’| < f(an)} 


EZ = E(an) = {2' € 2: |2'| = f(en)} 


with f € C™(R,) verifying the assumptions (i) and (ii) of the previous sec- 
tion, 1.e., 


(VI.4.2) 


f(t) => fo = const. > 0 


|f(ti) — F(t2)| < M]ti — te| 
for all t,t;,t2 > 0 and with M a positive constant. The aim of this section is 
to investigate decay as |x| — oo of solutions to (VI.4.1) having v € D'4(Q). 
Specifically, we show that if 1 < q < n then v and all its derivatives of arbitrary 
order tend to zero pointwise; moreover, if 1 < q <n, we are also able to give 
the decay rate. Of course, for such solutions to exist, by the conservation of 
the flow through %’, it is necessary that f satisfies the condition 


(VI.4.3) 


i fe --4G dt <0 (VI.4.4) 
0 


' Alternatively, as suggested by Pileckas (1996a, 1996b, 1996c), one may use a 
“weighted de Saint-Venant principle” in conjunction with local estimates for the 
Stokes problem, to obtain sharper results than those obtained here. 

? For example, v € C?('), p € C'(@’) for all bounded subdomains 2’ Cc Q. 

3 Some of the results we show, such as those of Theorem VI.4.1, hold in any space 
dimension n > 2. 
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These results furnish, in the particular case where q = 2, pointwise decay of 
solutions whose existence has been established in Theorem VI.3.1. Also, in 
such a case, we prove that the pressure field tends to a certain constant value 
at large distances. 
To show all the above, we need some preliminary considerations. For y € 
(0, 1], set 
f= {ee 2: \e'|<yf@a)}, Qi =e. 


The following result gives a basic a priori estimate for solutions to (VI.4.1). 


Lemma VI.4.1 Let 2 C R®. Assume that for some y € (0, 1], q > 2 and 
r > 0+ the following conditions hold: 

(i) frVv € L1(2,), 

(ii) ftw € L(2,), 


where assumption (ii) is needed only if y < 1. Then, for every |a| > 2 we 
have 
fleltr-l pry ¢ LG), 


where ‘Yq, is any positive number less than y/2. If QC R? the same conclusion 
holds with q = 2. 


Proof. First of all we notice that hypothesis (ii) follows from (i) if y = 1, 
as a consequence of inequality (VI.3.6). To show the theorem we need a 
suitable“cut-off” function. Denote by 7 € C®(R) a function such that 
w(t) = 1 if t < 1 and w(t) = 0 if t > 2 and set for GB € (0,7), Ro > 0 
and all R> 2Ro 


= 1 |2"|? 7 *)] 


vaner-o(2)i-()] 


where the function 6(t) has been introduced in Lemma III.4.2. Clearly, the 
function 
UB,7,R,Ro = XB,yPR,Ro 


vanishes in the set 
{z€ 2: |z'| > yflan)} 
and for |x| > 2R, while 
UB,7,R, Ro (X) =1 forze [we M Br) - Bor], 


4 Rvidently, if y = 1, for such solutions to exist the conservation of flux requires 


fr@-DA-D+al—D 4) dt < 00. 
(6) 
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where 
we ={xE 2: |z2'| < Bd(rp)}. 


By the properties of the function d(t), wg can be taken arbitrarily close to 
92, /2 by picking ( sufficiently close to 7. Using Lemma III.4.2, it is not difficult 


to see that “ 
|D°ug.r,Ro(t)| < =z——~, for all |¢| > 0, (VI.4.5) 


fl!" (an) 
with c = c(l, 3,v, Ro). We begin to show the lemma for |a| = 2, the general 
case being obtained by iteration. To this end, letting 


Oe) =a" (oe ue nae) (V1L.4.6) 
taking the curl of both sides of (VI.4.1),, we obtain with w = V x v® 
A(Ww) = VV -VwtV- [VY eu). (VI.4.7) 


Multiplying both sides of (VI.4.7) by Ww furnishes 


(V(Yw), V(Ww)) 


| waw +|VY|?)w? + (VY @ w, V(Ww)) 


(VI.4.8) 
= I, + Ty. 
From (VI.4.6), (VI.4.5), and Lemma III.4.2 it follows that 
|VY(x)| < crf" (zn) 
(VI.4.9) 
|D?Y(x)| < cof?" (tn) 
and, consequently, by (VI.4.3), and the Young inequality (II.2.5), 
| < call fwll3.0, 
(VI.4.10) 


[Za] < call Fwl2.0, + aIIV(Gw)ll2,0,,- 
Thus, (VI.4.8) and (VI.4.10) along with the assumption on Vv give 
||V(Yw)||2,.0 = C5 (VI.4.11) 
with cs independent of R. Letting R — oo into (VI.4.11) yields 
IV (Cw) |l2,.0 < ¢s (VI.4.12) 
with n 
i: x 
c(0) =5 (en xan(aw (FA). 
0 


° In two space dimension w has only one nonzero component given by Ov2/Ox1 — 


Ovi /Ox2. 
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Clearly, ¢() satisfies estimates of the type (VI.4.9) and so, using the identity 
V(cv) =VExwt+lV xwtvAc ® 
together with (VI.4.12) it follows that 
|A(Cv)l2,0 < ¢6 (lf ll2,0, + []f""vll2,0,) < ez (VI.4.13) 


where, in the last step, we made use of the assumption on v. By considering Cv 
as a function defined in the whole of R”, (VI.4.13) furnishes A(¢v) € L?(R”) 
and, by the Calderén—Zygmund Theorem II.11.4 (see Exercise II.11.9 and 
Exercise II.11.11) we have D?(¢v) € R”. Since 


CDi.w = —D,CD;v _— D;CDiv = vD;,¢ a D? (Cv) 


we prove, as before, 
¢D?v € L?(R"). 


Recalling the relations 
Xan(t)=1, 5(tn) = f(en) in we, 
and the properties of wg, from this latter information we conclude 
fit’ D?v € L?(2.,,), (VI.4.14) 


where 72 can be taken arbitrarily close to y/2. The lemma is thus shown for 
la| = 2 and q = 2. Still assuming q = 2, the case |a| > 2 can be easily proved 
by iteration. Actually, setting w; = Djw, j = 1,...,n, we obtain that w,; 
satisfies (VI.4.7) with w, in lieu of w. Replace now W with 

y= Oe ene Bey (x), 


so that 
|VPi(x)| < af’? (en) 


|D°; (x)| < caf" (tn) 


and, consequently, 


+ [wan + [Vo |? )ws + (VY ® w,;, V(w;)) 


S eal| f0" D713 2, + A/2)IIV G15) Il3,0- 
6 Tn two space dimension this identity is replaced by 
A(Gv) = 2V¢- Vu + (1/2)¢0 + vA 
with 0 = (—Ow/0x2,0w/0x1). 
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Therefore, from (V1.4.7) and (VI.4.8) with w = w,;, YW = % and from (VI.4.14) 
we deduce 
I|V (iw; )|l2,.0 S ca. 


Repeating step by step the arguments previously used for the case |a| = 2 we 
may thus conclude for all |¢| = 3 


f°" DSy € 17 (Q,,), (VI.4.15) 


where y3 < 72 can be taken arbitrarily close to 2, i.e., to 7/2. Iterating this 
procedure as many times as we please we finally prove the lemma for g = 2. 
In showing the result for arbitrary q > 2 we shall confine ourselves to proving 
it for |a| = 2; the general case |a| > 2 can be obtained by the same iterating 
procedure just used. Consider (VI.4.7) in three space dimensions. By the L?- 
theory for the Laplace operator in the whole space (see Exercise II.11.9) it 
follows that 

|[V(Ww)||ors < clf|_1,¢,R3; (VI.4.16) 


where f denotes the right-hand side of (VI.4.7). If y indicates an arbitrary 
vector function from O§° (IR?) we have 


Use of (VI.4.9) then gives 


LF] < erll fle, Velen: (V1.4.17) 
furthermore, 
|F\| = |(wAY, p) — (VY - Vey, w)|. (VI.4.18) 
Since y € C§°(R?) and q > 2, we find that y obeys inequality (I1.6.10), i-e., 
lel? 2 | 
es Vol! VI.4.19 
a Bae Saw fel — 


and so, by (VI.4.9) and (VI.4.19), by recalling that |x’| < f(x3), for alla € Q, 
we deduce 


fell! 


‘| 


|(wAW, p)| < ce 


Ry |x 


é - lel” (VI.4.20) 
call f w|| 9,2, # (Berean dx3 


¢3|| f’ella.2, IV ella ps- 


IA 


IA 


On the other hand, again by (VI.4.19), it is clear that 


(VE Vep,w)| < call fella. IV eller 2 (VL-4.21) 
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and therefore, collecting (VI.4.16)—(V1.4.18), (VI.4.20), and (VI.4.21) we re- 
cover 
|V (Ww) ||q,.2 < cs. (VI.4.22) 


By reasoning as in the case where g = 2, from (VI.4.22) we obtain 


Ls oa, € L4(Qy,) 


and the proof of the lemma is then completed. 


Remark VI.4.1 The only point in the proof just given where we need the 
assumption gq > 2 is in increasing the first integral on the right-hand side of 
(VI.4.18), by means of (VI.4.19) (see (VI.4.20)). However, if 


FQ) = fo + Mt, (V1.4.23) 


i.e., 2 is an infinite portion of a straight cone, we have |x| < cf(x,,) for all 
x € 2 and so if qd’ <n, that is, g > n/(n — 1), using (II.6.10) we have 


|(Avw, p)| < call full clle/lelllaem S call fvllae, Vella ze. 


Therefore, if f satisfies (VI.4.23), Lemma VI.4.1 is valid for all ¢ > 3/2 if 
n= 3 and for allg >2ifn=2. oO 


Remark VI.4.2 If f satisfies | f(t) f(t)| < c, Lemma VI.4.1 can be proved 
with yq arbitrarily close to one. This is easily seen by using, throughout the 
proof, f(t) in place of d(¢). Oo 


The theorem to follow gives pointwise decay for a solution v € D'4(Q). 


Theorem VI.4.1 Assume v is a regular solution to (VI.4.1) such that v € 
D*'4(Q), for some q > 1. Then for all |a| > 0 and all y € (0,1) 


| ae |D°Vv(x)|=0, uniformly in 2, (VI.4.24) 
and, ifl<q<n, 
| ra |v(a)| = 0, uniformly in 2,, (VI.4.25) 


where y' € (0,1) [respectively, y' € (0,1/2)] can be taken arbitrarily close to 
1 [respectively, to 1/2] if 1 <q <n [respectively, q = nJ. 


Proof. From Lemma V.3.1 we have for all 7 € 2 
we) =f HYP —v)(adde, (V1-4.26) 


where d < (1 —7)fo. Differentiating once (VI.4.26), and then differentiating 
it again |a| times, after using the Holder inequality we obtain 


V1.4 Decay of Flow in Channels with Unbounded Cross Section 399 


(e4 oA (d 
|D* Dv; (x)| < ||D*HO (« — y)lla em 


Dx Villa,Ba < ¢||Devillg,Bas 


which proves (VI.4.24). Assume now 1 < q < n. By the Sobolev inequality we 
have ||v||5,. < co, s = nq/(n — q) (see Exercise VI.4.1) and (VI.4.26) gives 


d 
le5(2)| < AG? @ — y)llor we llville. Ba 


showing (VI.4.25) if 1 < q <n. To prove the theorem completely, it remains 
to prove (VI.4.25) for g = n. To this end, setting for a € (0, 1] 


Ya(an) = {x € U(an) : |x"| < af (an)} (VI.4.27) 


we denote by w = w(|z’|) a smooth function that is one in Y,(a#p) and zero 
outside X442(an), © > 0. Moreover, we take 


|Vb(\x"|)| < Flan) 


with c independent of x. Since g > n—1 and wu € wes, we may apply 
inequality (II.11.14) to wv and use the latter to obtain for all x = (#’,%,) € Qa, 


1 
lv(o', tn)" < ¢ | ——_— | v(El, tn)de! 
f * (ain) Datelan) 


tf (n) | lee zmllnae 


From (VI.3.5) and (VI.4.24) it follows that 


lim (a) =0 in Q, 


|z|—-0o 
and so it remains to show 


lim Ip(tn)=0 in Qo. (VI.4.28) 


|xz|—+0o 


By a simple calculation we derive 


“Ive Vln Do4e(t) 


26 {eve tty tIVOISE 


+[DPolhn,s,.<0} 


and so, by employing inequality (II.2.7), it follows that 
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< ca [Voll 5,00 +P OID lM 5, 200] 


dl. dl 
dt 


By assumption and Lemma VI.4.1 with |a| = 2, 7 = 0 we have, for allo < 1/2, 


and therefore @ € Ry exists such that 


|t| 00 


However, again by assumption, there exists at least a sequence {t,} tending 
to infinity along which it holds 


P| T in, Sore(ty) = O(1/tx) 
while, by (VI.4.3).,, 
f (te) = O(te). 
As a consequence, 


lim I(t.) = 0, 


tk—co 


which shows (VI.4.28). The proof of the theorem is therefore completed. 


In the following theorem we establish the decay rate. 


Theorem VI.4.2 Let v satisfy the hypotheses of Theorem VI.4.1. Ifn = 3, 
then for all x € 92, and all |a| > 0 


Dv) < Fara 1<a<3 
(VI.4.29) 
|D°Vv(2)|< —?-~, q@>3 
flel(as) 


where 0 = 1/2 if 1 < q < 2, while if2 < q < 3, ¥ = (3—q)/q fora =0 and 
0 =0 for ja| > 1. Ifn = 2, then for all x € Qy, and |a| > 0 


|D°Vu(z2)| Les? (VI.4.30) 


Se 
Flay 2)’ 


Here Yq is any number less than 1/4; moreover, the constants c; depend on 
n,q,a, M, and on the norm |v|1,¢. 


Proof. We begin to prove (VI.4.29),. By assumption 
ve D'(2,), y¥<1, 


and, by (VI1.3.6), v/f € L7(2,). Without loss we may assume g > 2 since, by 
Theorem VI.4.1 and the regularity hypothesis on v, if 
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v € D'4(2), for some gq > 1, 
then 
v€D'"(2,), v/f € L"(Q,) forall r> gq. 


Set 
W = 6UB,7,R,RoY; 


where 6 is the function constructed in Lemma III.4.2 and ug_r,ry is the “cut- 
off” function introduced in the proof of Lemma VI.4.1. From (VI.4.5) and the 
properties of 6 we derive 


||D?wlla2 Se (llv/fllae, + Vulla.e, + FD? rMla,2,) 


with c, independent of R and y < 1/2 arbitrarily close to 1/2. From Lemma 
VI.4.1 it follows that 
|| D? w|q.a < c2. (VI.4.31) 


Considering the function w in the whole of R® and recalling that q < 3, from 
the Sobolev inequality and (VI.4.31) we have 


||Vwllsz2 < &||D?wllges Ses, 8 = 3q/(3—4) 


with c3 independent of R. By taking into account the properties of the function 
6 it is not hard to show that the preceding inequality in the limit R — co 
furnishes 

IlfV2ls,2,, < Ca, (VI.4.32) 


where 7, < 7 can be taken arbitrarily close to 7/2, i.e., to 1/4. Since q < 3 
we may apply to v the Sobolev inequality to deduce v € L°(2) (see Exercise 
V1.4.1). Thus, from (VI.4.32) it follows that v satisfies the assumption of 
Lemma VI.4.1 and for all |a| > 1 we conclude 


I f!* De v||.,0,. <5, (VI1.4.33) 
where 7, can be taken close to 1/4. Take x € 2,,, d < dist (x, 0Q,,) and set 
Ua = 61 D%y 


with 6 = f in 2,,. Applying Theorem II.3.2 to 0uq with 6 = 1 in Ba/2(x) 
and 6 = 0 outside Bi3/4)a(a) we obtain 


| fle! (a3) D°v(z)| < Elballene Bate) (VI1.4.34) 


whenever m > s/3. However, from the properties of the function 6 we easily 
deduce 


||tellm,s,Ba(e) SIF! D°vlls,Be(ey + S| fl*'D!D*vl|.,n.(@)  (VI.4.35) 
|e|=1 
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and so by (VI.4.33)-(VI.4.35) we recover (VI.4.29),. Using Theorem II.11.2 
and inequality (II.11.11), and proceeding as in the proof of Theorem VI.4.1, 
we establish the estimate 


f9(ws)|o(a',w)I* < c2 {Fes)IIMllS.», (aa) + £°* @adIIVOl »,,t00) } 


= I(x3). 
(VI.4.36) 
Denoting, temporarily, x3 by t, we want to show that the function J = I(t) is 
bounded for all sufficiently large t. To this end, it is sufficient to show that 


dI/dt € L'(0, 00). 
We have 
FF] so {lle x... + OMI ol Vales 
+POIVOE 5, 29 + LONI, collD®le.re.20} 


< ca {lll s+ POU », + P°OID AI 5... } 
(VI.4.37) 


and since, by the Sobolev inequality (see Exercise VI.4.1) 
II Valls oc € L' (0, 00), 


from (V1.4.33), (VI.4.36) and (VI.4.37) we obtain (VI.4.29), also in the case 
where a = 0. In order to show (VI.4.29), we set 


Ug = 61D Vv, 


with 6 = f in 2,,. Proceeding as in the proof of (VI.4.29), we may establish 
the inequality (see (VI.4.34)) 


| fle (x3) D°Vu(z)| < ellttalle.¢,Ba(n)s (VI.4.38) 


where z € 92,,, d < dist (x, 092,,). Therefore, since 


2 
\|ttallo,q,Ba(n) <¢| |f*!D° Vella Bae) + S- | f!e!D?D°Vullq Bae) | » 
\¢|=1 
(VI.4.39) 
(V1.4.29), follows from (VI.4.38), (VI.4.39) and Lemma VI.4.1. The proof of 
(VI.4.30) is entirely identical to the one just given for (VI.4.29), if one recalls 
that, as already observed, v € D'4(Q) for some q < 2 implies 


ve D'?(25), v/f € L7(Q,) for alla <1. 


The proof of the theorem is therefore completed. 
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Remark VI.4.3 If f(t) verifies (VI.4.23), then estimate (VI.4.30) holds for 
any qg € (1,00). This is a consequence of Remark VI.4.1. a 


Remark VI.4.4 If |f’"(t)f(6)| < c, then all conclusions in Theorem VI.4.2 
remain valid for y, Yq < 1. Oo 


Exercise VI.4.1 Let 92 be a domain of the type introduced at the beginning of this 
section and let u be a smooth function in Q, vanishing on P and with u € D'4(Q), 
1<q<_n. Show that ||ul|; < 00, s = nq/(n — q) (Sobolev inequality). Hint: Extend 
u to zero outside 2. The function ~(a#/Ro)u(x), with w given in the proof of Lemma 
VI.4.1 belongs to D'"4(R"). 


We now turn our attention to the behavior of the pressure. First of all, 
from Theorem VI.4.1, Theorem VI.4.2, and (VI.4.1), we at once obtain 


Theorem VI.4.3 Let v satisfy the assumptions of Theorem VI.4.1. Then for 
all |a| > 0 
| 7 D°V p(x) =0 


uniformly in 922, y < 1. Moreover ifn = 3, then for all x € 2,, 


Cy 
fi2!4 (23) 


|D°Vp(«)| < FIER) q>3 


|D°Vp(zx)| < l<q<3 


while, if n = 2, 
c3 


f!*| (x2) 


where Ya < 1/4 and, for fixed a, it can be taken arbitrarily close to 1/4. 


|D°Vp(2)| < 1<q<2, 


Furthermore, using Theorem VI.4.2 we can prove the following result. 


Theorem VI.4.4 Let v € D!?(Q). Then, there exists a constant po € R 
such that 


lim p(x) = po 
|z|—+0co 


uniformly in (2,, for any y < 1/4. 


Proof. Denote by D(x,) the mean of the pressure p over (xp), i.e., 


1 
D(Ln) = =a! pe’ ta jae’, 
| io(2n)| Eo(tn) 


where X), is defined in (VI.4.27). The following inequality holds: 
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a',en) ~Blen)l" <cflen) {|W p(a',an)["dz’, ——(VI.A.A0) 
'o (2n) 

with 2’ €, and y an arbitrary number less than co. Actually, applying inequality 

(11.11.14) to &(p — Dp), with w the “cut-off” function introduced in the proof 

of Theorem VI.4.1, we readily deduce 


|® 


\p(2", Li) a D(@n) 


1-n(q ' Ln) — D(Ln)|"da! 
elt (x If. ime ®n) — Pn) |"da (VI.4.41) 


+f) | Vk al . 
Xo(Ln) 


Increasing the first integral on the right-hand side of (VI.4.41) by means of 
inequality (II.5.10), we recover (VI.4.40). Denoting temporarily x, by t and 
the right-hand side of (VI.4.40) by I = I(t), we also have 


dI . 
FF] so {0% elk 250 + ONVPln so Plh..00} 


which, by Lemma VI.4.1 and (VI.4.1),, in turn implies dI/dt € L1(0, 00) for 
allo < 1/4. Thus, 
lim I(¢) 


t—0o 


exists and since 
lim I (tk) =0 
tk—co 


at least along a suitable sequence {t;,,} (as a consequence of the summability 
of Vp in L"(92,), which follows from (VI.4.1),, Lemma VI.4.1 and Theorem 
VI.4.3, and of the fact that f(#) = O(t)) we may conclude 


| tim |p(x’, an) — D(@n)| = 0 (VI1.4.42) 


uniformly in §2,. Next, we shall show that p tends to a prescribed limit as 
|x| — oo. From the nth component of (VI.4.1) we derive 


G) 1 i) 
—D)(£,,) = ——— Aun 
OLn ( ) |Xo(tn)| Yo(rn) 


which in turn furnishes 


[p(t2) — p(ti)| < a | j yu) (/. r Doo dt 


ty 


for arbitrary tz, t; > 0. Use of the Schwarz inequality gives 
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Plts) — P(t] Sef FO) (FO D*2Il2,2.0) 


ty 


ta 
conf (f" 1G) + POMD*HB », cy) at 


Now, as to, t; — 00, I; (t) tends to zero because the assumption v € D!:?(2) 
implies (VI.4.4) with g = 2, while Jy tends to zero by Lemma VI.4.1 and we 
conclude 

lim B(%n) = Po 


toe) 


for some constant po. The theorem then follows from this latter condition and 
(VI1.4.42). 


Remark VI.4.5 If | f”(t)f(t)| < c, in the previous theorem we can take 
e 1.; 4H 


Remark VI.4.6 If f does not satisfy (VI.4.4) with g < 2 and, consequently, 
if v ¢ D':(Q), it is not expected that the pressure field tends to a constant at 
large distances in the exit. Actually, if n = 2, Amick & Fraenkel (1980) prove 
that p diverges. However, using the following heuristic argument, it is easy 
to convince oneself that the same property should hold also for n = 3. Since 
f(an) is the only “natural length” of the problem, by the incompressibility 
condition V - v = 0 the longitudinal velocity component vs has to have the 
asymptotic form g(|2’|/f(«n))/f? (an). Now, if we take the third component 
of the Stokes equations we find Op/Ox3 = 0?v3/0x? + 073/022 ~ f-4(a3). 
As a consequence, if f does not verify (VI.4.4) with some q < 2, p diverges; 
see also Pileckas (1996a, 1996b, 1996c). o 


Remark VI.4.7 The physical meaning of the constant to which the pres- 
sure tends in the exits is very important and it is tightly related to the flux 
®. Specifically, for solutions whose existence has been established in Theorem 
V1I.3.1, to prescribe the flux is equivalent to prescribing the difference po be- 
tween the constant values po; to which the pressure field p(x) tends in the exits 
92;(¢ = 1,2). This property, which was originally discovered for a particular 
region of flow by Heywood (1976, Section 6), is simply proved in our case as 
follows. Since p is defined up to a constant, we can always adjust it in such a 
way that 
lim p(x) =0 in (1), = QQ, 


|a|—-00 


| inn p(x) = po in (22) = 22. 
By the linearity of the problem (VI.4.1), it is sufficient to show that if po = 0 
then the solution v determined in Theorem VI.3.1 is identically zero. On the 
other hand, this will follow if we show 
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(Vv, Va) = 0, (VI.4.43) 


where a is the basis of Dy? (2) / Dj’ (Q2) determined in Theorem III.5.2. To 
prove this we observe that v € Di? (2) and v is orthogonal to all p € Dy’7(), 
see (VI.3.3). Therefore, since every w € Dy?(2) can be written as w = p+ Aa, 
A € R, from (VI.4.43) it follows that v is orthogonal to all functions of Di? (Q) 
and thus v = 0. To show (VI.4.43) we multiply (VI.4.1), by a and integrate 
by parts to obtain 


-[ vo: va=-f nVo-a+ po [ a-n 
w(t) 21 (t1)U22 (1) Yo (t1) 


+/ (p- m)a-n+ | pa-n, 
o(t1) X2(t1) 


(VI.4.44) 


where 
w(t) = NM U{#m# Ee Qian <thU {xe 22:4 < th}. 


From Theorem II.5.2 we know that @ can be taken to be zero in a 
neighborhood of the lateral surfaces of Q;y, y < 1/4, and furthermore, 
a(x) < cf~"~'(a3). Therefore, if pp = 0, we can pass to the limit as t > oo 
in (VI.4.44) and use Theorem VI.4.1 and Theorem VI.4.4 to obtain (VI.4.43). 

a 


Remark VI.4.8 The decay results of Theorem VI.4.1—Theorem VI.4.4 can 
be fairly improved. In this respect, we refer the reader to Pileckas (1996a, 
1996b, 1996c). A typical result proved there is the following one. 


Theorem VI.4.5 Let 922 and v be as in Theorem VI.3.2 and let p be the 
corresponding pressure given by Lemma IV.1.1. Assume, further, that 2 is of 


class C'+?°, 1 > 0, 6 € (0,1). Then the following decay estimate hold 


|D%v(2)| < Cld| f°" (en) 


|D°Vp(2)| < Clo" (en), 
for x € 92;,1 > |a| > 0. Moreover, there exists po € R such that for x € 2; 
pa)| < Clal ff" Ode + po. 
0 


In these relations, C = C(2,q,n). 
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VI.5 Existence, Uniqueness, and Asymptotic Behavior of 
Flow Through an Aperture 


Let us consider the “aperture domain” (VI.0.7), i.e., 
Q={zER”:2, 40 orz' € S$}, (VI.5.1) 


where S is a bounded domain of R"~!. As we have seen in Section VI.3 (see 
Exercise VI.3.5), given any continuous linear functional f on Do’?(Q) and any 
@ ER, there exists one and only one vector field v € Do? (2) such that 


(Vv, Ve) =—[f,¢], for all » € D(Q) 
(VI.5.2) 
ic =, 
S 


where [f,y~] denotes the value of f at y. The aim of this section is to pro- 
vide further existence results for problem (VI.5.2) with v in D14(Q), q 4 2, 
together with corresponding estimates. Moreover, we shall also derive the 
asymptotic structure of such solutions. 


In what follows, we shall denote by Dj '’4(Q) the dual space of Dit (2) 
and by |f|-1,q the norm of f € Dp '4(Q). We also set 


where w;, i =1,...m, are the connected components of R"~! — §, and 


Finally, with the origin of coordinates in 3’, we put 


527s. 


The following theorem holds. 


Theorem VI.5.1 Let 2 be given in (VI.5.1), n > 2, with S a bounded, 
locally Lipschitz domain of R"~+. Given 


FED, P(Q\nD, (2), GER, 


where q € (1,2n/(n — 2)] ifn > 3, and q € (1,0) ifn = 2, there exists one 
and only one field v satisfying (VI.5.2) with 


we Dy (Qn Dy (Qh). 


Moreover, denoting by p the pressure field associated to v by Lemma IV.1.1, 
there exist constants p;, p— € R such that 
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P—Pt+ € L?(R4) nN 17((24), 


and the following estimate holds: 


vl1,2 + |]1,¢,08 + lp — P+llere + [lp — p—llorn 


|p P+ilq,08 af P= D5 lage 
<e(|f|-12+ |F|-ie+ |e). 


Proof. The uniqueness part is proved exactly as in Theorem VI.3.1, and it is 
left to the reader as an exercise. To show existence, we look for a solution of 
the form 

v=u+ 0b 


where the field b has been given at the beginning of Section III.4.3. We have 
(see (III.4.6)—(III.4.8)) 
bE C™(2) 


V -b(xz) =0 
|b(x)| < e|a2|-" 


|Vb(2x)| < ele|-" 
[emw=t 
Ss 


(Vu, Ve) = —(Vb, Ve) —[f,¢], for all y € D(2) 
(VI.5.3) 
[um = 0. 
s 


Since the right-hand side of (VI.5.3), defines a bounded linear functional 
in Dj?(Q), we deduce the existence of u € Dj’?(Q) satisfying (VIL5.3). 
Furthermore, putting wu in place of y into (VI.5.3), (this can be done by a 
simplest density procedure) furnishes 


while u obeys 


[ult > < (\P||Bl1,2 + |F|—1,2) leli,2 
implying 
|v|s,2 < er ([P| + [F[-1,2) (VI.5.4) 
with 
C= (1 + 2|B| 1,2). 


In view of Lemma IV.1.1 we can associate to v a pressure field p € L7,.(2) 
such that 
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(Vv, Ve) = (2,0) — If, ¥), for all p € O2(2). (VI.5.5) 
Let us show that there exist constants p;,p— © R such that 


p— p+ € L?(R) 


(VI.5.6) 
p—p- € L*(R®) 
and that the following inequality holds 
lp — p+llor2 + |lp — p—llamme < ¢2 (|F|-1,2 + |vl1,2) - (VI.5.7) 


Actually, consider the functional 
F(p) = (Vv, Vo) +1f, v1, pe Do? (Rh). 


Clearly, F is linear and bounded in w € DR) and, in view of (VI.5.2), 
it vanishes identically on Dar (Re). Thus, by Corollary III.5.1, there exists 
m4 € L?(R%) such that 

Fp) = (74,V-o) 
which, once compared with (VI.5.5), proves (VI1.5.6),. In a completely analo- 
gous way one shows (VI.5.6),. We now write (VI.5.5) with p — p; in place of 


p. By density, we deduce that (VI.5.5) continues to hold for all 7 € Do’? (R"). 
Choosing w as a solution to the problem 


V-p=p-py 
ll1,2 < cllp — p+ lore 


(such a solution certainly exists in view of Corollary IV.3.1), from (VI.5.5) 
and (VI.5.8) we obtain 


Ip — P+loen = (Vv, Vb) + [F, 0] < e(le|1,2 + |F|-1,2) llp — P+ llere- 


Analogously, 
lp — p+llare < ¢(\vli,2+|F]-1,2) 


and (VI.5.7) follows from these latter inequalities. We shall next derive esti- 
mates for v in D'4. For R > 26g, we let ¢ = ¢(|x|) denote a non-decreasing, 
smooth function with ¢(|2|) = 0 if |v] < R/2 and ¢(\a|) = 1 if |a| > R. Setting 


WwW = Gv, T= ¢(p — pt), 


we easily obtain that w is a generalized solution to the following problem (see 
Section IV.3): 
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Aw=Vr4+ Fi 
in R" 


V-w=g (V1.5.9) 
w=0 on Y=R"! x {0}, 
where 
Fx = 2VG -Vu- Acu ~ (p— p4)VO+ Cf 
g=VC-v. 
For R > 0, we put 
QFon = {2 ERE: R<|a| <2R} 
QF = {x ER?: |z|< R}, 
QO? = R” — Br, 
oa Re re 
Evidently, 
Flag Sc (Ilvll,.o,, + IP - Ptll_sq0¢,, + [fl-10) 
——— pe (VI.5.10) 
IIglla S Wllqoe 


R,2R 


Employing the embedding Theorem II.3.4 and inequality (II.5.18), from the 
assumptions made on q we easily find 


bo 
Na 


(VI.5.11) 


loll a oe, + Ilp — P£ll_ag,ox < c(|v|1,2 a \|p — P+ 


R 


Thus, recalling that ¢(|x|) is equal to one for |x| > R, from Theorem IV.3.3 
together with (VI.5.4), (VI.5.7), and (VI.5.11) we find 


|Ul1 4,08 + ||p — P+\lq,08 + ||p — P—|lq,a® = ce (|fl-1,2 + lf |-1,4) (VI.5.12) 


and the theorem follows from (VI.5.12), (VI.5.11), (VI.5.4), and (VI.5.7). 


Remark VI.5.1 The fact that, in the theorem just shown, we must require 
that f belong simultaneously to Dp ’7(Q) and to Dj '"(Q), that q be suitably 
restricted, and that Vv,p belong to L4(2M Br), only for sufficiently large 
R, is due to the circumstance that 2 has no regularity near the boundary of 
S, since S is (n — 1)-dimensional. However, if we assume that the “hole” S$ 
has “thickness,” becoming a domain of R” of class C?, in such a way that Q 
becomes likewise of class C?, then one can show that, for any f € Do 49(Q), 
1 <q < 0, there is one and only one solution v € Do’4(@) to (VI.5.2) and that 
the associated pressure field p satisfies p—p, € L4(R'), p—p— € L4(IR®) for 
some constants p,,p—. Moreover, v and p obey the corresponding estimates. 
Finally, we would like to observe that, if S has no “thickness,” and n = 2, one 
can still prove that v € L%°(2), see Solonnikov (1988) and Galdi, Padula & 
Solonnikov (1996). Oo 
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Remark VI.5.2 Arguing as in Remark VI.4.7, one can show that, for f = 0, 
p+ = p— if and only if the flux @ is zero. Actually, if f 4 0, one cannot deduce 
p+ = p_, even if ® = 0. In fact, taking, for instance, f € C§°(2) we could 
prove that, for ¢ = 0, the following relation holds: 


p--pe= | f-w, 
2 


where w is a solution to (VI.5.2) with f =0 and 6 =1. ai 


In the last part of this section we shall analyze the asymptotic structure 
of the generalized solutions just obtained. We begin to show a general repre- 
sentation formula in the case when f is in divergence form. 


Lemma VI.5.1 Let v € Dj'1(Q), 1 < q < 00, satisfy (VI.5.2),. The following 
assertions hold true: 


(i) Suppose 
[f, 9] =—-(F. Ve), 


where 
Fe L(2)OL"(Q) , for some r € (1,7). 


Then, for a.a. x € RY: 


vj(@) = - [ _ PuGis (os w)Faladty - [ vi(y)Tie(GE, 9€) (a, y)nely)doy, 


(VI.5.13) 
where G* = {Gi;}, 9* = {gj } is the Green’s tensor for the Stokes problem 


in Rt (see (IV.3.46)(IV.3.51)), and G* = (GE, GE,...,G,). 


17? 
(ii) Suppose that 
f € £1(2), with bounded support. 


Then, there exist p,,p— € R such that for a.a. « € RL: 


v,(«) = [ Oslo wy) hvddy- [ vily)Tu(GE, g*)(a, y)ne(y)doy 


(VI.5.14) 


a) =p fi oP (eu)filuddy -2 f (oy 2 —P ndtypdoy, 


where p is the pressure field associated to v by Lemma IV.1.1. 


Proof. Since the proof is exactly the same for R' and IR”, we shall show the 
validity of (i) and (ii) for R%. Moreover, for simplicity, the Green’s tensor 
in R% will be denoted by G,g. Let us commence to show (i). We begin to 
observe that, reasoning as in the proof of Theorem VI.5.1, we can associate to 
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v a pressure field p in the sense of Lemma IV.1.1 such that p—p , € L4(R't). 
We next notice that from inequality (I1.5.18) it follows that v € W1-4(C), for 
every cube C with a side at 2, = 0 and so, setting © = R"~! x {0}, the 
trace of v at © belongs W!~1/%4($) Cc D!~1/%4(5) (see Sections II.3 and 
II.6) with support contained in S$. Therefore, in view of Theorem II.4.1 and 
Theorem II.3.1, there exist two sequences 


{FO} cOP(RY), fn} c OF(2) 


approximating F and v in the norms of L4(R%) M L"(R%) and D!~1/44(5), 
respectively. Let us denote by v‘*) and p™, k € N, velocity and pressure 
fields of the Stokes problem in R’, corresponding to the force —V - F) and 
to the velocity 7") at ©). From Theorem IV.3.3, we obtain that, as k > 00, 
v*) p\*) converge to v,p— p+ in the norm of D!-4(R") x L4(R%). Therefore, 
in particular, we may select a subsequence, denoted again by v\), p™), such 
that 

Vu") (2) > Vo(z), p(x) > p(a) ae. in R%. (VI.5.15) 


Since v and vz are identically vanishing on © — 9, from (II.5.18) we readily 
obtain 
lv — ®™ ln.c S(C)v— V1.0, (VL5.16) 


for any cube C with a side at x, = 0 strictly containing S. Choosing an 
increasing sequence of cubes of type C invading R% and employing the Cantor 
diagonalization method, from (VI.5.15) and (VI.5.16) we finally deduce the 
existence of a sequence, which will be denoted again by v“"), satisfying 


lim v(x) = v(x), for a.a. a € R%. (VI.5.17) 


Now, because of the results of Exercise IV.8.2, the following representation 
holds for uv): 


v") (x) = i DeGij (x, y) Fe (y)dy + nl” (y)Tie(Gy,9;)(@, y)ne(y)doy. 
+ 


(VI.5.18) 
We wish to let k — oo into this relation. Set 


FW(e) = 7 DiGi(e, EL (y) — Feslu)lay. (VL5.19) 
+ 
Since 


|DeGij(z,y)| Sela — yl" 


(see (IV.3.50), ([V.3.52)), from the assumption made on F' and the Sobolev 
Theorem IJ.11.3, we derive, along a subsequence at least, 


lim F® (2) =0 for aaa € Rt. (VI.5.20) 


k—-o0o 
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It remains to prove the convergence of the last term in (VI.5.18). Taking into 
account 

ITie(Gj, 93)(a,y)| < ele —y|-" 
(see (IV.3.50), (IV.3.52)), and setting 


VO) = [mw —v]TulGs.aj)(eu)neluddey, —— (VE5.21) 
from the Holder inequality we obtain 
|V(x)| < elln"™ — vllq,s, 
where c = c(S,d), d = dist (x, S'). Thus, 
V) (2) +0 in R®. (VL.5.22) 


Representation (VI.5.13) is then a consequence of (VI.5.17)—(VI.5.22). The 
proof of (VI.5.14) is similar. Actually, we now start with a sequence of func- 
tions {f}, {n} where ‘*) is the same as before, while f € C%(w), 
with w = supp(f), converge to f in L4(2)M L"(2). By the same technique 
used before, we then show the validity of (VI.5.14),, with the only change 
that, to prove the convergence of the term 


i, Gis (x, yf (y)dy = / Gij(x, yf” (yay, 


we have to employ exactly the same reasoning used to show the convergence 
of the term V; in the proof ofTheorem IV.8.1. This is made possible by the 
fact that G and U obey pointwise estimates of the same type. Concerning the 
representation of the pressure, we easily establish, as before, the a.e. pointwise 
convergence of p“) to p—p. Moreover, the a.e. pointwise convergence of the 
term 


/ g(x, yf"? (yay 


is acquired by taking into account the estimate 


lg(x, y)| < ela —y|-"** 


(see (IV.3.50), (IV.3.51)) and Exercise IV.3.3, and by using a reasoning sim- 
ilar to that adopted to show the convergence of the term P in the proof of 
Theorem IV.8.1 (details are left to the reader). Finally, observing that again 
from (IV.3.50), (IV.3.51), and Exercise IV.3.3, 

IValz,y)| <ee—yl™, 


we have 


[oe — v;(y)|ne(y)doy| < elln™ — v\Iq,5 


which also implies the pointwise convergence of the boundary integral. The 
lemma is therefore completely proved. 
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The result just shown furnishes the following one as a simple corollary. 


Theorem VI.5.2 Let v € Dy4(2), 1<q< , satisfy (VI.5.2), correspond- 
ing to f € L4(2) of bounded support. Then, there exist constants p+, p— such 
that v and the corresponding pressure field p admit the following asymptotic 
expansion as |x| — oo in R': 


v3 (a) = bTin(G>, g= )(x, 0) + ye (a 
5 (x) (Gj ,95 )(@, 0) + 9; ss (VL5.23) 
p(x) ee oe = F 20; Dn Qj a, 0) + Be); 
where 
b= +f VU; (VI1.5.24) 
Ss 
and, for all |a| > 0, 
Dg} = Ol|a\-" lal 
(VI.5.25) 
D° p+ = O(|x|-"-!21) 
In particular, if f =0, then 
De y# = O(|x[-*!*l 
_ (VL.5.26) 


D°B* = O(|x|-"-* I). 


Proof. By the fundamental property of the Green’s tensor we have that 
G*(«,0) = 0 for all « € RL. Therefore, from (VI1.5.14); we find 


v4(2) = HE Tin(GF,9#)(0,0) +f [@5la,y) — G5, OV) Aud 


RE 


- fwner (GF. 95 )(@,y) — TGF, 97 )(x, 0)|ne(y)doy. 

(VI.5.27) 

Applying the Lagrange theorem in the integrands of (VI.5.27) and using 
(IV.3.50), (IV.3.51), and Exercise IV.3.3 we may proceed as in the proof of 
Theorem V.3.2 to show the validity of (VI.5.23),, (VI.5.24), and (VI.5.25), 
and, for f = 0, of ((VI.5.26),. Observing that, by (IV.3.46)—(IV.3.49), it also 
follows that g(x,0) = 0, we may establish in a completely analogous way 
(VI.5.23),, (VI.5.24), (VI.5.25),, and, for f = 0, (VI.5.26)2. The proof of the 
theorem is acquired. 


Remark VI.5.3 In view of the estimates on G and g given in (IV.3.50), 
(IV.3.51) and Exercise IV.3.3, Theorem VI.5.2 implies, in particular, that at 
large distances, v behaves as |x|~"*1 for n > 2. 
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VI.6 Notes for the Chapter 


Section VI.1. Although differing in details, the material presented here is 
based on the treatment of Amick (1977). In particular, Theorem VI.1.2 can 
be deduced from the work of this author. 


Section VI.2. The main result of this section, Theorem VI.2.2, is due to me. 
It has been obtained by coupling the ideas of Horgan & Wheeler (1978) with 
those of Amick (1977,1978) and of Ladyzhenskaya & Solonnikov (1980). In 
particular, Lemma VI.2.1 and Theorem VI.2.1 are due to Ladyzhenskaya and 
Solonnikov, while Lemma VI.2.2 is proved by Horgan and Wheeler. Somewhat 
weaker results than those of Theorem VI.2.2 can be deduced from the papers 
of Horgan (1978) and Ames & Payne (1989). Extension of these results to 
compressible fluids has been recently proved by Padula & Pileckas (1992, §7). 


Section VI.3. The guiding ideas are essentially taken from the works of 
Heywood (1976, §6) and Solonnikov & Pileckas (1977). 

Concerning domains with varying cross-sections (not necessarily unbounded), 
we refer the reader to the papers of Fraenkel (1973), Iosif’jan (1978), Pileckas 
(1981), and Nazarov & Pileckas (1983). 


Section VI.4. The approach proposed here is due to me. The proof of The- 
orem VI.4.3 is inspired by the work of Gilbarg & Weinberger (1978, §4). 

The study of certain asymptotic behavior in domains with outlets contain- 
ing a semi-infinite cone has been performed by Pileckas (1980a). 

Results on existence, uniqueness and asymptotic decay of solutions in do- 
mains that become “layer-like” at infinity are provided by Nazarov & Pileckas 
(1999a, 2001). It is interesting to observe that, for n = 3, solutions show only 
a power-like decay, and not an exponential one. 


Section VI.5. The “flow through an aperture” (or “flow through a slit” in 
the two-dimensional case) is a well studied problem in classical fluid dynam- 
ics, mostly, for its applications to resonance phenomena in narrow-mouthed 
harbors; see, e.g. Miles & Lee (1975). As a matter of fact, in absence of body 
forces, explicit solutions can be exhibited in the two-dimensional inviscid case 
(Lamb 1932, p. 73; Milne-Thomson 1938, §86.10, 11.53) and in the viscous 
case as well (Stokes problem), when the aperture is a circle (Milne-Thomson 
1938, $15.56). In the mathematical community, seemingly, this type of flow 
became popular and thoroughly investigated in its viscous formulation, only 
after the publication of the fundamental paper of Heywood (1976). 

The theory described in this section is due to Galdi & Sohr (1992); see also 
Farwig and Sohr (1994b). Similar results have been obtained, independently 
and by different tools, by Borchers & Pileckas (1992). However, the asymptotic 
estimates given in Theorem VI.5.2 are somewhat more detailed than those 
provided by the latter authors. 
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Steady Oseen Flow in Exterior Domains 


e vidi le fiammelle andare avante, 
lasciando retro a sé l’aer dipinto. 


DANTE, Purgatorio XXIX, vv. 73-74 


Introduction 


As we emphasized in the Introduction to Chapter V, the Stokes approximation 
may fail to describe the physical properties of a system constituted by an 
object B moving by assigned rigid motion with “small” translational (vo) and 
angular (w) velocities in a viscous liquid, at least at “large” distances from 
B, where the viscous effects become less important. 

In particular, for 6 a ball translating without rotating (that is, w = 0), 
the explicit solution one finds (see (V.0.4)) exhibits no wake behind the body 
and is, therefore, unacceptable from the physical viewpoint. Moreover, for B a 
circle (plane motion), the analogous problem admits no solution except for the 
trivial one, thus leading to the Stokes paradoz. It is interesting to remark that 
a sort of similar paradox also arises in the three-dimensional case, the moment 
one tries to evaluate the first-order (in the Reynolds number) correction to 
the zero-th order solution (V.0.4); see Whitehead (1888). In addition to all 
the above, as observed by Oseen (1927, p.165), for the solution (V.0.4) we 
obtain, after a simple calculation, 


v:-Vv 


— co as |z|— 00, 


no matter how small |vo| is, thus violating the assumption under which the 
Stokes equations are derived (see the Introduction to Chapter IV). 
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As we already remarked, it is reasonable to argue that these “anomalous 
behaviors” must be chiefly ascribed to the fact that the Stokes approximation 
completely disregards the inertia of the liquid or, in equivalent mathematical 
terms, it ignores possibly significant information arising from the nonlinear 
term in the Navier-Stokes equation (1.0.1). One is thus naturally lead to 
introduce other linearizations of (1.0.1); that may, somehow, take into account 
this feature. 

With this in mind, C.W. Oseen proposed in 1910 (see also Oseen 1927, 
§15) a linearization of the Navier-Stokes equations with the main objective of 
avoiding the paradoxes and the incongruities related to the Stokes approxima- 
tion.! The original equations introduced by Oseen (which we will refer to as 
Oseen approximation) are formally obtained by linearizing the Navier-Stokes 
equations around a nonzero purely translational motion v = vo, p = Po, 
where vp and po are given constant vector and scalar quantities, respectively. 
However, for reasons that are mainly dictated by a considerable number of 
significant applications (see Galdi 2002, and the references therein), we shall 
analyze a more general approximation (which we will refer to as generalized 
Oseen approximation), consisting of linearizing (1.2.2); around the (nonzero) 
rigid motion, v = v9 + w x w = V(x), p = po, where vo and w are prescribed 
(constant) vectors and po is a given scalar quantity. We recall that, from a 
physical viewpoint, vo and w represent the (constant) translational and the 
angular velocity of the body 6, respectively, when the motion of the liquid is 
referred to a frame attached to B.? 

Thus, denoting by 9 the exterior region occupied by the liquid, from 
(1.2.3), we obtain the following generalized Oseen system? 


vAv+V-Vu-wxv=Vp+f 
in 2 
V-v=0 
v=v, at ON, 


(VII.0.1) 


where v, is a prescribed field at the boundary wall. To (VII.0.1) we append 
the condition at infinity+ 
lim v(x) =0. (VIL.0.2) 


|az|—+0o 


' As kindly pointed out to me by Professor Josef Bemelmans, an independent anal- 
ysis of these questions, mostly motivated by the study of the range of validity of 
Stokes formula for the drag, was performed by Fritz Noether (1911). 

? See also the introductions to Chapter X and Chapter XI. 

3 Sometimes, the system (VII.0.1) with V = 0 is also referred to as Sobolev system; 
see, e.g., Maslennikova (1973). 

4 The Oseen approximation is typical for a flow occurring in an exterior region. 
In a bounded region it loses its physical meaning, while, from the mathematical 
point of view, it presents no difficulties and can be handled as a corollary to 
the theory developed for the Stokes problem in Section IV.4—Section IV.6; see 
Theorem VII.1.1. 
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In the current chapter we begin to investigate the properties of solutions 
to problem (VII.0.1)—(VII.0.2) in the simpler case when w = 0, that is, to the 
problem originally formulated by Oseen, whereas in the next chapter we shall 
study it in its full generality, namely, with both vp and w being non-zero. 

It should be stressed that results from the original Oseen approximation 
have long been recognized to be much more successful than that of Stokes. As 
a matter of fact, at least in the particular case of the translational motion of 
a ball into a liquid, Oseen found a paraboloidal wake region behind the body 
(Oseen 1910, 1927 §16; Goldstein 1929). Furthermore, in the two-dimensional 
analogue, i.e., an infinite circular cylinder moving steadily in a viscous liquid, 
Lamb (1911) first proved the existence of a solution to (VII.0.1), (VII.0.2) 
with V = vo ¥ O, that exhibit a wake region, thus removing the paradox 
coming from the Stokes approximation. 

The aim of this chapter is to investigate existence, uniqueness, and the 
validity of corresponding estimates in homogeneous Sobolev spaces D”? for 
solutions to (VII.0.1), (VII.0.2) with V = vo ¥ 0, in an arbitrary exterior 
domain 92. All main ideas are taken from Galdi (1992). 

The lines we shall follow are essentially the same we followed in Chapter V 
for the exterior Stokes problem, even though the study is here somehow com- 
plicated by the more involved form of the fundamental solution to (VII.0.1), 5 
in the whole space R”. However, because of the different structure of the equa- 
tions, the results we shall obtain are substantially different from those proved 
for the Stokes problem. In this respect, we will show that problem (VII.0.1), 
(VII.0.2) (with V = vo 4 0 and with sufficiently smooth data) is solvable in 
three dimensions and two dimensions and that, if f is of bounded support, the 
corresponding solutions exhibit a paraboloidal “wake region” in a direction 
opposite to vo. This fact implies, in particular, that for problem (VII.0.1), 
(VIL0.2) with V = vo 4 0, no “Stokes paradox” arises and that the Os- 
een approximation is, in this respect, better than that proposed by Stokes.° 
Also, as in the Stokes problem, the existence of g-generalized (in D1!) and 
“strong” solutions (in D™%, m > 1) is proved only for qg in a certain range 
R, depending on the space dimension n; however, we find that R,, is larger 
than the analogous range R/, for the Stokes problem. Precisely, we show that, 
formally, Rn = R/,,,. This circumstance will lead to important consequences 
in the nonlinear context, when treating the motion of an object translating 
with constant velocity into a viscous liquid; see Chapters X, and XII. 

Finally, we shall consider the behavior of solutions to (VII.0.1), (VII.0.2) 
with V = vo in the limit of vanishing vg, with special emphasis on the case of 
plane motion. In this latter circumstance, we find that such solutions tend to 
those of the analogous Stokes system, i.e., (VII.0.1) with vp = 0. However, as 


° It should be observed, however, that the Oseen approximation leads to other 
paradoxical consequences in disagreement with the actual slow motion of a body 
into a viscous liquid; see Filon (1928), Imai (1951), Olmstead & Hector (1966), 


Olmstead & Gautesen (1968), and Olmstead (1968); see also Exercise VII.6.5. 
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expected in view of the Stokes paradox, the limiting process does not preserve 
condition (VII.0.2), which is, in fact, satisfied if and only if the data obey the 
compatibility condition determined in Section V.8. 


For later purposes, we shall find it convenient to put (VII.0.1), (VII.0.2) 
with V = vo into a suitable dimensionless form, and so we need comparison 
length d and velocity U. Without loss, we set vo = v9 €1, Uo > 0, and take 
U = vo. Moreover, if |Q°| # 0, we can take d = 6(2°), and so, introducing 
the Reynolds number 


Ud 
R= —, 
V 
system (VII.0.1) becomes 
Ov 
Av+R—=Vp+R 
Ox, f in 2 
aes (VII.0.3) 
v=v, at ON, 


where v, v,, pand f are now nondimensional quantities. If 2 = R” the above 
choice of d is no longer possible, even though we can still give a meaning to 
(VII.0.3), which is what we shall do hereafter. 


VII.1 Generalized Solutions. Regularity and Uniqueness 


In analogy with similar questions treated for the Stokes approximation, we 
shall begin to give a generalized formulation of the Oseen problem. To this 
end, let us multiply (VII.0.3), by » € D(2) and integrate by parts to obtain 
formally 


(Vv, Ve) — Ris, y) = —-RIf, ¢]. (VII.1.1) 


Definition VII.1.1. A vector field v : 2 — R” is called a q-weak (or q- 
generalized) solution to (VII.0.2), (VII.0.3) if for some qg € (1, 00) 


(i) ve DIO); 
(ii) v is (weakly) divergence-free in 92; 
(iii) v assumes the value v, at O92 (in the trace sense) or, if the velocity at 
the boundary is zero, v € Dg’4(Q); 
(iv) lim |v(a)| = 0; 


|z|—00 J gn-1 


(v) v verifies (VII.1.1) for all p € D(). 


If g = 2, v will be simply called a weak (or generalized) solution to (VII.0.2), 
(VII.0.3). 
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Remark VII.1.1 If v is a q-weak solution, then, by Lemma II.6.1, we have 
that v € W,i4(Q), and, if Q is locally Lipschitz, v € W)/4(Q). Regarding (iii), 
see Remark V.1.1. Oo 


If the function f has some mild degree of regularity, to each g-weak solution 
we can associate a corresponding pressure field in the usual way. Specifically, 
we have the following lemma whose proof, being entirely analogous to that of 
Lemma IV.1.1, will be omitted. 


Lemma VII.1.1 Let 2 be an exterior domain in R", n > 2. Suppose f € 
Wo 4(2'), 1 <q < ©, for any bounded subdomain 2’, with Q’ C 2. Then, 
to every q-weak solution v we can associate a pressure field p € Li,.(Q) such 
that 


(Vu, Vo) — RIS) = (p, V+) — RIF, o] (VII.1.2) 


for all w € C§°(2). Furthermore, if Q is locally Lipschitz and f € 
Wo "(Qr), R> 5(Q), then p € L4(Qp). 


Remark VII.1.2 The last result stated in Lemma VII.1.1 is weaker than 
the analogous one proved for the Stokes problem in Lemma V.1.1, where, for 
Q locally Lipschitz, one has p € L4(Q) whenever f € Dj "4(Q). This is due 
to the fact that, in the case at hand, the functional 


Ov 
Ty 
is not continuous in w € Dut (2) if v € D'4(2) only, because a priori we 
can not find a constant c = c(v) such that 


0 
FP SelBlia’, for all p € CH(Q) . 
Ty 


Consequently, we cannot apply Corollary II.5.1 but only the weaker version, 
Corollary III.5.2. Notice, however, that, by the very definition of g-weak so- 
lution, if f € Dy “4(Q), then we can find C > 0 such that 


Ov 
(FeO SC leligs for all p € D(Q). 


In any case, by using a completely different approach, in Section VII.7 (see 
Theorem VII.7.2), we shall show that if the region of motion is of class C? 
and the exponent qg ranges in the interval (n/(n —1),n+1), the pressure field 
p belongs to L4(22), provided, of course, that f € Dy (2). Furthermore, in 
Theorem VII.7.3 it will be proved that the same property continues to hold 
for gq >n+1. It seems therefore an open question to ascertain whether or not 
for g-weak solutions with qg in the interval (1,n/(n — 1)] the corresponding 
pressure p has a suitable degree of summability at large distances. a 
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The next result establishes the regularity of g-weak solutions. 


Theorem VII.1.1 Let f € W2"7(Q), m > 0, 1 <q <x, and let 


loc 


ve Wi(Q), pe Lh,(2),) 


loc loc 


with v weakly divergence-free, satisfy (VII.1.2) for all a € C§°(2). Then 


ve Wrqa), pe wr (9). 
In particular, if f € C™(Q), then v,p € C™(2). Furthermore, if 2 is of class 
omr2 and 

few ®), v. €wrt?-/49(9Q), 
then 


ve We"(Q), pewWrrr*(Q), 


loc loc 


provided v € W,.4(2).? In particular, if Q is of class C’ and f € C*(Q), 
vx € C®(IQ) then v,p € C°(M), for all bounded 2 c 2. 


Proof. The proof is an easy consequence of Theorem IV.4.1, and Theorem 


IV.5.1, if one bears in mind that (VII.1.2) can be viewed as a weak form of 
Ov 


the Stokes equation with f replaced by R(f — Bes) 


In the remaining part of this section we shall be concerned with the unique- 
ness of generalized solutions. Such a study is slightly more complicated than 
the analogous one for the Stokes problem. To see why, let v and w denote 
two generalized solutions corresponding to the same data. Setting u = w—v, 
from (VII.1.1) we obtain that wu obeys the identity 


Ou 


F(y) = (Vu, Ve) — Re 


,y) =0, for ally € D(Q). (VIL.1.3) 


Assuming §2 locally Lipschitz, as in the case of Stokes problem, we easily show 
that wu € Dy’?(2). However, it is not obvious that we can replace in (VII.1.3), 
y with wu, nor is it obvious that, even if this replacement is permitted, we can 


conclude that A 
aL 
one =0. (VII.1.4) 


' We observe that these assumptions are definitely satisfied by any g-weak solution. 
Actually, they are implied by the following one: 


v € Lioe(Q), Vu € L1,.(Q), with v satisfying (VIL1.1) for all y € D(Q). 


loc 


In fact, under these conditions, by Lemma II.6.1, we have v € Wie (2) and then, 


by Lemma VII.1.1, it follows p € L7,.((2); see also Remark VII.1.2. 


? By Remark VII.1.2, this latter condition is certainly satisfied by any q-weak 
solution under the stated assumption on 2. 
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Notwithstanding, if f € Do meri. one has that the functional 


Ou 


pe D2) (an? 


yp)ER 
can be extended to a (bounded) linear functional, 5; w, on Dg’”(2); see Remark 
VII.1.2 and Theorem II.1.7. Since, clearly, (Vu, -) defines a (bounded) linear 


functional, A(w), on Dg’?(2) one can then equivalently rewrite (VII.1.3) in 
the following abstract form 


A(u) — Rou =0 in Dj"? (). (VIL.1.5) 


Now, Galdi (2007, Proposition 1.2) shows, in a different context, the “ab- 
stract” counterpart of (VII.1.4), namely, [o,u,u] = 0. Once we employ this 
information back in (VII.1.5), we immediately find [A(w),u] = |u|}, = 0, 
which, in turn, implies u(«) = 0, for all a € 2. 

Here, in order to show uniqueness, we will use a different argument, based 
on the asymptotic behavior of solutions to (VII.1.3), that will be completely 
justified in Section VII.6. Another, still different, approach will be presented 
in Section VIII.2 for the more general case of generalized Oseen problem. 
We begin to observe that, from Theorem VII.1.1 it follows that w and the 
corresponding pressure field 7, say, are infinitely differentiable in 2 so that 
(VIL.1.3) can be written pointwise: 


vy (VII.1.6) 
V-u=0. 


Furthermore, for any R > 6({2°), from Theorem II.4.2 we find the existence 
of a sequence {ut} C C*(Qp) vanishing near 0 for all k € N and approx- 
imating wu in the norm of the space W1:?(Qpr). Multiplying (VIL1.6) by uf 
and integrating by parts over 2p we easily deduce 


| {vu:vuf Roe ugh = [ n-{Vu-u—ruf}, 
Qr 0x1 aBrR 


where n is the outer normal to 0Br. We now let k — oo into this relation, 
and recalling that u,a € C™(2), with the aid of Theorem II.4.1 we deduce 


R 


julio on — > V - (ue) = | n-{Vu-u—Tu}. 
Qr aBr 


We next apply the results of Exercise II.4.3 to the second integral on the left- 
hand side of this identity and recall that u has zero trace at 02 to recover 


R 
Ulf 2.0n = | n- {vu U+ Sues — ru} (VIL.1.7) 
Br 
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In Theorem VII.6.2 of Section VII.6 it will be proved that every sufficiently 
smooth solution to the Oseen system corresponding to a body force of compact 
support and having a certain degree of summability at infinity must decay 
there in a suitable way. In particular, such a theorem ensures for u and 7 the 
following estimates for every large R (see Exercise VII.6.1) 


i (Vu: Vu+u?) <cR-@-D/2 
aBr 


| Tr < cR7(@-1), 
OBR 


Then, employing the Schwarz inequality on the right-hand side of (VII.1.7), 
using (VII.1.8), and letting R — co we conclude u = 0. 


(VII.1.8) 


We have thus proved 


Theorem VII.1.2 Let 92 be locally Lipschitz and let v be a generalized solu- 
tion to (VII.0.2), (VII.0.3) corresponding to f € Wo "?(Q'), Q! any bounded 
subdomain with 2 Cc Q, and v, € W'/?:2(9Q). Then, if w is another gener- 
alized solution corresponding to the same data, it is v = w. 


Remark VII.1.3 Theorem VII.1.2 will be extended to the case of arbitrary 
g-generalized solutions (q # 2) in Exercise VII.6.2. Oo 


VII.2 Existence of Generalized Solutions for 
Three-Dimensional Flow 


This section is devoted to proving existence of generalized solutions when 2 
is a three-dimensional domain, the two-dimensional case being postponed to 
Section VII.5; see also Remark VII.2.1. To reach this goal, we begin to ob- 
serve that, unlike for the Stokes problem, we can no longer employ the Riesz 
representation theorem, since the left-hand side of (VII.1.1) does not define a 
symmetric form for all R 4 0. We shall then use another method which, in- 
terestingly enough, though introduced by B.G. Galerkin in 1915 for studying 
linear problems, was used in the fluid dynamical context directly in the nonlin- 
ear case at the beginning of the fifties and sixties by E. Hopf and by H. Fujita, 
respectively, and only in 1965 was it used by R. Finn in linearized approxi- 
mations of the Navier-Stokes equations. To apply this method, however, we 
need a preliminary result concerning the existence of a special complete set 
in Dy? (2). 


Lemma VII.2.1 Let 2 be an arbitrary domain of R", n > 2. Then, there ex- 
ists a denumerable set of functions {,} whose linear hull is dense in Dj’? (Q) 
and has the following properties 


(i) y, € D(2), for allk € N; 
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(ii) (Vey, Ve;) = oe; Or (Pp, 5) = On;, for all k,7 €N; 
(iii) Given y € D(2), and k © N, for any ¢ > 0 there exist m = m(e) € N 
and 71, ---; Ym € R, such that 


IVe-—SoxuVeills + lode — So nedIls <e, 
i=1 


i=l 


for all s > 2, where p = (|x| + 1)*/*. 
Proof. Let Hg, (2), with ¢ > n/2+1, be the completion of D(2) in the norm 


Ilelle2,0 = lloelle + llelle2- 


Clearly, H§,,(2) is a subspace of W?(). Moreover, it is also isomorphic to 
a closed subspace of [L?(2)]‘, for suitable N = N(é,n), via the map 


yp € He, (2) > (py1,---,P nj (D°vi)i<jajces ++ 3 
(D%¥n)1<Jal<e) € [L?(Q)]%. 


Thus, in particular, Hg, (2) is separable (see Theorem II.1.5), and so is its 
subset D((2) (see Theorem II.1.1). As a consequence, there exists a basis 
in H6,,(@) of functions from D(2), which we will denote by {w,}. Since 
H6, (2) > Dy?(Q), the linear hull of {, } must be dense in Dg’*() as well. 
Take » € D(2) and fix e > 0; there exist N = N(e) € Nand ay,...,ay ER 
such that 


N 
le - » ait;lle2 <- 


i=1 
By the embedding Theorem II.3.2, it follows that 


N 
le — Soaitjlle: < ce 


i=1 


with c = c(Q,n,£). We may orthonormalize {y,} in Dg’?(Q) or in L?(Q) 
by the Schmidt procedure, to obtain another denumerable set {y;,} whose 
linear hull is still dense in Dj’?(2). Since every ,. is a linear combination of 
wy,...,w, and, conversely, every w,. is a linear combination of ~),...,9,, it 
is easy to check that the system {; } satisfies all the statements in the lemma 
which is thus completely proved. 


We are now in a position to prove the following. 


Theorem VII.2.1 Let 2 be a three-dimensional exterior, locally Lipschitz 
domain. Given 
feED)'7(2), v. € W'?(aQ), 
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there exists one and only one generalized solution to (VII.0.2), (VII.0.3). This 
solution satisfies the estimates ! 


IlVll2.en + lvli2 < er {RIF |-1,2 + (1 + R)||vxll1/2,2(a9) } 
| |v(ax)| = o(1//|a]) as |a| > oo (VII.2.1) 
S2 


IIPllocn/R < C2{RIF|-1,2 + 1+ R)|v|i,2} 


for all R > 6(92°). In (VII.2.1) p is the pressure field associated to v by Lemma 
VIL1.1, while ¢; = ¢;)(R, 2) (c; = co as R = ov). 


Proof. We look for a solution of the form 


v=wt+Vito, (VIL.2.2) 


@ 1 
= —V(— 
° Gr (a) 
o- | Ue N 
O02 


(the origin of coordinates has been taken in 2°). Further, Vi € W1?(Q) 
denotes the solenoidal extension of v. — olaq, of bounded support in 2, that 
was constructed in the proof of Theorem V.1.1. We have 


where 


|Vilij2 < €||v«l]1/2,20a2) 
(VII.2.3) 
D%o = O(1/|2|?+!¢!) , Ja| = 0,1, as |x| > oo. 


Finally, w is requested to be a member of By (2) and to satisfy the identity 


Ow 
° (VII.2.4) 


= -RIf.@]-(VV1, V9) + RV +0, 2%), 
for all y € D(2). It is clear that, provided we show the existence of such a 
function w, the field (VII.2.2) satisfies all requirements of generalized solution 
to (VII.0.2), (VII.0.3) given in Definition VII.1.1. Actually, from (VIL.2.3)2 
and the properties of V; and w, we have v € D!:?(Q2); also, v is divergence- 
free and assumes the value v, at the boundary. Finally, in view of (VII.2.3)o, 
we have, as |x| — 00, 


[wos | |w(x)| + O(1/|2/*) (VIL.2.5) 
S? S2 


' See (IV.6.1) for the definition of the norm involving p. 
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and by Theorem II.7.6 and Lemma II.6.2 we obtain (VII.2.1),. Thus, to show 
the theorem it remains to prove the existence of the field w and the validity 
of estimates (VII.2.1), 3. To this end, let {yp} be the base of Dy’? (Q) deter- 
mined in Lemma VII.2.1. We shall construct an “approximate solution” wy, 
to (VII.2.4) in the following way: 


m 


Wm = S Lem Pe 
f=1 


0 
(Vwm, Vex) — R(Wm, a) (VII.2.6) 
1 
0 
= RIF, er] — (VV, Ver) — RV +0, SEB) = Fr 
ial ee eee 72 
Using (ii) of Lemma VII.2.1 we obtain 
S-(€tmbex — R&emAck) = Fk, bk =1,2,...,m (VII.2.7) 
e=1 
where D 
— (2¥e 
Ac, = (= E 
tk on : Pr) 
System (VII.2.7) is linear in the unknowns €g,,, = 1,...,m, and since Ag, = 


—Akze it is readily seen that the determinant of the coefficients is non-zero. As 
a consequence, for each m € N, system (VII.2.6) admits a uniquely determined 
solution. Let us multiply (VII.2.6), by €m and sum over k from 1 to m. We 
obtain 


OWm 
|Wmleo = —R[f, Wm] — (VVi1, Vm) — R(Vi +9, —). (VII.2.8) 
1 
Using (VII.2.3) and recalling that f € Dy'?(), we easily show 
—[f.Wwm] < |fl-1,2|wWml|1,2 
—(VVi1, Vwm) < €1||¥«|11/2,2(a.2)|Wmls,2 
Owm 
(Vi +e; ae < €2||v«||1/2,2(a@)|Wml|.,2 
ZY 
and (VII.2.7) furnishes 
|Wmli2 <¢ {Rf |-1,2 +(1+ R)||vx|l1/2,2(0.0) $ . (VII.2.9) 


Therefore, the sequence {w,,} remains uniformly bounded in Dy? (2) and, 


by Exercise II.6.2, there exist a subsequence, denoted again by {w,,}, and a 
function w € Dj’*(Q) such that in the limit m — oo 
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(Vwm, Vy) = (Vw, Vy), for all p € Do?(). 
Also, by (VII.2.9) and Theorem II.2.4 we infer 
|wli2 <c{RF|-1,2 + (1 + R)||v«|]1/2,2100)} (VII.2.10) 


with c = c({2). For fixed k, we then pass to the limit m — oo into (VII.2.6), to 
deduce with no difficulty that v satisfies (VII.1.1) for all ~,. Since, by Lemma 
VII.2.1, every y € D(2) can be approximated in the W!:?-norm by a linear 
combination of y,, we establish the validity of (VII.1.1) for all gy € D(). 
Let us next prove estimates (VII.2.3), 3. We observe that, in view (VII.2.3)o, 
Theorem II.6.1 and the Holder inequality, we deduce 

llell2.0n S (Pal eMl6,en S ¢l@rl*|e|1,2 (VIL.2.11) 


where c = c(§2), and so, since 
lvli2 < lwlie+ |Wilie + loli, 


inequality (VII.2.1), follows from (VII.2.10), (VII.2.11), and the properties of 
V; and go. Let us finally show (VII.2.1),. For fixed R > 6(2°), we add to the 
pressure p (defined through Lemma VII.1.1) the constant 


1 
C(R) = —— D 
(B) IQR] Jon 
so that 
i? (p+C)=0. 
QR 


Successively, we take w into (VII.1.2) as a solution to the problem 
Vpb=p+C inQr 
b € Wy*(QR) 
IIP|l1,2 < cillp + Cllo,0n 


for some cy = ¢1(QpR). This problem is resolvable in virtue of Theorem II.4.1 
and so from (VII.1.2) and the Schwarz inequality we have 


lp +Cllo.on <1 (lvl1,2 + Rilvll2,e2n + RIF|-1,2) (VII.2.12) 


which, by (VII.2.11), in turn implies (VIL2.1),. The solution v just con- 
structed is unique in view of Theorem VII.1.2 and therefore the proof of 
the theorem is accomplished. 


Remark VII.2.1 The methods of Theorem VII.2.1 apply with no change 
to show existence of solutions in arbitrary space dimension n > 3, the only 
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difference resulting in the asymptotic estimate (VII.2.1),, which has to be 
replaced by 


[ w@l=oa/ler?). 

If n = 2, by the same technique we can still establish the existence of a 
vector field v satisfying (i), (ii), (iii), and (v) of Definition VII.1.1, for ¢ = 2; 
however, by this technique we are not able to show the validity of condition 
(iv) since, as we know, functions in D!:?(Q) for n = 2 need not tend to a 
prescribed value at infinity. Nevertheless, unlike the Stokes approximation, 
for the problem at hand we can prove existence of generalized solutions by 
means of more complicated tools, as will be shown in Theorem VII.5.1. 


Remark VII.2.2 The observations made in Remark V.2.1 apply equally to 
the present situation. In particular, if v. = vo tw x, for some vo, w € R°, the 
existence of a generalized solution is proved without regularity assumptions 
on 92. a 


Exercise VII.2.1 Theorem VII.2.1 can be generalized to the case when V-v =g # 
0, where g is a suitably prescribed function. Specifically, show that for 2, f and v. 
satisfying the same assumptions of Theorem VII.2.1 and for all g € L?(Q)ND, '(2) 
there exists one and only one generalized solution to the nonhomogeneous Oseen 
problem, that is, a field v : 2 — R” satisfying (i) (with q = 2), (iii), (iv), and (v) 
of Definition VII.1.1 together with V -v = g in the weak sense. Show, in addition, 
that, in such a case, estimate (VII.2.1), is modified by adding to its right-hand side 
the term 


IIgllz + RI g|—12- 


VII.3 The Oseen Fundamental Solution and the 
Associated Volume Potentials 


In order to derive further properties of solutions to the Oseen problem in 
exterior domains, we shall introduce a suitable singular solution to equations 
(VIL.0.3), 5 in the whole space. Though such a solution can be considered, for 
the problem at hand, the analogue of the Stokes fundamental solution (IV.2.3), 
(IV.2.4), it differs from this latter in several respects; the main difference is the 
behavior at large distances. Specifically, the Oseen fundamental solution has 
a “nonsymmetric” structure, presenting a “wake region” which, as we know, 
does not appear in the Stokes approximation. 

Following Oseen (1927, §4), we denote by F and e tensor and vector fields, 
respectively, defined by 
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fag 
Buea) = (84 — 5) Oe 
J cD: Oy; Oy; 
(VII.3.1) 
a) ) 
ej;(4, y) = ——— (| A— 2A— ) (2, y). 
ily) =-z (4-2az"-) Bau) 
Here i,j = 1,...,n, AX = R/2, while O(x,y), with «,y € R", is any real 
function that is smooth for « 4 y. Moreover, the Laplace operator acts on the 
y-variables. Observe that if \ = 0, F and e formally coincide with U and q 
introduced in (IV.2.1). It is at once checked that fields (VII.3.1) satisfy the 


following relations for all « £ y and alli,j =1,...,n 
On OY; Oy 
‘ (VII.3.2) 
— Ep; = 0. 
Oye 7 


In order to render (VIL.3.1) a singular solution to (VII.0.3), 5, as in the case 
of the Stokes system, we choose the function ® such that 


A (4 _ 2») P(x, y) = AE(|x — yI), (VII.3.3) 


where, we recall, E(x) is the fundamental solution (II.9.1) to the Laplace 
equation.t A solution to (VII.3.3) is now sought into the form 


1 T1—Y1 
@P , Sa P a sae nn Yn 
(x,y) = / [ 2(T, 2 Y2, »v ¥: ) (VIL.3.4) 


—P1(T, U2 — Ya,---,Ln — Yn) dr 


' Let L be a (spatial) differential operator and let h(x,y) be a smooth function of 
x,y € R” except at « = y. By the notation 


Dh(a,y) = AE(|x — yl) (*) 


we mean, as customary, Lh(x,y) = 0 for all « 4 y, while, at x = y, h(z,y) 
becomes singular in such a way that for any 7 € Co°(R”) it holds that 


[het way = 40), 


where L* denotes the formal adjoint of L. Another usually adopted way of writing 
(x) is 
Dh(a,y) = d(x — y), 
where 6(2) is the symbolic Dirac function, i.e., a distribution defined by the formal 
relation 
| Ha )¥(2) = ¥00) 


for all ~ € Co°(R”). 
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with &; and ® to be selected appropriately. Replacing formally (VII.3.4) into 
(VII.3.3) we obtain that 2 — &; must obey 


i) OE 
A | A— 2A— | (@2 — &,) = —2AA(—). VII.3.5 
(4-27) (2-1) = 2045) (VILS.5) 
Choosing 

f(x,y) = E(|z —y)), (VIL.3.6) 

for ®; to be a solution to (VII.3.5) it is sufficient to take 
(4 = 2») D, = AE (VS) 

Oy: 1,= - 10. 


We notice, in passing, that with the above choice of ®, from (VII.3.1), we 
may take 


0 
ej(@.u) =~ 5 -E((e— al), (VII.3.8) 
J 


which shows that the “pressure” e; coincides with the “pressure” q; of the 
fundamental Stokes solution, see (IV.2.3)2, (IV.2.4)2. Writing 


o] 


e7*(#1-41) 


by a direct computation we deduce 


0 ee 2 el" / n—2 : 2 


—X(@1-y1) 


é 


= poy) 


where z = A\x — y| and the prime denotes differentiation with respect to 
z. Now the equation £(f) = 0 is the well-known Bessel’s modified equation 
which admits two independent solutions, 


T(n—2)/2(2) and K(n—2)/2(2), 


called modified Bessel functions of the first and of the second kind, respectively 
(MacRobert 1966, §100). However, (,—2)/2(z) is regular for all values of the 
argument, while K(,—2)/2(z) is singular at z = 0 in such a way that 


1 
K (n—2)/2(z) =log 2 +log2—y+oi(z), ifn=2 
VII.3.10 
BO Piya) <1 ( ) 


K(n-2)/2(2) = ao yn-a/2 + 02(z), ifn > 2, 
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where ¥ is the Euler constant, I’ is the gamma function, and the remainders 
a; satisfy 


Q 
an 
— 
XR 
Ne 
| 
je) 
— 
ro 
wa 
| 


=o(z-*), k>1 asz—0 


=0(z2-")/2-k), k>0 az—0 


dz* 
(Watson 1962, p. 80). Since ®; must satisfy (VII.3.7) in the neighborhood 
of z = 0, it has to behave there like the fundamental solution €. Thus, with 
a view to (II.9.1) and taking into account that w, = 20"/?/nI"(n/2), from 
(VII.3.9) and (VII.3.10) it follows that we must take 


1 d (n—2)/2 ag 
&; = —-— | ———_ Kn A\xz — YAEL? IL.3.11 
=-¢(p) in-aya(Ale — alle (vIE3.11) 
For n = 3, Ky/2(z) takes the following simple form (Watson 1962, p. 80): 


1/2 
z ) e7%, (VII.3.12) 


Kynt)=(Z 


and consequently, from (VII.3.4), (VII.3.6), and (VII.3.11) we obtain 


Y 1 a 1 — exp {-a T? + (2 — yo)? + (@3—y3)? r] i. 
a ET 
y 871A T? + (@2 — yo)? + (a3 — y3)? 


Therefore, fixing the constant up to which @ is defined by requiring (0) = 0, 
it follows that 


1 A(je—y|+(@1—y1)) 4 _ ert 
P(x“ —y) = a. dr. (VII.3.13) 


T 


Correspondingly, the pressure field e given in (VII.3.8) takes the form 


ae aed 
ej(@ —y) = 7 — ae (VII.3.14) 


Let us now consider the case n = 2. From (VII.3.4), (VII.3.6) and (VII.3.11) 
we find 


1 T1—-Y1 
P(x —y) = = / [Bo(7, 2 — yo) — Bi (7, v2 — yo)| dt + Po(x2 — yo) 
0 
where 
G2(x— y) = loge — yl, Pz — y) = ——Ko(Ale — y)eX—™ 
Qn : Qn 
and &o is a function of x2 — y2 only, to be fixed appropriately. The function 


Ko(z) cannot be expressed in terms of elementary functions; however, we can 
provide an asymptotic expansion for large z: 
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tf (k +1/2) op 
Ko(z)=(=) “|e aay outa) 


pe. 1 9 
=($) e - S+at touta), 


d*o, 
dz* 


(Watson 1962, p. 202). In order to choose &o, we observe that from (VII.3.6), 
(VIL.3.7) it follows that 


(VII.3.15) 


where 


= O(z-*-”) as z—> 00, k > 0 


mie —@)= - Ea (By — 1) + 2.6, | 
and so 
a = -> le = G,)4 220, | 
— ple =O) 4+ 226, | _ ee — 
Since 
Flos | — yl _ 5 Kole l) 78 


we conclude 


07D 


Oh = 3) 
“Oye 


1 
= = Py — By) +208, | + —Ko(A|xo — 
ae Dik = Oy | q, Kole — yal) + 
Now, letting 72 — y2 — 0 in this relation, Ko(A|x2 — y2|) diverges logarithmi- 
cally fast, while the first three terms on the right-hand side remain bounded. 
This would lead, by (VII.3.1), to an unacceptable singularity for E22, unless 
we choose ®p in such a way that 


1 
Go (t) = —q, Kollel). 


If we do this and impose ®9(0) = &’(0) = 0, we find 


1 Y2—-x2 


Po(x2 — yo) = =a 
0 


(yo — 2 — T)Ko(A|r|)dr 


which, in turn, furnishes the following expression for @: 
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1 T1—Yi1 

@(x — y) = — {log V7? py? 

@-n=ayf {evr ew) 


+Ko (a T?2 + (xo — nF) cml dr (VII.3.16) 


1 Y2—-X2 
-z/ (y2 — x2 — T)Ko(Al|r|)dr. 
Correspondingly, the pressure field e (VII.3.8) becomes 


Ll 25 -— Yj 
ej(e—y) = ean (VII.3.17) 


The pair E, e defined by (VII.3.1), (VII.3.13), and (VII.3.14) for n = 3 and by 
(VIL.3.1), (VII.3.16), and (VII.3.17) for n = 2 is called the Oseen fundamental 
solution. In arbitrary dimensions n > 3, the Oseen fundamental solution is 
defined by (VII.3.1), (VII.3.4), (VIL3.8), and (VII.3.11). In view of (VIL3.2) 
and (VII.3.3) this solution satisfies 


0 0 

(4 = 2a») Egle —y) = 5 ev) 
; for 2 # y; (VII.3.18) 

Oye j (x y) 0 

this is the system adjoint to (VII.0.3). However, since 


ag 2 ee 
Oxy Oy" Ox, Oyn1 


we also have 


a) O 
(4 ss 2») Egle—o) = —, i= —5) 
fora #y (VII.3.19) 


) 


with A operating now on the x-variables. 

We wish to investigate the properties of E(x) and e() for large |x|. While 
those of e are quite obvious, those of E require a little more care. Let us 
begin to consider the case where n = 3. Setting r = |x —y|, s = A(r+a21—y1) 
from (VII.3.1), and (VII.3.13) we derive the following expression for the nine 
components of the tensor E 
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il = 1 TY = _ 
EB = ae) re 8 —— i Ss s 
(ey) Arr { aes 2ar | r ( eure | \ 


e* 1 1 (#2—ye)?]1-e°% 
Paley) =o + ge {[P-S] 
i. se" - : +e * (xo =)" \ 
s r 
e° 1 1 (#3—y3)?] 1—e* 
Eaalge — a ee J A 8) | 
33 (x y) Arr as 81 { |: r? s 


1 —2z _, 1l-e°* 
E\3(x — y) = E31(x — y) — A {2 . 3. ES _ x |} 
1 LQ — x3 — e *—-1 
Eo3(x — y) = F39(a — y) = ={! - eh mae) | F 
+ dr ——|| 
Ss 


(VII.3.20) 
From (VII.3.20) it readily follows that in the limit of vanishing Ar the tensor 
FE reduces to the tensor U (IV.2.3); associated to the Stokes fundamental 
solution. Specifically, we have 


Eij;(2 — y) = Uij(a@ — y) + o(1), as Ar > 0. (VII.3.21) 


In view of (VII.3.21) and (VII.3.14), from the calculations leading to (IV.8.15) 
we can then show that the Oseen fundamental solution EF, e becomes singular 
at x = y in such a way that, for any vector field v continuous at x and all 
j = 1,2, 3, it holds that 


lim v- T(w;,e;)-ndo, = —v; (x), (VII.3.22) 


e—0 |a—y|=e 
where 7 is the outer normal to 0B. (x) and 
Wj = (E45, E9;, E3;). 


The estimates of E(a—y) at infinity are, however, completely different from 
those of U(a—y). Denote by y the polar angle made by a ray that starts from 
x and is directed toward y with the positively directed x1-axis. We present the 
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estimates for E(a — y) as a function of y for fixed x. Considered as a function 
of x, all estimates remain true if yp is replaced by m — y, see Remark VII.3.1. 
Taking x as the origin of coordinates (this produces no loss of generality since 
FE is a function of x — y only) and noticing that 


e*<(l-e™)/s, s>0, (yj —2y)/8] S$ 2/A, 7 = 2,8, 


from (VII.3.20) we obtain 


Aw) S— ae (VII.3.23) 


where cy = ci (A) and 
s=X(\yl — yx) = Alyl(1 — cos ¢). 
The bound (VII.3.23) furnishes, in particular, the uniform estimate 


|E(y)| < WW (VIL.3.24) 


which coincides with that given for U in (IV.2.6). However, improved bounds 
can be derived from (VII.3.23) as a function of y. Specifically, if 


(1— cosy) > |y|~'*?* for some a € [0, 1/2], (VII.3.25) 
then (VII.3.23) implies 
CG 
|E(y)| < mie (VIL.3.26) 


with cz = c2(A). From (VII.3.23)—(VIL.3.26) it follows that if y belongs to the 
region defined by 


|y|(1 — cosy) <1 (VII.3.27) 


then (VII.3.24) holds. This region represents a paraboloid with the axis in the 
direction of the negative x-axis and can be interpreted as a “wake.” 


Remark VII.3.1 The tensor E(a — y) considered as a function of y thus 
exhibits a “wake” region in the direction opposite to what is expected for a 
body moving in a liquid with the velocity vo directed in the positive x-axis 
(as we have assumed at the beginning of the chapter). This is due to the fact 
that, as a function of y, E satisfies the adjoint system (VII.3.18). However, 
if we consider E as a function of x, then y should be changed in 7 — y and 
the paraboloidal wake region becomes appropriately located with its axis in 
the direction of the negative x1-axis. This remark is important in the context 
of the asymptotic structure of solutions to the Oseen system; see Theorem 
VII.6.2 and Remark VII.6.1. Oo 
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Starting from (VII.3.23) we may also derive the summability properties 

of E(y) in the exterior A of a ball of unit (say) radius. In particular, by a 
straightforward calculation we show 


E(y) € L4(A) for all q > 2. (VII.3.28) 


This estimate is sharp; actually, from (VII.3.20), we have with a = 1/Ar 


1 
|E11(y)| = (=) je *[1 + (1 — a) cos y] + acos ¢| 
Thus, for all r > \ and all y € [0, 7/2], we find 
1 —Ar(1—cos y) 
|Fi(y)| 2 ge ae 


Tr 


From this relation it follows that 


oo m/2 
Eullo 2 a ou es a (/ err easy sno] dr 
r 0 


fore) 1 
— ef pat? @—Aar (/ owed) dr (VII.3.29) 
Xr (0) 


= af roth] — eA9") dr. 
" 


R= max f A, In (5)} ; 


from (VII.3.29) we obtain 


Therefore, setting 


_ 
Frills a > a | pat dr, 
R 


showing that Fy, does not belong to £4(A) for all q € [1,2]. A similar con- 
clusion can be reached for the other components of EF, by means of the same 
technique, which allows us to conclude 


E(y) € L(A), for all q € [1, 2]. (VII.3.30) 


The summability properties (VII.3.28), (VII.3.30) should be contrasted with 
the analogous properties of the Stokes fundamental tensor U, for which (in 
dimension 3) we have that U belongs to L4(A) for all and only all g > 3. 

Estimates similar to (VII.3.23) can be derived for first derivatives. Specif- 
ically, from (VII.3.20) the following inequalities are directly obtained 
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OE(y) c [l-—e *—se* 1 1l-e* _ 
| Sel at ge | 28 
(VII.3.31) 
| OE(y) | c l-e* 
Oy yl? 


with c = c(A). These formulas imply, in particular, the uniform bound for |y| 
greater than any fixed Ro > 0: 


(VII.3.32) 


with cy = c1(A, Ro). However, better estimates can be derived outside the 
“wake region” (VII.3.27), in a way completely analogous to that used previ- 
ously, and we leave them to the reader as an exercise. Concerning the summa- 
bility of VE in a neighborhood of infinity, we notice that by (VII.3.31) we 
have 


E 
oe) € £4(A), for all g > 4/3, 1 = 2,3 
me - (VII.3.33) 
— € L(A), forallg>1, 
Oy 


where A, as before, denotes the exterior of a unit ball. Condition (VII.3.33), 
is sharp in the sense that 


— ¢ LA), for all g € [1,4/3], i= 2,3 (VIL.3.34) 


as a result of a calculation similar to that used to show (VII.3.30). It is inter- 
esting to observe that, even though the uniform bound (VII.3.32) is weaker 
than the analogous one for the Stokes fundamental tensor U (see (IV.2.6)), 
the summability properties (VII.3.33) are stronger than those for U, where 
(in dimension 3) VU € L4(.A) for all and only all g > 3/2. 


Further estimates can be obtained for derivatives of order higher than one. 
Here, we shall limit ourselves to presenting some bounds of particular interest, 
leaving their proofs to the reader. 


+ , y eR? — {0} 
As? |y| 2s (VII.3.35) 


D°E(y)| < cly|~! |, |a| > 2, sufficiently large |y]. 
y y 


~ al 


| PE(y) 
OyiOY; 


Cc TT 1l—e? 


Exercise VII.3.1 Show that (in three dimensions) the tensor E satisfies the fol- 
lowing estimates for all R > 0: 
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i |B(y)2 < cR7, 
aBrR 
/ |VE(y)| < eR-Y?, 
dBR 
/ |VVE(y)| < eR. 
aBr 


Hint: Use estimates (VII.3.23), (VII.3.33), and (VII.3.35); see also Solonnikov (1996). 


We next derive the form and corresponding estimates for E(a — y) in two 
space dimensions. From (VII.3.1) and (VII.3.16) we find 


0 1 
Eqyy(2@- y) = —W(ax - y) - 5 Kol Ale = y|)e 1-1) 


Oyt 
0 
Eyo(a — y) = Ea(x—y) = 3, 8 = yj) 
Y2 
0 
Eo2(a@ —y) = “on —y) 
where 
1 —A(ei-y1) 
Wa —y) = Z (log |e — yl + Ko(Ale — yl)e ). 


From (VII.3.16) and the properties (VII.3.10) of the function Ko(z) near z = 
0, we easily obtain, with r = |x — y| 


1 1, (ti —ys)(ej — y) 
Ay; =-— 64; 1 aes pe A OS 
J An | J 108 2Ar = r? #0) 
(VIL.3.36) 


1 1 
=U;; (a — y) — Tt log 5y +o(1), as Ar 0, 


where U is the Stokes fundamental tensor (IV.2.4). Using (VII.3.36) and 
(VII.3.17), we then show the validity of (VII.3.22) also in two dimensions. 
It should be observed that, unlike the three-dimensional case (see (VII.3.21)), 
relation (VII.3.36) for arbitrarily fixed x,y becomes singular as \ > 0. This 
is to be expected for, as we are going to show, the tensor E vanishes at large 
spatial distances, while U grows there logarithmically. Denote by y the angle 
made by a ray that starts from x and is directed toward y, with the direction 
of the positive 71-axis. From (VII.3.1), (VII.3.15) and (VII.3.16) we derive in 
the limit Ar — oo 


440 VII Steady Oseen Flow in Exterior Domains 


cos e° 1—3cosp 
y) me koe ( + cosy Br + R(Ar)) 


Ey, (a 


_ oy sing _ e “sing 3C 
Ey2(a@ — y) = Fo(x— y) = ie Ae (1 + Sy +R(r)) 


cos e* 14+ 3cosy 
EB -y)= ee a: = 
99 (a y) ae + 4Von(ar)s/? (s 8 + R(Ar)) A 
(VII.3.37) 
where 


s = Ar(1 — cos y) 


and the remainder R(t) satisfies 


k 
ue = O(t-?-*), ast— 00, k>0. 
dt 

From (VII.3.37) it follows that unlike the Stokes fundamental tensor, which 
grows logarithmically rapid for r — oo, the Oseen fundamental tensor van- 
ishes at large distances. It is this difference that allowed Oseen to remove 
the discrepancy generating the Stokes paradox. Relations (VII.3.37) produce 
some useful estimates. We shall present them as a function of y, fixing the 
origin of coordinates at x = 0. Analogous estimates of & as a function of x 
remain true if y is replaced by 7 — yy, and the considerations made in Remark 
VII.3.1 apply here. 

From (VII.3.37), it readily follows that £11(y) exhibits the same parabolic 
“wake” region that was obtained in the three-dimensional case. In fact, if y is 
interior to the parabola? 

|y|(1 — cosy) = 1 


we deduce the uniform bound 


|Fui(y)| < mE as |y| — 00, (VIL3.38) 
while if 
(1—cosy) > |y|~'*?? for some o € [0, 1/2] (VII.3.39) 
we have s 
|Eii(y)| < uae * |y| > 00. (VII.3.40) 


However, unlike the three-dimensional case, the remaining components of E 
do not present such a nonuniform behavior. In fact, observing that 


? Setting @ = 7 — vy, the parabolic region can be approximately described, for large 


ly|, by oo. ads 
0] < (2) |g)”. 
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er sin? yp = se~*4(1+ cosy) <e! 


from (VII.3.37). 3 we recover the uniform estimates 


Cc 


Fialy)| < 
|Fi2(y)| "7 


, i=1,2, as |y| >. (VII.3.41) 


Concerning the summability properties of E, denoting by A the exterior 
of a unit circle, from (VII.3.41) we recover at once 


EFi2(y) € LY(A), for allg > 2,7=1,2. (VII.3.42) 
Moreover, setting cosy = +(y — Agr)/Agr, where “—” is taken if y € [0, 7] 
and “+” otherwise, by a direct calculation one shows for any gq > 1 
27 2Xqr / / 
e (1+ cosy)%dyp < a | e 4 (2Agr — y)t ey Vd. 
| ( p)idp ary J, ( y) y y 


2(4Aqr)9-1/? 


. tt 8 ay 1/2 


with c; independent of r. As a consequence, from (VII.3.37), we obtain 


Eyx(y) € L(A), for all ¢ > 3. (VII.3.43) 


Likewise, setting 


cos Y e° 1- soe) 
r= + 1+ cosy — ——— 
fer) VaAr  V2AT ( " 8Ar 


one has 


QT Tw 
| f(y, r)tdy > IF(y.r)tdy 
0 0 


1 2Aaqr | — Ngr  e ¥/4 | 
— i 2dgr — 
al ATT V2A\r i 
ee (a= 
8Aqr (2Aqr —y)/? 


and so, for all r sufficiently large 
- a 1/2, 1/2 
| If(y, r) [dp > =| 74 (Qdgr — yo ey dy 
0 0 


1 
C2 SH 
2 “tis f ely Ady el 
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with c3 independent of r, and from (VII.3.37), it follows that 
Exi(y) € £1(A), for all g € [1,3]. (VII.3.44) 


So far as the behavior of the first derivatives of F is concerned, differentiating 
(VII.3.37) we derive the following bounds as |y| > oo 


a é ©. ee a 
Oyo | |yl’ Oy \y|?’ 
(VIL.3.45) 
4=1,2 


au | ck a | 2 
Oyi | 

Sharper estimates can be obtained for the derivatives of Ey; and the deriva- 

tive of Fy2 with respect to y2 whenever y is exterior to the “wake” region, 

see Exercise VII.3.2. Moreover, besides the obvious summability properties 

obtainable from (VII.3.45) one can show (Exercise VII.3.2) 


aoe € L1(A) for allg>1 
JE(y) 
Oye 


(VII.3.46) 


€ £1(A) for all g > 3/2 


while a 
coy) ¢ L1(A) for all g € [1,3/2]. (VII.3.47) 
ya 
Further asymptotic bounds can be analogously derived for derivatives of 
order higher than two. For instance, one shows the validity of the following 
properties (see Exercise VII.3.3): 


D? E(y) € £4(A), for all g > 1, 
(VII.3.48) 
|D°E(y)| < ely|-C+!e/2, Jal > 2, as |x| > oo. 


Exercise VII.3.2 Let E be given as in (VII.3.37). Show that for all o € [0,1/2] 
and all sufficiently large |y], 


| OF 1 (y) | Z Cc 


Oyo lyf? 


a ae en: 
Oy Oy2 = \y|3/2te 
in region (VII.3.39). Furthermore, show the validity of (VII.3.46) and (VII.3.47). 


Exercise VII.3.3 Show estimate (VII.3.48). 
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Exercise VII.3.4 Prove that (in two dimensions) the tensor E obeys the following 
estimates for all R > 0: 


fear. f wew| ser”. 
OBR OBR 


Hint: Use (VII.3.39) and (VII.3.41). 


Exercise VII.3.5 Let E(x — y) = E(x — y;2A) denote the Oseen tensor corre- 
sponding to 2A. Show the following homogeneity properties 

E(a — y; 2X) = 2\E(2X\(a — y);1) forn =3, 

E(a — y;2A) = E(2X(a@ — y);1) for n = 2. 


Remark VII.3.2 Estimates analogous to those presented for space dimen- 
sion n = 2,3 can be derived for all n > 4. Actually, from (VII.3.10), and 
(VII.3.11) it follows that the n-dimensional Oseen fundamental tensor E(a—y) 
(defined by (VII.3.1), (VII.3.4), and (VII.3.8)) satisfies (VII.3.21) and, conse- 
quently, becomes singular at x = y in such a way that (VII.3.22) is verified. 
Furthermore, using the asymptotic expansion for large z: 


K(n-2)/2 = (= ye a 


= (2)? «= = 


(n/2+k—1/2) . _ 
Yan (nf2— k= 1/2) 7”) "ob a) 


22 8z 
[4(n — 2)* — 1][4(n — 2)? — 37] 
‘ 282) Re) 
with 
k 
— = O(z-*-”) as z—> 00, k > 0, 
Zz 


see Watson (1962, p. 202), one can obtain estimates at large distances. For 
instance, we can show 


|D° E(y)| < ely" eD/2,_ [yl — 00, al > 0, 
n+1 
n—-1 
n+1 
n 


Ey) € LA), > 
(VII.3.49) 


VE(y) € L(A), r> 


D°? E(y) € L5(A), s>1. 
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In analogy with what we did for the Stokes problem, we now introduce 
the Oseen volume potentials: 


(VII.3.50) 
n(x) = —2X 2 e(x — y) - F(y)dy, 
where F' € C§°(R”). Since 
E(zx—y)-F(y)dy= [| E(z): F(a+2z)dz, 
R” R” 


one has u € C®(R”) and, by the same token, 7 € C®(R”). Moreover, it is 
easy to show that u, 7 satisfy the Oseen system in R”. Actually, it is obvious 
that V-u = 0. Also, using integration by parts and (VII.3.2) we deduce for 
all x € R” 
7) 
Au(z) + pute) —~Vn=A(E * F) = 20F (2). 
Ty 

Moreover, it is easy to show that the solution u, 7 behaves at large distances 
exactly as the fundamental solution EF, e. This immediately follows by ob- 
serving that from (VII.3.49) we have 


u(x) = 2\E (2): | F(y)dy+ a(x) 
Rv 
(VII.3.51) 


with 


(a) =—2A (eeu) —e(e)) -F(u)dy 


la|>0, |a|— co. (VII.3.52) 


Remark VII.3.3 Starting with (VII.3.50), and using Young’s theorem on 
convolution (see Theorem II.11.1) one can prove at once L4-estimates for uw, 7 
and their first derivatives. This is due to the circumstance that, unlike the 
Stokes tensor U, the Oseen tensor possesses global summability properties in 
the whole of R”. For instance, from (VII.3.49) and (VII.3.21) we see that 
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E(y) € LY(R") for all g € ((n+1)/(n—1),n) ifn > 2, 
E(y) € L1(R") for all g € (8,00) ifn = 2. 


However, estimates obtained in such a way would not be sharp and, therefore, 
we shall not derive them here. Derivation of sharp estimates for the Oseen 
potentials, by different tools, will be the object of the next section. Oo 


VII.4 Existence, Uniqueness, and £%-Estimates in the 
Whole Space 


The objective of this section is to prove existence, uniqueness, and correspond- 
ing estimates of solutions v, p to the nonhomogeneous Oseen system 


Ava Ree yp = RF 
0x1 in R” (VII.4.1) 


V-v=g 


in homogeneous Sobolev spaces D”4(IR”). These results, though sharing some 
similarity with the analogous ones established for the Stokes system in Chap- 
ter IV, will differ from these latter in some crucial features that essentially 
mirror the basic differences existing between the two fundamental tensors U 
and E. 

In establishing estimates for (VII.4.1), it is important to single out the 
dependence of the constants entering the estimates on the dimensionless pa- 
rameter R. We shall therefore consider the problem 


Ov 


Av+ —Vp=f 


Ox, in R” (VII.4.2) 
V-v=g 


and establish corresponding estimates for its solutions. The analogous ones 
for solutions to (VII.4.1) will then be obtained if we make the replacements 


fausieR 
g>g9/R 

(VII.4.3) 
p— p/R 


Unlike the corresponding estimates for the Stokes system, here we cannot 
employ the Calderén—Zygmund theorem because the kernel D},Exs(x — y) 
does not satisfy the assumption (II.11.15) of that theorem, that is, 


a~" D?; Ers(€) x D3, Exs(a€), a> 0. 
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Rather, we shall make use of a more appropriate tool due to P.I. Lizorkin 
(1963, 1967), which we are going to describe. 


Denote by S(R”) the space of functions of rapid decrease consisting of 
elements u from C°®(R"”) such that 


an 


sup (|z1|%" -...- |¢n|°"|D®u(x)|) < 00 

wer” 

for all ay,...,Q@, > 0 and |§| > 0. For u € S(R"”) we denote by @ its Fourier 
transform: 


A 1 jm: 
u({) = oon |, e'® Su(x)da, 


where i stands for the imaginary unit. It is well known that w € S(R") and 


that, moreover, 
= 1 iv-€= 
u(x) aa (Qr)"/2 I. e u(Ejdé, 


see, e.g., Reed & Simon (1975, Lemma on p. 2). Given a function &: R" > R, 
let us consider the integral transform 


ee | - e'® $5 (e)a(E)dé, wu € S(R”). (VII.4.4) 


(Qr)"/2 Jp 


Generalizing the works of Marcinkiewicz (1939) and Mikhlin (1957), Li- 
zorkin (1963, 1967) has proved the following result, which we state without 
proof. 


Lemma VII.4.1 Let &: R" — R be continuous together with the derivative 


Od 
Of, ...0En 
and all preceding derivatives for |€;| > 0, 7 = 1,...,n. Then, if for some 
GB € (0,1) and M>0 
. O“®@ 
BOE ote Eg(OOR |e —— | 


where #; is zero or one and k = ar kK; = 0,1,...n, the integral transform 
(VII.4.4) defines a bounded linear operator from L4(R") into L"(IR"), 1 <q< 
oo, 1/r = 1/q— 8, and we have 


Tully < ellella, 


with c = co(q, B)M. 


With this result in hand, we shall now look for a solution to (VII.4.2) 
corresponding to f, g € C§°(R") of the form 
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v(x) = = eit f 
@)= oon f tv ea 
: (VIL.4.5) 
f) = -—— eh § : 
pte) = aa |e POs 


Replacing (VII.4.5) into (VII.4.2) furnishes the following algebraic system for 
V and P: a 
eS + 1£1 )Vin(€) + im P(E) = fin(€) 


(VII.4.6) 
ifm Vm (E) =9, 
where m = 1,...,n. Solving (VII.4.6) for V and P delivers 
(€) (€) + Wm(E) (v4.7) 
P(€) = H(€) + T) 
with ee 2 
mSk — mk 
(6) = SEER) 
Wn (€) _ — 
. (VII.4.8) 
€ 
oe 
Te) = (i +1) a 


From (VII.4.5) and (VII.4.7), (VII.4.8) we have that a solution to (VII.4.2) is 
given by 


(VIL.4.9) 
(a) =a(2) + 7(2) 
with , 
4) = iv-& 
(@) = oan fe Suwa 
_ 1 iv-& 
@) = af er Swans 
; (VIL.4.10) 
x)= et & 
(2) = oan fe Sac 
oe cit € 
@) =a er ron. 


Observe that wu, and w,7 are solutions of (VII.4.2) corresponding to f 4 0, 
g = 0 and to f = 0, g £ 0, respectively. Since f and g are in S(R”), it is 
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not hard to show that (VII.4.9) defines a C’%-solution to (VII.4.2). Let us 
now determine some L%-estimates for v and p. This will be done with the aid 
of Lemma VII.4.1. In this respect, an important role will be played by the 


function 


bmi) = “EH HE)” 


whose properties will be investigated. Specifically, we have 


(VII.4.11) 


Lemma VII.4.2 Let n > 2 and let ¢mx be given by (VII.4.11) with m, k 
ranging in {1,...,n}. Then, the assumptions of Lemma VII.4.1 are satisfied: 


(a) by dmx with 8 = 2/(n +1); 


(b) by &e¢mx with B =1/(n+1) and £€ {1,...,n}; 
(c) by £:¢mx with 6 = 0; 
(d) by €.&e¢mx~ with G =0 and s,é€ {1,...,n}. 


Finally, if n = 2, for all £,k € {1,2} the assumptions of Lemma VII.4.1 are 
satisfied: 


(e) by box with 6 = 1/2; 
(f) by edo, with B = 0. 


Proof. Clearly, @mx and the product of ¢,,,% with any product of the variables 
€ satisfy the regularity assumptions of Lemma VII.4.1. Moreover, for all 


l,m,k =1,...,n it is immediately seen that 
. ; O“dmk 1 
[oul suse Gal lao eee | SS 
DET"... OFn lel" + [&1| 
for some cy = ci(n) where «; is zero or one, K = poe kK; = 0,1,...,n, and 


therefore to show assertion (a) it is enough to show that 


sg. ya/tn) 
SES a (VIL.4.12) 


with co = co(n). Now, by a repeated use of Young’s inequality (II.2.7) 
(lap > = + [Gal )72*Y < arf |/? + (lal. [Enl) “P? < aa(léal + 117), 


with a; = aj(n), 7 = 1,2, and so (VII.4.12) follows. Likewise, we can show 
assertions (b) and (d). Furthermore, observing that 


oO” (& omk ) 
OE... OER 


[1 


< C3510" ae) < C3, 


lel? leu = 


with c3 = c3(n), property (c) follows. To prove the last part of the lemma we 
notice that if m = 2 from (VII.4.11), 


[Er] - --- [&n|*" 


VII.4 Existence, Uniqueness, and L’-Estimates in the Whole Space 449 


_ $281 
PANG) Oe en 


OE? tba)’ 
and therefore, for «; = 0,1,2= 1,2 and k = 1,2, we have 


O” bor en, I€1| 
OeT* 037 | ~~ (ENE? + [&1|)’ 


22(€) 


[eal [eo] 


K=K1+ Ko. 


Since 
(lé/I€21)/7 1&1 e 
EME? + ll) — 


assertion (e) follows. Finally, from the inequality 


2" (Eedax) ale 
Oe OF 


ea} 12)" 


<¢ C5, 
~ EP +1 


(f) is proved and the proof of the lemma . 


Let us begin to estimate w and 7. From (VII.4.8); and (VII.4.10), with 
the help of Lemma VII.4.1 and Lemma VII.4.2 (c), (d), it follows at once that 


Ou 
ss < V Be 9 


and 
[uo < cllflla- (VII.4.14) 


Also, observing that for all s,k = 1,...,n the function €,€;/€7 satisfies the 
assumptions of Lemma VII.4.1 with @ = 0, we have 


Itlia Sell Filla. 
From (VII.4.13), (VII.4.14) and from this last inequality we conclude 


| Ou 


Fa leon tthe Selfln 1<4< 0, (VIL.4.15) 
Tllq 


with c = c(n,q). In the case of plane flow (n = 2), we are able to obtain a 

sharper estimate on the component uz of the velocity field. Specifically, from 

(VIL.4.9), (VII.4.7), Lemma VII.4.1, and Lemma VII.4.2(f), we recover 
luelig <ellflla, 1<a<m, (VII.4.16) 


which, along with (VII.4.14), then furnishes 
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eee (pe 
, dun 
Tee Ox, 


+ |ulogt+ |The <ellflla, 1<¢<o. (VII.4.17) 
q 


Other estimates can be obtained by suitably restricting the range of values 
of q. To this end, assume 1 < gq < n+ 1; we then obtain from Lemma VII.4.1 
and Lemma VII.4.2(b) 
(n+ 1)q 
luli: Sellfllg, s1 = nel l<q<ntl, (VII.4.18) 
where c = c(n,q). In the case of plane flow, n = 2, in addition to (VII.4.18), 
from Lemma VII.4.2(e) we derive 


[|alleg/r2—e) <ellf lla, 1<q<2, (n=2). (VII.4.19) 


Finally, assuming 1 < q < (n+ 1)/2, from Lemma VII.4.1 and Lemma 
VII.4.2(a) we find 


(n+ 1)q n+1 
ea , = —_———,, l —. 11.4.2 
Iulls Selflle =F, 1<4< (VI-4.20) 
Let us now estimate the pair w,7. Observing that 
Deh = i€ch, (VII.4.21) 


and recalling that the function €,€,/€? satisfies the assumptions of Lemma 
VII.4.1 with @ = 0, we at once obtain 


|w|1 <ellgll--, l<r<co 


(VII.4.22) 
|wlor <clglir, 1<r<oo. 
Likewise, 
ITlir <ellg|lar, 1L<r<oo. (VII.4.23) 
Moreover, it is simple to show that &/€?, k = 1,...,n, satisfies the assump- 
tions of Lemma VII.4.1 with 6 = 1/n and so 
elvis = cleles 1<r <n. (VII.4.24) 


Thus, from (VII.4.15), (VII.4.22), and (VII.4.23), it follows that 
Ov 
Oxy, 


and, from (VII.4.16), (VII.4.22), and (VII.4.23), 


+ |vloq+ Iplag S (IF lla + Ilgllig), L<q<oo, — (VII-4.25) 
qd 


Ov 
alte I=— 


=| + |vl2q+ Ipli¢g < Cl Filla + IIgllag), 1<q< co, (n=2). 
q 


(VII.4.26) 
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Remark VII.4.1 Estimates (VII.4.25) and (VII.4.26) have no analogue in 


the Stokes problem, because of the presence of the terms in = and v2. Just 
these estimates, from the point of view of the L4-approach, make the difference 


between Oseen and Stokes approximations. | 


If we restrict the values of g we can obtain other estimates for v. Specifi- 
cally, from (VII.4.18) and (VII.4.22) we obtain 


(n+ 1)q 
lyse, Sc(Flla + IIgllss), #1 = neiug L<q<n+ 1. 

On the other hand, by the embedding Theorem II.3.1, it easily follows that 

(n+ 1)q 
lgils: Sellgllia, 1 = pllee l<q<nrl, 

and so, in particular, 

(n+ 1)q 
ohn Sclliflle+ ligne), 1 =, 1<qcmti.  (VILA27) 


If n = 2, from (VII.4.19) and (VII.4.24) and from the embedding TTheorem 
II.3.1, we have 


Ilv2llaq/2—a) S CMF lla + IIgllaa)s 1<q<2, (n= 2). (VII.4.28) 


Finally, if 1 < q < (n+1)/2, we choose in (VII.4.24) the exponent r such that 

nr/(n—r) = q(n+1)/(n+ 1-— 2g) to obtain 
n(n + 1)q 

n(n+1—q)+4¢4 


(Notice that ry <n, since gq < (n+1)/2.) Again using the embedding Theorem 
II.3.1 on the right-hand side of this relation yields 


(n + 1) 


Ills. Selgin, m1 = , l<qx 


Ills. < ellgiiaa 
which together with (VII.4.20), in turn, implies 


(n+ 1)q 


Illex < eMFlla + IIgllaq), $2 = nek=29 


, l<q< (VII.4.29) 


(n+ 1) 
as 

The results obtained so far can be immediately extended along the follow- 
ing two directions. First of all, estimates (VII.4.25)—(VII.4.29) can be gener- 
alized to derivatives of arbitrary order, by operating with De on both sides 
of (VII.4.10) and then using (VII.4.21). Secondly, f and g can be merely as- 
sumed to be in W™4(R”) and W™*1-4(R"), respectively. In fact, we may 
use a standard argument of the type employed in Section IV.2 for the Stokes 
problem along with the inequalities just derived (and those for higher-order 
derivatives) to establish existence of solutions to (VII.4.2) and related esti- 
mates under the above-stated larger assumptions on f and g. Corresponding 
results for system (VII.4.1) can then be obtained via transformation (VII.4.3). 
The first part of the following theorem is then acquired. 
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Theorem VII.4.1 Given 
few™(R"), ge wR"), m>0, 1<q<oo, 
there exists a pair of functions v,p with 
vew™?4(Br), pEew™t'4(Br) , for any R>0, 


and satisfying a.e. the nonhomogeneous Oseen system (VII.4.1). Moreover, 
for all integers £ € [0, mJ], the quantities 


Ov 


Beil, 4’ |v|e+2,¢5 IP|e+1,4 


are finite and satisfy the estimate 


Ov 


Sm + llesaet Bless S eRIFlea + lolerna+ Rlglea)- (VILA30) 


Lq 


lin=2, 
\vele+ti.g 


is also finite and it holds that 


Ov1 


R\valeri,g + Ri + |v| e429 + |Pleti.¢ 


(VII.4.31) 
c (R\fleg + lglett.q oF Riglea) . 


If1<q<n4+l, |vlezi,s, is finite, 3; = (n+ 1)q/(n+1-— 4), and 


BR 


Ov 
RUD loss 5, +R | + |v| l+2,q + [ple+ el 
Ly L.q 


c(R\fleq + \gleti.g + Riglea) - 
(VII.4.32) 
Ifn = 2 and1 <q < 2, |v2\¢,29/(2—-q) is also finite and we have 


R|v2\¢,29/(2-q) + Rlvaleziqt+ R'/9|v|041,39/(3- ne Re 


O@1 leq (VIL.4.33) 


+|0lepaq + Ipletia S$ ¢(Riflea + IGleria + Rlglea) - 
Furthermore, if 1 <q < (n+ 1)/2, |v|e.s, is finite where s2 = (n+ 1)q/(n 
1— 2q), and 


RMD yl p Pe + RUOH) al oy, at Ro 


O21 leg (VII.4.34) 


+|0|e+2,.9q + Ipleti.g S$ C(RiFleg + Iglesia + Riglea) » 


VII.4 Existence, Uniqueness, and L’-Estimates in the Whole Space 453 
so that, in particular, ifn = 2, from (VII.4.33) and (VII.4.34) it follows that 


R|vol¢,2q/(2—-4) + Rlvalesig + R7/? |v 0,34/ (3-24) 


Ov1 
Ri/3 on Rl 
FRU |0|041,34/(3-4) + Fe 


+ |v|e+2,q + |Ple+i.g (VII.4.35) 
£.q 


< e(R\fleq oi lglett.4 ar: Riglea) . 


Here the constants c;, 1 = 1,2,3, depend only on n, ¢, and q. Finally, if w,tT 
is another solution to (VII.4.1) corresponding to the same data f,g with! 


finite, for some £ € [0,m], then 


0 


on —v) 


= |w — viepog = |7 — Pleti,g =O. 
£.q 


Proof. We have to show the uniqueness part only. In view of Theorem VII.1.1, 
we have (w — v), (rT — p) € C™(R"). Thus, letting z = D°(w — v), s = 
D°%(r—p), with |a| = @, we derive, in particular, that z, s is a smooth solution 
to the following system in R”: 


Az + Roz =Vs 
Ox (VII.4.36) 
V-z=0. 


Using (VII.4.36), in (VII.4.36), we find that s is harmonic in the whole space 
and, since Vs € L4(IR"), from Exercise I.11.11 we have Vs = 0, namely, 


|Vsleq = |7 — Pletig = 0. (VII.4.37) 
From this and (VII.4.36), we infer 


Oz 
A — = II.4. 
z+ ee 0, (V 38) 


where z is any component of z. Since D?z € L4(R”), from the following 
Exercise VII.4.1 we conclude 


|D? z\eq = |w — vera. = 0. (VII.4.39) 


Relations (VII.4.37)—(VII.4.39) complete the proof of the theorem. 


' The assumptions on w can be weakened. Weaker assumptions, however, would 
be unessential for our aims. 
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Exercise VII.4.1 Let z be a function from C?(R”) N L”(R"), r € (1,00), satisfy- 
ing (VII.4.38). Show z = 0. Hint (Rionero & Galdi 1979): Multiply both sides of 
(VII.4.38) by yrz|z|"~*, where yr is a positive C®-function in R” that is one in 
Br and zero in BS, and satisfies |D°yr| < cR7!*!, jal = 1,2. Integrating by parts 
one arrives at 


[ enlaiveP <a f (4enl + |Ver) lel’ () 
R® R” 
for some c; independent of R. The result then follows by letting R — oo in (x). 


The last part of this section is devoted to show existence and uniqueness 
of a g-weak solution to (VII.4.2) (or, what amounts to the same thing, to 
(VIL.4.1)). By a q-weak solution to (VII.4.2) we mean a field v satisfying the 
conditions 


(i) v € Dy4(R"); 


(ii) (Vu, Vd) — i. ¢) =—[f,¢], for all 6 € D(Q); (VIL4.40) 


(ili) (v, Ve) = (9,9), for all p € CR°(R"). 


In view of Lemma VII.1.1, we can associate to v a pressure field p € Lj,,(R) 
such that 


ve (s.¥) ~(p,V-) =-[f,B], for all b € CX(R"). 


As before, we begin to take f, g € C§°(IR”). Consequently, (VII.4.8), (VII.4.9), 
(VII.4.10) is a C™-solution to (VII.4.2). We now observe that f and g can be 
written in a divergence form; that is, 


fi (x) = Deke; (2) 


(VII.4.41) 
g(x) = DrGe(z), 


where F = F(a) and G = G(z) are second-order tensor and vector fields, 
respectively, satisfying 


Ifl-1¢ < llF'lla S cl fl-1,4 
lgl-1.¢ < IIGlla < calgl-1¢ for all g € (1, 00) (VII.4.42) 
IGlig S callalla- 


Actually, we may choose 
Foy = DelE * fj) 


Ge = Di(E ok g) 


with € the Laplace fundamental solution (II.9.1), and then use the result of 
Exercise II.11.9. Notice that 
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DF; =ibp Fy; 
3 (VII.4.43) 
DeGe =i&eGe. 


We begin to give an estimate for the pair u,7. From (VII.4.10), (VII.4.8)1\3, 
and (VII.4.43), with the aid of Lemma VII.4.1 and Lemma VII.4.2(d), it 
follows that 

[ula + [lrllq S callFillg, 1<q <0, 


and (VII.4.42); implies 
jelig+ (lta <ecalfl-14, 1<q<o. (VII.4.44) 


In the case of plane flow (n = 2), we can use Lemma VII.4.2(f) to obtain a 
further estimate for the component uz, namely, 


Ilualla < call Flag, 1<¢ <0. 


Therefore, in such a case, this last relation, along with (VII.4.42), and 
(VII.4.44), furnishes 


I[wall1.g + [vali + It lla < cl fl-1.g, 1<q< oo. (VIL4.45) 


If we restrict the range of values of g, we may obtain another esti- 
mate. Specifically, from (VII.4.10), (VII.4.8);, Lemma VII.4.1, and Lemma 
VII.4.2(b) we find 


(n+ 1)q 
< F = —————, 1 1 
ells. < coll Fg, $1 a er 


so that (VII.4.42); and (VII.4.44) imply 


n+1 
lel] 5, +lelr¢+lltll¢ <e7l|fl-14.9¢, 51 = — l<q<n+l. (VII4.46) 


Moreover, if n = 2, inequalities (VII.4.45) and (VII.4.46) deliver 
I|u2llig + Weellsq/(3—q) + lualayg + II lla S eslfl-1g, 1<q<3. (VII4.47) 


We shall next estimate the pair w,7 defined by (VII.4.10)2,4 and (VII.4.8)2.4, 
respectively, with g given by (VII.4.41)9. Actually, recalling that €,€,/€7, 
k,s = 1,...,n, satisfies the assumptions of Lemma VII.4.1 with 6 = 0 we 
at once obtain 


I[w|- <colg|—a, 
|wlir <collgllr l<r<o (VII.4.48) 
II7ll- <9 (l9llr + lgl-a,r) - 
On the other hand, from the embedding Theorem II.3.1 we find 
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+1 
Gln SclGllg 81 = —— l<q<n4+l, (VIL4.49) 


and so, from (VIL4.41), 3, (VH.4.48), and (VII.4.49) it follows that 


Ilwll1.q + MITllq S e120 (IIGlla + I9l-1), 1<q<o, 
(n4-D¢ (VII.4.50) 


», l<q<nel. 


ells, Se (Molla + Igl-aa)s 81 = FG 


In view of (VII.4.9), (VII.4.44)—(VII.4.47), (VII.4.50), and using the replace- 
ments (VII.4.3) we may conclude that, for given f and g from C§°(R”) prop- 
erties stated previously, there exists a g-weak solution to (VII.4.1) satisfy- 
ing together with the corresponding pressure p, the following estimates: if 
1l<q<aw 

laa + llplla < (RIF I-14 + Rigl-1.4 + llalla) 


Rlvalla + lela + Iiplla S$ ¢(RIFl-ag + Rigl-ag + IIgllq) (ifn = 2) 
(VII.4.51) 
andifl<q<n+l1 
RV) llolls, + |vla,q+ llelle 


(n+1)q 


<¢(R|fl-1,q+ Rigl-1¢+ lIglla), o1 = 
(RIFl-a1.9 + Rigl—a4+ Iola), 81 = 7G (VII.4.52) 


Rl lvalla+ R? |lvllsq/a—a) + [lig + llalle 
<¢(R|fl-14¢+ Rigl-1.4+ llglla) (ifn = 2) 


with c = c(n,q). 
Starting from (VII.4.51) and (VII.4.52), we may use a now standard den- 


sity argument to extend the above results to the case when f and g merely 
satisfy the assumptions 


ep, 2"), ge Ryn, (eR). 


However, to do this we need a result that ensures us that we can approximate 
g by functions from C9°(R”) in the norm of L4(R”")M Dz "4(R”). This is the 
content of the following. 


Lemma VII.4.3 Let 
g € L4(R")N D5 *4(R"), 1<q<o. 
Then, for any n > 0 there exists g € C§°(IR") such that 


lo = gl-1q + lg = glla <7. 
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Proof. Consider the problem 
AW =g in R”. (VII.4.53) 


In view of the assumption made on g, by Exercise II.11.9 there exist two (a 
priori distinct) solutions % and W2 to (VII.4.53) such that 


log < ellglla (VILA.54) 
[Walia < elgl—-14¢- 
It is not difficult to show that 
D? (WY —W%) =0. (VII.4.55) 
In fact, the difference YW = WY — Wo satisfies 
Av =0 inR”. (VII.4.56) 


We may now represent Y by means of (V.3.14). Taking into account (VII.4.56) 
and that H‘®) is of bounded support, this latter leads, in particular, to the 
following 


D,D; U(x) = — | H®) (a — y)D;D;V(y)dy. (VII.4.57) 
From (VII.4.57) we infer 


D,D;¥(z) =— | HA (2 - y)D,Dj%(y)dy 
R” 


+][ D,H®) (x — y)D;¥2(y)dy, 
R” 


and so, by the Holder inequality, we obtain 
|DiDjV(x)| < JA lq ilo,q+ A 1,4 Pali¢- 


Letting R — co into this relation and using (VII.4.54) and (V.3.13) proves 
(VII.4.55). We may then state that problem (VII.4.53) with g verifying the 
assumptions of the lemma admits a unique solution YW € Do’4(R”) Mn D?-4(R”) 


and that this solution satisfies 
Plo. < ellgll 
2 (VII.4.58) 
Pig < clgl—1¢- 


Given p > 0, let us denote by ¢, = ¢,(#) a nonincreasing, smooth function 
that equals 1 for |x| < p and 0 for |a| > 2p and 


IVCol < ¢/p. (VIL.4.59) 
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Set 
U=VY, Upe = GV, Ipc =V > Uper (VII.4.60) 


where W, is the regularizer of YW. Evidently 
Ipye © Co° (R"). 


Let us next show that g,- approaches g simultaneously in L9(R”) and 
D5 ''4(R") as p > 00 and € = 0. By (VIL.4.53), (VII.4.59), and (VII.4.60), by 
the Minkowski inequality, property (II.2.9)2 of the regularizer and by Exercise 
II.3.2 we find 


l9o.e _ g\lq =|V- Upe —V- Ulla <||VCp . VWellq “ly IICpGe _ g\lq 
C 
ST lgl-1.4 + (Gp — Lalla + Ilge — glla- 


This inequality, along with (II.2.9)2, establishes that for all 7 > 0 we may find 
pi = piln,g) > O and €1 = €1(7, g) > 0 such that 


II9o.e —Glla<n/2, forall p> pi,e> 1. (VII.4.61) 


Furthermore, from (VII.4.53), (VII.4.60) and the Minkowski inequality, we 
have 
\9p,¢ — Gl-1,9 S WMp,e — Ulla S Me — Vag + Gop — VV lq 


and so, again by Exercise II.3.2 and (VII.4.58)., it follows that for all 7 > 0 
we may find p2 = p2(n, g) > 0 and €g = €2(n, g) > 0 such that 


\dp,.e — Gl-1,q < 7/2, for all p > po, € > é2. (VII.4.62) 


The lemma then follows from (VII.4.61) and (VII.4.62). 


We shall finally show that the qg-generalized solutions just obtained are in 
fact unique among their class of existence.? Actually, suppose w,7 is another 
solution corresponding to the same data, with 


wé Dy4(R"), 7 € LL,(R")2 


loc 


The differences 


z=w—veDj"(R"), s=r—pe Lt, (R") 


loc 
satisfy the identity 


? We observe that uniqueness is an immediate consequence of Theorem VII.6.2, 
which will be proved in Section VII.6. Here, we prefer to give another proof, 
which makes all treatment self-contained. 

3 This assumption on 7 is a consequence of that made on w, see Lemma VII.1.1. 
Notice that we need no global summability assumption on T. 
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Oz 

(Vz, Vp) — Riz ¥) = (s,V-w) (VII.4.63) 
1 


for all w € C§°(R”). From Theorem VII.1.1 we deduce z,s € C™(R”) and 
so, in particular, using (VII.4.63), we find 


Az + Rox —ve=0 
Ox, in R” 
Cionh (VII.4.64) 


22D," (R*), 
Using Theorem V.5.3 (with f = —R(0z/0x1)) it follows that 
z€ D?-4(R"), s € D'4(R"). 


Operating with V- on both sides of (VII.4.64), we find that s is harmonic 
throughout R” and, therefore, by Exercise II.11.11 we deduce Vs = 0 in 
R”. Relation (VII.4.64) then furnishes that each component z of z satisfies 
(VII.4.38) and since z € Do’4(R”) we may use Exercise VII.4.1 to deduce 
z= 0 in Dj4(R”) and uniqueness is proved. 

The results just shown are summarized in the following. 


Theorem VII.4.2 Given 
f € Do 4(R"), g € L1(R")N Dp 4(R"), 1<q<~a, 


there exists at least one q-generalized solution v to (VII.4.1). Moreover, the 
pressure field p associated to v satisfies 


pe L*(R") 
and v,p verify the estimate (VII.4.51). Also, ifl1<q<n-+1, then 
(n+ 1)q 
L*1(R” = 
VE ( ), S] = +1 7 
with 
v2 € L1(R?), ifn =2, 
and estimate (VII.4.52) holds. Finally, ifw is another q-generalized solution to 
(VII.4.1) corresponding to the same data f and g, thenw =v+c1,T =p+co, 


for some constants c;, i = 1,2, where T is the pressure field associated to w 
by Lemma VII.1.1. If¢g <n+1, we may take c; = 0. 


VII.5 Existence of Generalized Solutions for Plane Flows 
in Exterior Domains 


In the previous section we proved, among other things, existence of plane flow 
in the whole space tending to a prescribed value at infinity. In this section 
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we shall establish the same result in the more general case when the relevant 
region of flow is an exterior domain. This is in sharp contrast with the Stokes 
approximation, where we know that the problem is resolvable if and only if 
certain restrictions are imposed on the data, see Section V.7. However, as we 
already observed in Remark VII.2.1, to show existence we cannot use sic et 
simpliciter the technique of Theorem VII.1.1, for then we would not be able 
to control the behavior of the solution at large distances. Consequently, we 
have to employ a different approach. 


To this end, following Finn & Smith (1967a), we begin to consider the 
modified problem 


Ov 
Av+R— —-—ev=Vp+R 
Ox 4 : f in 22 


V-v=0 
(VII.5.1) 


v=, at don 


lim v(x) =0 
|a|—00 

with € € (0, 1] and prove for it existence of solutions and suitable L4-estimates 
for any value of ¢. Successively, using such estimates, we show that in the limit 
€ — 0 these solutions converge in a well-defined sense to a generalized solution 
of the original problem (VII.0.2), (VII.0.3). 

The above assertions will be proved through several steps. First of all we 
consider existence of a solution to the following nonhomogeneous approximat- 
ing system in R?: 


Aig —eu=Vr+REF 
0x1 (VIL5.2) 


V-u=g 


Specifically, we have 


Lemma VII.5.1 Let F € L1(R), g © W'4(R?), 1 < ¢ < 3/2. Then for all 
€ € (0, 1] there exists a solution u®, 7° to (VII.5.2) such that 


ure W?2-4(R2) an Dy4/B—9 (R2) al 134/ (3-24) (IR?) 
m= € D1:4(R?) 
u§, € L74/2-9) (R?) 9 Dg’4(R?) 


Oty E€ L4(R?) 
Ox, 


and satisfying the estimate 
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Rllu§lloq/(2—qtRlus lig + R79 ||! Il3q/(3—2q) + R23 |U* |1,34/(3-4) 


Ous 
R || —2 
. | Oxy 


+ |u| + |" l1,¢ (VII.5.3) 
q 


S¢(R\flq + |9liq + Rilglla) » 
where c = c(q). Moreover, if w,7 are such that 
(a) we Wi(R2), 7 € Lioc(R?); 
(b) (Vw, Vb) — RF) + (w, 06) = (7. -) — RIF 
(w,V +4) =—(9,), for all , @ € CX(R2), 
necessarily w = uf and tT = n* + const a.e. in R?. 


Proof. The proof of the existence of u*,7* satisfying (VII.5.3) is entirely anal- 
ogous to that of Theorem VII.4.1. The only point that deserves a little care is 
to show that the constant c in (VII.5.3) can be taken independent of ¢. To see 
how this can be done, we shall sketch the proof of (VII.5.3) when F € C§°(R?) 
and g = 0, leaving to the reader the simple tasks of giving details and extend- 
ing the result to the general case. As in Section VII.4, we first make a change 
of variable of the type (VII.4.3), which formally brings (VII.5.2) into a similar 
system having R = 1 and €R in place of c. Let us denote by (VII.5.2’) this 
latter system. We next construct a solution to (VII.5.2’) by Fourier transform, 
that is, 


we) = fe SU" Ede 


On 


1 ‘ 
ne(a)= 5 f En (eae, 


where ‘ 

Em Ek =€ Omk BE 
a a 
€ (€ +eR+ i€1) 
FOE 

IT*(£) =i ee 
and F is the Fourier transform of F. Setting 
- EmEk _— ae 

C(P +eER+ iG)’ 
using the same reasonings as in the proof of Lemma VII.4.2 one shows with 
no difficulty that the functions 

Dink (€), Ee mn (€), £0€sUmx(€), é, §,™, k = 1, 2, 


satisfy the assumption of Lemma VII.4.1 with @ = 2/3, G = 1/3 and 6 = 0, 
respectively, with a constant M independent of eR. The same is true for 


Um(€) = 


Vink (€) (VII.5.4) 
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W,(€), with B = 1/2, and for €pWox(E), with G = 0, k = 1,2. As a consequence, 
arguing exactly as in the proof of Theorem VII.4.1, we obtain (VII.5.3) with 
a constant c independent of ¢. Let us next show 


ue ¢W'4(R?). (VILS.5) 


By Lemma VII.4.1, it suffices to prove, for some C = C(e, R) and all 0, m,k = 
1,2 


: Wink 

| (62 | | peeere'| oO 
eel | ee 

K K ‘(€pVink) 

1 2 < 
tsi | Iss | 0g 0f5? = C 


with «1,2 = 0,1 and &; + k2 =. We now have, with c = c(K1, Ka), 


K 0 Wink 1 c 
1 —————_____ 
\€7 | |&5? | ares < —_ “2 +eR+ [é1| —_ ER. 
and 
(EeVmk) IE c 
R1 v2 < 
1 Ie" | ew Oe OE? | =P FER +E] ~ (ERP 


and (VII.5.5) follows. Finally, let w,7 satisfy conditions (a) and (b) stated in 
the lemma and set v = w—u*, p= 7 —7°. We then obtain that v obeys the 
identity 


6) 
(Vv, Ve) — Riv, 5) +e(v,~)=0, forallpeD(Q). — (VIL.5.6) 
Coal 
However, by embedding Theorem II.3.2, it follows that w® € W1?(IR?) and 
since V- v = 0 we conclude v € H!(R?). By continuity, we may then extend 
identity (VII.5.6) to all y € H'(R?) and, in particular, we may take y = v 
to deduce 


WerviscoayeRG =): (VIL5.7) 
Oxy 
Since ‘ 
UV 
(v, Be, =0 


(VII.5.7) yields v = 0 a.e. in R? and, consequently, from (b) and the analogous 
identity written for u*, we have 


(p, V- w) = 0, for all w € C§°(R’), 


implying tT = 7° + const a.e. in R?. The proof of the lemma is therefore 
complete. 
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The second step consists in proving the existence of a generalized solution 
to (VII.5.1), that is, of a field v : 2 — R? satisfying the requirements (i)-(iv) 
of Definition VII.1.1 with g = 2, along with the identity 


Ov 


(Vv, Ve) — Mee 


,9) +e(v,~) =—-R[f,¢], for all y € D(Q). (VIL5.8) 


We have 
Lemma VII.5.2 Let 2 be a locally Lipschitz, exterior domain of R?, and let 
FED, (0), 8 ew "7 (6m), 


Then, for alle € (0, 1] there exists a generalized solution v* to (VII.5.1). This 
solution verifies the estimate 


ellv® |l2 + |lv° ll2,0n +P l12 < a {Rif li,2 + 1+ R)||v«|]1/2,2;00)} (VIL5.9) 


for all R > 6(Q°) and with a constant c, = c1(R, 2). Moreover, denoting by 
p> € L?..(2) the corresponding pressure field,! we have 

IP" ll2,0n/R S C2 {RF|-12+ 1+ R)|veli 2} (VII.5.10) 
for all R > 6(Q°) and with a constant co = co(R, 22). 


Proof. Again, the proof is completely analogous to that given in Theorem 
VII.2.1. Actually, we look for a solution v* of the form 


vi =we+Vi+0, 


where V, is a suitable extension of v, constructed exactly as in the proof of 
Theorem VII.2.1. In addition, 


1 1 
o = ——V | log — U.N 
An |x| an 


(the origin of coordinates having been taken in 2°) and w* € H'(Q) verifies 
the identity 


: dw* 
(Vw*, Ve) —R( A) ) + e(w*, p) 
Ly 


OV 0a 


for all y € D(2). Using the Galerkin method and exploiting the properties 
of Vi, o, and a , we easily show the existence of w* obeying the previous 
identity and the following inequality 


' Associated to v* in a way completely analogous to that used in Lemma VII.1.1 
for generalized solutions with ¢ = 0. 
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ellw®||2 + |we|1,2 <3 {RF |-1,2 + (1 + R)||vell1/2,2(a0) } 


(see the proof of Theorem VII.2.1). From this we deduce the existence of a 
generalized solution v* satisfying (VII.5.9). The estimate for p* is obtained 
again as in the proof of Theorem VII.2.1. Notice that this time, since « 4 0, 
we are able to control the behavior of v* at infinity and to show, in particular, 
the validity of condition (iv) of Definition VII.1.1. Actually, for ¢ > 0, we have 
v® € W7(2) and so, putting |z| =r and 


Qn 
T(r) = | lv®(r,0)|2d0, r > 6(2°), 
0 


we recover ad 
L(r) € L*(0, 00), TEE), 
Tr 


which implies Z(r) = o(1) as r — oo. 


The third step is to prove that if, in addition to the assumptions made in 
Lemma VII.5.2, f belongs to L7(2) for some q € (1,3/2), then v* and its 
derivatives belong to suitable Lebesgue spaces and satisfy there an estimate 
in terms of the data uniformly in ¢ € (0, 1]. Specifically, we have 


Lemma VII.5.3 Let 2, f, and v, satisfy the hypotheses of Lemma VII.5.2. 
Suppose, further, f € L4(Q), 1 <q < 3/2. Then, the generalized solution v* 
determined in Lemma VII.5.2 and the corresponding pressure field p* verify, 
in addition, for all R > 6(2°) 

we DAO) Dey sO") (en) 

v§ € L?4/2-9(2) MN D14(2) 

Ovi 

Ox, 

pe € D2(0®) 


€ L4(Q2) 


along with the estimate 


. . Ov 
R | |lvSlleq/(2—a) + [VSl1,q + Br, 


) 


+b]|v® |I39/(3-2¢) + R43 |v" |1,39/(3-¢),.08 + |P*l2,q,08 + IP laq.0R 


Se{R(Iflla+ A+ RM Fl-1.2) + (1 +R) |lvallij2,200m} » 
where b = min{1, R2/9} and c = c(q, 2, R). 


(VII.5.11) 


Proof. Let x € C®(R*) be zero in Br/z and one in Bg, for some arbitrarily 
fixed R > 6(.°). Setting u& = yv*, © = yp* it is easy to show that u®, 7* 
satisfy (VII.5.2) ? with 


? In the generalized sense. 
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a 
RF = Ayv’ +2Vy- Voie + Ro + p°Vx + Rxf 
1 


g=VXx:-v%. 
By the properties of y, we readily deduce the estimates 
RF lq Ser [RUF lg + A+ R)|IPF II1,2,.08 + IP ll2,08] 
IIgllq Seallv*ll20n (VII.5.12) 
lgla.q Seslle*ll12,0n 


with c; = ci(x), 7 = 1,2. Using these inequalities along with Lemma VII.5.2 
we deduce that 


FeLi(R?), gew'4(R?), 1<q<3/2 
and that 
RF llq + lolita + Rilglla 


is increased through the right-hand side of (VII.5.11). From Lemma VII.5.1 
we then deduce 


ue € W24(R2) 9 pDysa/ 8-9 (2) an 134/ (3-24) (R?) 
n= € D1:4(R?) 

u§ € L?4/2-9) (R?) 7 Dg’4(R?) 

Out 


Oxy 


€ L4(R?) 


and that u®,7* satisfy (VII.5.3). The proof then follows from (VII.5.9) and 
(VII.5.12), and by recalling that x = 1 in B& and that 


E 
Ov§ 


IeSlaa/e-o.tee + h.astn + | se] + logy 20.0 < lo“lh2.0% 


qg,2R 


We are now in a position to prove the following. 


Theorem VII.5.1 Let 2 be a two-dimensional, locally Lipschitz exterior 
domain. Then, given 


FED) 7(Q NLU), 1<¢< 3/2, 
Uv, € W290), 


there exists a unique generalized solution v to (VII.0.2) and (VII.0.3). More- 
over, for all R > 6(Q°) this solution verifies 
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wm € D28(Q®) 9 D'evE-9( 0) 9 126-220) 


v2 € L?4/2-9 (2) Q D4(22) 

Ov1 (VII.5.13) 

— € LQ 

in 

pe DE(0*), 
where p is the pressure field associated to v by Lemma VII.1.1. Finally, the 
following estimate holds: 

) 


+b]|v||3q/(3-2q) + RY |0|1,39/(3-¢),08 + |Pl2q,0r + [Plager 


<e{R(lFlla + (1+ RY Fl-1,2) + (1 +R)? llvella2,21a2)} 5 


Ov1 
Oxy 


lolls,en + loh2 +R (iene ee | 


(VII.5.14) 


where b = min{1, R2/°} and ¢ = c(q, 2, R). 


Proof. Uniqueness is already known from Theorem VII.1.2. Concerning exis- 
tence, we proceed as follows. We take « = 1/m,m €N, in (VII.5.1) and denote 
by Um, Pm the corresponding generalized solution and the associated pressure 
field which, by Lemmas 5.2 and 5.3 exist and satisfy inequalities (VII.5.9)— 
(VII.5.11) with constants c1,c2 and c independent of m. In particular, such 
inequalities for any fixed R > 6(§2°) lead to the uniform bound 


OUm1 
||Um2lloq/(2—-a) of |Um2\1,¢ =F | ary 


+ |¥m|1,39/(3—¢), 28 
4 a (VIL.5.15) 


+||Um|l3q/(3—29) + lUmli,2 + |Vlo,q,0% + [Pmlig <M 


with M independent of m. Using the weak compactness of the spaces L” and 
D™", 1 <r < oo (Theorem II.2.4 and Theorem II.3.1 and Exercise II.6.2), 
together with the strong compactness results of Exercise II.5.8, from (VII.5.9), 
(VIL.5.11) and (VII.5.15) we then deduce the existence of a subsequence, de- 
noted again by {Um, Pm}, and of fields v, p verifying (VII.5.13) and (VII.5.14) 
and, moreover, as m — ov, 


Um > v, weakly in W'?(Qpr) and strongly in L?(Qp), (VII.5.16) 


for any R > 6(2°). It is simple to show that v satisfies (VII.1.1) for all 
y € D(2). To see this, we notice that vy, satisfies (VII.5.8) with « = 1/m, 
which in view of (VII.5.16) reduces to (VII.1.1) in the limit m — oo. Clearly, 
v is weakly divergence-free and, by (VII.5.16) and Theorem II.4.1, v = v, at 
O in the trace sense. To prove the theorem completely, it remains to show 
condition (i) of Definition VII.1.1. Actually, we shall prove something more; 
that is, 
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lim v(x) = 0. (VII.5.17) 


|z|—-0o 


In fact, from the property v € D?:4(Q"), 1 < q < 3/2, and from Theorem 
11.6.1 we obtain v € D1:?4/2-9(Q”). Thus 


oe DIP? 20") AAV C200") 


and (VII.5.17) follows from Theorem II.9.1. 


VII.6 Representation of Solutions. Behavior at Large 
Distances and Related Results 


We shall presently investigate the behavior at infinity of solutions to the Oseen 
system and, in particular, we shall determine its asymptotic structure. To 
reach this goal, we will pattern essentially the same ideas and techniques used 
for analogous questions within the Stokes approximation in Section IV.8 and 
Section V.3 and therefore, here and there, we may leave details to the reader. 

Let us begin to show a representation formula for smooth solutions in a 
bounded domain of class C!. Denoting, as usual, by T' the stress tensor of a 
given flow, for v,p and u, 7 enough regular fields the following identities hold: 


[(v-ren+ ro) u=— (TWw.0): Vat Ro 
2 Ox, 2 Ox) 
+/ (u-T(0,p)-n+Rv-wer-n) 
AQ 


| (¥-TQwn) + ro) v= - | (T(w.7) :Vu+Rv- 5) 
2 Ox, 2 Ox, 


+f Tlu.n)-n), 


(VII.6.1) 
where, as usual, e; denotes the unit vector along the positive x11-axis. Assum- 
ing u and v solenoidal implies 


T(u,7):Vu= | T(v,p): Vu 
Q Q 
and so, subtracting (VII.6.1), from (VII.6.1),, we obtain 


[{(v-Te.n+RZ) “WU (V- Tin) +R) v} 


=| (wu-T(v,p)-—v-T(u,7)+Rv-ue)-n. 
an 
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Identity (VII.6.2) is the Green’s formula for the Oseen system. Proceeding as 
in Section IV.8, it is easy to derive from (VII.6.2) a representation formula 
for v and p satisfying the Oseen system. Actually, for fixed 7 = 1,...,n and 
x € 92 we choose 


u(y) = = w(x = y) = (E1;, Ej, whey En;) 
my) = ej(a — y), 
where EF, e is the fundamental solution introduced in Section VII.3. Replacing 


(VII.6.3) into (VIIL.6.2) with Q. = 2 — {|x —y| < e} in place of Q and then 
letting « — 0, in view of (VII.3.18) and (VII.3.22) we recover 


(VII.6.3) 


)=Rf By(e—whwdu+ floc) Telw;.<)(e— 0) 
—Eix;(a — y)Tie(v, p)(y) — Rui(y) Fig (x — y)drelnedoy, 
(VIL.6.4) 
where 
Ov 
Rf = Av+R—-—Vp. (VIL.6.5) 
Oxy 


We now turn to the representation for the pressure. By means of classical 
potential theory one can show that if f is Hélder continuous, the volume 


potentials 
= nf Bylo nhlorey 


esta fil 


are (at least) of class C? and C'!, respectively, and, moreover, 


LW; = oe +Rf; in Q, (VII.6.6) 
Ox; 
where 
ean. 
Ox, 


From (VII.6.4) and (VII.6.5) we have 


a + Rf; = Lv; = LW; +f [u,LTie(w,;, €;) 
ms an (VII.6.7) 


—(LEi;)Tie(v, p) — Ru, LE; d1¢]ne 


and observing that e; is harmonic (for « 4 y) and that 0e;/Ox; = 0e;/Ox;, 
from (VII.3.19) and from the definition of T it also follows that 
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0 0 
LTje(wy, ej) = Lejdie + Bae PEs) + Ba, eee) 


Oe; 07 e; 
= —R—6;, — 2————.. 
a, Ox;OxX? 


Using (VII.6.5) and (VII.6.8) in (VII.6.7) we conclude the validity (up to a 
constant) of the following formula for all x € 2: 


(VII.6.8) 


pla) =-Rf ele —whwidy + | {esta Cr 


OQ 


—20; Wane (2 — y) — Rie1(x — y)ve(y) (VII.6.9) 


—wi(y)es(a— vb] ned. 


Formulas (VII.6.4) and (VII.6.9) can be generalized toward the following 
two directions: 


(i) To derive analogous formulas for derivatives of v and p of arbitrary order; 
(ii) To show their validity with v and p only belonging to suitable Sobolev 
spaces. 

The first issue is trivially achieved (provided v,p, and f are sufficiently 
smooth) by replacing in (VII.6.4) and (VII.6.9) v, p and f with D%v, D%p, 
and D°f, respectively. The second one can be proved along the same lines 
of Theorem IV.8.1. However, we need the following result, whose validity is 
established by means of Theorem IV.4.1 and Theorem IV.5.1. 

Lemma VII.6.1 Let Q be a bounded domain of class C™+?, m > 0. For any 
fe w™ (2), v. © W™t2-1/4.9(8), 1 <q < 00, with 


| v,: n=O), 
a2 


there exists one and only one function v © W™t?4(Q), p © W™*14(Q2) 
satisfying a.e. the Oseen problem 


Ov 
Av+—R—=Vp+R 
Ox . f in 92 
V-v=0 (VII.6.10) 


v=v, ato. 


Proof. The existence of a generalized solution is at once established with the 
Galerkin method used in the proof of Theorem VII.2.1. Employing Theorem 
IV.4.1 and Theorem IV.5.1 we then show that such a solution satisfies all 
requirements stated in the theorem. Uniqueness is a simple exercise. 
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Lemma VII.6.1, together with an argument entirely analogous to that of 
Theorem IV.8.1, implies the following result. 


Lemma VII.6.2 Let 22 satisfy the assumption of Lemma VII.6.1. Let v € 
w*?4(Q), p € W™*14(Q2) be a solution to (VII.6.10), corresponding to 
f © wW™ms(Q), m> 0,1 <q < o. Then, for all |a| € [0,m] and almost all 
rE, 


Dv; (2)= Rf Byte — y)D* fily)dy + [woven telews e;)(a — y) 


—Ex3(x — y)Tie(D°v, D“p)(y)-RD* v;(y) Fj (2@—-y) Ore] nedoy, 


Dep(e) =-R | ex(e—y)D*sy)dy + | {eile — u)Tu(D*w, Du) 


0Q 


-2D* ily) geile — y) — Rler(a — y) Duly) 


—D vi (ye: (a — iio} neddy. 


Our next task is to extend the above results to the case when 2 is an ex- 
terior domain. As in the case of the Stokes approximation, we shall use a suit- 
able “truncation” of the Oseen fundamental tensor, along the lines suggested 
by Fujita (1961) in the nonlinear context. Thus, the Oseen-Fujita truncated 
fundamental solution EG, e\! is defined by (VIL.3.1), (VIL3.4), (VIL3.8), 
and (VII.3.11) with ® replaced by wr, where wr is the “cut-off” function 
introduced in Section V.3. Clearly, 

Bi) (@—y) = Byle@—y), ef (@-y) = e(e-y), ifle—yl < R/2, 
while EB (a —y) and a (a — y) vanish identically for |x — y| > R. Further- 
more, from (VII.3.1) and (VII.3.2) one immediately obtains 


O O 
(4 = Re) EY (a ) eG —y) =H (2 =H) 
‘ forrz Ay 
TG —y) =0, 


(VII.6.11) 
where H\” (x — y) is defined by H{7? (0) = 0 and 


O 
Hye = 9) = 64 (A- RE) (no) 


Similar to the function H - ) (x—y) introduced for the Stokes-Fujita truncated 


fundamental solution, H® (x — y) is also an infinitely differentiable function 
uy y 
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vanishing unless R/2 < |x — y| < R. However, due to the inhomogeneity of 


the Oseen differential operator, the uniform asymptotic properties of ea 


as R — oo are somewhat different from those of He In fact, we have the 


following estimate, whose proof is left to the reader!: 
agg _ y)| = —(n+1+|el)/2 
|D°H;; "(x — y)| = O(R ), Jal >0. (VII.6.12) 


The next result is proved exactly as in Lemma V.3.1. 


Lemma VII.6.3 Let 2 be an arbitrary domain of R". Let v € W,{7(2) 
be weakly divergence-free and satisfy (VII.1.1) for all p € D(2). Then, if 
f © W2e"(2) it follows that v € Wj/"*?-4(Q) and, moreover, for all fixed 


d > 0 and all |a| € [0, m], v obeys the identity 


D(a) =f BP @—y)D*flyidy - eg td © w)Dowd(u)dy 


(VII.6.13) 
for almost all x € Q with dist (x,0Q) > d, where B(x) = Ba(x) — Bay2(z). 


Lemma VII.6.3 allows us to argue as in Theorem V.3.1, to show the fol- 
lowing. 


Theorem VII.6.1 Let v be a q-generalized solution to the Oseen problem 
in an exterior domain Q with v € L*(Q®), for some s € (1,00) and some 
R> 6(Q°). Then, if f €W™"(2), m> 0, n/2 <r < 00,” it follows that 


, aay D° v(x) =0, 0< lal|<m. 


To conclude this section it remains to investigate the structure of the 
solution at infinity and the corresponding rate of decay. Again, as in the Stokes 
approximation, we shall use the truncated fundamental solution. Starting with 
the Green’s identity (VII.6.2) and choosing as u, 7 this latter solution we may 
readily show, by means of the same procedure adopted in Chapter V, the 
validity of the identities 


vj(t) =R | Basle whlu)dy + i. _ oslo) Bultws.e))(0 9) 


—Ej;(x — y)Tie(v, p)(y) — Rvi(y) Eig (a — y)Ore]nedoy 


(VII.6.14) 


' Bounds more accurate than those given in (VII.6.12) can be obtained according 
to whether we are inside or outside the “wake” region. However, (VII.6.12) will 
suffice for our purposes. 

? See footnote 1 of Section V.3. 
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and 


O O 
ove) = {-R cle v)siluldy +f fesce — )Tulv, 2) 


2 


—2wly) areal — 9) 
Hiei healt bus) }nsdey} 


0 \ aR) 
-f (4 - Re) Hy; (x — y)vi(y)dy. 


(VII.6.15) 
Relations (VII.6.14) and (VII.6.15), which hold for almost all x € 2, are valid 
for Q of class C?, v € W24(2), q € (1,00), and f belonging to L4() and 
with compact support in 2. Moreover, R is so large that Br(x) contains 2° 
and the support of f.? Denote by Z(z) the last integral on the right-hand side 


of (VII.6.14). It is easy to show that if 


f bl=o1, 
QR/2,R 


T(x) is a polynomial whose degree depends on k and n. In fact, observing that 
T(x) is independent of R, we have 


D°T (x2) = — I Di (a — y)u;(y)dy 
and so, by (VII.6.12), 


|D°Z(x)| < cR-titiab/a f lv| < cy Roti 4la|—2k)/2, 
QR/2,R 


Thus, choosing |a| = 2k — n (say), we deduce D°Z(x) = 0. Evidently, since 
as |x| > oo 
L(x) = v(x) + o(1), 

T(x) must reduce to a constant whenever v does not “grow” too fast at large 
distances. Also, if Z(x) is a constant, the last integral on the right-hand side 
of (VII.6.15) is identically zero. Bearing this in mind, reasoning in complete 
analogy with Theorem V.3.2 and recalling the estimate for the Oseen funda- 
mental solution given in Section VII.3, we obtain 


Theorem VII.6.2 Let Q be a C?-smooth, exterior domain and let v € 


W29(2), ¢ € (1,00), be weakly divergence-free and satisfy (VII.1.1) for all 


y € D(2) with f € L4(2). Assume further that the support of f is bounded. 
Then, if at least one of the following conditions is satisfied as |x| — co: 


3 Recall that in Br(«) the fundamental solution and the truncated fundamental 
solution coincide 
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@ f wel = oleh 


‘ t 
(ii) / 2 ass = o(logr), some t € (1,00), 


there exist vector and scalar constants vg, po such that for almost all x € 2 
we have 


y(2) = vj + Rf Bylo s)fluld + [ _ lost) T(t. €5)(0 ~ 0) 


— Ej; (a — y)Tie(v, p)(y) — Rvi(y) Eig (a — y)Ore]nedoy 


= voj + uf) (2), 
(VII.6.16) 
and 


pein | esl — )ily)dy + | tesla — Tul.) 


—2wly) eile —9) 
—Rle1 (x — y)ve(y) — vi(y)ei(x — yore] }nedoy 


= po +p) (a). 
(VII.6.17) 
Moreover, as |x| — 00, v(x) and p“)(x) are infinitely differentiable and 
there the following asymptotic representations hold: 


yD) i= ajax i OVD 
ee (VII.6.18) 
p) (x) = —e;(x) Mj + n(2), 


where 


M;, = -| [Tie(v, p) + Royevj]ne + R | fi 
an Q 
(VIL.6.19) 
Mi = -[ {Tie(v, p) + R[drev;i — drive] }ne + R | fi 
aa Q 
and, for all |a| > 0, 
Dee) =O(/2|/-e ren) 


(VII.6.20) 
Den(x) = O(\a|-"—*"!). 


Remark VII.6.1 Theorem VII.6.2 asserts, among other things, that every q- 
weak solution to (VII.0.2) and (VII.0.3) behaves asymptotically as the Oseen 
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fundamental solution. In particular, taking into account the properties of this 
solution, every g-weak solution exhibits a paraboloidal wake region in the 
direction of the positive x,-axis; see Remark VII.3.1. Oo 


Some interesting consequences of Theorem VII.6.2 are left to the reader 
in the following exercises. 


Exercise VII.6.1 Let v satisfy the assumption of Theorem VII.6.2. Show that, for 
all sufficiently large R, 


7 (v? +Vv: Vv) < aR O-v/2 
aBR 


7 Ip — pol? < Ro), 
aBrR 


Hint: Use Theorem VII.6.2 together with Exercise VII.3.1 and Exercise VII.3.4. 


Exercise VII.6.2 The following result generalizes uniqueness Theorem VII.1.2. 
Let v,p be a q-generalized solution to the Oseen problem (VII.0.3), (VII.0.2) in an 
exterior domain Q of class C?. Show that if f = v. = 0 then v = 0, p =const. 
Under these latter assumptions on the data, show that if v, p is a corresponding 
smooth solution with v = 0(1) as |x| — oo, then v = 0, p = const. 


Exercise VII.6.3 Show that the remainder o in (VII.6.18), has the following 
summability properties: 


a € L9(Q"), for all g >n/(n—1) 
R> 6(M°). 
o €L9(2*), for allg > (n+1)/n, if6= fy,v.-n =0 
Hint: As |x| — 00, it is o(a) = O(e(x)) if 6 £ 0, and O(VE(xz)) if 6 =0. Then use 
the summability properties of e and VE. 


Exercise VII.6.4 Let v,p be asmooth solution to the Oseen problem in an exterior 
domain 2 C R”, n = 2,3, with v = 0 at 02. Show that if v 4 0, necessarily 
2,2 = 00, for any choice of Vac € R”* Hint: Recall that E g L?(Q"), 


|v — vo] 


Exercise VII.6.5 (Olmstead & Gautesen 1968) Show the following “drag paradox” 
for the Oseen approximation. Let B be a (smooth) body moving in a viscous liquid 
that fills the whole space, with no spin and translational velocity Ae1. Set Q := 
IR? — B, and denote by D(e1) := e1 Jog”: T, the drag exerted by the liquid on B 
in the Oseen approximation, where n is the inner unit normal to 02 (= OB). Prove 
that the drag is the same if the direction of the translational velocity is reversed, 
namely, D(e,) = —D(-—e1). Hint: Use (appropriately!) (VII.6.1) on the domain Qr, 
then let R — oo and employ the asymptotic properties of Theorem VII.6.2. 


The representation formula (VII.6.16) allows us to obtain an interesting 
asymptotic estimate for the vorticity field w = V x v in three dimensions. To 
this end, we observe that, setting 


4 If n > 4 this statement no longer holds since E € L?(Q"). 
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=p. 


e€ R 
—___—_. = —(|x — y| — (a, — I1.6.21 
Ret? P= pew (-m), —— (VIL6.21) 


f(c-—y)= 
by a direct calculation one shows 
Va X (E(x — y)- G(y)) = Vaf(x — y) x G(y) 


and, consequently, (VII.6.16) furnishes, for all sufficiently large |z| 


w(a) = Rf Vafle—u) x Fluddu + f [ValVeFle—y) -n) x oly) 
2 an 
+V.F(x — y) x (—T(v, p)(y) -n— Roy) -n)|doy. 
(VII.6.22) 
Applying the mean value theorem in the integrands in (VII.6.22), we easily 
deduce 


w(x) = VF(x) x M+ O(D*F(2)), as |x| — 00, (VII.6.23) 


where the vector M is defined in (VII.6.19),. From (VII.6.21) and (VII.6.23) it 
is apparent that in the region R situated outside the wake region (VII.3.27) and 
sufficiently far from 02, the vorticity decays exponentially fast. This means, 
essentially, that the flow is potential in R, as expected from the physical point 
of view. The reader will prove with no difficulty that an analogous conclusion 
holds in the case of a plane flow with w = Ov2/0x1 —Ov; /Ox2; see Clark (1971, 
§§2.2 and 3.2). 


VII.7 Existence, Uniqueness, and L4-Estimates in 
Exterior Domains 


The aim of this section is to investigate to what extent the theorems proved in 
Section VII.4 in the whole space can be extended to the more general situation 
when the region of flow is an exterior domain. Of course, the results we shall 
prove rely heavily on those of Section VII.4 and, like those, they will be similar 
to those derived for the Stokes problem in Chapter V; nevertheless, they will 
differ from these in some crucial features that resemble the difference existing 
between the fundamental tensors U and E. 

Let us begin to consider the Oseen problem (VII.0.2), (VII.0.3) in an (ex- 
terior) domain 2 of class C™*?,m > 0, with data 


fECM, % EWP ™ GO), 1<¢e 00: 


By Theorem VII.2.1 and Theorem VII.5.1 we may then construct a solution 
v,p such that 


yew, * 412) NC%(2), pe Wret't(2)NC~(Q) 
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and which at large distances has the asymptotic structure of the type proved 
in Theorem VII.6.2. Denote next by w a “cut-off” function that equals one in 
QF/? and zero in Q,, where R/2 > p > 6(2°). Putting u = wv, 7 = wp, from 
(VII.0.3) it follows that w, 7 satisfies the following Oseen problem in R”: 


Aut Rot = Vr t RE 
Ox) (VII.7.1) 


V-u=g, 


where 


Ow 
maul . Awyu — 
RF = Roof — Rov + (2Vd-v + Agy — pV¥) anes 


g=Vw-v. 


Employing Theorem VII.4.1 we deduce the existence of a solution w,7 to 
(VII.7.1), (VII.7.2) satisfying, in particular, the properties 


we () D?9(R"), re () DR"), 1<q<co 
£=0 
A) tt +1)q 
Dé 1,s1 R” = (n 1 1 
w € {| (R"), =o. sant (VIL.7.3) 
m 4 1)q 7 4 1 
ps2 R” = (n+1)q_ 1 
we) (R") $2 n+1-—2q’ = 


£=0 


together with inequalities (VII.4.30)—(VII.4.35). We then apply Theorem 
VIL.6.2 to w in the domain 2/2, which does not contain the support of 
g. Because of (VII.7.3)3, w satisfies assumption (ii) of that theorem and, con- 
sequently, it has the asymptotic structure (VII.6.18), , from which we conclude 
u = w,7 = p+const; see Exercise VII.6.2. Recalling (VII.7.2) and that v = u, 
p= in Q*/?, from (VIL4.34) and (VII.4.35) it follows, in particular, that 
for all £ € [0,m] and all q € (1, (n + 1)/2), the pair v, p obeys the inequality 


RAM aly .. R/? + RUD ols 9192/2 


Ov 


R |— 
- Ox 


+ |U|e49.9,08/2 + |Plesi,¢,08/2 (VII.7.4) 
€,q,2/? 


<1 (Ri Fleg + (1+ R)lelet1,¢,02 + Pleg2n) » 


(n+l1)q — (n+l)q¢ 


ing) 2? = ae and, for n = 2, 


where s; = 
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R\valeoq/(2-¢),.a8/2 + Rl V2le41,q,07/2 + R23 aly 34 /(3-24),2R/2 


+R ole 4 1 34/(3-4),2R/2 Roe 


+|¥|e42,9,08/2 +|Plep1,¢,08/2 
£,q,.QR/2 


Oxy 


<a (R\fleg t+ 1+ R)|vle41,¢,.02 + IPlegen) - 
(VII.7.5) 
Let us next derive analogous inequalities in Qpg. From (IV.6.3) we have 


Pl] m+2,4,2n + WPllm+i,4¢,2n 


Ox, 


Ri ewont ledlca-aeete oR | 
caf a er eee mga  (VIL7.6) 


+|Ullm+2-1/4,q(0Bx) + llUllaen + Placa} 


where, as usual, the origin of coordinates has been taken in the interior of 2°. 
By the trace Theorem II.4.4 we have 


||P m+2—1/a,4(0Br) S 3 (IYlm42,q,07/2 + ||Ullm+1.4.2R) - (VIL7.7) 


Furthermore, by the embedding Theorem II.3.4, 


m 


[|Ullm.s. Qn + >, lPleris:,2n2 < Callvllms2.¢e% (VIL.7.8) 
£=0 
and 
Il ll m,2q/(2-4), nyo = c4||U||m+i.4.2r> ifn = 2, (VII.7.9) 


and so, collecting (VII.7.4), (VII.7.5)—-(VII.7.9), we derive, in particular, for 
some c = c(n, g, 2,m) and all g € (1, (n + 1)/2) 


ale leesaite +R] 


m,q,02 


m 


+> {a@2|v|e41,51,0 + |vle+2,9,0 + |Ple+i,¢,2} 
£=0 


S05 (RII F llm.a,2 +||P«|]m+2-1/4.9(02) +1 + R)||P[lm+1,9.0Rn+|Pllm.a.2n) 


(VII.7.10) 
and, ifn = 2, 
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R (||v2l|m,29/(2—-4),2 =F I| Vv2|| m41,4,2) 
Ov 


Oxy 


ray || © ||m,3q/(3—2q),2 +R | 
m,q,2 


m 


+>— {a2|v|e41,34/(3-q),2 + |v|e+2,¢,2 + [Ple+1.¢,0} 
£=0 


<5 (RIF llm.q,2+|lUxllm+2—1/4,q(02)+(1 + R)||Ul]m4i.¢,22+1lPllmq.2n) 


(VIL.7.11) 
where 
a, = min{1,R7/)}, ag = min{1, RV}, 
a (n+ 1)q oe (n+1)q (VIL.7.12) 
a n+1l—q 2 n+ 1—2q° 


By a repeated use of Ehrling’s inequality (see Exercise II.5.16), for all e > 0 
it follows that 


lP\lmaen S Ellpllm4i¢er + CellPllacn (VII.7.13) 


with cg = ce(e,n,m,q, QR). In addition, possibly modifying p by a suitable 
constant (which causes no loss of generality), from Lemma IV.4.1 we derive 


IIPllaer S e711 + R)|lvllig.en + RilFillacl- (VII.7.14) 
Inequalities (VII.7.10), (VII.7.11), (VII.7.13), and (VII.7.14) then yield 


Ov 
a [elinsa0 +R |S 


m,q,2 
m 
+>— {a@2|v|e+1,51,2 + |vle+2,9,0 + |Ple+i,¢,2} (VII.7.15) 
t=0 


Sg (Rll Fllmq.2 +1!¥s|m+2-1/a,.q(02)+(1 + R)IlU|lm+1.¢.28) 


and, ifn = 2, 


R (||vallm,2q/(2—4),2 “+ || Vv2||m-+1,9,2) 


Ov 
+a4||U 7 * Oar 
ay|| |m,3q/(3 2q),2 4 Iz m,q,2 


m (VII.7.16) 
+>— {d2|0|041,34/(3—q),2 + |v) 242.4, + Iple+1,q,0} 
£=0 


<ceg (RIF |lm.q,a+ |2[|m+2—1/¢,q(a2)+(1 a R)||v|| m41,¢,2r) , 
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We now look for an inequality of the type 


[|Pllm+1.4.2 S C9 (RI|Fllmg.0 + |lvsllm+2—-1/4,002)) (VIL7.17) 


for a suitable constant independent of v, f and v,. The proof of (VII.7.17) 
can be obtained, as in the case of the Stokes problem, by a contradiction 
argument. Actually, admitting the invalidity of (VII.7.17) means to assume 
the existence of two sequences 


{Fuh C OF (Q), teey CW 728/00) 
such that, by denoting by {v,, p,} the corresponding solutions, 


RUF x llmia.2 + ||V«kllm+2-1/¢,¢(02) S 1/k 
(VII.7.18) 


Pk llm+1.¢,2n = 1. 


However, reasoning as in the proof of Lemma V.4.5, we can show that, as 
k, — oo, vx converges to a solution v of the Oseen problem (VII.0.2), (VII.0.3) 
with f = v. = Veo = O. Furthermore, by (VII.7.15), it follows that v € L*? (22) 
and therefore by Theorem VII.6.2 and Exercise VII.6.2 we have v = 0. The 
point to discuss now is that a priori the constant c depends also on FR and, 
consequently, we lose the dependence of inequality (VII.7.15) + &(VIL7.17) 
on the Reynolds number ?. We may thus wonder if, at least in some cases, 
this undesired feature can be avoided. We shall presently show that ifn > 2 
and q € (1,n/2) we may take the constant co independent of R € (0, B] for 
any positive, arbitrarily fixed B. Actually assume (VII.7.17) does not hold, 
then there exist sequences 


{fx} C CS(Q), {vex} C W™t2-1/4.9(99) (VII.7.19) 


and 
{Re} C (0, B] (VIL.7.20) 


such that, denoting by {vx, px} the solutions to the Oseen problems 


Ov 


Av, + Riz — Vor = Ref x 
Xy1 
Tie (VII.7.21) 
VUE = VaR at On, 
the following condition holds 
Rill F gllame,@ + || 2% || m+2—-1/¢,q(02) < 1/k 
(VII.7.22) 


|x ||m+1,¢,2n =1. 
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In view of (VII.7.20) there is a subsequence, indicated again by {Rx}, and a 
number R > 0 to which Ry converges as k — oo. Furthermore, by (VII.7.6), 
(VIL.7.14), (VII.7.15), and (VII.7.18), for all k € N we have for all fixed R 


lIPell1gc22 + D?V Ella + IV Pallmg <M (VIL.7.23) 


for some constant M independent of k. The results of Exercise II.6.2 on weak 
compactness of D™4-spaces along with Exercise II.5.8 on strong compactness 
(on bounded domains) imply the existence of a subsequence, still denoted by 
{vx, pe}, and of two functions v € D?4(Q),p € D'4(Q) such that as k > oo 


D?v;, > D?v, Vp~ > Vp, in L4(2) 
(VII.7.24) 
Ve >, inW™*19(Qp). 


From (VII.7.22), (VII.7.21), and (VII.7.24) it immediately follows that v, p is 
a solution to the homogeneous Oseen problem 


Hep age ay 


Or, 
V-v=0 (VII.7.25) 
v=0 at OM, 
satisfying 
P|lm+1.4¢.en = 1. (VII.7.26) 


Let us now distinguish the following two cases: (i) R > 0, (ii) R = 0. In case 
(i) from (VII.7.15) (written along the subsequences) and (VII.7.22) we obtain 


v € L*(Q) (VII.7.27) 


and, since v solves (VII.7.25), from Theorem VII.6.2 and Exercise VII.6.2 we 
deduce v = 0, contradicting (VII.7.26). If the limiting value R is zero, we can 
no longer deduce (VII.7.27). Nevertheless, if g € (1,n/2), we can still deduce 
that v belongs to some space L"(2). Actually, by a double application of 
inequality (II.6.22), and recalling that, for each fixed k, vz(x) and Vux(x) 
tend to zero uniformly as |x| tends to infinity, from (VII.7.23) we have 


Il x llng/(n—2<) < cl|D? villq <M 
and therefore 
vE pral\e-O), 


Replacing this information into (VII.7.25) with R = 0 and using this time 
Theorem V.3.2 and Theorem V.3.4 we conclude v = 0, which contradicts 
(VII.7.26). 

Once (VII.7.15) and (VII.7.17) have been established, we can prove the 
following. 
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Theorem VII.7.1 Let Q be an exterior domain in R” of class C™+?, m > 0. 
Given 

few™(AQ), vee W?-V99(92), 1<q<(n+1)/2, 


there exists one and only one corresponding solution v, p to the Oseen problem 
(VII.0.2), (VII.0.3) such that 


ve W™82(2) if LDF hea) ie 262) ! 


¢=0 


pe () D19(9) 
£=0 


. 1 
with s; = Gave. so = ee Ifn = 2, we also have 


n ewnon-ogyn (Flora), 


Moreover, v,p verify 


Ov m 
tafolines +R SE | #So Cealolerian + foleen + bless) 
Wlma 20 (VIL.7.28) 


C(RU|F ll + |lP«Ilm4+2—1/4,q(02)) 
and, ifn = 2, 


R (||vallm, 2q/(2—4q) =F |Vvellm41, gq) +41||||m, 3q/(3—2q) +R I< ar 


m™m,q 


m 
+)° {a2|¥|e41,39/(3-a) + lvlere.q + Ipleri.a} 
£=0 


=e (Ril F lena, +|lv. Il m+2—1/9,4(02)) 


(VII.7.29) 
with a, and ag given in (VII.7.12). The constant c depends on m, q,n, 2, and 
R. However, if q € (1,n/2) and R € (0, B] for some B > 0, c depends solely 
on m,q,n, 2, and B. 


Proof. The existence part, together with the validity of (VII.7.28), has been 
already established for f € C§°(2). However, from (VII.7.28) and from a 
now standard density argument we can extend existence to all f © W™4(22). 
Finally, uniqueness of solutions is most easily discussed if we take into account 
that, indicating by u, 7 the difference between two solutions corresponding to 
the same data, we have u € L*?(2). Therefore, Theorem VII.6.2 and Exercise 
VII.6.2 ensure u = 0. The proof is thus completed. 
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Remark VII.7.1 Theorem VII.7.1 leaves out the question of existence and 
uniqueness for gq > (n + 1)/2. However, by using a treatment analogous to 
that employed in Section V.3 for the Stokes problem, one could show exis- 
tence, uniqueness, and validity of corresponding L4-estimates in suitable quo- 
tient spaces. We shall not treat this here. For related results for g-generalized 
solutions, we refer the reader to Remark VII.7.3. | 


Remark VII.7.2 The validity of inequalities of the type (VII.7.29) with c 
independent of R € [0, B] is of fundamental importance for treating nonlin- 
ear, plane-steady flow with nonzero velocity at infinity. However, because of 
the Stokes paradox, one expects that the constant c in (VII.7.29) may become 
unbounded as R approaches zero. On the other hand, if 1 < q < 6/5, in Sec- 
tion XII.4, we shall prove the validity of an inequality weaker than (VII.7.29) 
for a constant c which, in general, can be rendered independent of R for R 
ranging in [0, B]. Oo 


Exercise VII.7.1 Extend the results of Theorem VII.7.1 to the case V-v = g £0, 
with g a prescribed function from wrtha(Q), Show further that, in this case, in- 
equalities (VII.7.28) and (VII.7.29) are modified by adding the term (1+72)||g||m+1,¢ 
to its right-hand side. 


Our subsequent objective is to extend Theorem VII.4.2 to the case of 
an exterior domain 2 of class C?. We start with f € C§°(Q), and vz € 
W!-1/44(9Q). As in Theorem VII.7.1, corresponding to these data there ex- 
ists a solution v, p to (VII.0.2), (VII.0.3) with 


v € Wigt(2)NC*(Q), pe LL. (Q)NC~(2) 
satisfying the asymptotic behavior of the type described in Theorem VII.7.2. 
Furthermore, u = wv and 7 = wp satisfy problem (VII.7.1), (VII.7.2) in R”, 
to which we apply the results stated in Theorem VII.4.2. We thus deduce the 
existence of a solution w,7 to (VII.7.1), (VII.7.2) enjoying, in particular, the 
properties 


w € D!4(R")N L*1(R"), 7 € L4(R") 


(n+1)q 
(n+1—q)’ 


w2 € L1(R?), ifn =2, 


l<q<n+l (VII.7.30) 


sy = 


together with the estimates 
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RV (M+) llav|] 5, +/wla.¢ + |ITllq 


(ifn > 2) 
<1 (RIF |-1,4 + Rigl-14 + Ilglla) 
R]|wallg +R? | wll3q/3—a) + lwlaa + Illa 
(if n = 2) 
<1 (R|F|-1,q + Rig|—1.4 + lalla) - 
(VIL.7.31) 


As in Theorem VII.7.1, we prove w = u, T = p.t Assuming g > n/(n—1) and 
reasoning exactly as we did in Theorem V.5.1, we have 


R|F|-1,¢+Rg|-1,¢ + II9lla 
(VII.7.32) 
S c2(R| fl-1g + (1+ R)|lella.en + llpll-1,4,.08) 


and so, recalling that u = v, 7 = p in Q*/?, from (VII.7.30)-(VII.7.32) we 
deduce if n > 2: 


RUM yll or +H]1 9.08/72 + IIPllqar/ 


< 63 (RF |-ijg + (1+ R) le llyen + ||Pll=t,q:08) 5 
(VIL.7.33) 
and if n = 2: 


Rl lvallg.an/2 + RY lvl 39/(3-q),2R/2 + ||, ¢,.08/72 + lPllq.ox2 


< 03 (RIF|-1.9+ (1+ R)llvllaen + lipll—a9.0n)- 

(VII.7.34) 

To obtain an estimate “near” the boundary, we apply inequality (IV.6.7), that 
is, 


llMl1q.0n + lIPllacen S c4 (RIF |-1,¢ + [lv«ll1—-1/4,0102) 


+(1+R)Ilrllaen + llell-1,¢.en4|¥lli—1/a,a00BR)) + 
(VII.7.35) 
where we used the obvious inequality 


IFll-1a.2n <|Fl-1.- 


Employing the trace Theorem II.4.4 at the boundary term on 0Br we find 


Iloll1—1/a.q(0Bx) S CllPllt.¢.2n,2 


and so, by (VII.7.33), (VI.7.34), and (VII.7.35) it follows that 


Ilvlliaen t lIpllaen S es (RIF|-1,9 + lloxll1—1/4,0(02) 
(VII.7.36) 


++ RYU lla.en + |lPll-1.4.2n) - 


' A priori, rT = p+ const. but we can choose the constant up to which p is defined 
in such a way that 7 = p. 
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Taking into account that, by Theorem II.3.4, 
lulls: S c6llvlla cena» (VIL.7.37) 


combining (VII.7.33), (VII.7.36), and (VII.7.37) we conclude, for all gq € 
(n/(n—1),n+1), ifn > 2: 


a2||¥\|s1,0 + |Pl1¢.0 + llplla.e 


S ¢7 (Ri Fl-1,¢ + llvsll1—-1/a,q¢a2) + (1+ R)Ilvlleen + llpll-1.4.22) » 
(VII.7.38) 
and if n = 2: 


RI|v2llq,.2 + @2||vl]3q/(3—q),@ + |Pl1¢,0 + IIPlla.2 


S c7 (RiF|-1,¢ + [lvl]1—-1/¢,0002) + 1+ R)llollaen + llpll-14,28) » 
(VII.7.39) 
where az is defined in (VII.7.12). By a reasoning totally similar to that devel- 
oped in the proof of Theorem VII.7.1 we can prove the existence of a constant 
cg independent of v,p, f, and v, such that 


lMlla.en + lIPll-ta.er < cat RIF |-1.4 + [lex[l1-1/a.q¢aa)t- —- (VIL7.40) 


The constant cg will also depend, in general, on R. However, if g € (n/(n — 
1),n), by employing inequality (II.6.22), namely, 


I|Pllna/(n—a) < clv|i.g, 


one shows, as in Theorem VII.7.1, that cg can be chosen independent of R 
ranging in (0, B], with an arbitrarily fixed B. 
We are thus in a position to prove the following. 


Theorem VII.7.2 Let Q be an exterior domain in R" of class C?. Given 
FED. (Q), ve €WI-V9990), n/(n—-1 <q<n41. 


there exists one and only one q-generalized solution v to (VII.0.2)—-(VII.0.3). 
Furthermore, it holds that 


n+l 
ve L"(2), 91 = a , ma 
p€ L4(2) 
with p pressure field associated to v by Lemma VII.1.1, and ifn = 2, 
vg € D1(2). 


Finally, v and p obey the estimate 
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a2||vlls, + |vlig + lPla < ¢ (RIF |-1,.9 + Mlealli—1a,q(02)) (VII.7.41) 
and, ifn = 2, 


R||vall q+ 42l|ll3q/(3—a) + |vla.¢ + Illa 
(VII.7.42) 


<e ely ay + I|v«|]1-1/¢,q(0.2)) j 


where c = c(n,q,2,R) and ag is defined in (VII.7.12). Ifn > 2 and q € 
(n/(n — 1),n), for R € (0,B], with B arbitrarily fixed number, c depends 
solely on n,q, 2, and B. 


Proof. The existence part follows from (VII.7.38) and (VII.7.40) whenever f € 
C§°(Q). By a density argument, based on Theorem II.8.1 and on inequality 
(VII.7.41), we easily extend the result to all f € Dp," 7((). Finally, uniqueness 
follows from Exercise VII.6.2. 


Exercise VII.7.2 Extend the results of Theorem VII.7.2 to the case where V-v = 
g #0, with g a prescribed function from L7(Q) A Dg '4(Q). Show further that, in 
this case, inequality (VII.7.41) is modified by adding to its right-hand side the term 


IIglla + Rlg|-1,4- 


Remark VII.7.3 For future reference, we would like to point out that, as 
far as existence goes, Theorem VII.7.2 admits a suitable extension to the case 
q € [n+1,00), n > 3. More precisely, assuming 9 as in that theorem, for any 
given 


ft € Dy (0), Ux € Ww1-1/4.9/9Q), n+1l< q<o. 


there exists at least a solenoidal vector field v € D14(Q2), with v = vy at 
OQ (in the sense of trace), and a scalar field p € L2({2) satisfying (VII.1.2). 
The proof of this result is similar to that of Theorem V.5.1 (when g > n) 
and we shall sketch it here. Let (v;,7;) be the solutions to the Oseen problem 
(VIL0.3) with f = 0 and v, = —e;, i = 1,...,n. From Theorem VII.1.1, 
Theorem VII.2.1 and Theorem VII.6.2, we deduee that these solutions exist, 
are of class C™(2) and, moreover, they have the asymptotic behavior given 
n (VII.6.16). From this latter and (VIL3.49) we obtain h; := (0; + e;) € 
D}1(Q), ¢ € ((n+1)/n, 00), with h; = 0 at 02, i =1,...,n. Thus, from the 
characterization given in Theorem II.7.6(ii), it follows that h; € Dee 
[n+1, co). Asin Theorem V.5.1, we easily show that the set {hi, 7; } is linearly 
independent and its linear span constitutes an n-dimensional subspace, Ss of 
Dy4(Q) x L4(Q), q € [n +1, 00). Arguing as in the proof of Theorem VIL.7.2, 
corresponding to smooth data f and v., we can find a solution (v,p) to the 
Oseen problem satisfying the following estimate, for any (fixed) ¢ € [n+1, co): 
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|e|3,4,.0 + lpllae < ¢ ([F|—a1,9¢ + Ilv«l]1—-1/4,¢(02) + llella,er + llpll_t.¢,0R) » 


with c = c(R,¢q,n), which, in turn, implies 


_inf | {lv - Alig.e + [p= lla} 
(h,m)ESq 


T)ESgq 


<e (It. + ||v«|]1-1/q,q(a2) + ed _ [le — Allaen + |lp — “ALsann| 
(hx 


With this inequality in hand, one can proceed exactly like in the proof of 
Theorem V.5.1 and show the desired result. |_| 


We end this section with a result similar to that shown in Theorem V.5.3 
that will furnish, in particular, summability properties at large distances of 
the pressure field p associated to a q-weak solution, when gq > n+ 1. To this 
end we observe that if v is a g-weak solution corresponding to f € Do mt CO), 
where a priori r # gq, by Lemma VII.1.1 one can always associate to v a 
pressure field p satisfying (VII.1.2) with p € Li. (Q), = min(r, q). 


loc 


Theorem VII.7.3 Let 2 be an exterior domain of R” and let v be a q- 
generalized solution to (VII.0.2)-(VIL.0.3) in Q. Then, if f € Do ‘’"(Q), r > 
n/(n—1), for all R > 6(Q°) it holds that 


ve DAF), pe l(a), 
where p is the pressure field associated to v by Lemma VII.1.1. 


Proof. By a reasoning analogous to that employed in Theorem V.5.3, one 
obtains 
v €W,"(2), pe Li,.(Q). (VII.7.43) 


loc 


(We leave details to the reader.) Afterward, we recall that w = yu and 7 = yp 
(with » “cut-off” function defined in Theorem V.5.3) obey problem (VII.7.1), 
(VII.7.2) in R”. Using (VII.7.43) and proceeding again as in the proof of 
Theorem V.5.2, one shows that if r > n/(n— 1), 


Fe D,""(R"), gE L"(R”). (VII.7.44) 
Furthermore, denoting by ¢ an arbitrary element from Cf°(R”), we deduce 
(9, )| S cllllaellllron S Cllollr.anllPllnr/(n—r),2R 
and therefore, by the Sobolev inequality, 
ge Dy ie”). (VII.7.45) 


From (VII.7.44), (VII.7.45), and Theorem VII.4.2 we infer the existence of a 
solution w,7 to (VIL7.1), (VIL7.2) with 
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we D'"(R"), 7 € L"(R"). 


The theorem will be therefore proved if we show Vu = Vw. To this end, if 
we set z= w-—uands=7-—17, it follows that z,s is a solution of class C'°° 
to the homogeneous Oseen system in R” and, by Lemma VII.6.3, we have, for 
all multi-index a, all « € 2 and alld >0 


D*z;(a) = - I Tl wb" alu 


Choosing |a| = ¢+ 1, and using the asymptotic properties (VII.6.12) of the 
function i. 


derive 


from this identity, with the help of the Holder inequality, we 


|D%z;(«)| <c¢ (qe ge 1a, ; he qo (ettt6)/2 ge —T/r) lay) -) ; 
In this relation we take 
> max{—1 + n(q — 2)/q, -1 + n(r — 2)/2} 
and then let d — oo to obtain 
D*z;(z) =0, for alla eR", jaJ=é+1. 


As a consequence, Vz;(a) = V(w,; — u;)(x) must be a polynomial P(x) of 
degree £ — 1. However, since 


|\Vw|" + |Vul? € L'(R”), 


there exists at least a sequence R;, such that 


lim (\Vw(Ri,, w)| + |Vu( Rp, w)|) dw = 0, 


Rr-oo J, 


implying P(a) = 0, which completes the proof of the theorem. 


VII.8 Limit of Vanishing Reynolds Number. Transition 
to the Stokes Problem 


In this last section we shall consider the behavior of solutions to the Oseen 
problem in the limit R — 0. Although most of the results we find apply 
(even in a stronger form) to three-dimensional flow, here we shall be mainly 
interested in plane motions. This is because, in such a case, the limiting process 
is fairly more interesting, giving rise to a singular perturbation problem, which 
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throws additional light on the Stokes paradox. Concerning three-dimensional 
flow, we thus refer the reader to Chapter IX, directly in the nonlinear context. 


Though differing in the treatment, the basic ideas presented in this section 
are due to Finn & Smith (1967a). 


Let us consider the following Oseen problem!: 


Ae dee” agp 


Ox 4 in (2 
V-v=0 
(VIL.8.1) 
v=v, at ON 
| ae v(x) = 0, 


where 2 is a smooth exterior domain of R? and v, is a prescribed regular 
function on the boundary.” By virtue of Theorem VII.5.1, we know that there 
is one and only one solution v, p to (VII.8.1) which, by Theorem VII.1.1, is of 
class C'™° (2). Moreover, this solution satisfies the uniform bound 


|vji.2 <1 + B)||v«|I1/2,2(a9) (VII.8.2) 


for all R € (0, B] and with c, independent of R. Fix Ry > 6(Q°). From 
Theorem IV.4.1 and Theorem IV.5.1 we obtain the following estimates for v: 


Il?|| 2,2,2n, + lIplli.2,0%, 
Ov 
Se2| Ria + |lv|l1,2,0n, + Ilplleen, + llv«lls2,2;a9) | 
71 {12,0R, 
(VIL8.3) 


where 6(2°) < Ry < R,. Using (VII.7.14), with g = 2, (VII.8.2), and (VIL.8.3) 
we thus recover the inequality 


IlPll2,2,2n, + Ilpllij2,2n, < c3(B, vx), (VIL8.4) 


where p has been possibly modified by adding a suitable constant depending 
on Qr,. Again applying Theorem IV.4.1 and Theorem IV.5.1, for 6(2°) < 
R3 < Ro we deduce 


|| 3,2,2n, + llpll2,2,.0R, 


oe @ av 


Bi, + |[v|]1,2,0n, + llplleen, + llv«lls2,3(02) 


1,2,2r, 


(VIL8.5) 


' For simplicity, we shall restrict ourselves to the case of zero body force. Extension 
of the results to nonzero f presents no conceptual difficulty and is therefore left 
to the reader as an exercise. 

? It will become clear from the context how smooth Q and v must be. 


VII.8 Vanishing Reynolds Number. Transition to the Stokes Problem 489 


and so, using (VII.8.4), we obtain 


lvll3,2,0n, + llpll2,2,0n, < c5(B, vx). 


Iterating this procedure we therefore establish the following inequalities for 
all m > 0: 


< Cn (B, v.) 


m+2 — : 


0 |lm42,2,2n,,,. + llPllm4i,2,2% (VII.8.6) 


m+2 
with 6(2°) < Rte < Rm4i. We now let R — 0 along a sequence {Rx}, say, 
and denote by {v,%, px} the corresponding solutions. In view of (VII.8.2), from 
the weak compactness of the space Di (see Exercise II.6.2) it follows that, 
at least along a subsequence, 


Vo, > Vw in L?, (VIL8.7) 


for some w € D1?(Q). In addition, given arbitrary p > 6(2°), from the 
embedding Theorem II.3.4 and the compactness results of Exercise II.5.8, we 
infer that w € C?(,) and that, for some 7 € C1(,), along a subsequence 
of the previous one, it holds that 


Vp > w in C?(2,) 
7 (VIL8.8) 
Pr 27m in C'(Q,). 


From (VII.8.1) (written for v = vz,p = pe), (VIIL.8.7), and (VII.8.8) we 
conclude that the limit functions w, 7a obey the following Stokes system: 


Aw = Vr 
in 92 
V-w=0 


(VIL.8.9) 
w=v, at don 


|wli.o < oO. 


Because of Theorem V.2.2, w is uniquely determined since it is the only so- 
lution to (VII.8.9)1,2,3 verifying (VII.8.9)4. Therefore, (VII.8.7) and (VIL.8.8) 
are verified not only along a subsequence but as long as R — 0. We shall 
next prove that in the limiting process the continuity of the datum at infinity 
(VII.8.1)4 is generally lost. Actually, setting 


T(a)= T(a,s)-n 
AQ 


with s the pressure field associated to the velocity field a, by the results of 
Theorem V.3.2 and Exercise V.3.2, we know that the solution w verifies the 
following conditions: 
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T(w) =0 


w;(x) = woj + [. teCurtietes q;)(% — y) (VII.8.10) 


—Uis( — y)Tie(w, 7) (y)|ne(y)doy, 


for all x € Q and for some wo € R? that is in general not zero. The next step 
is to investigate how relations (VII.8.10) come out from the limit process and, 
in particular, the meaning of the vector wo. As we shall see, this vector which 
within the Stokes approximation has apparently no clear meaning, is due to 
the fact that, as R — 0, problem (VII.8.1) becomes singular in the sense that 
the value at infinity is in general not preserved. Actually, by Theorem VII.6.2 
we have the representation 


v;(2) = i _[o(o)Te(w;.€3)(@— 0) 


—Eij(@ — y)Tie(v, p)(y) — Rei Eig (@ — y)dre|ne(y)doy. 
(VII.8.11) 
From (VII.3.36) and (VII.8.11), it follows that 


w(t) = PE w)loe s+ floaty) Teluj.)(e—0) 


—Ui;(x — y)Tie(v, p)(y)|ne(y)doy + 0(1) as Ria — y| — 0. 
(VII.8.12) 
Since, by (VII.8.8), for any fixed x € 2 all terms in this relation tend to finite 
limits as  — 0, this must be the case also for the first term on the right-hand 
side of (VII.8.12). Thus, in particular, 


Ti(v) - 0, asR— 0, 


and we recover (VII.8.10);. By the same token, from (VII.8.12) we deduce 
(VII.8.10)2, where 


1 1 
= — limZ(v) log = IL.8.1 
wo = 7 lim T(v) log =, (VIL8.13) 


which furnishes the desired characterization of the field wo. It is interesting 
to observe that, according to the results of Section V.7, the vector wo is in 
general not zero and that it is zero if and only if the restriction (V.7.2) on 
v, is satisfied. Therefore, in such a case and only in such a case the limiting 
process preserves the condition at infinity. 

In the final part of this section we wish to derive a fundamental estimate 
for the integral Z(v) that will play an essential role in the existence of solutions 
to the nonlinear exterior plane problem. Specifically, we have 


Theorem VII.8.1 Let 2 be a two-dimensional exterior domain of class C?. 
Assume for some gq € (1, 2] 
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v. € W?-1/49(9Q) 


and denote by v, p the corresponding solution to (VII.8.1). Then, there exist 
B>0 andc=c(2,q,B) > 0 such that 


i T(v, p) n < cl log R|~"||vx|2-1/¢,q(022); 
22 


for all R € (0, B]. 


Proof. Fix Ry > Rg > 6(°). Using Theorem IV.4.1 and Theorem IV.5.1 into 
(VIL8.1)1.2 we find 


IlMllea.en, + MiPll2aen, S e1(llt¢.en, + MPllaen, + l¥=ll2-1/a,q(a2))- 


(VII.8.14) 
By the trace Theorem II.4.4 it is 
|e ||1/2,2(a2) < C2||V«|]2-1/¢,q(02) 
and, therefore, (VII.8.2) yields 
|vl12 < ¢3(1 + B)||v.||2-1/9,q(02): (VII.8.15) 
Moreover, from Theorem II.3.4 and inequality (II.5.18) we have 
Wllq,2n, < ca(lvli.2 + [lv ll2-1/4,q(0.2)) 
which, in turn, with the help of (VII.8.2), furnishes 
llq.2n, < C5|l¥x|ll2-1/4,q(02): (VII.8.16) 


Also, using the estimate (VII.7.14) for the pressure field together with 
(VII.8.15) and (VIL.8.16), it follows that 


IIPlla.2n, < C6llex|l2-1/4,(0.2); (VIL8.17) 
with cg = cg(, ¢, B). Collecting (VII.8.14)—(VII.8.17), we then conclude 


IlOll2¢.en, + IiPll2.a.en,  €7ll¥«ll2o-1/4,q(02) (VIL8.18) 


with c7 = c7(2,q, B). With the help of (VII.8.18) we can now show the desired 
estimate. Actually, from (VII.3.36) follows the existence of By > 0 such that 


1 
|E(x — y)| < |U(a—y)| + gz|logR| + cg 
al (VII.8.19) 
|DrE(x — y)| < |DeU(x — y)| + ¢9 


for all  € Qpr,R,, all y € OM, and all R € (0, Bi], and with cg and co 
depending on 2p, ,r,, 092, and By but otherwise independent of R. Since, 
clearly, 
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|U(x — y)| + |DkU (x — y)| < 9 
© Or,.R,, ye OM,  (VIL8.20) 
lege —9)|'< ero 


from (VII.8.11), (VII.8.19), and (VII.8.20) we derive for all « € Qp,.r, and 
all R € (0, Bi] 


F(R) = |logR| i T(v,p)- n| <|vla)| ten f lir(o,p) -n) + [eel 


(VII.8.21) 
with c,; independent of R. Employing trace Theorem II.4.1 in the integral on 
the right-hand side of (VII.8.21) in conjunction with (VII.8.18) we find 


T(R) < |v(x)| + c12||v«|]2-1/4,q(82)- 


Integrating both sides of this relation over 2p, rp, and using the Holder in- 
equality, we deduce 


F(R) < 13 (llPlla.en, + [I ll2o-1/4.4(02)) - (VIL8.22) 


The desired estimate is then a consequence of (VII.8.16) and (VII.8.22). 


VII.9 Notes for the Chapter 


Section VII.1. The first complete treatment of existence and uniqueness 
of the Oseen problem in exterior domains is due to Faxén (1928/1929), who 
generalized the method introduced by Odqvist in his thesis for the Stokes 
problem (Odqvist 1930). 

The variational formulation (VII.1.1) is taken from Finn (1965a). Theorem 
VII.1.2 is due to me. 


Section VII.2. Theorem VII.2.1 generalizes an analogous result of Finn 
(1965a, Theorem 2.5). 


Section VII.4. Theorem VII.4.1 is a detailed and expanded version of an 
analogous one given by Galdi (1992). The case where m = 0, n = 3, ¢ € (1,4), 
and g = 0 was first proved by Babenko (1973). Other L4-estimates for n = 3 
can be found in Salvi (1991, Theorem 4). 

Lemma VII.4.2 and Theorem VII.4.2 are due to me. 


Section VII.5. Theorem VII.5.1 is due to me. 


Section VII.6. Lemma VII.6.3 is essentially due to Fujita (1961), while The- 
orem VII.6.2 is an extension of a classical result of Chang & Finn (1961). 
Section VII.7. Most of the results of this section are an expanded version 
of those given by Galdi (1992). Theorem VII.7.3 was, however, proved by me 
in the first edition of this book. 
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Existence and uniqueness results for three-dimensional flows in weighted 
anisotropic Sobolev spaces with weights reflecting the decay properties of the 
fundamental solution have been proved by Farwig (1992a, 1992b) and Shi- 
bata (1999). Generalization of results obtained by these authors are given by 
Kraémar, Novotny & Pokorny (2001). These authors also provide very detailed 
estimates for the Oseen fundamental solution in dimensions 2 and 3. Estimates 
for the Oseen volume potentials in weighted Holder spaces have been stud- 
ied by Solonnikov (1996), and in weighted anisotropic Lebesgue spaces by 
Kratmar, Novotny & Pokorny (2001); see also Kra¢mar, Novotny & Pokorny 
(1999). 

A modified Oseen problem that contains an “anisotropic” second derivative 
and that is relevant in the study of certain non-Newtonian liquid models has 
been investigated by Farwig, Novotny, & Pokorny (2000). 

A boundary integral approach to the existence and uniqueness of solution 
to the Oseen problem is addressed by Fischer, Hsiao & Wendland (1985). 

A detailed analysis of different problems and results related to two- 
dimensional flows can be found in the review article of Olmstead & Gautesen 
(1976) and in the references included therein. 


VIII 


Steady Generalized Oseen Flow in Exterior 
Domains 


.. e quelle anime liete, 
si fero spere sopra fissi poli, 
fiammando, volte, a guisa di comete. 


DANTE, Paradiso XIV, vv. 10-12 


Introduction 


The Oseen approximation, which we analyzed to a large extent in the previous 
chapter, aims at describing the motion of a Navier-Stokes liquid around a 
rigid body, B, that moves with a constant and “sufficiently small” purely 
translational velocity. However, assuming this kind of motion for B might be 
restrictive in several significant applied problems, occurring on both large and 
small scales, where B is allowed to translate and to rotate. Typical examples of 
these problems are furnished by the orientation of rigid bodies in the stream 
of a viscous liquid, and by the self-propulsion of microorganisms in a viscous 
liquid; see Galdi (2002) for a review of these and related questions. 

In order to appropriately describe situations in which 6 moves by a generic, 
but “small,” rigid motion, one needs the more general approximation that we 
introduced in (VII.0.1), which we will call generalized Oseen approximation. 
For the reader’s sake, we reproduce the relevant equations here: 


vAvt+up:-Vutwxa-Vu-wxv=Vp+f 
inf, 


V-v=0 (VIII.0.1) 
v=v, at OL, 
along with the condition at infinity 
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lim v(#)=0. (VIII.0.2) 

|a|—00 
We recall that in (VIII.0.1), vp and w are given constant vectors representing 
the translational and angular velocity, respectively, of the rigid motion of B. 

We shall assume that Q is an exterior domain of R°, and refer the reader to 
the Notes for this chapter for some remarks and relevant bibliography related 
to the two-dimensional case. 

In order to describe problems and results, it is convenient to rewrite 
(VIII.0.1) and (VIII.0.2) in a suitable dimensionless form. To this end, we 
assume, without loss, that w is directed along the positive x-axis, that is, 
w = we, while v9 = voe, vo > 0.' Moreover, we scale the length with 
d = 0(°), and the velocity with vo, if vo 4 0, and with wd otherwise. There- 
fore, introducing the dimensionless numbers 


1 vod wd? 
R’ = — (Reynolds number) T = — (Taylor number),  (VIII.0.3) 
Vv Vv 


the system (VIII.0.1) assumes the following form 
Av+Re-Vu+T (ex a-Vu-—e, xv) =Vp+f 
V-v=0 ! oe (VIII.0.4) 
v=v, at ON, 


where now v, v,, p, and f are nondimensional quantities.” If Q = R° the 
above choice of d is no longer possible, but we can still give a meaning to 
(VIII.0.4), which is what we shall do hereinafter. 

At this point we observe that, in general, w and vo, that is, e; and e, have 
different directions. However, by shifting the coordinate system by a constant 
quantity, we can always reduce the original equations to new ones where e = 
e,. This change of coordinates, known as Mozzi—Chasles transformation (see 
Mozzi 1763, Chasles 1830), reads as follows: 


/ 
a* =@—e, xe, A= p=S. (VIII.0.5) 
Thus, defining 
Q* = {x* € R?: a* =a —- re xe, for some rE 2} , 
v*(a*) = v(a@* + Ae, xe), p*(a*) = p(a* + Ae x e€), 
(VIII.0.6) 


f*(x*) = f(@* + Ae1 xe), 
R=R’e-e, 


' Of course, we suppose w #4 O; otherwise, the analysis reduces to that already 
performed in Chapter V, when vo = O, and in Chapter VII, when vo 4 0. 

? Notice that, in contrast to the Oseen problem studied in the previous chapter, 
here the body force has been scaled in such a way that dimensionless body force 
is —f instead of —R’f. This is because we may allow R’ = 0, while keeping a 
nonzero force term. 
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the system (VIII.0.4) becomes (with stars omitted) 


Ae RO Pile Reo 6, 8) = vedes 
Ox, in 2 


Seat (VIII.0.7) 


v=v, at 02, 


Throughout this chapter, we shall therefore focus on the resolution of 
problem (VIII.0.7), (VIII.0.2). 

We would like to point out the following interesting feature of (VIII.0.7). 
In view of what we have found in the previous chapter, we may guess that 
the wake-like behavior of the velocity field v at large distances is produced 
by the term Ree. Now, this term is zero whenever the “effective” Reynolds 
number F vanishes. In view of the Mozzi-Chasles transformation, this happens 
not only when (as intuitively expected) vp = 0, but, more generally, when 
vow = 0, namely, when the translational velocity of the body is perpendicular 
to its angular velocity. In fact, as we shall prove later on, the formation of a 
“wake” is possible, in a suitable sense, if and only if v9 -w 4 0; see Section 
VIII.6. For a physical interpretation of this circumstance, we refer to the 
Introduction to Chapter XI. 

The study of the mathematical properties of the solutions to (VIII.0.7), 
(VIII.0.2) is, in principle, much more challenging than the analogous study 
performed for the Oseen problem (VII.0.1), (VII.0.2), the main reason being 
the presence, in (VIII.0.7)1, of the term e, x a - Vv, whose coefficient be- 
comes unbounded as || — oo. One important consequence of this fact is that 
(VIII.0.7) can by no means be viewed as a perturbation of (VII.0.1), even for 
“small” T (“small” angular velocities, that is). 

Despite this difficulty, one is able to prove, with relative ease, the existence 
of at least one generalized solution to (VIII.0.7), (VIII.0.2) and to show that 
such a solution is smooth, provided the data are equally smooth; see Section 
VIII.1. As in the case of the Oseen approximation, the generalized solution 
is constructed via the Galerkin method, with the help of a suitable basis and 
of an appropriate a priori estimate for the Dirichlet norm of v; see Theorem 
VIII.1.2. This estimate can be established thanks to the crucial fact that (as 
the reader will immediately verify) 


[ (axe Ve-p-exe-y)=0, for all g € D(2). 
Q 


With a view to applications to the full nonlinear problem, as in the case of 
the Oseen approximation, also in the case at hand the next important question 
to investigate is the behavior at large distances of generalized solutions. This 
problem already arises, naturally, in the study of the uniqueness of generalized 
solutions, which is here established by a method different from those used in 
Theorem V.2.1 and Theorem VII.1.2 for the Stokes and Oseen approximation, 
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respectively. In fact, this method relies chiefly on a sharp result concerning 
the asymptotic behavior of the pressure field associated with a generalized 
solution corresponding to a body force that is square-summable in Q", for 
sufficiently large R; see Section VIII.2. 

Unlike the analogous problems for the Stokes and Oseen approximations 
analyzed in Section V.3 and Section VII.6, the study of the asymptotic be- 
havior of generalized solutions to (VIII.0.7), (VIII.0.2) does not appear to be 
feasible by means of the classical method based on volume potential represen- 
tations along with asymptotic estimates of the fundamental solution. Actually, 
based on heuristic considerations, we are expecting that the velocity field de- 
cays like |x|~!, uniformly for large |x|. However, as shown by Farwig, Hishida 
& Miiller (2004, Proposition 2.1), see also Hishida (2006, Proposition 4.1), 
the fundamental tensor solution, 6 = G(x, y), associated with the equations 
(VIII.0.1)1 (with 2 = R*) does not satisfy a uniform estimate of the type 


IS(z,y)|<Clz—y\", for allz,y eR’, 


with C' independent of x, y, at least in the case R = 0, which is, in fact, the 
most complicated. 

Therefore, we will argue in a different way. 

The approach we shall follow to study the asymptotic behavior of gener- 
alized solutions and to show the corresponding estimates is treated in Section 
VIIL.3 through Section VIII.6. It was first introduced by Galdi (2003) and 
then further generalized and improved by Galdi & Silvestre (2007a, 2007b). 
It develops according to the following steps. In the first step, by means of a 
“cut-off” technique that we have already used in previous chapters, we reduce 
the original problem to an analogous one in the whole space. At this stage, the 
above-mentioned uniqueness property plays a fundamental role, because we 
can then identify the generalized solution in the whole space problem with the 
original one, for sufficiently large |a|, 2 € 2. In the second step, we consider 
the time-dependent version of (VIII.0.7) in the whole-space (Cauchy problem) 
corresponding to the same “body force” and to zero initial data; see (VIII.5.8). 
We thus show that at each time t > 0, the velocity field, u = u(x,t), of the 
corresponding solution decays at least like |x|~1 for large |x|, and that it is 
uniformly bounded in time by a function that exhibits the same spatial decay 
properties as the Stokes or Oseen fundamental tensor, depending on whether 
R is zero or not zero, respectively. Therefore, in this sense, u shows a “wake- 
like” feature whenever R 4 0. Successively, thanks to these pointwise, uniform 
(in time) estimates, we may thus pass to the limit t — oo and show, on the one 
hand, that u(x,t) converges, uniformly pointwise, to the generalized solution 
v = v(x) of the steady-state problem, and that on the other hand, v has the 
same asymptotic properties and that it obeys the same estimates as wu does. 

In the last two sections of the chapter, we will investigate the summability 
properties of generalized solutions in homogeneous Sobolev spaces, together 
with corresponding estimates, when f belongs to the Lebesgue space L‘, for 
suitable values of q, and v, is in the appropriate trace space. As we shall see, 


VIII.1 Generalized Solutions. Regularity and Existence 499 


these results are, formally, completely analogous to those shown in Theorem 
VII.7.1 for the Oseen problem with m = 0 and n = 3. 

Unless otherwise stated, throughout this chapter we shall always assume 
T > 0,° whereas we take R > 0. 


VIII.1 Generalized Solutions. Regularity and Existence 


We begin with a weak formulation of the generalized Oseen problem through 
a, by now, familiar procedure. Thus, multiplying (VHI.0.7), by » € D(2) 
and integrating by parts, we obtain 


(Vv, Vp)-R (9) —T(e,xa-Vu—e, xv,¢) =—[f,¢]. (VUL1.1) 
v1 


Definition VIII.1.1. A vector field v : 22 — R” is called a q-weak (or q- 
generalized) solution to (VIII.0.2), (VIII.0.7) if for some g € (1,00), 


(i) v € Dh(Q); 
(ii) v is (weakly) divergence-free in 92; 
(iii) v assumes the value v, at O92 (in the trace sense) or, if the velocity at 
the boundary is zero, v € Dg’4(); 
(iv) lim | |v(x)| = 0; 
2 


|a2|—+0o 


(v) vu satisfies (VIII.1.1) for all y € D(). 


As usual, if g = 2, v will be called simply a weak (or generalized) solution to 
(VIII.0.2), (VIII.0.7). 


Remark VITI.1.1 If v is a qg-weak solution then by Lemma II.6.1, v € 
W2(@), and if 2 is locally Lipschitz, then v € W{9(®). Concerning (iii 


see Remark V.1.1. Moreover, if g € (1,3), then, by (iv) and Theorem II.6.1(i 
it follows that v € 134/@—-9(Q), and that 


), 
) 


9 


le ||3¢/(3—a) <e [elie 


where c = c(q, 2). Finally, in regards to (iv), we notice that, if f is in L?(2°), 
for a sufficiently large p then it can be shown that every generalized solution 
tends to zero as |x| — oo, uniformly pointwise; see Exercise VIII.2.1. | 


If the function f has a sufficient degree of regularity, to each g-weak so- 
lution we can associate a corresponding pressure field in a way completely 
analogous to that used in Lemma IV.1.1. Specifically, we have the following 
result, whose proof we leave to the reader as an exercise. 


3 See footnote 1. 
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Lemma VIII.1.1 Let (2 be an exterior domain in R", n > 2. Suppose f € 
Wo (2), 1 <q < ©, for any bounded subdomain 2’, with Q’ C Q. Then 
to every q-weak solution v we can associate a pressure field p € L],,.(Q2) such 
that 


(Ve, 7h) -R (Sw) —T (ej xx-Vu-e, xv, w) = (p, V- ) — [F, 2] 


(VIII.1.2) 
for all pw € C§°(2). Furthermore, if 2 is locally Lipschitz and f € 
W, (Qe), R> 5(Q°), then p € L4(Qp). 


Remark VITII.1.2 The result stated in Lemma VIII.1.1 for 2 locally Lips- 
chitz is weaker than its counterpart for the Stokes problem, proved in Lemma 
V.1.1, for reasons that are analogous to that explained in Remark VII.1.2 for 
the Oseen problem. Basically, this is due to the fact that the functional 


(Ve, Vo) -R(S.v) =T (ey xa-Vu-—e, x v,w) + [f,¥] 
1 


is not continuous in 7 € Do’? (Q) if we merely require v € D4(Q). In other 
words, under this assumption alone on v we cannot guarantee the existence 
of a constant c = c(v,R,T) such that 


re (=) +T(e,xxav-Vu-—e, x 0.) <clplig, for all p € CHP(Q) , 
1 


and so, we cannot apply Corollary II.5.1, but only its weaker version given 
in Corollary III.5.2. Oo 


The following result furnishes regularity of g-weak solutions. 


Theorem VIII.1.1 Let f € W72?"(2), m>0,1<q<o, and let 


loc 


ve Wi(2), pe Lh,(2),+ 


loc loc 


with v weakly divergence-free, satisfy (VIII.1.2) for all a € Cp°(2). Then 
ve Wie (2), pe Wie (2). 


In particular, if f € C™(Q), then v,p € C™(2). Furthermore, if 2 is of class 
Cm? and 


' Actually, these assumptions are satisfied by any g-weak solution. In fact, they are 
implied by the following one: 


v € Lige(Q), Vv € LL,,(Q), with v satisfying (VIII.1.1) for all y € D(). 


loc 


For under this hypothesis, by Lemma II.6.1, v € Whe (Q) and then, by Lemma 


loc 


VIIL1.1, we deduce p € L7,,({2); see also Remark VIII.1.2. 


loc 
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FEW), ve ewr?WVena0), 
then 
veWw,<"4), pewm@), 
provided v € W,4(Q).? In particular, if Q is of class C*, and f € C*(Q), 
vx € C~(OM), then v,p € C~(M), for all bounded 2! c 2. 


Proof. The proof follows at once from Theorem IV.4.1 and Theorem IV.5.1 if 
one bears in mind that (VIII.1.2) can be viewed as a weak form of the Stokes 
equation with f replaced by f — Ree —T(e,xa-Vu—e; xv). 


We shall next establish the existence of generalized solutions. Precisely, we 
have the following. 


Theorem VIII.1.2 Let 2 be a three-dimensional exterior, locally Lipschitzian 
domain. Given 


fED'7(2), v. € W'?(9Q), 


there exists at least one generalized solution to (VIII.0.2), (VIII.0.7). This 
solution satisfies the estimates? 


lvll2,en + |vlij2 Se {|f|-1,2 C1 Fete T)||vx|l1/2,2(00)} ; 

i Meo Na) as ef ce, (VIIL.1.3) 
S2 

IIplla,.cn/R S 2 {lFfl-r2+ Ud +R+T)leyi2}, 


for all R > 6(9°). In (VIII.1.3) p is the pressure field associated to v by 
Lemma VIII.1.1, while c; = ¢,(R, 2) (c; > co as R > oo). 


Proof. The method of proof is very close to that of Theorem VII.2.1. We look 
for a solution of the form 


v=wiVito, (VIIL.1.4) 


where V, and o are solenoidal fields introduced in the proof of Theorem 
VII.2.1, which we will recall here for the reader’s sake. Specifically, Vi € 
W17(Q) is the solenoidal extension of v. — olaq of bounded support in 2 
constructed in the proof of Theorem V.1.1, while with the origin of coordinates 


in Qe, 
P 1 
em eV (aa): 


o- | Un. N. 
Xe) 


? Notice that any g-generalized solution enjoys this requirement, as a consequence 
of the stated assumptions on 92 and Remark VIII.1.2. 
3 See (IV.6.1) for the definition of the norm involving p. 


(VIIL.1.5) 
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Thus, 


|[Vili2 < ¢llvalli/2,2a2) 


(VIIL.1.6) 
D%e = O(1/|2|?+!#!), |a| = 0,1, as |x| > 00. 


As a consequence, w is required to be a member of Dy? (Q) and to satisfy, 
for all y € D(2), the equation 


0 
(Vw,Vye)-R (=.6) —T(e,xa-Vw-—e, x w,¢) 
Ly 
OV. 
— —|f,¢| = (VVi, Ve) +R ae +T(e, xa-VV,-—e1 X Va;); 
1 
(VIII.1.7) 
where we set 
V,=Viceo. 
However, we have the identity 
ey xa-Vo-e,xao=0O0. (VIII.1.8) 


In fact, denoting by €;;, the alternating symbol’ and by L the left-hand side 
of (VIII.1.8) times 47/®, we obtain (with r = |x| and i = 1, 2,3) 


Ujzxp ik Lm Ux 
—— — yz) + eum = 3213 
r r r 


2v3 LjL3L2 
po + 3 €312 


Li = Exe xe (3 ifs 


, 
Using (VIII.1.8) in (VIII.1.7), we deduce 


(Vw, Ve) -R (2 9) —T(e,xa:-Vw-—e, x w,¢) 
Ty 


OV 
=-|f,¢]—- (Wi, Ve) +R (9) +T(e, x v-VVi-—e1 x Vi,¢). 


(VIII.1.9) 
It is clear that, provided we show the existence of a function w € Dg’?(2) 
satisfying (VIII.1.9) for all g € D(Q2), the field (VIII.1.4) satisfies all require- 
ments of a generalized solution to (VIII.0.2), (VIII.0.7) as given in Defini- 
tion VIII.1.1. In fact, (VIII.1.6)2, and the properties of V; and w, imply 
v € D'?(Q). In addition, v is solenoidal and assumes the value v, at the 
boundary. Finally, in view of (VIII.1.6)2, we obtain 


[wos [poi +oarer), (VIILL.10) 
S? S2 


4 We recall that the alternating symbol is defined as follows: ij, = 1 if (i,j,k) 
is an even permutation of (1,2,3); eij2 = —1 if (i,j,k) is an odd permutation of 
(1,2,3), and ei;z = 0 if any two of i,j,k are equal. 
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which, by Lemma II.6.2, delivers (VIH.1.3),. Thus, to establish the theorem 
it remains to prove the existence of the field w and the validity of estimates 
(VII1.1.3), 3. To this end, let {p;,} be the base of Do’? (Q) given in Lemma 
VII.2.1. We shall construct an “approximate solution” w , to (VIII.1.9) in 
the following way: 


m 
Wm = s Lome 5 
£=1 


Owm 
Ox, : 


(Veo Vex) —R ( er) —T(e, xX %-Vwm — €1 X Wm; Px) 


OV. 
= -[f, ]-(VV1, Ve) +R (S.e.) +7 seek Veo 
1 


=F,, k=1,2,...,m. 


(VIII.1.11) 
Using (ii) of Lemma VII.2.1 we obtain 
S"(bemoex — EemAck) = Fe, bk =1,2,...,m (VIII.1.12) 
(=1 
where 
= Pe 
Ax =R On, PF + T(er x © Vipy — €1 X Gy, Px)- 
1 
System (VIII.1.12) is linear in the unknowns &/,,, € = 1,...,m, and since 
Acr~ = —Ape, we deduce that the determinant of the coefficients is nonzero. 


As a consequence, for each m € N, system (VIII.1.12) admits a uniquely 
determined solution. Let us multiply (VHI.1.12) by €jm and sum over k from 
1 to m. We obtain 


|wmlt = =F, Wm 


—(VVi1, Vwm)+R ($= .wm) +T(e, x a- VV —e1 X Vi, Wm). 


Ox, 
(VIII.1.13) 
By (VIII.1.6)1, and the fact that f € Dj '?(), we readily show that 


—[f,wm] < lf —1,2/Wm 25 


—(VVi, Vwm) < €1||v«|]1/2,2(02)|Wml1,2; 
(VIII.1.14) 


Owm 
th We es oo 5) < €2||V«||1/2,2(02)|Wm|1,2, 
Ty 


(e, xX 2 - VV —e€1 X V1, Wm) < €3||¥«||1/2,2(a.2)|Wml|s,2 - 


Recalling (VIII.1.14) and using (VIII.1.13) we obtain 


|Wmli2<¢ {|f\-1,2 +(14+R+ T)||v«\|1/2,2:02)} . (VIII.1.15) 
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Therefore, the sequence {w,} remains uniformly bounded in Dj7(Q), and 


by Exercise II.6.2, there exist a subsequence, denoted again by {w,,}, and a 
function w € Dj7(Q) such that in the limit m — oo, 


(Vwm, Vy) = (Vw, Vy), for all p € Do?(). (VIII.1.16) 
Also, by (VIII.1.15) and Theorem II.2.4 we infer 
Jwlie<ec{|f[-r2+d+R+ T)||v«\|1/2,2;0a} (VIII.1.17) 


with c = c({2). Furthermore, from Exercise II.5.8 and by a simple diagonaliza- 
tion procedure, we can select another subsequence, again denoted by {w,, } 
such that 


Wm > w in L?(Qp), for all R > 6(°). (VIII.1.18) 


For fixed k, we then pass to the limit m — oo into (VIII.1.11), to deduce 
with the help of (VIII.1.16), (VIII.1.18) that v satisfies (VIII.1.1) for all yy. 
Since, by Lemma VII.2.1, every y € D(2) can be approximated by a linear 
combination of y, in the W!?-norm and in the norm ||p- |l2, p = (1+ 
|x|), we easily establish the validity of (VIII.1.1) for all » € D(Q2). Let us 
next prove estimates (VII.1.3), 3. From (VHI1.3)2, Theorem II.6.1, and the 
Holder inequality, we deduce 


lIll2,0n S |@r|? |eIMle,en S cleel loli 2, (VIII.1.19) 


where c = c(§2), and so, since 
|vlr2 < jwlie+|VWiliet jolie, 


inequality (VIIL1.3), follows from (VIIL.1.17), (VIIL.1.19), and (VIIL.1.6). Let 
us finally prove (VIII.1.3),. For fixed R > 6(2°), we add to the pressure p 
(defined through Lemma VIII.1.1) the constant 


1 
aa ar P; 
IQr| Jon 


[ero =0. 


Successively, we take w into (VII.1.2) as a solution to the problem 


C= 


so that 


V-w=pt+C in Op, 
ye Wy*(Qr), 
lla2 < cally + Cll2,0n, 


for some c, = c1(Qp). This problem is resolvable by virtue of Theorem II.4.1 
and so from (VIII.1.2) and the Schwarz inequality we have 
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lp + Cllo,en Se (lvli2 + (R+T)|lvll2,02 + |Fl-1,2) (VIIT.1.20) 


which, by (VIII.1.3);, in turn implies (VIII.1.3),. The theorem is thus com- 
pletely proved. 


VIII.2 Generalized Solutions. Uniqueness 


The objective of this section is to prove that the generalized solution deter- 
mined in Theorem VIII.1.2 is unique in the class of all generalized solutions 
corresponding to the same data. In view of the linearity of the problem, this 
amounts to showing that the only generalized solution to (VIII.0.2), (VIII.0.7) 
corresponding to v, = f = 0 is identically zero. As in the case of the Oseen 
problem, in the case at hand, a fortiori, we are not allowed to replace v for ~ 
in (VIII.1.1) if v merely belongs to D1:?(2); see Remark VIII.1.2. Moreover, 
even if we could, it would not be obvious to conclude that the contribution 
from the second and third term on the left-hand side of (VIII.1.1) with » = v 
is zero. We will, therefore, argue differently. To this end, we need to prove a 
number of preparatory results. 


Lemma VIII.2.1 Let v be a generalized solution to (VIII.0.2), (VIII.0.7) 
corresponding to f € L?(2?), for some p > 6(Q2°). Then v € D?:?(Q"), for all 
r > p. Moreover, there is c = c(r, B) (with c(r) > 00 as r > pt) such that 
for all R,T € [0, B, 


|| D? v|l2,.07 < e(|Fll2.e6 + |vli.2) - (VIII.2.1) 


Finally, if Q = R° and f € L?(R°), then v € D?:?(R°) and the following 
estimate holds: 


||D?v|lox3 < cr (lf llo,z2 + |v|i,2) , (VIII.2.2) 
with cy = c1(B). 


Proof. In view of the assumption on f and Theorem VIII.1.1, we know that 
v € W27(2?), p © We2 (2°) and that they satisfy the following equations: 


Ae Ro Ee xa-Vu-—e,xv)=Vpt+f 
Ox, a.e. in QP, 
V-v=0 

(VIII.2.3) 
Let R > r > p, and denote by wr = wr(|z]) a smooth, non-negative “cut- 
off” function that is 0 for |a| < p and |z| > 2R, while it is 1 for |a| € 
[r, R]. Moreover, we may take |D%wrl,|D%(Vr)| < M R7!@!, all jal > 0, 
with M independent of R. We next dot-multiply both sides of (VIII.2.3); by 
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—V x (WrV x v), and integrate over 2. Since! 


—V x (WRV Xv) = —URV XV xv+(V Xv) x Vor 


(VIII.2.4) 
= wrAv + (V x v) x Vwr, 


we obtain? 
Ov 
| VPRAwIB = - (REX + Fund (Vx v) x Ver) 


—3((V x v) x V(veR), VoRAv) 


+T(e, x v, VX (WrV X v) — (e1 X &- Vv,V X (WrRV X v)). 

(VIII.2.5) 

By the Schwarz inequality, the Cauchy inequality (II.2.5), and the properties 
of wR, we obtain 


—((V xv) x Vibe), VbrAv) < FllVeRAvl|3 + M? |o|j,2  (VIIL2.6) 


and 


. (Ro +f vRav+( xv) x Ven) <1 /PRAv|3 + c (lvl? a+ IF), 


Ox, 
(VIII.2.7) 
where c = c(B,p,r). We need now to estimate the last two terms on the 
right-hand side of (VII.2.5). Employing the well-known identities 


V (Ax B)=B:VxA-A-VxB, 


(VIII.2.8) 
Vx(ax B)=aV-.B-a-VB, 


where A, B are vector fields and a is a constant vector, along with the prop- 
erties of wr, we obtain 


(e, x v, VX (WrV X v)) = — pu -[wr(e1 x v) x (V x v)] 


+(PrV x v,V x (e1 x v)) 


= —(Wrei: Vv, V X v) < Qlv|7,. 


(VIII.2.9) 


Furthermore, again with the help of (VIII.2.8)1, and by the properties of wp, 
we deduce 


' This vector identity as well as the others used throughout the proof is known for 
“smooth” vector fields. However, by a simple approximating procedure based on 
Theorem II.3.1, we can show that they continue to hold a.e. in 2° also if the 
fields merely belong to W;7? (2°). 

? Throughout the proof, for simplicity, we set || - |l2,0° = ||- lz, and (-,-)ar = (-,-). 
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—(e, x @- Vvu,V x (WrV x v)) = |v: [Wr(e1 x a- Vv) x (V x v)| 
2 


—(WrV x v,V x (e1 X w- Vv)) 


= —(WrV x v,V x (e, xX @-Vv)). 
(VIII.2.10) 
In order to estimate the term on the right-hand side of (VIII.2.10), we recall 
the following classical form of V x A, and that of the cross product of two 
vectors, a, b in terms of their components: 


Vx A=exjnDjArei, aX b= eq;pajbeei, 
where €;; is the alternating symbol.* We thus have, for i = 1, 2,3, 
[V x (e1 xX @- Vv)]i = €ij7¢Dj(E1 X w- Vor) 
=[e, xX a-V(V X v)ji + €ijkElmyj CmD ie 
and so, employing the well-known identities (see, e.g., Evett (1966)) 
EijkElmj = SimOkt — Oi10km 
and recalling (VIII.2.3)2, we deduce 
Vx(erxa@- Vv) =e, x «-V(V xv) —Vv-e,. 


Taking into account that e1 x x-Vwp(|z|) = 0, for all x € R®, from this latter 
relation and again from the properties of wR, we obtain 


— Wr¥ x ¥,V x (1 x2: Vo) =-$/ V- Wee(V x ver xa 


+(wWrV xv, Vvu-e1) 


= (brV Xv, Vv-e1) < 2|v|7 9. 
(VIII.2.11) 
Collecting (VIIL.2.5)-(VIIL.2.7), (VIIL.2.9), and (VIIL.2.11), we thus obtain 


IWvrAvllz < coli + IIF13), (VIIL.2.12) 


and so, recalling that wr(|xz|) = 1, for « € 92,.R, we conclude, in particular, 
that 


Aro 2,0 S€(Irlt2 + IIFll2) 


where c is independent of R. Letting R — oo in this relation gives Av € 
L?(Q"), for all r > p, and moreover, 


|| Avll2,.ar < ¢(lvli2 + [lf ll2,c¢)- (VIII.2.13) 


3 See footnote 4 in Section VIIL.1. 
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From (VIII.2.13) and from its proof, it immediately follows that in the par- 
ticular case 2 = R® and f € L?(R°), we have Av € L?(R*) and 


| Avljo.as < er (oli.2 + llfllo,ns) (VIIL.2.14) 


with c; = c:(B). We now observe that as a consequence of this property and 
the Helmholtz—Weyl decomposition theorem, Theorem III.1.1, v satisfies the 
following Stokes system: 


Av=F+V¢ 

in Q", 
V-v=0 

where F € H(Q") c L?(Q") and ¢ € D'?(2"). Moreover, v € D!:?(Q") by 

assumption, and so from Theorem V.5.3, we readily obtain v € D?:?(Q"), and 

the property stated in the lemma follows. Clearly, if 2 = IR? and f € L?(R°), 

this argument furnishes D?v € L?(IR°). Therefore, since 


v € D*?(R*) N Do” (R*), 


by Theorem II.7.6 it easily follows that v € Do’? (R°). Thus, by Exercise II.7.4, 
we have 
||D?vll2 = ||Arle, 


and from (VIII.2.14) we also prove (VIII.2.2). The case 2 # R? can be treated 
by similar considerations. In fact, let ¢ = ¢(x) a smooth function that is 1 
for |2| > r and is 0 for |x| < p, and set w = Cv. Then, by the property 
of generalized solutions and with the help of Theorem II.7.6 we prove that 
w € D;'7(R°), and so, as before, we find that ||D?w||2 = || Aw]|2. However, 
by a simple calculation, we show that 


|| D?v|l2,0° < | Awll2 < ex(r) (|Av|le,a° + |]ulla.2,00.r) 


(VIII.2.15) 
S ca(r) (|| Avlla,a- + |v|1,2) , 


where in the last step, we have used the Holder inequality together with 
inequality ||v||g < clv|i,2. The relation (VIII.2.1) is then a consequence of 
(VIII.2.13) and (VIII.2.15). 


The next result furnishes a representation of the pressure field under very 
general assumptions on f. 


Lemma VIII.2.2 Let v be a generalized solution to (VIII.0.2), (VIII.0.7) 
corresponding to f = f + V- F, where 


f € 1?(2°)NL4(2°), for some p > 5(Q°) and q € (1,00), 


and F is a second-order tensor field such that 
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V-Fel(2?), Fe L'(2?)NL?(2,)L4(2,), for some t € (1,00). 


Then, there exists ps, € R such that the pressure p associated to v by Lemma 
VIIL.1.1 admits the following decomposition: 


P=Potpitpe, (VIIL.2.16) 
where 
py € L§(27) 0 Dt7(27) nN DY9(27), 
po € L9(Q") A L(A") DEAT). et) 
Moreover, if q € (1,3), we have also 
pr € NL3V/B-9 (AQ), (VIII.2.18) 
Finally, if 
(f, Vv) =0 for all py € C2), (VIII.2.19) 


namely, V - f = 0 in the generalized sense, and q € (1,3/2], t € (1, 3], then 
D° (p(@) — Poo) = Xa(x), for all|a|>0, |2z|>r, (VIII.2.20) 


where 


Xa(x) = O(|a|-?!*!). 


Proof. By the Helmholtz—Weyl decomposition theorem, Theorem III.1.2, we 
may write 7 

fH=f"*°+Vr", 
where f*, Vp* € L?7(2°) A L4(Q°). By Theorem II.6.1, we can add a constant 
to p* in such a way that the modified function, which we continue to denote 
by p*, belongs to L°(.2?)N L34/8-9 (0°), We set p = p+p*, so that (VIII.2.3) 
becomes 


Aare scr des xa@-Vu-e,xv)=Vp+tf'+V-F 
Ox, a.e. in 2°. 
V-v=0 
(VIII.2.21) 
We begin by proving the properties (VIII.2.16)—(VIII.2.18). Fix r > p, and 
let ~ be a smooth “cut-off” function that is 1 if |x| > r, and 0 if |z| < p. 
Moreover, let 


a(x) :=— (2 v- n) VE, (VIII.2.22) 


where € is the (three-dimensional) fundamental Laplace solution (II.9.1), and 
consider the following problem: 
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V- H=V-[v(v+o)] in B,, 


(VIIL.2.23) 
H ¢ W??(R3), supp(H) Cc B,. 


Since 


| V: Ww t+0)] lv +e)-n=0, 
By, 


we know, by the properties of v and Theorem [II.3.1, that (VIII.2.23) has at 
least one solution. Put 


OB, 


w= wutvo-—H, r= Wp. 


Taking into account (VIII.1.8), from (VIII.2.21) by a direct calculation we 
obtain* 


Ape! teen Cicer ai eee 


Ox, a.e. in R3, 
V-w=0 
(VIII.2.24) 
where G € L?(R°), with supp (G) C B,. Now, for all  € C§°(2?), 
Ow Ow 
(Aw, Vw) = -—(V-w, Av) =0, ($2.v0) = (v-w, 5%) =0. 
(VIII.2.25) 
Also, since 


V-(e,xa2-V@—-e,x &)=e,xx-V(V-#)=0, 


for all 6 € W,27(2) with V-=0, 
(VIII.2.26) 


we obtain, in particular, 
(e, xa-Vw—e,xw, Vv) = —(V-(e1 xa: Vw—e; xw),~) = 0. (VII.2.27) 


Using (VIII.2.25) and (VIII.2.27) from (VIII.2.24),, we deduce that 7 is a 
generalized solution to the following problem: 


—An=V- (bf) +V-(V-F)+tV-G inR’. (VIII.2.28) 
A solution to (VITI.2.28) is given by 


T= —VE * (pf*) -VE*xG+VE« (Vy: F)-VEx[V- (UF) 


(VIII.2.29) 


* Since their values are irrelevant to the proof, we set throughout R = T = 1. 
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where € is the fundamental solution of Laplace’s equation (II.9.1). We recall 
that |VE(€)| < cl€|~?, and that D;;€ is a singular kernel, for all i, 7 = 1,2,3 
(see Exercise II.11.7). Therefore, taking into account that wf*,G,Vw-F € 
L4(R3) 9 L?7(R?), q € (1,3), from Theorem II.11.3 and Theorem II.11.4 we 
obtain 


7, € L°(R?) 9 D'4(R3) Nn D'?(R3), @ € (1,00) 


t= 1,235, 
7, € L39/(8-9) (R3) 9 L8(R3) Nn Db4(R3) mn D1? (R3), q € (1,3) 
(VIII.2.30) 
and by the same token, 
7, € L*(R?) nN L9(R*) n Dt? (R%) ; (VIHI.2.31) 


see Exercise VIII.2.2. Let us show that (up to an additive constant) 7 = 7 in 
Q". To this end, we observe that clearly, Y := 7 — 7 is harmonic in R°, for 
which the following local representation holds (see (VII.4.57)): 


W(x)=—-f HH) (x-yWy)dy ceR’, 
R3 


with H®) satisfying (V.3.11)-(V.3.13). Therefore, by differentiating both 
sides of this relation and using the Schwarz and Holder inequalities, we deduce 


V0 


1/2 
IVw(x)] < ( [we JH)(x ~ y) Pay) 
R3 Yy 


+||VA || 34/(4q-3) IF ll3q/(3q-3) - 


P (VIII.2.32) 


Also, recalling the properties (V.3.11), (V.3.13) of the function H™ and 
noticing that |y|? < 2(|2 — y|? + |2|?), from (VIII.2.32) we obtain 


1+ |a| 
1 


for all fixed x € R? and all R > 0. On the other hand, dividing both sides of 
(VIII.2.21); by |x|, squaring the resulting equation and integrating over 2", 
r > p, we deduce 


where c = c(r). From Lemma VIII.2.1 and the assumption on f, we infer that 
Av € L?(2"). Therefore, taking into account that v € D!:?(Q2), we deduce 
that the first three terms on the right-hand side of (VIII.2.34) are finite. 
Moreover, by Theorem II.6.1(i) and property (iv) in Definition VIII.1.1, we 
have also that the last term on the right-hand side of (VIII.2.34) is finite, so 
that we conclude, in particular, that 


|VU(a)| <e 


= 


+ cgR—>+49/3 | FI] 3413-3) » (VIII.2.33) 
2 


Vp 


Iz 


, (VIII.2.34) 


v 
<e | ||Avllo.ar + |vlij2,.e + ||F lla" + IF 
2,27 |x| 


2,Q° 
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| NEY zee, 
Qar| & 
namely, since 7 = wp and p € L?,,.(2°), 
i Val? 
—| <o@. 
R3 av 


If we take into account this condition along with (VIII.2.30), and pass to the 
limit R — oo in (VIII.2.33), we conclude that VW(x) = 0, for all x € R3, 
that is, = 7+ const. Therefore, since m(a#) = p(x) = p(x) + p*(x), x € 
92", the desired summability property (VIII.2.16)—(VIII.2.17) for p follows 
from this latter, the analogous property of p*, and (VIII.2.29)—(VIII.2.31). We 
shall now complete the proof of the theorem. Using (VIII.2.25), (VIII.2.27) 
(with w = v), and bearing in mind (VIII.2.19), from (VIII.2.21) we obtain 
(Vp, Vw) = 0, for all y € C§°(2?), which, in turn, by well-known results 
of Caccioppoli (1937), Cimmino (1938a, 1938b), and Weyl (1940), implies 
that p is harmonic in 2? and belongs to C™(2?). Recalling that p satisfies 
(VIII.2.16)—(VIII.2.17), we may use the results of Exercise V.3.6(i) to obtain 
the following representation for p(x), for all a € Q": 


D° p(x) = — (| sens) D°E(x) + xXe(x), for all |a| > 0. (VITI.2.35) 
dB, ON 

Take a = 0 in this relation. Then, if g € (1,3/2], t € (1,3], by (VIII.2.16), 

(VIII.2.17) both p and xo are summable in 2" with some exponent s € 

(3/2,3], and since € ¢ L'(Q"), this implies that the surface integral in 

(VIII.2.35) must vanish, which concludes the proof of the lemma. 


Remark VIII.2.1 As the reader may have noticed, the proof of the previous 
lemma remains unaltered if we take JT = 0. | 


We are now in a position to prove the following. 


Lemma VIII.2.3 Let 92 be locally Lipschitz and let wu be a generalized so- 
lution to (VIII.0.2), (VIII.0.7) corresponding to f =v. = 0. Moreover, de- 
note by p the associated pressure field from Lemma VIII.1.1. Then u = 0, 
p=pi-+ const. 


Proof. By assumption, we have 
(Vu, Vp)—-R (s+) —~T(e,xa-Vu—e, xu, p) = (1, V-w), (VIIL2.36) 
1 


for all 4 € C5°(Q). By Theorem III.5.1, we obtain that w € Dj’?(Q), while 
by Theorem VIII.1.1, it also follows that wu, p € C™(2). Employing this latter 
property and (VIII.2.36), we deduce that 


VIII.2 Generalized Solutions. Uniqueness 513 


me ete xa: Vu-e,xu)=Va4 
Ox) in Q. — (VIII.2.37) 


V-u=0 
Now by Lemma VIII.2.2, we have 
m(£) — oo = O(|z|~7), as |x| — 00, (VIII.2.38) 


for some 7. € R. Since (VIII.2.36) remains unchanged if we replace 7 with 
T — Too, we will take, without loss, 7, = 0. Our next objective is, basically, to 
replace w in (VIII.2.36) with u. In order to reach this goal, we begin to notice 
that since Dj’?(2) C W!?(Qp), for all R > 5(2°), one can show, by a simple 
density argument, that (VIII.2.36) continues to hold for 7 € Wy’?(Qp), for 
all R > 6(°). We next choose w = W4,ru, where wo,r is the “cut-off” 
function determined in Lemma II.6.4. We recall that by that lemma, we have, 
in particular, 


a 

supp (W4,r) C QV? , 

jim wWa,r(x) =1 uniformly pointwise , 
L—> OO 


OwW4,R 
Oxy, 


(VIIL.2.39) 


4 < Ci > || ee |\Vwa,r| lo < Calta ’ 


(e1 x x) - Via,r(z) = 0 for all x € R®. 


Thus, replacing W4,ru for w in (VIII.2.36), we obtain after a few integrations 
by parts (for notational simplicity, we drop the subscript “4” ), 


Ze x 2: Var, u’) — (1, Vor: u) 


= (WrVu, Vu) + (Vie: Vu, u) + B (w a2 —(n,Vur-u). 
2 Ox, 


From this relation, with the help of (VIII.2.39) and the Schwarz and Holder 
inequalities, we derive 


JvrpVull2 < 2 Rul? VIII.2.40 
lV vr ule (lula + ell ote tliat ook mi ) 


with c independent of R. From (VIII.2.38) we know that m € L?(Q2), whereas 
by Theorem II.7.5, we have u € L°(Q). Therefore, in view of these properties, 
we may let R — oo in (VIII.2.40) to deduce 


in VRVull2 = 0, 
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which, in turn, by (VIII.2.39)2 and by the Lebesgue dominated convergence 
theorem of Lemma II.2.1, shows that ||Vu||2 = 0, that is, uw = 0 in 2. The 
proof of the theorem is thus completed. 


From the previous lemma, we at once deduce the following uniqueness 
theorem, which constitutes the main accomplishment of this section. 


Theorem VIII.2.1 Let 2 be locally Lipschitz and let v be a generalized 
solution to (VIII.0.2), (VIII.0.7) corresponding to f € Wy 7(2'), Q any 
bounded subdomain with Q C Q, and tov, € W'/?:?(02). Moreover, denote 
by p the associated pressure field from Lemma VIII.1.1. Then, if w is another 
generalized solution corresponding to the same data, with associated pressure 
field p,, we have v = w, p= pi + const. 


Exercise VIII.2.1 Let v be a generalized solution to (VIII.0.2), (VHI.0.7), and 
suppose that f satisfies the assumption of Lemma VIII.2.1. Show that 

| = v(z) = 0, 
uniformly pointwise. Hint: Couple the results of Lemma VIII.2.1 with those of The- 
orem II.9.1. 


Exercise VIII.2.2 Prove properties (VIII.2.30), (VHI.2.31). 


VIII.3 The Fundamental Solution to the 
Time-Dependent Oseen Problem and Related Properties 


As we observed in the Introduction to this chapter, the asymptotic proper- 
ties of generalized solutions to (VIII.0.7), (VIII.0.2) will be established by 
first proving similar properties for the solutions to an associated initial-value 
problem, and then by showing that in the limit as t — oo, the latter converge 
to the former, uniformly in suitable norms. 

Actually, as we shall show later on, in order to achieve this goal, it suffices 
to investigate the above properties for solutions to the following Oseen initial- 
value problem: 


Ou Ou 
Jpeg ayer 
Ot Oxy ae in R? x (0, 00) 
aca (VIIL.3.1) 


u(x, 0) = U0; 


where f = f(z,t) and uo = uo(z) are given vector fields, with uo solenoidal, 
satisfying appropriate assumptions. In turn, the study of the asymptotic prop- 
erties (in space and time) of solutions to problem (VIII.3.1) is more conve- 
niently done by means of the integral representation of the solutions through 
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the fundamental tensor solution of the Oseen system (VIII.3.1)1,2. Such a 
solution is well known, and was originally introduced by Oseen (1927, §5). 

The objective of this section will thus be to recall some of the relevant 
properties of the Oseen fundamental solution, and to establish certain uniform 
properties concerning its asymptotic behavior in space and time. 

Since the study of all principal properties of this solution will be performed 
in great depth in Volume II,! we shall restrict ourselves to state those we need 
here, without detailed proofs, referring the reader to the existing literature for 
all the missing details. 

Following Oseen (1927, §5), for all R > 0 we introduce tensor and vector 
fields, I’ and 7+, respectively, defined by? 


[ij;(2 —y,t —7;R) = —6,; AV(|x& + R(t — r)e1 — y|,t —T) 


fag 
ia cal ie a ia 
(c-y,t-—T)= fh + os + R(t — T)e |,t—T) 
Vi Y, — dy; Or | 1 YI, ’ 


(VIII.3.2) 
where YW = W(r,s) is any real function that is defined and smooth for all 
r > 0 and all s > 0. By a straightforward calculation, we show that the fields 
(VIII.3.2) satisfy the following equations: 


on = een AD an a = bi; (+ + 4) AW, 
T { A ‘TT 
us e (VIIL.3.3) 
OYi 


where “A” operates on the y-variables. The idea is now to choose W in such 
a way that 
AW(r,s) = —W(r,s), (VIIL.3.4) 


where W = W(r, s) is the three-dimensional Weierstrass kernel, namely, the 
fundamental solution to the three-dimensional heat equation: 


(40 s)~8/2¢-4e , s>0, 
W = (VIIL.3.5) 


0, s<0. 


This choice will then ensure that the right-hand side of (VIII.3.3); vanishes 
for z,y € R° and t > 7, and moreover, that when +t — t~, it becomes 
“appropriately singular,” in a way that will be clarified later on, in Lemma 
VIII.3.1. The requirement (VIII.3.4) means that 


' Actually, in any space dimensions n > 2. 
? The properties that we will state in this section continue to hold also for R < 0. 
However, for the application we have in mind, we suppose that R is nonnegative. 
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107 (rv r2 
Aw = — ie ) = —(4r 8) 3/2 ¢- ; 
r Or 
which gives, after a simple calculation and by fixing the integration constants 
suitably, 


An3/2r 51/2 


Moreover, from (VIII.3.6) it also follows that (Oseen 1927, pp. 40-41) 


1 "2 
W(r,s) = a! e dp. (VIII.3.6) 
0 


0 
(F + 4e) ¥ilghs)=0, 5>0, 


so that from (VIII.3.2) we deduce y,;(% — y,t — 7) =0 for t > Tr. 
Collecting all the above information, we then conclude that the fundamen- 
tal tensor I” has the following form, for t > rT: 


Tij(a —y,t —7;R) = —6,; AV(|z@ + R(t — r)e1 — y|,t— 7) 


fag 
+—— W(|x + R(t —T)e ,t—T), 
OyiOy; \ ae S| (VIIL.3.7) 


2 
(r,t — 7) : i eae 
yb = t) = = —a75 Gar ry 
An/2p Jo (t— 7) 1/2 ‘ 


while y = 0. 
When R = 0, we set, for simplicity, I'(€,s;0) = '(€, s), € € R’, s > 0. 
Clearly, for t > 7, we have 


un = Rou + AD; =0, 
ue (VIIL.3.8) 

Ot ng 

OY; 


with “A” operating on the y-variables, whereas, taking into account that 


Oli; Oli; Oli; Oli; OT; Oly 


a Dh? Oe” Bh enon non 
we have ar ar 
og 
(VIII.3.9) 
Ori; 
Ox; —s 


where now “A” operates on the x-variables. 


The next result shows the way in which the tensor F = I'(a—y,t —T;R) 
becomes singular at (a,t) = (y,7). For its proof we refer the reader to Oseen 
(1927, §53). 
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Lemma VIII.3.1 Let A be a bounded, locally Lipschitz domain and let u = 
u(x,t) be a solenoidal vector field in C(A x [t — 6,t]), for some 6 > 0. Then, 
for all R > 0, 


1 es 5 
lim | u(y, 7)Lij(e—y, t-T; R)dy = uj (a, )--/ ne t)Nidoy,, 
rot JA dn Joa |x —y| 


where N is the unit outer normal at OA. 


An issue that is of basic importance to our aims is the study of suitable 
asymptotic properties in space of the fundamental solution I and its spatial 
derivatives. In order to reach this goal, we begin to recall the following result, 
for whose proof we refer to Oseen (1927, 855, 873) and Solonnikov (1964, 
Corollary in §5). 


Lemma VIII.3.2 There exists a constant C > 0 such that the following 


estimates hold, for all (r, €) € [0,00) x R? — {(0,0)}: 
peels ae 
IP(E.:R)< ea ES ern 
PETRI < ae, 
ID (E,7;R)| < ea Eero 


With this result in hand, we can then prove the next one. 


Lemma VIII.3.3 Let 
TAE:R) = i IDT(E,7:R)|dr, €=0,1,2, 
0 


and set Iy(€) := Ip(€,0), € = 0,1, 2. The following properties hold: 
(i) If R =0, we have, for all € € R® — {0}, 


In() < Tas £=0,1,2, (VIII.3.10) 
with C = C(£) >0. 
(ii) If R > 0, let 
s(€)=|€|+&, €eR, (VIII.3.11) 


and 0 < 6 < 4. Then, for all € € R* — {0}, 
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2. 
~ [él + 2R8(€)) | 


1/2) ¢)-3/2 —3/2 j 
neee {* Jel 7+ 2R9(G))-9?, if [E> BIR, 

él-?, if [El € (0,8/R), 
Rlél7(1 + 2Rs(E))-?, if |€| > B/R, 
es EIS GBR), 


To(€; R) 


(GR) <Cc 
(VIII.3.12) 

where C = C(8). 
Proof. We begin by recalling the following noteworthy formulas (see, e.g., 


Gradshteyn & Ryzhik 1980, §§3.241, 3.249, 3.252): 


[ = = ifa>0,b,c>0 
———————_,5 = ——— =: ifa>0,),c>0, 
0 (az? +ba+c)3/? (b+ 2Vac)/c 


9 
——_, ifb=0 >0 

b= a ee VIIL3.13 

0 (axz7+br+c)* 1 s ( an 
Ane ifa=0,b,c>0, 


ifa>0,b,c>0. 


i dix 4 4vac+b 
0 (ax? +ba+c)5/? 3 ¢3/2(./ac+b)?’ 


The inequalities in part (i) are an immediate consequence of the estimates 
given in Lemma VIII.3.2 and of (VIII.3.13) evaluated for a = 0, b = 1 and 
c = |€|?. In order to prove part (ii), we notice that in view of the estimates 
given in Lemma VIII.3.2, it is enough to show that the integral 


fs 1 = i Se 
169= | copa’ |, waa 


for 6 = 3/2,2,5/2, can be increased by the right-hand side of (VIII.3.12), if 
6 = 3/2, and by that of (VIII.3.12)2 if 0 = 2, for the specified values of |€]. 
To this end, we observe that I(€,@) is convergent for the values of @ we are 
considering, provided € 4 0. Now, for @ = 3/2, by a direct calculation that 
uses (VIII.3.13); with a = R?, b=1+2R&, and c= |€|?, we get 


2 
63/2) = aa ypaRs®)’ 


for all € #£ 0, which proves the first inequality in (VIII.3.12). Consider next 
the cases 0 = 2,5/2. For all |€| < 3/R, we have 


T+ |€+7Re1|? > (1— 28)r + |)? (VIII.3.14) 


and therefore by (VIII.3.13)2,3 with a = 0, b = (1 — 2), and c= |€|?, 
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a 1 CO ,B 
169)< fame = gre rane o. 

which proves the second part of the second and third inequalities in (VIII.3.12). 
It remains to discuss the case |€| > G/R. We consider separately the cases (a) 
1+2R& >0 and (b) 1+2RE& <0. In case (a), we have 7 + |€ +7TRe\|? > 
R?r? + |€|? for all 7 > 0, and consequently from (VIII.3.13)2,3 with b = 0, 
a= R?’, and c= |€|?, we have 


1 Co 


ae ee, een ely) 
Os fara gupe = aga fralle xo 
We next observe that |€| > 3/R implies 
1+48)R 
142K s(€) <144R|e) < LEE 


from which it follows that 
RI-3/2 
T(E, 0) < Co. SS: 
69) S Coot aR sO PPP 


In case (b), since 


AR*E|? — (1+ 2R4i)* = (2R || — 2RH — 1)2R|E| + 2R4 +1) 
= 2R s(€) + Y2R |g] — 2REi + 1)) > 0, 


we obtain 


a as 
ee I (Je? + (1 + 2Rai)r + R777)? 


ae a dg 
- I [ (Rr + (1+ 2Rai)/2R)? + (4R?|é|? — (1+ 2RE)?) /(2R)?]" 


i [SUT 
~ RJo [r? +R s(€) + IQRIEl — @RE +1))/(2R)?]" 
< af dr : 

RJo [r? + (Rs(é) + DIE|/2R)] 


RI-3/2 
< ¢9 ————————————“—_-. 
= TL + OR. oO)? (EP? 


The proof of the lemma is complete. 


Remark VITII.3.1 The reader might have recognized that the estimates 
proved in Lemma VIII.3.3 are of the same type as those furnished for the 
Stokes fundamental solution U(€) in (IV.2.3), in the case R = 0, and for 
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the (steady-state) Oseen fundamental solution, E(é;R/2), in (VII.3.23) and 
(VII.3.31), in the case R > 0. These properties-which are at the foundation 
of our approach to the study of the asymptotic behavior of weak solutions to 
(VIII.0.7), (VIII.0.2)—-are not surprising, in that they can be expected from 
the fact that for all € € R® — {0}, 


t 


lim | I'(€,7)dr = U(E), 


t—0o 0 
t 


lim | I'(€,7;R)dr = E(E; R/2); 


t—0o 0 


see Thomann & Guenther (2006), Deuring, Kra¢mar, & Neéasova (2009). Hf 


Exercise VIII.3.1 (Generalization of Lemma VIII.3.3(i)) Let a be a multi-index, 
and set 


Pa(é) = f° \D°L EE 40) at. 
0 
Employing the pointwise inequality (Solonnikov 1964; Corollary in §5) 


C 


|DEL(E,t;0)| < (4 Era?’ 


la| = 0,1,2,..., 


show that 


Ta(€) < an for all € € R° — {0}. 


Exercise VIII.3.2 (Mizumachi, 1984, Lemma 3) Prove the following inequalities. 
Let 1 <q < 3 and 3 < qo. Then 


1 


oo a 
i | (t + |x + te1|?)~?™ dx dt < 00, 
0 R3N{a3+a2 <1} 


1 


oo 42 
i / (t + |x + te1|?)~?” dx dt <o. 
(0) R3N{23+22>1} 


Hint: Use polar coordinates with respect to (x2, x3). 


Our next task is to give pointwise estimates for the following convolution 
integrals: 


_ f O@-y) 
c= [ora 


| e (VIII.3.15) 
: = Wet — Y; 
Te®)= | oar! >? 


For K, we have the following result, of simple proof. 
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Lemma VIII.3.4 There exists a constant C; > 0 such that 


K(a) <5 a (VIII.3.16) 
Proof. By Lemma VIII.3.3(i), we have 
K(e)<ef ——> dy, 
re |x — y|"(1 + |y/) 
and so, by Lemma II.9.2, it follows that 
K(x) <c|z|~*, for all « € R? — {0}. (VIII.3.17) 


Furthermore, by the Hélder inequality with exponent q € (3/2,3), we obtain 


Ke) <a / bes ytd 
Jja—y|<1 


’ 1/q 1/q 
ie ( [atle-w™ av) ( for vl)" ay) 
R3 R3 


< C3. 
(VIII.3.18) 
The proof of (VIII.3.16) then follows from (VIII.3.17) and (VIII.3.18). The 


lemma is completely proved. 


In order to evaluate the other convolution in (VIII.3.15), we need the 
following lemma, which is a particular case of a more general result due to 
Farwig (1992b, Lemma 3.1), and to which we refer the reader for the proof 
(see also Kra¢mar, Novotny, & Pokorny 2001, Theorem 3.2). 


Lemma VIII.3.5 Let 
G(e) = fm(udna(e ay. 


where 1 satisfies at least one of the conditions 


e1(1 + |yl)~3/2(1 + 28(y)) 3/2 if [y| > co, 

nin <{ 7 (A) 
co|y| if |y| < co, 

m(y) < e3(1 + |yl) 3/21 + 28(y)) 37, for ally € B®, (B) 


whereas 72 satisfies 


ne(y) < ca(1 + |yl) 7. + 28(y))*, for ally € R®, 
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for some (positive) constants c;,1 = 0,...,4. In case (B), this assumption may 
be weakened to the following one: 


aye e5(1 + |y|)“2(1 + 28(y))? if |yl > ce, 
my) < 
e7ly|~? if |y| < ce, 


for some C5, Cg, C7 > 0. Then, there is C > 0 such that? 


C 


Gz) < Tapa sas)’ 


The previous lemma allows us to prove the following one. 


Lemma VIII.3.6 Let K = max{1,R}. There exists a constant C > 0, de- 
pending only on 3, such that 


KC 


IR) © Gaps Rae) | 


(VIII.3.19) 


Proof. The only difficulty of the proof consists in a careful evaluation of the 
dependence on the Reynolds number FR of the constant entering the numerator 
of the fraction in the inequality (VIII.3.19). For a given x € R3, we consider 
the following partition of R?: 


R® = {ye R®: |z—y| < B/R}U {y € B®: |x —y| > B/R}. 


From (VII.3.12) and (VIII.3.15)2, we thus have, accordingly, 


eR <CA(f _ be—ul-*( +A + 2k 9())Ady 


+R? fled + 2R se —y)))-#(1 + (yl) 20 + 2R sly) Pay) 
R\z—y|>B 


= C(8) (A(x) + A(x)) . 
(VIII.3.20) 
We begin by estimating the function J2(x). With the substitution € = Ry, 
we obtain 


Hila) = Ff [Ree 1+29(Rx—€) IAA /RY A+ 2916))- M6, 


Ra—€|>p 
(VIIL.3.21) 


3 Actually, as shown by Farwig (1992b), under the given assumption, the function 
G possesses a better decay rate than that stated here. However, this improvement 
will not be necessary to our purposes. For related inequalities, see also Lemma 
XI1.6.2 
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and so 
1 
== j(x 
RI{Ro—€|>B}N{|El<1} 
1 2 
= Is (a) + F(a), 


1 
)dy + = (a, y)dy 


Io (a) | j 
RI {Rao—€|>B}N{|él>1} 


(VIII.3.22) 
where j(x, y) denotes the integrand function in (VIII.3.21). Observing that 


7 7 1 4 
€E{CER®: |Re-Cl > Bp Rene] ae ee) EE (VIII.3.23) 


we obtain 


Te ay eR en + |Ra — €|)(1 + 28(Ra — €))]~2|€|-7(1 + 28(€)) Ade 


a | [(1 + [Rar — £))(1 + 25(Ra — €))] Fn, 
R3 


where 


0 if |z|>1. 
From Lemma VIII.3.5 we thus obtain 
R ck 


lal af ele, 
n(z) = (VIII.3.24) 


TE) (a) < ce < (VT. 3.25 
2 (2) (14+ Ri2|)\(1+2Rs(x)) ~ (1+ |2|)\(14 2R s(2)) ( ) 
where we have used the elementary inequality 
t 14 
ZRII as Ge (VIII.3.26) 


l+ta™ tl+a 
In a similar fashion, again by (VIII.3.23) and by Lemma VIII.3.5, 


Iya) = Rf (A+R — €)(1+ 28(Ra —€))]-F[(1 + [é|)A + 28(€))] Pde 


eR f [+ [Re— el) + 2s(Ra—e)))-FC + leN(1+ 25(6)] 2a 
ees eee 
~ (1+ |2|) + 2R s(x)) ° 

From this latter relation and from (VIII.3.21)—(VIHI.3.25), we conclude that 


ck 


Jalz) = Gy iepa dt Wa) 


(VIIL.3.27) 


In order to estimate 7 (x) we distinguish the following cases: (a) |a| < G/R, 
and (b) |a| > 3/R. In case (a), from the obvious inequality 
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1 
es 
14+46 ~ 1+2Rs(z) 
and from Lemma II.9.2 and (VIII.3.18), we obtain 


nt) < f le — yl-2(1 + [yl -2dy < 
R3 


<1 foralre Bar, 


1+ Tae 
onl 8) (VIII.3.28) 
< OF papa + BR aay) IS ONE. 
We next assume |x| > 3/R. From (VIII.3.20), we have 
Keay sc) fo be wl? + Wy) 20 + 2R sly) Pay 
R\e—yl< 3 


+/f In — yl-2(1 + ul) 20 + 2R-s(@))2dy) 
<R\x—y|<B 


= C(9) (Js(@) + Fa(a)) . 
(VIII.3.29) 
With the change of variable € = Ry, we obtain 


Ise) = 2 / [Ree — €[-2(1 + |E|/R)~20d + 28(€)) 2k 
[Ra—é|< 8 


R 
cRf [Re él*gh 2 + 29(6)) Pa. 
|Ra—€|< & 
Since R |x| > 6, we have, by the triangle inequality, 


If] > R\z|—-|Ra—€| > 6B-8/2= 6/2, 
for all € such that |Ra — €| < 3/2. Therefore, 


Bla) <BR] Re — eA + eA + 29(6)Aa 


Ra—- él<s 


= arf ule €)(1 + [Re — €|)-2(1 + 28(Rea —€))-2d8, 
where the function 77 is defined in (VII.3.24). As a consequence, from Lemma 
VIIL.3.5 and (VIII.3.26) we deduce 


Concerning J4(x), we obtain 


Ta(x) = [Ra — €\-7(1 + |é|/R)~7(1 + 2 8(€)) 7d 


7 oe 


<R | [Rar — €|-2|€|-2(1 + 2(€)) 2a, 
<|Ra—€|<6 
(VIII.3.31) 
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which implies 


Ia(a) <R j(a, €)dé 
{$<|Ra—-€|<B}N{|é|<1} 

LR | Fa, ede (VIII.3.32) 

{$<|Ra—€|<A}n{lél>1} 


29." (a), '@), 


where j = j(a,€) is the integrand function in the last integral in (VIII.3.31). 
We observe that obviously, 


eg c(B) 
|Ra —€? ~ (1+ [Ra — €|)°7(1 + 28(Re — €))9/? ” (VIIL.3.33) 
for all € such that 2 < |Ra—-é|<@. 


Consequently, 
F(a) sR f [+ Re Eh) + 25(Re— gy), 
R3 


where 77 is defined in (VIII.3.24). So, from Lemma VIII.3.5 and (VIII.3.26) we 
obtain 
(1) ck 


Wicd ESR CEST (VIII.3.34) 


Likewise, using (VIII.3.33), we obtain 


P(e) ER f [a+ [Re— E+ 29(Re SH) + led +2 sO)] a, 


and again by Lemma VIII.3.5 and (VIII.3.26), we obtain 


(2) ck 


By collecting (VIII.3.29)—(VIII.3.32), and (VIII.3.34), (VIII.3.35), we deduce 


ck 


A) © GP pat asta)’ 


|x| > B/R. (VIII.3.36) 


Inequality (VIII.3.19) follows from (VIII.3.20), (VIII.3.27), (VIII.3.29), and 
(VIII.3.36), and the proof of the lemma is complete. 
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VIII.4 On the Unique Solvability of the Oseen 
Initial- Value Problem 


The objective of this section is to study existence and uniqueness of solutions 
to the Cauchy problem (VIII.3.1), under suitable assumptions on the data 
f and uo. Since the problem is linear, we can split it into the following two 
separate problems: 


Ow Ow 
— =Aw+R— —-Veét 
Ot Ox ore in R? x (0,T) 
rs (VIII.4.1) 
w(x, 0) ~~ 0 ’ 
and 
Ov Ov 
— = Av+ R— 
ot Oz1 + in R? x (0,7) 
oe (VIII.4.2) 


where T is an arbitrary positive number. 


It is useful to introduce some notation. If A is a domain in R®, and t € 
(0, co], we define 
At =Ax (0, £) : 


Moreover, for g € (1, 00), we set 


LA) = { wi Ac > R®, and ¢: A, —~R: 


0 
w, >. Vw, DweLl(A), ¢€L4,(A), Voe 1(A)}. 
We also set 
t 1/r 
(ftweigrat) itr t,00), g€ foe], 
Ilell (¢,r),A,¢ = 0 

ess sup ||u(t)||q,4 ifr = oo, gE [1, ov], 

te [0,t] 
and define 


L"4(Ay) = {u: Ay > R, with |lull(g,r),4,¢ < co}. 


As is customary, whenever confusion does not arise, we shall omit the subscript 
A. Clearly, L%9(A,) = 12 (At). 
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Exercise VIII.4.1 Show that if w € £7(A¢), then, possibly redefined on a set of 


zero measure in (0, t), w is continuous at all t € (0, t) in the norm ||-||,. Hint: Mollify 
w in t, and then use the inequality 


We now investigate the solvability of problem (VIII.4.1). 


||w(t1) — w(t2)Ila S af * |Ieo(s) — w(t) | 


Theorem VIII.4.1 Let f € L4(R4), 1 < q < o. Then there exists a pair 
(w, ¢) € £4(Ri,) satisfying (VIIL4.1); 2 ae. in Ry. Ifq € (1,3), then ¢ is also 
in L%34/(—9 (R3.). Furthermore, w obeys (VIIL.4.1)3 in the following sense: 


li t)||, =0. VIIL4.3 
Jin, |leo(2) Ila ( ) 
In addition, there is C; = Ci(q) > 0 such that 
| (w(t)Ig,, + IVo()|I2) at < Ci i: lF(e)ilgae (VIIL4.4) 
Ry Rr 
so that if R = 0, we also obtain 


In addition, if qg € (1,3), we have 


q 
| <3, [ IF ()||Sat. (VIII.4.5) 
q Ry 


[ _ HOM dt S Ce i sola, (VIIL.4.6) 


for some Cz = C2(q) > 0. Finally, let (w1,¢1) € £"(R#), for some r € (1,00), 
be another solution corresponding to the same f. Then w = wy, and ¢@ = 
$1 + h(t), a.e. in R3,, where h is a function of time only.' 


Proof. It suffices to prove the result when R = 0, in that the case R 4 0 
follows by the change of variable x — a2 + Rte,. To show existence, we 
observe that we need to consider only the case f € C§°(IR#), since, as the 
reader may wish to show, the general case will then be a consequence of an 
elementary density argument. With all the above in mind, we set w and ¢ 
identically zero for t < 0, and define for a fixed \ > 0, 


u(x,t) = w(2,the™, O(2,t)=¢(2,t)e™, F(e,t)=fl2,the, 
(VIII.4.7) 
so that u, ®, and F satisfy the following problem 


' A more general uniqueness theorem will be given in Lemma VIII.4.2. 
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La a ee: 

at in R? x (0,T) 
oe (VIII.4.8) 
u(z,0) = 0. 


A solution to (VIII.4.8) will be found by the Fourier transform method. Thus, 
letting 


met) = oe fe MOU, Ga) dato, 
P(x, t) = Gay A ear Sow(€, fy) déd&o , (VIII.4.9) 
F(t) = aor | oP OEE, asd, 


and replacing these expressions back in (VIII.4.8)1,2, we obtain 
€,U, =0. 


Solving these equations for U and W furnishes 


bigl? — & bk 
= GaP ae tes a= 1,2,3;, 

; (VIII.4.10) 
Ww=-i BG 


It is easy to check that for any fixed j,k,l,m = 1,2,3, the functions 
Myr, S0Mjr, &IMjx, satisfy the assumptions of Lizorkin’s theorem, Theo- 
rem VII.4.1 with 3 = 0 and M = M(q,A), while i€;/€?and &&nM,x satisfy 
the same assumption, but with a constant M independent of A. Consequently, 
on the one hand, (u,®) is in the class £4(A,), for all g € (1,00), and on the 
other hand, we can find a constant C, = Ci(q) > 0 such that uw and @ satisfy 
inequality (VIII.4.4) with f = F, which in turn, recalling (VIII.4.7), implies 


ff, (wha + Veg) de < Cer f 


IF (@)Igat. (VIII.4.11) 
R3, RS, 


Also, if q € (1,3), then it is easy to check that the multiplier 1€;/E? satisfies 
Theorem VII.4.1 with 6 = 1/3 and M independent of A. Therefore, by that 
theorem, &(t) € L34/—-9 (R3), for a.a. t € [0,7], and 


IIPllsq/(s—a) < Call Fila, 
with Cz = C2(q) > 0, namely, again by (VIII.4.7), 


IlPllsq/(a—a) S C2e** If lla - (VIII.4.12) 
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Since A is an arbitrary positive number and C;, C2 do not depend on it, from 
(VIII.4.11) and (VIII.4.12) we recover (VIII.4.4) and (VII.4.6). Moreover, 
recalling that G € S(IR*) (see Section VII.4), we prove immediately that u, & 
are smooth functions that satisfy (VITI.4.8); 2. Summarizing all the above, we 
thus obtain the existence of a smooth solution (w,@) to (VII.4.1)1,2 in the 
class £4(Ar), with @ € L434/(-9 (R3,) if ¢ € (1,3), and satisfying (VIII.4.4), 
and (VIII.4.6) as well, if g € (1,3). We shall next analyze the way in which 
u (and hence w) tends to zero as t > 0+. To this end, we observe that from 
(VIII.4.9) and (VIII.4.10), we have 


1 i -E+i big€” — Ejb 

u;(a,t) = i gree tho st GG ee \dedeg (VIEL13) 
: (27)? Jes (io+ 0 +AE-” 

Now, in view of the assumptions on F’, it follows that G is analytic in &. 

Therefore, by a simple application of the Cauchy integral theorem (MacRobert 

1966, §27), we can show that the value of the integral 


“ it € G(E, €0) 3 
|: Gp tet ee tER 5 


does not change (and therefore the value of the integral in (VIII.4.13) does 
not change) if we perform the integration on a line {ag} in the complex plane 
parallel to {fo}, provided 7 & + €? + does not vanish along points of {ao}. 
We thus choose ap = &) +76, 6 > 0, so that (VIITI.4.13) furnishes 


et w-E+it ap (i9€" — E5En) Gy (E, 20 — 48) 
ia E+it ao J J J 
a he! Gmtiseene ot 


Uj (x, t) = 
(VIII.4.14) 
Moreover, we obtain 


G(E,a9 — 16) = oar fh. F(x, t)e~°* e*@ St W gy dt, 


which, by Parseval’s theorem, furnishes 


a 
[ 1Gt6,00-18)Pdgdao = fat f |r o,pPe*ae, 
R4 0 R3 


where we have also employed the fact that F' is of compact support in (0,7). 
Using this information in (VIII.4.14) along with the Schwarz inequality, we 
deduce 


wastene( actiteen) (Linen) <oe 


with cz independent of 6. If we take t < 0 in this latter relation and let 6 — oo, 
we conclude that u(x,t) = 0 for all t < 0 and x € R3, and so, by the continuity 
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of u, u(x, 0) = w(x, 0) = 0, for all x € R°. Once this property is established, 
we notice that for all ¢ € (0, 7], 
1 
qd q 
i) ; 
q 


iwi f° Ltwisigas <a( ftw)” ( [ 


which, in turn, together with (VIII.4.4), proves (VIII.4.3). It remains to show 
uniqueness. This amounts to proving that the problem 


Ow 


Os 


Ab 

ot in R3 x (0,7) 
en (VIII.4.15) 
w(x, 0) =0, 


with (w,¢) = (wi + we, d1 + ¢2), (wi, di) € L% (Rt), for some g; € (1,00), 
i = 1,2, has only the solution w = V@ = O. In order to prove the above, we 
begin by observing the following two obvious facts: (a) The method of proof 
just described leads to the existence of a solution (v,¢) € £4(IR#) to problem 
(VHI.4.1) with R replaced by —R; (b) if f € C§°(IR#), then (v,¢) is in the 
class £4(R#) for all q € (1,00). With these two remarks in hand, we set 


V(z,t)=v(¢,T—-t), Z(x,t) =¢(2,T -—t), H = f(x£,T —-t) 


d 


with arbitrary f € C§°(R#.). Then the fields V, Z, and H satisfy the following 
problem: 


aA +AV=VZ-H 
Ot in R° x (0,T) 
v.V=0 (VIII.4.16) 
V(z,T) =0, 
and moreover, 
OV 2 qd 3 q 3 q 3 
V, ap VV, DV € LY(Ry), Z € Li, (R° x [0,T]), VZ € LY(Rz) 


for all q € (1,00). 
(VIII.4.17) 
We next multiply (VIII.4.15); by V and integrate by parts over Br x [0,7]. 
Taking into account the properties (VIII.4.16), (VHI.4.17) of V, the assump- 
tion on w,@, and Exercise IT.4.3, we deduce 
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[fp wen -H (a, t)dx dt 


7 Bak i a -n) do dt 


i=l 


2 T ; 
=> | (Ge vw Got ov n— 2wi-n)atdo 
fal OBrJO On On 


=T,(R)+722(R), 


(VIII.4.18) 
where 7 is the unit outer normal to 0Br. By choosing g = qi/(qi — 1) in Zi, 
i = 1,2, it is now readily seen that 


T, +22 € L\(1, 00), 


and consequently, that there exists at least a sequence {R,,}, with Ry, — co 
as m — oo, such that 


m—- co 


Plugging this information back into (VIII.4.18), and recalling the definition 
of H, we deduce 


T 
[ f wen Fe.7-ddrat=0, for all f € C§°(R#), 
0 JBr 


which shows that w(z,t) = 0 a.e. in R}. This, in turn, with the help of 
(VII.4.15), implies V¢(a,t) = 0 a.e. in R#, and the proof of uniqueness is 
complete. 


The velocity field corresponding to the solution determined in the previous 
theorem admits a simple representation in terms of the Oseen fundamental so- 
lution, under suitable conditions on f. To this end, we introduce the following 
lemma. 


Lemma VIII.4.1 Let A be a bounded, locally Lipschitz domain of R?, and 
let uj, pi, 1 = 1,2, be vector and scalar fields, respectively, with u;, i = 1, 2, 
solenoidal, and belonging to the class £%(A,), qi = q, q2 = q'. Then the 
following Green’s identity holds, for all0 < t, <tg <t: 
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[fu (B+ Au — RS — vp») 
X1 


14 Ou, 
ae + Au, + ae, _ v1)| dx dt 


eel 
[fe a TF (ay, po) — 09» T(t, pr) + Rata 09) a . Ndodr 


+ fur-us 
A 


where N is the unit outer normal to OA, and, we recall, T is the Cauchy 
stress tensor defined in (IV.8.6), (IV.8.7). 


T=t2 


’ 
T=ti 


Proof. The proof is at once achieved by integration by parts, once we take 
into account Lemma II.4.1, Exercise II.4.3, (IV.8.9), Exercise VIII.4.1, and 
the identity V -T(u,p) = Au — Vp, valid for solenoidal fields u. 


We can now prove the following result. 


Theorem VIII.4.2 Suppose that 
f € L(Rt), 1<q<ov, 


and let w,¢ be the solution to (VII.4.1) in the class £4(IR#), corresponding 
to f and satisfying (VIU.4.3). Then, for a.a. (x,t) € R#, we have the following 
volume potential representation for w 


t 
w(x,t) - | [re —y,t—T:R)-fly,7) dydr. (VIII.4.19) 


Proof. Let {f;,} be a sequence of functions from C§°(R3.) such that 


Jim [fx - fllo.o.r = 0 (VIII.4.20) 


We denote by {(wz, x)} the sequence of solutions corresponding to f,, con- 
structed in Theorem VIII.4.1. By the uniqueness properties, the following 
facts are at once established: 


(a) (wx, dx) € LY(R*) for all g € (1,00), allk EN; 


Le ||wx(t) — w(t)||Zdt = 0. 


2 The funct The functions f;, can be easily constructed by multiplying f by a “cut-off” func- 
tion that is 1 in Br, and 0 in B?®*, and then mollifying the obtained function 
with parameter ¢ = 1/Rx. 
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Moreover, since w, is in L” (IR?) 9 D1:%(R%) for some qi > 1 and q2 > 3 for 
a.a. t € [0,7], from Theorem II.9.1 we obtain, for all k € N, 


(c) wz(x,t), 0 uniformly, as |a| — oo, for a.a. t € [0, T]. 


Finally, property (a), together with the embedding Theorem II.3.2, ensures 
that 
(d) wyz(z,t)€ C(R}), allkeEN. 


Set 
Fy = (Un, Ta, Fa), 


for fixed i € {1,2,3}. We then use Green’s identity in Lemma VIII.4.1 with 
A= Bra(a), tr =, tp =t—e<T,6,n > 0, ur = we, and ug = I. Taking 
into account that I satisfies (VIII.3.8) for all t > 7, and that wy, satisfies 
(VIII.4.1) with f = f,, we deduce? 


t-—e 
/ | Pil2z—y,t—7)-F,(y,7) dy dr 
n Br(ax) 


~ / [. ( [extn -T(I;,0)(x& — y,t —T) 
—Pi(z—y,t— 7) -T(we, dx)(y,7) 


+R(wz(y,7):-Li(x —y,t —7)) a - Ndo,dt 


T=t—eE 


+| wy(y,T) > Lisle —y,t —T) 
Br(«) _— 


We now let 7,¢ — 0 in this relation. In view of property (d) above, Lemma 
VIIL3.1, and (VIII.4.3), we obtain for i = 1,2,3, 


t 
wnte,t) = ff File —y,t— 7) fylys7) dy ar 
O/ Br(x) 


~ | Li Yi 
a ——zwrly, t) - N(y)do 
4m Jopr(a) |e — yl” 7 


t 
+f foarte) PP Me— wr) 
=f ia —Y; ") : T(wr, PR )(Y; t— T) 
+R(wely,7)-Li(x —y,t—7))e1| -Ndoy,dr. 
(VIII.4.21) 


3 In order to simplify the notation, in the rest of the proof we omit the dependence 
of Fon R. 
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We next pass to the limit as R — oo in this latter relation. Clearly, since f,;, 
is of compact support, 


t t 
lim I Pi(a—y,t—7): fry, 7) dy -[ | Di(a—y,t—7): fry, 7) dy. 
Rc Jo/ Br(a) o/JR3 
(VIII.4.22) 
Moreover, in view of the property for wz mentioned in (c) above, 


2. ll i x-y 
im — w(y,t): N(y)do, =0, for a.a. t € (0,7). 
Roo 47 dBr(«) |e — yl” . 
(VIII.4.23) 


Also, from Lemma VIII.3.2 we obtain, for r = |x — y| sufficiently large and 
T € (0, T] 

IE (r,7)] =O), |VI(r,7)| = Or). 
Thus, denoting by I(t) the last integral on the right-hand side of (VIII.4.21), 


we infer 


tal) sef [Rf fanty.t — ra, 
+R f (Wun (nt- r)| + ldx(y.t — 7)|)doy] dr 


t 
Cc 
< Ff [Irene — rhe + [Ve(t— alae + lat Tle] dr 


(VIII.4.24) 
We take q < 3 in (VIII.4.24) (this is allowed by property (a) mentioned 
previously) and use Lemma II.6.3. Consequently, by possibly modifying 6; by 
the addition of a function of time only, from (VIII.4.24) it follows that for all 
sufficiently large R, 


Tr(t) S ek f (Vwx(s)llaq + IV Gx(s)llq) ds 


ft 
q 


si 
<gh-*la( f° (Verntslhg + IVOx()18) ads) 


where c3 = c3(T'). From this inequality and from (VIII.4.24) we obtain 


lim Ip(t)=0, for all t € [0,7], (VIII.4.25) 


R-0o 


and so, collecting (VIII.4.21)—(VIII.4.25), we may conclude that 


t 
Weil, t) = [fran -f,.(a—y,t—7) dydr. (VIII.4.26) 


We next observe that, by property (b) and Lemma II.2.2, we have 
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lim w;(z,t) = w(a,t) for a.a. (x,t) € R#. (VIII.4.27) 


k—-oo 
Furthermore, from Lemma VIII.3.2, we have, for all r € (1, co), 


dy 3(4—4 
IP()\lo < af oom = cst2(1-F) | (VIII.4.28) 


We also set 
t 
Violet) = ff rilu7)-ale—yt—7) dydr. 
o/JR 


Let B Cc R® be an arbitrary ball and s € (1,q). Taking into account 
(VIII.4.26), with the help of the Minkowski inequality we obtain 


Iw —V[F]lls.Be S [lw — wells.ae + IVIFn — flls.Be - (VIIL4.29) 
In view of (VIII.4.27), we have (along a subsequence, at least) 


Jim [fe — wlls,er (VIII.4.30) 


We shall next prove the inequality 
IVF. — Fllls.Br Sell fx — Fllars. » (VIII.4.31) 


so that from (VIII.4.20) and (VIII.4.29)—(VIII.4.31), by the arbitrariness of B 
we deduce w = V[f] a.e. in Rr, which proves the theorem. In order to prove 
(VIII.4.31), we notice that by the Young inequality (II.11.2) and (VIII.4.28), 
it follows that 


T 
Vif. - Flee < cs f G27) OA Fide, 


Since for any given qg € (1,00) we can find s € (1,q) such that (3/2)(1/s — 
1/q) < (1—1/g), from Theorem II.11.2 we deduce that the map 


t € (0,7) fe r)2(a-#) 


is bounded from L°(0,7) into itself, and, consequently, since s < gq, from 
L*(0,T) into £4(0, T). This shows the validity of (VIII.4.31), and the theorem 
is thus proved. 


Ifx — Fllarsdr 


We now turn to the unique solvability of problem (VIII.4.2). In this respect, 
we begin by proving the following general uniqueness result. 
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Lemma VIII.4.2 Suppose u, ¢ are such that 


O 
ae D?u, ¢, Vo € Li,.((0,T] x R*), for some s € (1,00), 
and satisfy a.e. the system 
O O 
= Aut+R—+V¢ 
2 Oni in R® x (0,T) (VIII.4.32) 
V-u=0 


along with the initial condition 


lim ||t(¢)||r,3, =0, forallp>0 and some r € (1,0). (VIII.4.33) 
to 


Then, if 
N 

i= > ite, u,€L"(Rr), forsomeqg € (1,oo), i=1,...,N, 
i=1 


it follows that u = 0 and V¢ = 0 a.e. in R#. 


Proof. For simplicity, we consider the case N = 2, the general case being 
treated in an entirely similar way. Let wr = Wr(ax) be a “cut-off” function 
that is 1 for |r| < R, is 0 for |x| > 2R, and satisfies |D°vp| < M Rel, 
|a| = 1,2, for some M independent of R. Moreover, let V,Z be the solution 
to (VIII.4.16), (VIII.4.17), and denote by w = w(z,t) a vector field satisfying 
the following properties for a.a. t € [0, T]: 


V-w= —VvR 7 V(a,t) in Breer, 
Ow 
“Ot 
|Vw(t)llq, Bron <Ci (Ver . V(t)lla,Bron ) 


OG) a Baas < Cy (Vor . V(®)|laBror or |V(ViR : V(t) )llaBron) , 


w(t) € Wo""(Brar); € Wo"(Brar), 


t 
eC) =e fon 
q ¢ q,BrR,2R 
(VIII.4.34) 
Obviously, f = —Vwr-V (a, t) belongs to Wo"(Brar), while ot € L1(Bror), 


for a.a. t € [0,7]. Furthermore, taking into account that Wr(x) = 0 for |a| = 
2R, and that V- V = 0 in R®, we have 


1 
| fa- V-(wrV) == V-x=0. 
Briar Br2r R OBR 


Thus, from Exercise III.3.7 and from the fact that V is in the class (VIII.4.17), 
we deduce the existence of a field w satisfying all the properties listed in 
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(VIII.4.34), for all q € (1,00). Furthermore, again by Exercise ITI.3.7 and by 
the properties of V, we find that w(t) is continuous, in the L4-norm, for all 
t > 0, and in particular, w(-,7) = 0. We next observe that since Bror is 
homothetic to By. via the transformation @;(7) = 2;/R, i = 1,2,3, from 
Lemma III.3.3 we obtain that C; and C3 are independent of R. By a similar 
argument, we can show that C2 < k(1+1/R), with & independent of R. We 
then conclude that for R large enough, all constants C;, i = 1,2,3, can be 
taken independent of R. Consequently, bearing in mind the properties of Wr, 
from (VIII.4.34)3 4, we deduce in particular 


|Vw(t)llq + |D°w(t)lg S kV OllreBr,2n + (VIII.4.35) 


with k, independent of R. Next, from Exercise II.5.4 we obtain 


Ow Ow 
a < pects 
Fe onan" 1° Ge) 
with C4 independent of R. Consequently, again from the properties of wz and 

(VIII.4.34); we obtain 


with kg independent of R. Let us extend w to zero outside Bp.pR and con- 
tinue to denote by w the extension. Thus, if we dot-multiply (VIII.4.32); by 
Vr(a,t) = VrV(z,t) + w(z,t), then integrate over [n,T] x R°, n > 0, and 
recall that V, Z satisfy (VIII.4.16), we obtain 


(u(n) , Vr(n)) 
OR 


ap 
=f fm —2Vba- VV —V Ave + RV" —veVZ aya gz) 


q:Br2Rr q,Br,2Rr 


OV 
“Ot 


(VIII.4.36) 


q,Br,2Rr q¢,Br2Rr 


Ow Ow 


We now pass to the limit 7 — 0 and use (VIII.4.33) along with the continuity 
of Vz at t= 0 in the L4-norm and the hypothesis on wu to deduce 


T 
o=/ f (ur +2): | —~2VebR-VV - V Abin + RV EE — UnOZ 
0 JR3 


+UrH — a = Aw + RSS| de dt, 
(VIII.4.38) 
Next, we choose q = qj, 1 = 1,2, and recall the properties of V given in 
(VIII.4.17) and those of w given in (VITI.4.35), (VIII.4.36). As a consequence, 
by means of the Holder inequality, the properties of wr, and the Lebesgue 


dominated converge theorem (Lemma II.2.1), it is easy to show that 
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; = OwWR 
oem ;‘ : : (VIII.4.39) 
‘Ww Ww 
UU A on ldedt=-0, i=1,2. 
on we Re) x 0, 2 ; 


Furthermore, we observe that, for 7 = 1, 2, 


FE oh i) Ba 
Il uvz— [| henie GZ <f f |. — drllenil|VZ1, 
0 JR3 0 JR3 0 JR3 


and since |u;||VZ| € L1(R#), we may use again the Lebesgue dominated 
convergence theorem along with the property of wr to show that 


fe T 
Roo Jo JRs 0 JS 


However, from the assumption and (VIII.4.32)2, we have that u;(t) € H,(R), 


i = 1,2, for a.a. t € [0,7] (see Theorem III.2.3), and since VZ(t) € L? (R°), 
for a.a. t € [0,7], by Lemma III.2.1 we conclude that 


T 
lim | vau:-VZ=0. (VIII.4.40) 
0 JR8 


R-o0o 


Passing to the limit R — oo in (VIII.4.39), utilizing (VIII.4.39) and (VIIL.4.40), 
and recalling that H (x,t) = f(a,T — t), we finally deduce 


- 
Te u(a,t)- f(x,T —t)dxdt, for all f € C§°(R#), 
o JR3 


which entails u = 0 a.e. in R#.. The proof of the lemma is complete. 


We now turn to the well-posedness of problem (VIII.4.2). Specifically, we 
have the following. 


Theorem VIII.4.3 Let uo € H,(R*), 1 <q < oo. Then there exists v such 
that 

esssup [lv(t)llq <0, 

t 


€[0,T] 
(VIII.4.41) 


' >: D?v € L"([e,T] x R3), for alle > 0 andallr>q, 


and satisfying (VIII.4.2)12 a.e. in R#., for any T > 0. Moreover, for arbitrary 
t > 0, we have 


U 


DEDgv(O}|h- < ct UH UHV) Juolg, 7 = 0,1; 0S lal <2, 
li t) — =0 
jim |le(6) = wolla = 0. 
(VIII.4.42) 
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where jt = 3(1/q — 1/r)/2 and c = c(r,q,j,a,R). The function v has the 


following representation 


a Ge ; 
oe ( ) [ eA tel ao(y) dy. 
R 


4nt 


Finally, let v; be such that 


v1 € L1(R4), ae D?v; € Li,.((0,T] x R3), some s € (1,00), 


Jkm |lvi(t) — olla = 0, 


and satisfying (VIII.4.2)1,2 a.e. in R3#. Then v = v4, ae. in R#. 


Proof. The uniqueness part is a direct consequence of Lemma VIII.4.2. We 
shall now prove the existence part. Using the properties of the fundamental 
solution I” (see, in particular, (VIII.3.9)), it is immediately verified that a 
solution to (VIII.4.2);,2 is given by the following volume potential: 


vu; (a, t) = Ty;(a —y,t; R)uoj(y)dy, *=1,2,3, t>0.  (VIII4.43) 
a j 


However, from (VIII.3.7), Lemma VIII.3.2, and the fact that uo € H,(R%), it 
follows that for 7 = 1,2,3 and allt > 0, 


te, — tuo. 
aDa,Da, Vt + Rter — yl t)uos(u)dy 


7) 
=| V ( W(\a + Rte, - uh) -uo(y)dy = 0. 
R3 Ox; 


As a consequence, taking into account (VIII.3.7) and (VIII.3.4), (VIII.3.5), 
the volume potential (VIII.4.43) reduces to 


iS ae 2 
v(a,t) = (4) oe [Atay (y) dy. 


From this relation we easily deduce, for any multi-index 6 with || > 0, 


Deeea = em : y [, (Déer"") uo(a — Rte; — 2zVé)dz, 


ug Wt 
(VIII.4.44) 
which, in turn, with the help of Young’s inequality (II.11.2), furnishes, in 
particular, (VIII.4.42); with 7 = 0. The case j = 1 follows from (VIII.4.44) 
and (VIII.4.2);. To complete the existence proof, it remains to check the 
validity of (VIII.4.42)2. To this end, we observe that 
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i on lel dy = 3/2, 
R3 


and thus from (VIII.4.44) with 6 = 0, we obtain 


v(a,t) — u(x) = ee [uo(w Rte, — 2zvt) u(z)] dz. 


Therefore, using the generalized Minkowski inequality (II.2.8), we infer 


v(t) = olla < x9? | (e-*" ljero( Rte, — 2vtz) uolla) dz. 
R3 


(VIII.4.45) 
In view of Exercise II.2.8, we have, for each fixed z € R°, 


lim, ||tuo(- Rte, — 2vtz) — uollqa = 0, 
t— 


and consequently, passing to the limit t + 0* on both sides of (VIII.4.45) 
and using the Lebesgue dominated convergence theorem (see Lemma II.2.1), 
we establish (VIII.4.42)2. The proof of the theorem is complete. 


The last part of this section is devoted to the solvability of (VII.4.1) in 
a space of functions that possess a suitable asymptotic behavior in space, 
uniformly in time. To this end, we introduce the following notation. 

If U is a vector or a second-order tensor field, a a nonnegative integer, A 
a domain in R®, and R > 0, we set 


[UlaRr.A= subi + |z|)°(1 + 2R s(x))*|U (2)I] , (VIII.4.46) 


where, we recall, s(x) is defined in (VIII.3.11). 
If R = 0, we shall simply write [U]a,4 instead of [U]a,o,4. Furthermore, 
whenever confusion does not arise, we shall omit the subscript A. 


We have the following. 


Theorem VIII.4.4 Let G be a second-order tensor field in R® x (0,00) such 
that 
ess sup |(G(t)]2,2 + ess sup ||V - G(t)|l2 < c, 
t>0 t>0 
and let h € L®4(R? x (0,00)), g € (3,00), with spatial support contained in 
B,, for some p > 0. Then, the problem (VIII.4.1) with f =V-G+h has one 
and only one solution such that for all T > 0, 


(w,) €L7(R7), d€ L**(Rr). (VIII.4.47) 
Moreover, 


ess sup [w(t) [1,2 + ess sup ||(t) ||, < 00, 
t>0 t>0 
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for arbitrary r > 3, and the following inequality holds: 


ess sup [1w(t) [1,2 + ess sup [|O(¢)||r < Cesssup ([G@)[2,2 + hla) 


t>0 
(VIII.4.48) 
with C = C(r,q, p, B), whenever R € (0, B], for some B > 0. 
Finally, assume G = 0 and that h satisfies the further assumption 


$= |[Plloors, + || VAllocrs, < co. (VIII.4.49) 
Then, 
ess sup (]Vw(t)]2 + |D?w(t)]3) <0oo, ifR=0, 


t>0 


= (]Vw(t)]3/2,r + |D?w(t)lor) <0co, ifR #0 


(VIII.4.50) 


and there exist constants Cl = Ci(p) and Cz = C2(p,B), whenever R € 
(0, B], such that 


ess sup (]Vw(t)]2 + |D?w(t)Is) <CH, ifR=0, 


ess sup (]Vw(t)]3/2,.r + [D?w(t)]or) << CH, ifR #0 
t>0 


(VIIL.4.51) 


Proof. The existence of a unique solution satisfying (VIII.4.47) is an imme- 
diate consequence of Theorem VIII.4.1, and the assumption on G and h. In 
order to prove the remaining properties, we observe that, by Theorem VIII.4.2 
the vector field w admits the following representation:* 


weet) = ff re —wt—2)-[(0-)lu7) + hy7)] dvdr 


= wi(a,t) + wa(z,t). 


By an integration by parts we find that 


OL;; 
--[ | 7) 1 (x — y,T)Grj(y,t — r)evdy dr, 
R3 “Lk 


and so by Fubini’s theorem and by Lemma VIII.3.4, Lemma VIII.3.5, we 
deduce that 


* To alleviate the notation, and unless otherwise specified, we temporarily suppress 
the dependence of I’ on R. 


542 VIII Steady Generalized Oseen Flow in Exterior Domains 
t 
rials ff wre —y.r)||Gu.t—7)ldyds 
0 YRS 


t 
=f f ire@-vnligut-nldrdy 
IV(x-¥,7)| 
<esss $< |r 
< ess sup |G Obef fy [a+ Wa+Rsyye” 
ess sup [G(t)]2,.r 
t>0 


<C max. Ray 


for all x € R® and all t > 0. We now prove an analogous estimate for wy. 
We begin by observing that from Exercise III.3.9 and the hypothesis on h, it 
follows that there is a second-order tensor field H € L*(R%,) with VH € 
L4(R3.,), for all T > 0, such that 


V-H(t)=h(t), aa. t€ [0,co), 
(VIIL.4.52) 


ess sup ||H(t)||.. < cesssup |/A(t)||, = ho. 
t>0 t>0 


Replacing V - H for h in the expression of w2, integrating by parts, and 
recalling that supp (A(t)) C Bp, for all t > 0, we obtain 


t 
wa= ff Tij(a — y, 7) DeHe;(y,t — 7) dy dr 
o JB, 


t 
-[ | DI i; (a — y, T) He; (y, t — 7) dy dr 
ade (VIIL.4.53) 


t 
+f f rae —ur)Helut-r)my doy ar 
o JaB, 
= Ty + Tp a 
From (VIII.4.52), Lemma VIII.3.6, and Fubini’s theorem, we have 
In| < cho( f le — yb dy +R? | le — vl + 2Rs(e — y))] 9 dy) 
B, Bp 
=cho Ge + iy) 


(VIII.4.54) 
If |x| < 29, we obtain, obviously, 


(1) 3p c1(p) 
ges | oS Tye) +2Rse)’ 


whereas since 
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|x] > 29 = > |x—y| > |a|/2 for any y € B,, (VIII.4.55) 
we deduce 


(1) co(p) c3(p) K 
YS Ga ey? = Gs ep + aaa) 


Thus, we obtain 


K 
<__“)K ep VIII.4.56 
1 > GF ]apa+2Ra(e))’? ~ ( ) 
We next observe that for |x| < 2p, 
3p 

(2) 1/2 c5(p) 

[D< Pe — a VIIL.4.57 

< f mS Ty ed + Raley) ( ) 


whereas if |x| > 2p, from (VIII.4.55) and the fact that for any y € Bp, 


142Rs(x) <1+2Rs(x— y) + 2Rs(y) 
< (1+4R p)(1+2R s(x — y)) (VIII.4.58) 
<og K (1+2R s(x —y)), 


we infer (9) K 
(2) C7(p 
Le <<... VIII.4.59 
1 =~ (1+ |z|)(1 + 2R s(2)) ( ) 
By (VIII.4.54)—(VIII.4.59) we conclude that 
K 
ca(o) 2 eR’. (VIII.4.60) 


hs So 
(1+ |x|)(1 + 2R s(x)) 


Furthermore, by (VIII.4.52), Lemma VIII.3.6, and Fubini’s theorem, we have 


lp <evho [ | |\I'(x — y, s)| ds 
0 JaB, 


< ho f dy 
Cc a 
se Jon, (1+ |e — yl)(1 + 2R (a — y)) 


If we integrate both sides of this inequality over p between p, and 2p), we 
deduce 
y= ee ho | dy 
25 —— a. 
pi Jp,,, (1+ |x — yl) + 2R s(x — y)) 


Therefore, proceeding exactly as in the proof of the estimates (VIII.4.57) and 
(VIII.4.59), we conclude that 


cii(p) K 


(1+ |x|) + 2R s(a)) - Z tt. 
G+ epa+2aay’ *<* (VIII.4.61) 


In< 


544 VIII Steady Generalized Oseen Flow in Exterior Domains 


The desired estimate for w2 is then a consequence of (VIII.4.53), (VIII.4.60), 
and (VIII.4.61). Concerning the stated properties of the pressure, we notice 
that from (VIII.4.47), (VIII.4.1) and from the Helmholtz—Wey] decomposition 
theorem, Theorem III.1.2, it follows that 


(Volt), Vx) = (V - G(t), Vx) + (R(t), Vx), 


(VIII.4.62) 
for a.a. t € (0,00), and all y € D'?(R3). 


We then choose in (VIII.4.62) the function y as a solution to the Poisson 
problem Ay = 7, where ~ is arbitrary from C§°(R°). Recalling that from the 
representation y = € * 3, we have D?y = O(|a|!~!4!), |G] > 0, and using the 
properties of ¢ and G, by (VIII.4.62) we easily obtain 


(¢, 0) = (G, VVx) — (h, Vx). (VIII.4.63) 


By Exercise II.11.9, we have ||D?y||, < el|wl|,, for all r’ € (1,00), and 
IVxllae(a—-r) < el|D?x||-, for all r’ € (1,3). Thus, with the help of the 
Holder inequality, we obtain, on the one hand, 


(G(t), VVx) <c]G()]2,r\|v|l~, for a.a. t € (0,00), all r’ € (1,00). 
(VIII.4.64) 
On the other hand, since g > 3, we have q’ < 3r’/(3— 1’) for all r’ € (1,3), 
and consequently, 


(AO), Vx) S AOMall Vxlla.5, S er (AOMallVxllsr-7a—r7) 
< co(p) A(t) llal|D?xlle < ca(P)AOllallVlle 5 (VIII.4.65) 
for a.a. t € (0,00), and all r’ € (1,3). 
Collecting (VIII.4.63)—(VIII.4.65) we conclude that 
(Pt), WIS C1 IGMl2.r + AM Iq) Ill, for a.a. t € (0,00), all r’ € (1,3), 


with C, depending on r, g, and p. However, by Exercise II.2.12, this latter 
inequality implies 


ess sup ||(¢)||r < C2 ess sup ([G(t)]2,r + ||h(E)llq) 
t>0 t>0 
with C = C(r,q, ep), and the proof of the first part of the theorem is complete. 
Assume next that G = 0 and h satisfies the further assumptions (VIII.4.49). 


We then have w(x, t) = wo(x,t), where we satisfies (VIII.4.53), namely, re- 
calling (VIII.4.52);, we deduce 


t 
wi(a,t) = | | Tij(a — y, 7; R)hy(y,t — 7)dydr. (VIII.4.66) 
0 JB, 


We first consider the case R = 0. Differentiating both sides with respect to x, 
and taking into account estimate (VIII.3.10) of Lemma VIII.3.3, we obtain 
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|Dyw(2r,t)| < |IPelloc.ne. | | IDeE'(@ — 9,7) |dr dy 
B,JO0 


d 
<c|Alloas, f ae. 
B,|«— y| 


from which, by distinguishing the two cases |x| < 2p and |a| > 2p, we easily 
prove the desired estimate for Vw. We now differentiate (VIII.4.66) two times. 
Taking into account that 


l 
wi(et) = ff Tij(y, T)hj (a — y,t — 7) dy dr 
0 JRS 


and the assumptions on h, we readily prove that 
t 
D,Dyw;(a,t) = | ip D,Tij(a — y,T)Dihj(y,t — t)dydr, — (VIII.4.67) 
0 JB, 
so that again by Lemma VIII.3.3, we obtain 


d 
[Dy Drws(,t)| < exllVhloos, | a. 
J eB. le 4 


From this relation, it easily follows that 


|D? w(x, t)| < col|VAlloo,r3,, for all (x,t) € Bop x Ry. (VIII.4.68) 


Take now z outside B2,, and observe that, for such x and for y € B,, P'(x—y, t) 
is a smooth function of x. Therefore, we may differentiate (VIII.4.66) twice 
with respect to x, and use the estimates given in part (i) of Lemma VIII.3.3 
to obtain 


|D>wi(2,1)| < callPlloo,re. ah | |D?F(« — y,7)|d¢ dy 
B,/0 
dy 


< e4||h| cons, f os (VIII.4.69) 
B, |t— y| 


IlPlloo R38, 
z|° 


IA 


C5 for all (x,t) € B?? x Ry. 


The claimed estimates on the second derivatives of w follow from (VIII.4.68), 
(VIII.4.69). The proof of (VITII.4.50) and (VIII.4.51) in the case R # 0 is very 
similar, once we use the estimates (VIII.3.12), and will be only sketched here. 
We take first |x| > 2p, and in (VIII.3.12)2 we choose 3 = pR. Consequently, 
since |2 — y| > p = B/R, differentiating (VIII.4.66) once in x and then using 
(VIII.3.12)2, we obtain 


d 
|D,,w(x,t)| < VPs, f . |x| > 2p, 


B, | — y|°/7(1 + 2R o(a — y))°? 
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with cg = cg(p, B), which, in turn, by virtue of (VIII.4.58), produces 


ess sup |Vw(t)]3/2,r, B26 <c7 IP], R3, F (VIII.4.70) 
t>0 
with c7 = c7(p, B). If € Bop, we have x—y| < 3p, and so, choosing this time 
@ = 3pR in (VIIL3.12)2, we deduce 


d 
[Dyw(e, t)| < c5[|Felloo.re, dr y lel < 2p. 


ae 
B, |e — yl? 


Combining this latter with (VII.4.70) we obtain the desired result for Vw. 
In order to estimate D?w, we start with the representation (VIII.4.67) and 
|x| < 2p. Choosing 2 = 3pR in (VIII.3.12)2, we obtain, as before, 


|D? w(x, t)| < cro |Vhlocs, f <eu, |2|<2p.  (VII.4.71) 


,le—yl? 


If || > 2p, we can differentiate the fundamental tensor solution twice with 
respect to x and use (VIII.3.12)3 with G = pR. We thus obtain 


dy 
D*w yt < h oo, R= i lr—vl?1429R s(x —y))2” 
| (x, t)| < c12 ||Plloo,R3, B, |x — y|?(1 + 2R s(x — y))? 


with c12 = ci2(p, B), which, in turn, by (VIII.4.58), implies 


|x| > 2p, 


ete | D? w(t) 2,2, B20 < C7 P|] oo,R3, F 
t>0 


The statement about D?w then follows from this inequality and (VIII.4.71). 
The theorem is completely proved. 


VIII.5 Existence, Uniqueness, and Pointwise Estimates 
of Solutions in the Whole Space 


The objective of this section is to prove existence, uniqueness, and corre- 


sponding estimates of solutions v,p to the inhomogeneous generalized Oseen 
problem 


Av + RLY +7 (e, x @-Vo— er xv) = Vet f 
1 


in R? 
V-v=0 (VIIL.5.1) 
, ae v(x) = 0, 


under suitable assumptions on the datum f. 
We will keep the notation used in the previous section given, in particular, 
in (VIII.4.46). 


Our main result is the following. 
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Theorem VIII.5.1 Let F be a second-order tensor field such that V -F € 
L?(R3), with |F2.r < co, and let g € L4(R*), q € (3,00), with support 
contained in 92,, for some p > 0. Then, the problem (VIII.5.1) with f = 
V-F +g has at least one solution such that! 


v € W?(R°) n D??(R%) 9D? (R3), [ular <0, 


(VIII.5.2) 
pe Wye (R*) nD (R8) NL" (RS), 7 > 3/2. 
This solution satisfies the estimates 
|vl2,2 + |vlio+ |plie < Ci (IV - Fille + [Flor + Iglla) 
(VIIL.5.3) 


lols et llpll, < C2 IF le,r + Ilglla) 


where C = Ci(p,q, B), Co = Co(p,r,q, B) whenever R,T € [0, Bl, for some 
B>O0. 

Moreover, assume, in particular, that F = 0 and g satisfies the further 
assumption g € W'°(Q,). Then, v satisfies also 


[Vo]2+[D?v]3<co ifR=0, (VIIL.5.4) 
[Vv]3/2.2+ |D?v]or<0o ifR#0, (VIIL.5.5) 
and there are constants C3 = C'3(p), C4(p, B) if R € (0, B] such that 
[Vu]2+ |D*v]s < C3|lgllico, ifR=0, (VIII.5.6) 
[Vuls/2rt+ D?vJ2,r < Cr|I\gllico, FRAO. (VIII.5.7) 


Finally, if (v1, p1) is a generalized solution to (VIII.5.1) corresponding to the 
same f, then v = v; and p = p; + const. 


Proof. The uniqueness part is an immediate consequence of Theorem VIII.2.1. 
Moreover, from Theorem VIII.1.1, Theorem VIII.1.2, and Lemma VIII.3.2 it 
follows that the only property for v that remains to be proved is the asymp- 
totic properties of v, along with the corresponding estimates.” In order to 
prove these latter, we consider the following unsteady Cauchy problem asso- 
ciated with (VIIL.5.1): 


ot = Aut REM — Tle xu-—e,x «-Vu) 
Nee vi Fas in R? x (0,00) 
V:-u=0 
u(z,0)=0, ze€R°. 
(VIII.5.8) 


' Recall the notation given in (VIII.4.46). 
2 Notice that V-F € Dy"? (R°) and that |V -F\_1,2 < cJFj2,r. Likewise, since 


(9, )| < llgllesllelle < ellgllaleli2. 
for all ~ € Dj’? (Q), we deduce |g|-1,2 < ellglla- 
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We begin by proving the properties stated in (VIII.5.2) and (VIII.5.3). To this 
end we shall prove that (i) J(t)[]1,z is uniformly bounded in time, and that (ii) 
u(-,¢) converges as t — oo to the solution v of (VIII.5.1) in appropriate norms. 
As a consequence, the asymptotic (spatial) behavior of v will be shown to be 
the same as that of wu. To reach this goal, we make a change of variables that 
brings (VIII.5.8) into an appropriate (unsteady) Oseen problem. Specifically, 
we define 


x = Q(t) - 2, 
w(x, t) = Q(t)-u(Q'(t)-x,t), (x,t) =4(Q"(t)-x,t), 


=¢q 
G(x, t) = -Q(t) F(Q™(#)- x) Q"(t), hs t) = -Q)-9(Q™(#)-x), 
(VIII.5.9) 
where ' denotes transpose, and Q = Q(t), t > 0, is a one-parameter family 
of second-order tensors satisfying the following initial-value problem: 


dQ 

—=TQ-W(e,), 

dt @- Weer) (VIII.5.10) 

Q(0) =I, 

with 
000 
W(e1)=|00-1]. (VIII.5.11) 

010 


Since the matrix W is skew-symmetric, it follows that for each t > 0, Q(t) 
defines a proper orthogonal transformation, i.e., 


Q(t) - Q(t)’ =Q' (t)- Q(t) =I (I = identity tensor). 
More precisely, by integrating (VIII.5.10))—(VHI.5.11), we obtain 


1 0 0 
Q(t) = | 0 cos(Tt) —sin(Tt) | . (VIII.5.12) 
0 sin(Tt) cos(T¢t) 


We also notice that 


W(e1)-a=e, xa, forallacR’, (VIII.5.13) 
and moreover, that 
Q(t)-e1 =e1, forallt>0. (VIII.5.14) 
Now, using (VIII.5.9), (VIII.5.10), and (VIII.5.13) together with the identity 
dQ" T/,,, dQ 
—_ . Q(t) =—o'(t). = 
Qi) =-QTy- &, 


d 
we obtain (- = =) 
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22 — att): (SE + (OH -QU)-2) -Vu+ QO )-u) 
= Q(t)- Gara xa-Vu-e, xX w)) 
(VIII.5.15) 
and 
A,w = Q(t) - Au. (VIIL.5.16) 


Moreover, from (VIII.5.9) and (VIII.5.14) we also obtain 


Ou 


Os Ore ((Q7() -e1)-Vu(z, t)) = Q()- F—(@.t). (VIILS.17) 


axa 


Therefore, collecting (VIII.5.15)—(VIHI.5.17), we deduce that the Cauchy prob- 
lem (VIIL.5.8) can be equivalently rewritten as follows: 


OY = Aw + Ree —VrtV-Gth 
. in R® x (0,00), yry.5.18) 
V-w=0 _ 


w(x,0)=0, xeR’. 


At this point we observe that in view of the assumptions on F and the or- 
thogonality properties of the family Q(t), t > 0, 


ess sup |G(t)J2,.r = JF ler, 
#>0 


ess sup ||V - G(t)|l2 = |[V - F lle, 
t>0 
ess sup ||h(4)|[q = IIglla- 
t>0 

As a consequence, from Theorem VIII.4.4 it follows that problem (VIII.5.18) 
has one and only one solution (w, ¢) such that 

(w, Vd) € £7(R4), ¢ € L?*(R3), (VIII.5.19) 
which, in addition, satisfies the following estimate, for all r € (3/2, 00): 


oe sup Jw(t) fae + eaeup |O(t) ||» < C (JF ]2,r + IIglla) ; (VHUI.5.20) 
t>0 t>0 


with C depending on (r,q and) an upper bound for R and T. We now go back 
to the original fields wu, g. Since Q = Q(t) is orthogonal, we have the identities 


|x] = |x], |u(w,t)] = lw, |, la, t)| = 160e tI, (VIII.5.21) 


and so from (VIII.5.20), we obtain 


550 VIII Steady Generalized Oseen Flow in Exterior Domains 


ess sup ju(t)ir + eseup llg(t)||> < C JF lar + llgila) - (VHI.5.22) 
t>0 t>0 


It remains to prove the convergence of u to v when t — oo. Setting 
V(x,t) = Q0)- o(Q"(t)-x), P(x.t) =v(Q'(t)-x), 
U(x,t)=w(x)-V(xt), mt) = 60.4) — POu?t), 

and observing that (see (VIII.5.15)) 


wv =-TQ(t)-(e, x w-Viv—e, xv), (VIII.5.23) 


we find that the pair (U, 7) satisfies 


oo = AU + Ro —_Vr 
. in R? x (0,00), 
o.a5 (VIIL.5.24) 


U(x,0) = v(x), xeER®. 


Multiplying both sides of the first equation by Vw, with w € C§°(R%), we 
easily show, for a.a. t € [0,7], that 


(Vr(t), Vib)es =0, for all py € C°(R3) , 


which implies that 7(t) is harmonic in the whole of R®, for a.a. t € [0,7]. 
Furthermore, the result of Lemma VIII.2.2 and (VIII.5.20) implies a(t) € 
L®°(R3), for a.a. t € [0, T]. Therefore, by Exercise II.11.11, we obtain m(z, t) = 
0 for all 2 € R3 and a.a. t € [0,7], and (VIII.5.24) becomes 


ay +n 
Xl) in R? x (0,00), 
V-U=0 (VIII.5.25) 


U(x,0) = v(x), x eR’. 


We now observe that the initial datum v is in L°(R°) and that moreover, by 
the properties of w and v (see (VIII.5.20), (VIIIL.5.19), and (VIII.5.23)), we 
have 


V € L(R}), — € Li,.((0,T] x R°), D?V € 17(R}), 


From these conditions we infer, in particular, 


U € L5(R3), - D?U € 17,,((0,T] x R*). (VIII.5.26) 
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Thus, from Theorem VIII.4.3 we deduce 
Ula < CAFC) llul|g, o > 6, 
[VU |e < Ct-*/? || ole, 


for all t > 0. From these two latter relations with o = 12, and with the help 
of inequality (II.9.7), we obtain 


U(x, t)| << Ct-'/8llullg, for allt >1, 
namely 
|u(x,t) — v(2,t)|< Ct |lvlle, for allt>1, (VIII.5.27) 


since |U| = |u—v|. We are now in a position to obtain the desired asymptotic 
behavior and the corresponding estimate for v. In fact, by (VIII.5.22) and 
(VIII.5.27), we obtain, for all ¢ > 1, 


|v(x)|(1 + |a|)(1 + 2R s(x)) < Ju(a, t) — o(@)|(1 + ||). + 2R s(x) 
+lu(a,t)|(1 + |a|)(1 + 2R s(x)) 
< c1(1 + |e|)(1+ 2R s(a))t-“8||v||6 + co [Flor - 
Passing to the limit t — oo, we finally deduce 
|v(x)|(1 + |a|)(1 + 2R s(a)) < co |For, 


which furnishes the desired result for v. In order to complete the proof of 
the first part of the theorem, it remains to prove the stated properties for 
the pressure along with the estimate (VIII.5.3). From Theorem VIII.1.1 and 
the assumptions on F we recover p € Wy? (R°). This property together with 


(VIII.2.5) implies, possibly by modifying p by the addition of a constant, 
p € D'?(R%) 9 L°(R3). Then, from (VIII.5.1), (VHI.5.2)1, we deduce that 


(ey x w-Vu—e, x v) € L?(R®), 
which, coupled with (VIII.2.26), furnishes 
(e, x ©: Vu—e, x v) € H(R®). 


We next operate with the Helmholtz—Weyl projection operator P (see Remark 
III.1.1) on both sides of (VIII.5.1);. Observing that 


PAv= Av, P (=) ic 
Oxy 


P(e, xu-Vu-—e, xv) =e, xa-Vu-—e, Xv, 


it follows that 
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0 
T (e1 x @-Vo-e, xv) =-Re—— Av+P(V-F +g). 
1 


Therefore, recalling that v satisfies (VIII.5.3), we obtain 
T\le: x «-Vu—e, X v|l2 <¢e(JF]or4+||V-Fllo+ |lgll,),  (VII1.5.28) 


where c depends on B. Employing (VIII.5.28), (VIHI.5.1);, and the estimate 
(VIII.5.3) for v, we thus conclude that 


Iplaj2 < 1 (JF Jar + ||[V- Flo + |lglla) - 


Next, we have to show that p € L"(R°), r € (3/2,00), and prove the corre- 
sponding estimate given in (VIII.5.3). In fact, these properties can be shown 
in an entirely similar way to that employed at the end of the proof of The- 
orem VIII.4.4 to prove analogous properties for the pressure ¢, and so the 
proof will be only sketched here. We multiply both sides of (VIII.5.1)1 by Vx, 
x € D' (2), to obtain 


(Vp, Vx) = -(V-F + 9,Vx)- 


Choosing x as the solution to the Poisson equation Ay = 7, ~ € C§°(R®) 
and using the facts that p € L°(Q) and q > 3, one shows that 


(p,)| < ¢ JF l2,r + lIglla) lel, for all » € C§P(R*), and all r’ € (1,3). 


From this relation it then follows that p € L’(R%), for all r € (3/2,00) and 
that ||p||- < ¢ (JF 2,2 + |lg||q). This concludes the proof of the first part of 
the theorem. Now assume F = 0 and that g satisfies the further assumption 
g € W''(Q,). By the orthogonality properties of the family Q(t), t > 0, we 
thus have 


=e (IIP(¢)lloo,rg, + IIVA)Ilo0,R2,) = IIglli,c0 - (VIII.5.29) 
t= 


Moreover, from the results of Theorem VIII.4.4 applied to the Cauchy problem 
(VIII.5.18) with R = 0 and G = 0, we obtain 


esssup (|Vwn(t)[2 + [D?a(t)ls) < eoesssup (l(O|hoo.ns, + IVAoo.x,) + 


that is, by (VIII.5.29), 


oP ([Vw(t)]2 + | D°w(t)Is) < callgllaco- 
Bearing in mind (VIII.5.21), we infer that this inequality continues to hold 
with uw in place of w. Consequently, reasoning exactly as in the proof of 
the first part (precisely, the argument following (VIII.5.22)), we establish the 
properties (VIII.5.4) and (VIII.5.6) for v. By completely analogous reasoning, 
we can prove (VIII.5.5) and (VIII.5.7) as well. The theorem is completely 
proved. 
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Remark VIII.5.1 In connection with the assumptions of Theorem VIII.5.1, 
it may be of some interest to find conditions under which a vector field f, 
defined on a generic exterior domain 2 C R*, can be written in the form 
V-F, with F satisfying the assumptions of Theorem VIII.5.1. For example, 
if f is of bounded support in 2 and satisfies some further assumptions, then 
f can be represented in the desired way; see Exercise III.3.9 and Exercise 
VIIL.5.1. When R = 0, a simple sufficient condition (but of course, one could 
formulate others as well) is that f € L+(), it is bounded on any bounded 
set, and decays to zero as || — 00 like |a|~3, as shown in the following. 


Lemma VIII.5.1 Let Q be an exterior domain of R*, and let f € L+(2) 
with |f]3 < co. Then, there exists a second-order tensor field F such that 
f=V-F (€ L?(Q)), and moreover, |F]2 < oo. 


Proof. Extend f to zero outside 2 and set w(x) = (E * fi)(x), 1 = 1,2,3, 
where € is the (three-dimensional) Laplace fundamental solution. With the 
help of Lemma IT.9.1, Lemma IT.9.2, and Theorem IJ.11.2 and employing the 
hypothesis made on f, we can show that w,; is well defined and that it satisfies 
Aw; = fi, in R°, i= 1,2,3. We next want to estimate the quantity 


1 Vk : 
Del: Md, £k= 1,25. Ts, 
wie) =f Raddy, i 3. (VIIL5.30) 


It is easy to see that D,w € L°(R?). This is because, by the properties of f, 


| dy dy 
pansenrenaige i e—oe i= ja — yl*(L+ a) 


<a |fls- 


We now set || = R > 0, and write the integral in (VIII.5.30) as the sum of 
three integrals, over the domains Br/2, Br/22R, and B?®, respectively. We 
denote these integrals, in order, by (2), I2(R), and I3(R). We have 


COL < ef Wil Sete 


Moreover, 


3R 
[Jo(R)| < es lp, eos BL ar <5 HE 


R3 R? 2 


Finally, ‘Ash f 
C 
(P< Fe ffl <osde. 


The lemma then follows with Fj; = Djwj;, 1,7 = 7 2,3. 
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Exercise VIII.5.1 Let 2 C R”, n > 2 and let f € L7(2), q > n, with bounded 
support and f, = 0. Show that there exists a second-order tensor field F defined 
in (2, and with bounded support, such that 


f=V-F nQ, |Filo <ellfllq- 


Hint: Use Theorem III.3.1 and Theorem III.3.2. 


VIII.6 On the Pointwise Asymptotic Behavior of 
Generalized Solutions 


In this section we will investigate the behavior at large distances from the 
boundary of generalized solutions to (VIII.0.2), (VII.0.7) in a generic (suffi- 
ciently smooth) exterior domain of R°. Precisely, we shall show that, under 
suitable assumptions on the body force, the magnitude of the velocity field can 
be pointwise bounded by the function w(x) = (1 + |a|)(1 + 2R s(x)), where, 
we recall, s(x) = || + 2). Thus, if R > 0, the function w shows the same 
asymptotic behavior as the Oseen fundamental solution E (see (VII.3.23) and 
Remark VII.3.1), whereas if R = 0, the behavior is the same as the Stokes 
fundamental solution (see (IV.2.6)). We also recall that by virtue of the Mozzi— 
Chasles transformation considered in the Introduction, R = 0 if and only if 
the translational velocity vo and the angular velocity w are orthogonal, or, 
in particular, vp = 0.1 Therefore, w(x) does not present a wave-like behavior 
unless vg has a nonzero component in the direction of the angular velocity. 
Also in this section, we will keep the notation introduced in (VIII.4.46). 


In order to prove the above-mentioned properties, we need, as usual, some 
preparatory results. 


Lemma VIII.6.1 Let Q be an exterior domain of class C?, and let R,T € 
(0, B], for some B > 0. Assume that f € L9(Qr), R > 6(°), and vs € 
W2-1/4%4(9Q), q € (1,00). Then, the generalized solution (v, p) to (VIII.0.2), 
(VIII.0.7) satisfies 

veEW*4(2,), pEw4(2,), (VIII.6.1) 


for all r € (6(.2°), R). Moreover, 


Ile ll2,9,2, + IPllta.2, S CMF llaen + llv«llo-1/¢,¢,02 + llUllaen + llPllaen), 
(VIII.6.2) 
where C = C(2,r, R, B). 


Proof. The proof of (VIII.6.1) is a consequence of Theorem VIII.1.1 and the 
assumptions made on the data F and v,. The proof of (VIII.6.2) goes as 
follows. We write (VIII.0.7) as a Stokes problem 


We recall that we are assuming w 4 0; otherwise, the analysis coincides with that 
performed in Chapter VII. 
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Av=Vp+H 
in 2, 
V-v=0 
v= vx, at OD, 
with 
Ov 


H = -R— -T(e, xa-Vu-—e; xv) 4+ f. 
Oxy 


Exploiting Theorem IV.5.1 and Theorem IV.5.3, and taking into account this 
expression for the function H, we readily get 


IlUl]2.9,2, + Iipllia.2, SC (IFllaen + llexll2-1/4,4,08 
+|| FT ||-1,¢,0% + llellaon + llplla.on) 
with C' depending only on 2, r, and R. Since 


| l|-1.¢.27 S<CU+R+T)|l0llg.on + Fllaon: 


we obtain the desired estimate. 


We are now in a position to establish the main result of this section. 


Theorem VIII.6.1 Let Q be an exterior domain of class C?. Assume that F 
is a second-order tensor field on Q such that V-F € L*(2) with |For < ~, 
and that v. € W°/??(9Q). Let v be the corresponding generalized solution 
to (VIII.0.2), (VIII.0.7) with f = V-F. Then, denoting by p the pressure 
field associated to v by Lemma VIII.1.1, we have 

v € W27(2) 9 D'(2) 9 D?(2), Julie <x, 


loc 
p € D'?(Q) A LB (Q)N L#(Q?) for all q € (3/2, 6], and all qo € (6,00), 
(VIII.6.3) 
where p is an arbitrary number greater than 6(92°). Moreover, v,p satisfy the 
following estimate 


|vlo.2 + [v1.2 + Jvfaet|pli2 + llPllar + |[Pllaz,.26 


<C(|V-Fll2 + [Fl2,2 + |lv«|l3/2,2,09) 5 
(VIII.6.4) 
where C' depends only on 92, B,q, and p, whenever R,T € [0, B]. 


Proof. In view of the stated assumptions, Lemma VIII.6.1, Lemma VIII.2.1, 
and Lemma VIII.2.2, we have only to show that Jv]i.z < cw, p € LU (Q)N 
L(2°), along with the validity of the corresponding estimates. Notice that 
by virtue of Lemma VIII.6.1, Lemma VIII.2.2, and the assumptions on F, we 
can suppose p € L°(). 

To reach the above goal, for a fired R > 6(Q°), we denote by y a smooth 
“cut-off” function that is 0 for |x| < R andis 1 for |x| > 2R, and set 0) = 1-y. 
We then introduce the fields 
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u=pvut+V@VE+w, gd=pHpP, 


where € is the Laplace fundamental solution defined in (II.9.1), 


o- | Ve N, 
eX) 


with nm the unit outer normal to 02, and w satisfies 
V-w=-Vo-(v+ @VE) in Qe, 
we We? (Mor), (VIII.6.5) 
Ilwll3.2 < C (llvll2,2,20n +191); 


where C = C(R, 22). Clearly, Vy - (v + ®VE) € Wi7(QoR). Moreover, since? 


| n-VE=-1, 
an 


it follows that 


(v+ove)-n— [ yV -(v+ 6VE) 


Vp: (v+ 6VE) =} 
QaR 


QR OBar 


-| (v+@VE)-n=0. 
aa 


Thus, Theorem III.3.3 guarantees the existence of the field w. Furthermore, 
the pair (w, gq) obeys the following problem: 


Aut RY + Ter x@-Vu-e,xv)=VatV-G+9 
‘1 


in R?, 
V-u=0 
| u(r) =0, 
(VIII.6.6) 
where 
g = (Ay)(v + ®VE) + 2Vy- V(u + OVE) + Roe 
Ty 
+T(e, x a-Vy)(v+ VE) 
—pVe —R(V¢) Ft Awt RS +76 xa-Vw-—e1x w), 
1 


G=RpF —ROV(eE1, @VE), 


? Recall that n is the unit outer normal to 02. 
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and we have used the fact that e; x «-V(VE) — e1 x (VE) = 0. Taking into 


account that supp (0) C Bsr, we find that the function G satisfies 
|V -Gll2 < a(R) R (lV - Flo + |For + |PI) , 
(VIII.6.7) 
IGlor < a(R)R (JF l2,r + |). 


We also observe that using several times the embedding Theorem II.3.3 and 
the properties of w given in (VIII.6.5), we deduce 


llglle < co (IF lor + [l¥ll2,2,00n + [lallt.2,02n + [lesll3/2,2,a@), — (VIII-6.8) 


with co = c2(R,B), whenever R,T € [0,B]. Thus, in view of (VIII.6.7), 
(VIII.6.8), we check that the hypotheses of Theorem VIII.5.1 are satisfied, and 
consequently, there exists at least one solution (@, g) to (VIII.6.6) satisfying all 
the properties listed in that theorem. Again by Theorem VII.5.1, this solution 
is unique in the class of generalized solutions, and so we must have U@ = u 
and Gg = q+ qo, where qo € R. However, q € L°(R?) and J € L”(R3), for all 
r > 3/2, which implies qo = 0. Thus, recalling that w = v and q = p in 27", 
from Lemma VIII.6.1, (VIII.6.7), (VIII.6.8), (VIII.5.3), and the inequality 


IIPlla.22n S C(R, Dliplle.e < co(R,@)|pli2, @€ [1,6], (VIIL6.9) 


we find, on the one hand, that v,p satisfy (VIII.6.3), and on the other hand, 
that they satisfy the estimate 


|D? vo, o2n + ||Vvllo,a22 + Juli rz,g2e + |lpllr,q28 + ||Vollo,q2" 
< C(IF lar + lV - Fle + llv«lls/2,2,00 + |lll2,2,00% + Ilplla,2,22n) - 
This latter, in turn, combined with Lemma VIII.6.1 and with (VIII.6.9), yields 


|vloo+ |vlio + vir + lpia alen IPllqo,.228 


<C (|F]2,r +||V °F ll2 + |lvxll3/2,2,02 + llvll2,osn + llpll2,asn) » 
(VIII.6.10) 
where C = C(2, R,q, q2, B). By means of a standard argument that we have 
already used several times, we will now show that 


lv ll2,esn + |[Pll2,ese S CUIV > Fille + [F]2,r + ||v«\13/2,2,00), (VII6.11) 


for some constant C' satisfying the property stated in the theorem. Then, 
combining (VIII.6.11) with (VIII.6.10), we will obtain (VIIL6.4), and this 
will conclude the proof of the theorem. Assume that (VIII.6.11) does not 
hold. Then, in view of the linearity of problem (VIII.0.2), (VIII.0.7), we can 
find a sequence {Fp,, Ven, Rn, In}, with Rn, Tr € [0, B], and a sequence of 
corresponding solutions {v,,, pn} such that 


1 
Fn +1V-Frllo + |lven|lo— ea 
IFnbor, + Il 2 + [Penlla-1/aaa0 S 5 (VIII.6.12) 


lPnllaesr a lPrllq.sr =1. 
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From (VIII.6.4), it follows that the sequence of solutions is bounded in the 
norm defined by the left-hand side of (VIII.6.4) and that therefore, it con- 
verges, in a suitable topology, to a pair {vo,po} that belongs to the class 
defined by (VIII.6.3). Since, in particular, 


| nll1,2,2sn + llPnll1,2,08n < M 


with M independent of n, by Rellich’s compactness theorem, Theorem II.5.2, 
and by the second equation in (VIII.6.12) we infer 


IIPollq.Qsr Ae IIPolla,2sn =1. (VIII.6.13) 


Moreover, using (VIII.6.12)1, it is easy to show that vo, po is a solution of the 
following boundary-value problem: 
Ov 
Ja, + Fo (er XB Vvo —e1 X v0) = Veo an Q 

(VIII.6.14) 


Avo + Ro 


V- Vo = 0 
vo =0 at OX, 
where Ro = limn—oo Rn, To = limn—+o Tn. However, vo, po satisfy (VIII.6.3), 
so that in particular, vo is a weak solution to (VIII.6.14). Thus, by the unique- 


ness Theorem VIII.2.1 we obtain vp = po = 0,° contradicting (VIII.6.13). This 
proves (VIII.6.11), and concludes the proof of the theorem. 


Remark VIII.6.1 The methods used in the proof of the previous theorem 
provide pointwise asymptotic estimates for the velocity field. However, these 
methods can be further exploited to give similar results also for the derivatives 
of the velocity and of the associated pressure fields. In particular, one can 
prove the following two theorems, for whose proof we refer to Galdi (2003, 
Theorem 4.1) and Galdi & Silvestre (2007b, Theorem 3), respectively. 


Theorem VIII.6.2 Let 2, F and v, be as in Theorem VIII.6.1, and let v 
be the corresponding generalized solution to (VIII.0.2), (VIII.0.7) with R = 0. 
Suppose also that 

LDiFizes], + |DiDiFijl, < 00 


and v, € W?-1/49(9Q) for all q > 1. Then, in addition to the properties 
stated in Theorem VIII.6.1, v and the associated pressure p satisfy 


ve WI), allg>1, [Vu], <0, 
pe Wwyi(Q), allg>1, Iply + Vpls.on <0, all R > 6(B). 


Moreover, the following estimate holds: 


3 Recall that, for instance, po € L°(2). 
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lellogont IV oly + bly + IVP, 0n 
<¢ (JF lz + [DiFizges]s + [Di DiFigl, + |le«ll2-1/4,0,02) | 
where the constant c depends only on 22, q, R, and B, whenever T € [0, B). 


Theorem VIII.6.3 Let 2 and v. be as in Theorem VIII.6.1, f € L*°(2) 
with |f]z.2 < ©, and let v be the generalized solution to (VIII.0.2), 
(VIII.0.7) corresponding to f and v,.4 Then, v and the associated pressure 
field p satisfy 

v € W2?(D) nn D?(D) N D?(D), Jolir+|Vular <x 


loc 3, 


pe W?(D), 


along with the estimate 
2,2 + loli2+ Joh +1Vels.e + Ilpllie <C (are - R-*1 flan) 


with C = C(2, B), whenever R,T € (0, B). 


Notice that in both theorems, the gradient of the velocity field decays exactly 
as the gradient of the Stokes fundamental tensor (Theorem VIII.6.2) and that 
of the Oseen fundamental tensor (Theorem VIII.6.3). Oo 


Remark VIII.6.2 An interesting problem that can be naturally posed, is 
to determine the asymptotic structure of a generalized solution. To date, the 
investigation of this issue is still in progress. However, at least in the case 
R = 0, Farwig & Hishida (2009) furnish a detailed picture, when the tensor 
field F in Theorem VIII.6.1 has components in C§°(2), and the boundary 
condition reduces to a rigid rotation, that is, v. = e; x x. In particular, these 
authors prove an asymptotic expansion, for large |x|, of the velocity field, and 
they show that the leading term of this expansion is given by 


e(f ler) +Fl-n) mle), 
aQ 
where ui(2) = (Ui1(), U2i (x), U3i(a)), and (U(x), q(x)) is the Stokes fun- 


damental solution. A crucial tool in the proof of this result is provided by the 
fact that the field wi(x), qi(x) is a solution to the generalized Oseen system 
with R = 0: 
Aui(x) + T (e, x w- Vui(a) — e1 X ui (x)) = Vai(z), 
V-ui(z) =0, 
for all z € R* — {0}, 
* Observe that the assumption on f implies that f € Do ) as the reader will 


easily prove. Furthermore, the statement of this result given in Galdi & Silvestre 
(2007b) requires the condition f,.. v»-m = 0, which in fact, is not needed. 
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since, as the reader may wish to show, 


e, xX w- Vui(r) — e1 X u(x) = 0, for all x € R® — {0}. 


VIII.7 Existence, Uniqueness, and L%-Estimates. The 
case R = 0 


In this and the next section we will investigate existence, uniqueness, and 
associated estimates of solutions corresponding to right-hand side f from 
Lebesgue space L%, and boundary data v, in the trace space W2-2/%4(99), 
for suitable values of g. Since the results for the cases R = 0 and R # 0 are 
quite different, we prefer to analyze them separately, beginning with the case 
R = 0 in the current section, while deferring the other case to the following 
one. 

The starting point of our analysis (regardless of whether R = 0 or 4 0) is 
an appropriate uniqueness result. Precisely, we have the following. 


Lemma VIII.7.1 Suppose that for some r € (1,00) and all R > 0, (u,q) € 
W*"(Br) x W'"(Br) is a solution to (VIIL.5.1)1,2 corresponding to f = 0. 
The following properties hold: 
(a) If 
N 
w=) uy, u; € L®(R*), for some q; € (1,00), i=1,...,N, 
i=1 


(VIII.7.1) 
then u(x) =0, Vq(x) =0 for a.a. x € R?. 
(b) If 
M 
Du=Sot;, &; ¢ L*(R*), for some G; € (1,00), i=1,...,M, 
a (VIII.7.2) 


then D?u(x) = 0 for a.a. x € R?. 


Proof. We begin by proving the property in (a). For simplicity, we shall 
consider the case N = 2, leaving to the reader the simple task of estab- 
lishing the result in the general case. If we perform the change of variables 
(VIII.5.9)-(VIII.5.11), the problem (VIII.5.1) (with f = 0) produces the fol- 
lowing Cauchy problem: 


cae = Aw + Row _Va 
XA in R? x (0,00), 
V-w=0 (VIIL.7.3) 


jim, ||e(t) —ullg.b0 = 0, 
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where g = min{q1, g2}, and R is an arbitrary positive number. Now let W; = 
W(x, t), i = 1,2, be the solution that we constructed in Theorem VIII.4.3 
to the following Cauchy problem: 


Ow; Ow; 


ot Oxs in R? x (0,00), 
V-W;=0 (VIIL.7.4) 


@ = 0. 


li a(t 
lim |W (t) 
As we know from that theorem, W; satisfies, in particular, the following 
properties for 7 = 1, 2: 


W; € L*(R3), allT>0, 


Ws pew, e Lt 
Ot - 


Wilt), < et 3O/F-V/7)/2 Jui |g,, 1=1,2, allt >0, 


(0, T] x R*) (VIII.7.5) 


where r > J = max{qi, q2}. Therefore, from (VIII.7.3) and (VIII.7.4) we infer 
that the vector field W = w— W, — Wo satisfies 


we = AW + Rw +V0 
a X1 in R3 x (0,00), 
V-W=0 (VIIL.7.6) 


lim |W Ollg.bn =0, 


where R is an arbitrary positive number. Taking also into account that (see 
(VIII.5.15)) 


= =-T Q(t)-(e1 x e-Vu-—e; x u) 
by the assumptions made on wu and q, we easily deduce 
Ow 


ae D?w, Var eé Lt,,(R}), for all T > 0. 


Moreover, obviously, 
w=witwe, we L*(R3), i=1,2, forall T>0. 


Consequently, from these latter properties and from (VIII.7.5)1,2 we find that 
the fields W, z satisfy the assumptions of Lemma VIII.4.2, so that we conclude 


w=W,+W2, Vr=0 ae. in R}. (VIII.7.7) 


Recalling that a(x, t) = q(Q' Be )-x,t), 2 = = Q'-x, the second relation in 
(VIII.8.11) delivers Va = 0 in R®. Furthermore, taking into account that 
w(x, t) = Q(t) - u(Q' (t) - x), from (VIIIL.7.7) and (VIII.7.5)3 we also have 
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[ell = |]eo() [Ir < ||Wilt)||p + [|Weo(t)ll- 
< ct 3C/F19)/? (lata |lgs + [ltallan) - 


Letting t — oo in this relation gives ||w||, = 0, which concludes the proof of 
part (a). We shall next prove part (b), again for the simplest case MM = 2. We 
recall that by Theorem VIII.1.1, u,q € C%°(R?), which implies that (w, 7) 


is of class C°® in space and time. Thus, setting tv := Aw,q := Aq, from 
(VIII.7.3) and (VIII.5.16) we deduce 
Oro Oto 
XA in R® x (0,00), 
V-to =0 (VIII.7.8) 
Jim, lw — Aull, =0. 


where ¢ = min{q@, @}, and R > 0 is arbitrary. We next repeat for the problem 
(VIII.7.8) exactly the same argument used for the proof of the property in 
(a), and show that Au = 0 a.e. in R#. In view of the assumption on D?u and 
Exercise I.11.11, we thus conclude that D?u = 0 a.e. in R#, and the proof of 
the lemma is complete. 


An important consequence of the previous result is the following general 
uniqueness result. 


Theorem VIII.7.1 Let 2 be locally Lipschitz, and let (v;,p;), i = 1,2, be 
two solutions to (VIII.0.7), (VIII.0.2) corresponding to the same data f and 
v, and such that for all R > 6(Q°), 


(vy, 01) € W*? (Qa) x WY (Qe), v7 € LQ), 


(VIII.7.9) 
for some qi,7; € (1,00), 7 = 1,2. 
Then v1 = v2, V(pi — pe) = 0, ae. in 2. 
Proof. Set v = v1 — v2, p = pi — p2. From (VIII.0.7) we obtain 
Ov 
Av+R—+T(e1 x «©: Vu-—e, x v) = Vp 
Ox, in 2 
a (VIII.7.10) 
v=0 aton. 


In view of the assumptions and Theorem VIII.1.1, it follows, in particular, 
that 


(v,p) € [C°(2) x C(Q)] N[W??(2,) x W17(2,)|, for all p > 6(2°). 
(VIII.7.11) 
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For a fixed o > 6(°), let = W(x) be a smooth “cut-off” function that is 
0 for |z| < o and 1 for |x| > 20, and set u = Wu +w, & = wp, where w 
satisfies the following properties: 
V-w=-v “Vw in 25,20 WE CS? (2,20) ; 
(VIII.7.12) 
I|wlloqn S CllUl|i,¢,2.,20° 


Since 


| v:-Vo= V- (wv) = von=— | v-n=0, (VIII.7.13) 
2 OBoe 0Q 


0,20 226 


from Theorem ITI.3.3 we know that problem (VIII.7.12) has at least one solu- 
tion. By a direct computation that starts with (VIII.7.10), we thus find that 
the pair (wu, ®) is a solution to the following problem: 


Aine +T(eyxa-Vu-—e,xu)=VO+F 
Ox) in R°, (VIII.7.14) 


V:-u=0 


with 


Patna Ure Say eee) 
Oxy 


+Ro SY py 420y-Vo+vdy. 
Zy1 


(VIII.7.15) 


In view of (VIII.7.11) and (VIHI.7.12), we deduce F € C§°(2), and so, in 
particular, F € Dg’?(R°). By Theorem VIII.1.1 and Theorem VIII.1.2, we 
then infer that problem (VIII.7.14) has at least one solution, 


(a, B) € [Dy (R°) n L§(R°) Nn C™(R°)] x C%(R°). (VIII.7.16) 


Since 

T—u=t+ (w— v1) + Uvg = uy, + Un + UB 
is a solution to (VIII.7.14) with F = 0, and since from (VIII.7.16), (VIII.7.12) 
and the assumption (VIII.7.9), we have u; € L*‘(R3), for suitable s; € (1, 00), 
i = 1,2,3, by Lemma VIII.7.1 we infer w = wu. This latter, in turn, by the 
properties of ¢ and by (VIII.7.11) and (VIII.7.16), implies, in particular, 


VE D!?(Qa¢) F 


This information along with (VIII.7.11) furnishes that v is a generalized so- 
lution to (VIII.7.10), and so by Lemma VIII.2.3, we conclude that v = O in 
92, which ends the proof of the lemma. 


We shall now begin our investigation of the summability properties of 
solutions to (VIII.0.7), (VIII.0.2), by considering first the case R = 0 and 
Q=R°. The following lemma holds. 
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Lemma VIII.7.2 Let f € L4(R*), for some q € (1,00). Then, the problem 


Av+T(e.xa-Vu—e,xv)=Vp+f 


a.e. in R® (VIII.7.17) 
V-v=0 


has at least one solution v,p such that 


(v, p) € D*7(R3) N D14(R3), 


(VIIL.7.18) 
(ey X w-Vu—e; x v) € L7(R), 


satisfying 
lYl2q+ [plig + Tiler x &- Vo —e1 x olla Scr IF lla (VIIL.7.19) 


where c; = ci(q) > 0. If 1 < q < 3, there is a solution that in addition to 
(VIII.7.19) also satisfies 


(v, p) € Dt 34/8-9 (R3) 9 £34/B-9 (R3) (VIII.7.20) 
along with the inequality 


|v|1,.39/(3—q) + llPllsq/(3—a) S €2 IF lla (VIII.7.21) 


and C2 = €2(q) > 0. Furthermore, if 1 < q < 3/2, we can find a solution that 
in addition to (VIII.7.19) and (VIII.7.19), satisfies further, 


v € 134/(3-24)(R3) (VIII.7.22) 


and 
|e ||3q/(3-2q) <3 Fille. (VIII.7.23) 


with cz = c3(q) > 0. 
Finally, if f € L7(IR*) for all q € (1,00), there exists a solution (v,p) to 
(VIII.7.17) satisfying (VIII.7.18)—(VII.7.23) for all specified values of q. 


Proof. It will be enough to prove the existence of a solution satisfying the 
stated estimates for the appropriate derivatives of v and p only, in that the 
inequality for the “rotational” term (e; xx-Vu—e, xv) becomes a consequence 
of (VIII.7.17); and these estimates. Let us take first f € C§°(R°). Then, from 
Theorem VIII.5.1, we know that problem (VIII.7.17) has one and only one 
smooth solution (v,p) such that 


v € L*(R*) N DS? (R3) nN D?83(R%), all s; > 3, s2 > 3/2, and s3 > 1. 
(VIII.7.24) 
Making the change of variables (VIII.5.9)—(VHI.5.11) (with wu = v), we showed 
in Section VIII.5 that problem (VIII.7.17) goes into the following Cauchy 
problem: 


VIII.7 Existence, Uniqueness, and L7-Estimates. The case R = 0 565 


a = Aw-—-Vir+F 
: in R® x (0,00), 
V-w=0 (VIII.7.25) 


jlim, |jeo(t) = vlle, =0, 


where F(x, t) = —Q(t)-g(Q' (t)-x). Then, from Theorem VIII.4.1, Theorem 
VIIIL.4.3, Lemma VIII.4.2, and (VIII.7.24), we at once obtain that we may 
write w = w) + We, where (wy 1,7) satisfy (VIII.7.25) with v = 0, while 


ie a ; 
wast) = (25) igre /Atay(y) dy. (VIII.7.26) 


Again by Theorem VIII.4.1, we obtain 


LE T 
[ (ora + reolt,) aeser fo Wrelgd, —— (vuit727) 


with a constant C; independent of T > 0. Furthermore, by differentiating 
twice both sides of (VIII.7.26) with respect to the x variable, and then apply- 
ing Young’s inequality (II.11.2), we deduce 


a8/f tt 
lw2(t)l2.q < Cot #4) fola,e,, 


with C2 independent of t > 0, and s3 € (1,q). From this latter it follows that 


T qd 
- jue (t)|3 at < Cg 2) [p12 (VIIL.7.28) 
0 


2,83? 
with C3 independent of 7’. Consequently, recalling that 


lag =lwOleq, Pla =lt®Olia> IFlla=lF Olle, for allt > 0, 


we obtain 
T 
T (\vl3.,+lpltg) < cf (lwr(t)|3.q + lwe()laq+lt Olt q) at 
0 


fa qd 
<cs([ |F@lgae+ 7728S) 4 Jog) 
0 


2,53 


~3(4_ 
= 05(TIflg+T 2S) Yolg .). 
Dividing both sides of this inequality by 7’, and passing to the limit T — oo, 
we then get 
lel2q+ IPlta S Co llflla. (VIII.7.29) 
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with Cg = Co(q). Next, let f be merely in L7(R°), and denote by {f;,} C 
C§° (IR?) a sequence converging to f in L4(R*). We shall show that the se- 
quence of corresponding solutions {v;z,p,} can be modified by adding to vz a 
suitable linear function, in such a way that the new sequence converges to a 
solution (v,p) to (VIII.7.17) satisfying the estimates stated in the lemma. We 
begin by considering the case q € (1, 00). From (VIII.7.29) and the uniqueness 
Theorem VIII.7.1, it follows that {v;, pz} is Cauchy in D?-4(R3) x D'4(R3), 
and, consequently, so is {0,, pr}, where 


UK = Vp — An, — bye — Cex3 — dy, 
ax = (Divk)g,, be :=(Devk)p,, Ce :=(Dsve)p,, dk = Ve, - 
(VIII.7.30) 


Thus, by Lemma II.6.2 and (VIII.7.29), there exists at least one (v,p) € 
D?-4(R3) x D'-4(R%) such that 


D?o, ~ D?%, Vpp— Vp in L4(R°), (VIII.7.31) 


which satisfies 
Bl2,q+ |Plijg < Co llF lle (VIIL.7.32) 


In addition, also by means of the first of the obvious properties 
- Xi =| ajcx;=0, forall R>Oandi,j =1,2,3,i4 9, (VIHL7.33) 
Br Br 


we obtain __ 
(Divx), = (D2¥xn) gp, = (D3¥«) pg, = VeB, =9;, 


and so, from a double application of Theorem II.5.4, Exercise II.6.1 and 
(VIII.7.31), we obtain 


dp > D in W!4(Bp), for all R> 0. (VIII.7.34) 
Thus, noticing that V - vx, = 0 for all k € N, we deduce, in particular, 
V-0=0. (VIII.7.35) 
Since 
e,xa@-Va,=0, e,xa-Vag=—23, eX @-Vaz3=22, (VIIL7.36) 
we have 
ey xX x-Vup =e, X ©: VOR + Locx — 23 bx , 
€1 X UE = ey X UE + 1 X (X1aK + Lab, + U3CK + dz). 


Consequently, from (VIII.7.17)1, which with f = f, is satisfied by (vx, px) 
for all k € N, we obtain 
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(Avz+ T(e1 xX w- Voz — e1 X Or), p) =(Voes?) — (f,%) 
= T (1B, +23C, +e, X (x1 ax + dx), w) ; (VIII.7.37) 
By: =—cx, +e, x be, Cy i= be + e1 X ck, 
for all w € L®(R%) with bounded support. In view of (VIII.7.31) and 
(VIII.7.34), it follows that as k — oo, 
(Ad,+ T(e, x @- Vuz— 1 X Ox); V) — (Vpk, ) — (Ff, ¥) 


— (Av + T(e1 x w- V0 — e; x ¥), b) — (Vp, v) - (Fv), 
(VIII.7.38) 
for all functions ~ specified above. Denote by yz the characteristic function 
of Br. Then, if we choose in (VIII.7.37), in order, YW = yr, w= XRrvi, 1 = 
1, 2,3, recall (VIII.7.33), and use (VIII.7.38), it is easily shown that there are 
d,a, B,C € R® such that 


e, Xx dp > e, Xd, e,xXa,7e,xa, Be B, Cy —-C, ako, 
(VIII.7.39) 
where the vectors a, B,C may be taken to satisfy 


a-e,=0, B=Bie,+e,xC, C=Cie,—e, x B. (VIII.7.40) 


Combining (VIII.7.38)—(VIII.7.40), by the arbitrariness of ~ we thus deduce 
the validity of the following equation, a.e. in R?: 


Av+ T(e, x «-Vu—e;, x v)—-Vp-— f 
= T (ao(Bier +e, X C) + 23(Cey =e x B)+e, x (a1a+d)) ‘ 


(VIII.7.41) 
Set 
v* =v +21a+ d + roC}e1 = 13.By,e, . 


Observing that with the help of (VIII.7.36), we have 
e, Xx votre, xXa+e, X d= e€, xX (vtajatd+ aCe, — «3B \e1), 
=e, xX v* 
ey xa: Vv — r2B ye, = r3C\e1 =e, xz: V(v = r3.Bye, + x2C1e1) 
=e, xx ‘V(v—a3Bie, +aroCye,+ “yja+ d) 
=e,x«z-Vv"*, 
equation (VIII.7.41) can be rewritten as follows: 


Av* + T(e, x «- Vv" —e, x v") —Vp— f =T (a2e1 x C — x3e; x B)) . 
(VIII.7.42) 
Moreover, by (VIII.7.35) and (VIII.7.40);, we obtain 
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V-v* =0. (VIII.7.43) 


We next observe that setting B’ = (0, Bo, B3) and C’ = (0,C2,C3), from 
(VIII.7.40)2.3, we deduce 


B’=e,xC=e,xC’, C’=-e,x B=-e, x B’. (VIHI.7.44) 
Therefore, if we let v := v* + $(x2C’ — 3B’), equation (VIII.7.42) delivers 
Av +T(e, x -Vv* — $(22B' +230’) —e, xv) =Vp+f. (VIIL7.45) 
However, employing the identities (VIII.7.36)2.3, we have 
e, xa: Vu" —$(r2B’ +23C’) =e, xa-V(v"+4(x2C'—23B’)) =e, xa-Vv, 


so that from the latter and (VIII.7.45), we establish that (v,p) satisfies 
(VIII.7.17);. Since v and v differ by a linear function of x, by (VIII.7.32), we 
infer that (v,p) also satisfies (VIII.7.19). Finally, noting that by (VIII.7.44) 
CS = B, and using (VIII.7.43), we get V-v = 0, and we conclude that (v, p) 
satisfies all the properties stated in the lemma, which is thus proved for a 
generic q € (1,00). If g € (1,3), we define 0, := vx, — UepB,, and proceed 
as in the previous proof, by formally taking a, = by = cy, = O. The only 
thing that we have to notice is that when q € (1,3), the fields vz, and px 
converge (strongly) also in D?4/G—9® (R3), in view of the following inequalities 
(see Theorem II.6.3, and, in particular, (I1.6.49)): 


lWelsq/(3—q) < C1 |Vel2, 
eed) Pte ae 
\Pkl3q/(3—a) < C1 |Pkl1,q 


As a consequence, the fields v (and therefore v := v + d; see (VIII.7.39)) and 
p will satisfy the same inequality, which, together with (VIII.7.32), completes 
the proof also when g € (1,3). Finally, if ¢ € (1, 3/2), again by Theorem I1.6.3 
and by (VIII.7.29) the approximating solution {v,, px} satisfies the inequality 


Il Vx Il3q/(3—24) + Vx l3q/(3-g) + |Vel2,q + IPalig S C2 [lFalla, for all k EN. 

(VIII.7.46) 
Thus, from (VIII.7.46) and the uniqueness Theorem VIII.7.1, it follows that 
{vx, px} is Cauchy in the (Banach) space of functions having finite norm on 
the left-hand side of (VIII.7.46). Therefore, the sequence converges to some 
(v, p) that, on the one hand, satisfies (VIII.7.46) with f in place of f,,, and, on 
the other hand, as shown by a simple argument, satisfies (VIII.7.17). Finally, 
assume f € L7(R°) for all q € (1,00). By taking, in particular, q € (1,3/2), 
from the existence result just shown, we obtain a solution (U,D) satisfying 
(VIII.7.18)—(VIII.7.23) for this specific value of g. However, by the existence 
result and the uniqueness Lemma VIII.7.1, (@,p) will satisfy (VIII.7.18)— 
(VIII.7.23) for all ¢ € (1,3/2). Next, let q € [3/2,3) and let 
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(v1, p1) € [D™4(R8) nD! 44/89 (R3)] x [D}4(R3) 9 L809 (R)] 
be the solution previously constructed. We claim that 
D?v, = D*0 Vv, =Vd, and p, =D, ae. in R®. (VIII.7.47) 


In fact, again by Lemma VIII.7.1, the first relation in (VIII.7.47) follows 
immediately. This latter implies Vv; = V0+A, where A is a constant second- 
order tensor. However, since for s € (1,3/2), 


| (\vo1)%4/-9 2 Ivafes/e-*) 2s 
R3 
there exists an unbounded sequence {pz} C (0,00) such that 


lim (IVer(px,w)94/8-9 de [Vo(px, w)|*/0-*)) i=, 
S2 


k—oo 


which implies 


jim, ff (Veu(erss| + |VBlr4,))) de = 0, 
and so we conclude that A = 0, which proves the second relation in 
(VIII.7.47). As for the pressure, we observe that since both (v1, p1) and (v, p) 
obey (VIII.7.17), by a simple argument we show that, setting 7 := p1 — D, it 
is (Vz, Vw) = 0, for all w € C§°(R?). Thus, 7 is harmonic in R?, and since 
pi € L39/B3-9 (R3), p € L38/B-s)(R3), s € (1,3/2), the third condition in 
(VIII.7.47) follows from Exercise II.11.11. Finally, suppose g € [3, 00). Then, 
by the existence part of the lemma, we find a solution (v2, p2) such that 


(v2, p2) € D*4(R*) x [Dh4(R*). 
We claim 
D?v2. = D?v and Vp. = VB, ae. in R®. (VIII.7.48) 


In fact, again by the uniqueness Lemma VIII.7.1, the first condition in 
(VIII.7.48) is at once verified. Concerning the second one, we can show, as 
before, that p2—p is harmonic in R? and since pz € D'4(R?), p € D'8(R°) for 
s € (1,3/2), from Exercise II.11.11 we infer the validity of the second relation 
in (VIII.7.48), and the proof of the lemma is complete. 


Exercise VIII.7.1 Let v be the velocity field of the solution determined in Lemma 
VIII.7.2 corresponding to f € L“(R*), q € (1,00), and let (#1,7r,0) be a system of 
cylindrical coordinates. Show that 0v1/00 € L#(IR*). Show also that this latter 
implies (v1 — U7) € L4(R*), where U7 = Ui(#1,7) = a v1(@1,7,0) dé. Hint: Use 
(VIII.7.19) and the Wirtinger inequality (1.5.17). 
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The next result concerns an extension of the previous lemma to the case 
of an exterior domain. 


Theorem VIII.7.2 Let Q be an exterior domain of class C?. Then, for any 
given 


f EL), v. € W2-V49/82), g € (1,3/2), (VIII.7.49) 


there exists at least one solution, (v,p), to the generalized Oseen problem 
(VIII.0.7), (VIIL.0.2) with R =0, such that! 


v € D*4(2) 9 D137 B-9 (2.9 138-29 (0), p € DEQ L3V/E8-9(Q), 
(VIII.7.50) 
Moreover, the following estimate holds: 


Il ll3q/(3—-29) + |Ul3q/(3—-a) + |¥l2,9 + IPlig + Tiler X B- Vv —e) x vq 


<C (Fla + lle«ll2-2/a,4(02)) » 

(VIII.7.51) 
where C = C(q,2,B) whenever T € [0, B]. Finally, suppose that for some 
r € (1,00) and all R > 6(2°), (v1, pi) € W?"(Qr) x W4"(Qp) is another 
solution to (VIII.0.7) with R = 0 corresponding to the same data and that 


v € LQ), for some 7] € (1,00). (VIII.7.52) 
Then v(x) = v1 (x), p(x) = pi(x) + po for a.a. x € 2, and some constant po. 


Proof. We begin by observing that the uniqueness part is an immediate con- 
sequence of Theorem VIII.7.1. We thus proceed to the proof of existence. For 
given f and v,, satisfying the assumptions of the theorem, let {f;,} and {vx} 
be sequences of smooth functions, with f;, of bounded support for each k € N, 
converging to f and v, in the L4(Q)- and W?-!/%4(9)-norms, respectively. 
We then denote by vz, & € N, the (unique) generalized solution corresponding 
to fy, Ver, and by p, € W1?(QpR) the associated pressure field. We also set 


Un =U(vg+ Geo) + we, dk =VDE; 


where w is the “cut-off” function introduced in the proof of Theorem VIII.7.1, 


DP; = Usk TN, 
02 


o is defined in (VII.1.5), and finally, wz satisfies (VIIL.7.12) with v = 
v, + &.o. Using the properties of o, it is at once checked that (VIII.7.13) i 
satisfied. We next observe that wz, and ¢, satisfy (VII.7.17) with f = Fx, 
where 


n 


' See Remark VIII.7.1. 
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Fy:= f;, + Aw, + T (er X Wr e1 X Wk) + 26,Vwv-Vot+ @pa Aw 
—pr Vw + 2Vv- Vou, tun Av, 


and where we have used (VIII.1.8). Therefore, recalling (VIII.7.12)2, that for 
all R > 6(2°), 


vE € W??(QR)NL§(Q), pee W?(QR) (VII.7.53) 


(see Remark VIII.1.1), and that moreover, by the trace Theorem II.4.1, |®z| < 
cl|vx||1,7,02,, for any r > 1, we obtain, after a simple computation, 


Fella $C (Falla + Weellt¢220 + |IPellga2-) > for all g € (1, 3/2), 
(VIII.7.54) 
where C = C(a, 2,q, B). Now, again by (VIII.7.53), we have 


uz € L°(R°) W??(Br), on € W'?(Br), 


for all R > 0, and so by Lemma VIII.7.2, Lemma VIII.7.1, and (VIII.7.54), we 
obtain, on the one hand, that (ux, dz) is in the class (VIII.7.50), for allk € N, 
and that, on the other hand, it must satisfy (VIII.7.51) with f replaced by 
Fy. Recalling that uz(2) = v(x), x(x) = p(x) for all x € 2?7, and taking 
into account (VIII.7.54), we thus deduce 


|| x |l3q/(3—29),.22¢ + |VE|3q/(3—q),.22¢ + |VK|2,q,.02¢ + |PEl1,q,.22¢ 


(VIIL.7.55) 
<C (Falla + llvellt.¢,226 + lPella,22-) » 


with C = C(q, 2,0). However, by Lemma VIII.6.1, we also have 


Ix |]2,9,22¢ +|PKll1,4,.226 
S ¢2 (IFalla.ese + |!V*nll2-1/4,9,02 + |lVella.2s0 + lIPella.25-) 
(VIII.7.56) 
where cz = ¢2(q,0,§2, B). Therefore, combining (VIII.7.55) and (VIII.7.56) 
we deduce 


Ilvx|l3q/(8—24) +1¥x]13q/(3—a) + |Vxl2,q + [Peli.a 


<c3 (Falla + eselle—1/q,q(02) + lleell1,¢2%0 + IlPelle2s.) » 
(VIII.7.57) 
where c3 = c3(q, 2,0, B). The next task is to prove the existence of a constant 
ca = €4(q, 2,0, B) such that 


Pe lli.g.2s¢ + WPella.s, < C4 (Falla + llexelle—1/a,q(a2)) - — (VIII.7.58) 


The proof of (VIII.7.58) is based on a contradiction argument that uses (i) the 
embedding W1!:4(2) <> L4(Qp) (see Exercise II.5.8), and (ii) the unique- 
ness of solutions to (VIII.0.7), (VIII.0.2) with R = 0 and T € [0, 8B}, in 
the class of functions (VIII.7.50). Since the argument is entirely analogous to 
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that employed in the proofs of Theorem V.5.1, Theorem V.8.1, and Theorem 
VIL.7.1, it will be omitted. From (VIII.7.57) and (VIII.7.58), we thus infer 


Ile llsq/(3—-29) +P el 3q/(3—q) +P el2,q+|Pelt1.g <5 (Fella + lloselle—1/4.9(02)) » 

(VIII.7.59) 
with cs = c5(q, 2,0, B). We now let k — oo in this relation and, again by a 
by now standard reasoning, we show that {(v,,p,)} tends, in the topology 
defined by the left-hand side of (VIII.7.59), to a solution (v, p) to (VIII.0.7), 
(VIII.0.2), with R = 0, satisfying all the statements of the theorem, which is 
therefore completely proved. 


Remark VIII.7.1 We would like to specify the way in which solutions con- 
structed in the previous theorem satisfy the condition at infinity (VIII.0.2). 
Since gq € (1,3/2), we have v € D18(Q2), where s := 3q/(3 — q) < 3. Conse- 
quently, taking also into account that v € L34/(—?9(Q), from Lemma II.6.3 
we have 


| \v(\|x|,w)|dw =o (j?3/4) as |x| > 00. 
S2 
|_| 


Exercise VIII.7.2 Let the assumptions of Theorem VIII.7.2 on 2, f, and v. be 
satisfied, and suppose, in addition, that f € L°(Q), v. € W?~1/**(9Q), for some 
s € (1, oo). Show that the corresponding solution (v, p), besides the properties stated 
in that theorem, satisfies also the following ones: 


(v,p) € D®*(Q) x D™*(Q), 
|vlas+|plis <C (Ilflls + llv«llos1/scaay) 5 
with C = C(q, 2,B), whenever T € [0, B]. Moreover, show that 


lim v(#)=0 ifs € (1,3/2); a Vv(z) =0 if s € (1,3). 


|x|—+00 


Hint: Use the arguments of the proof of Theorem V.4.8. 


VIII.8 Existence, Uniqueness, and L?-Estimates. The 
Case R 4 0 


We begin by proving existence of solutions, with corresponding estimates, 
to the system (VIII.5.1)1,2, when f € L7(R*). To this end, we will use the 
following result of Farwig (2006, Theorem 1.1) which we state without proof; 
see also Galdi & Kyed (2011b, Theorem 1.1) for a simple proof. 


Lemma VIII.8.1 Let f € L4(R*), for some q € (1,00), and R > 0. Suppose 
that the problem 


VIII.8 Existence, Uniqueness, and L’-Estimates. The Case R 4 0 573 


0 
Av +R +T (ex a@-Vu—e,xv)=Vpt+f 


Ox a.e. in R® 
V-v=0 
(VIIL8.1) 
has a solution (v, p) € D?*5(IR?) x D14(R3), for some s € (1,00). Then 
Ov era 
oe (e, x w-Vu-—e, x v) € L4(R’), 


and the following estimate holds: 


Ov 
Rae 


+ Tes xa Vo—er xvllg <r (14 z) Ifla- 
q 


We are now in a position to prove the following. 


Lemma VIII.8.2 Let f € L4(R), for some q € (1,00), and R > 0. Then, 
problem (VIII.8.1) has at least one solution (v,p) such that 


(v,p) € D*4(R*) x Dh 4(R*), 


(VIIL8.2) 
ale (e, Xx w-Vu—e; x v) € L7(R), 
Ty 


and that satisfies the inequalities 


[vlog + Iplig < CillFlla (VIIL.8.3) 


and 


n| 


a Re 

SY) 47 ler x a Vu —e1 x vl] < C1 (1 + =) Ilfllq  (VILL8.4) 
021 |\, T 

with Cy = Ci(q). Ifq € (1,4), then there is a solution that, in addition to 
(VIII.8.2)-(VIIL.8.4), satisfies also 


v € Di44/(4—49) (R38) , 


(VIIL8.5) 
RM Alls g/g) < C2 (+8 EY itl. 


with Cy = C2(q). Furthermore, if q € (1,2), then we can find a solution that, 
in addition to (VIII.8.2)-(VIII.8.5), satisfies further," 


v € £79/2-9 (R83), p € £34/8-9 (R3) (VIIL.8.6) 
along with the inequalities 


' Tn fact, this summability property for p below requires only q € (1,3). 
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Ri 
Ri/2 Vv a < C. (1+ =) ? 
Ilvllzq/(2-a) S Cs Pe) NFlla (VIIL.8.7) 


IIPllsq/(a—a) S Call Filla» 


where C3 = C3(q). 
Finally, if f € L1(R?) for all q € (1,00), then there exists a solution (v, p) 
to (VIII.8.1) satisfying (VIII.8.2)—(VIIL.8.7) for all specified values of q. 


Proof. The proof of this result follows the same main arguments used in that of 
Lemma VIII.7.2, and therefore will be only sketched here leaving to the reader 
the (straightforward) task of filling in the details. We take first f € C§°(R?). 
Thus, from Theorem VIII.5.1, we know that problem (VIII.8.1) has one and 
only one smooth solution (v,p) such that 


[elise + [Vvl2,2 + |D?v]J2,2 < 00, 
loli.2+ llpll- <00, all r € (3/2, 00). 
It is a simple exercise to show that 


v € L*!(R?) nN D8? (R3) n D®83(R3), all s1 > 2, s2 > 4/3, and s3 > 1; 

(VIIL8.8) 
see also (VII.3.28) and (VII.3.33). Therefore, arguing exactly as in the part 
of the proof of Lemma VIII.7.2 leading to (VIII.7.29), we can show that v,p 
satisfy the estimate (VIII.8.3). From Lemma VIII.8.1 we then infer (VIII.8.2)o, 
together with the validity of (VIII.8.4). Take now f just in L4(R*), and let 
{f;,} C C§°(R°) be a sequence converging to f in L7(R%), and {(vx, pe) } 
the sequence of corresponding solutions. From what we have shown, (vx, pr) 
satisfies (VIII.8.2)—(VII1.8.4), with f = f,,, for all k © N and all q € (1, 0). 
We then consider the fields v; defined in (VIII.7.30) by formally setting a, = 
0, and follow, step by step, the analogous proof given in Lemma VIII.7.2 for 
the case of a generic g € (1, 00), to prove the existence of a solution for such 
a value of g. This solution satisfies the estimates (VIII.8.3) and that for Dv 
in (VIII.8.4). Thus, from (VIII.8.1), we deduce that it satisfies (VIII.8.4). 
The lemma is then proved for g € (1,00). If ¢q € (1,4), we formally rewrite 
the generalized Oseen system (VIII.8.1) for (v,, px) as the following Oseen 
system: 


7) 
Ae eR SVE, 

Ox) in RS, (VIII.8.9) 
Vv: U_K = 0 


where 
Fy :=f,—T (e1 x w- Vup — 1 X UE). 
From Theorem VII.4.1 and the uniqueness property of the pair (vz, pr) we 


find that the sequence {vz} is Cauchy (also) in D*4/(4—9 (R3), and thus, af- 
ter modifying the v,z by a constant vector and proceeding as in the proof 
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of Lemma VIII.7.2, we show that the modified sequence, together with the 
corresponding sequence {p;,}, converges to a solution to (VIII.8.1) with the 
properties (VIII.8.2)—(VIII.8.5). In the last case, g € (1,2), again from The- 
orem VII.4.1 applied to (VIII.8.9), we obtain that the sequence {(vx, px) } 
satisfies (VIII.8.2)—(VIIL.8.7) with f = f,. Using again the uniqueness prop- 
erty of (vz, px) along with the estimates in (VIII.8.3)—(VIHL.8.7), it is routine 
to show that the sequence {vx, px) } converges to a solution (v, p) to (VIII.8.1) 
satisfying the desired properties. Finally, assume f € L4(IR°) for allg € (1, 00). 
Then, we may follow verbatim the argument adopted in the proof of Lemma 
VIII.7.2 to establish the existence of a solution satisfying the stated properties. 
Details are again left to the reader. 


With Lemma VIII.8.2 in hand, we shall now proceed to prove the main 
result of this section. To this end, it is convenient to introduce a suitable 
function class. Let 2 be an exterior domain of R°, and let v,p be vector and 
scalar fields, respectively, defined on 2. We shall say that (v,p) is in the class 
Cq(2), q € (1,2), if 


ee D?4(2) 1. D'4/e-0(0) 7 ev e-9(Q), 


Ov 
Ox 1 


p € D14(2) Nn 139/8-9(Q). 


, (er X @-Vu-—e, xv) € LQ), 


Remark VIII.8.1 We observe that by Lemma II.6.1, Cg(2) C W?4(Qp), 
for all R > 6(2°), if 2 is locally Lipschitz. | 


Our main result thus reads as follows. 


Theorem VIII.8.1 Let Q be an exterior domain of R? of class C?, and 
assume R > 0. Then, for any given 


fe L1(Q), v. € W2-/4979Q), q € (1,2), (VIII.8.10) 


there exists at least one corresponding solution v,p to the generalized Os- 
een problem (VIII.0.7), (VIHI.0.2) in the class Cg({2). Moreover, the following 
estimate holds: 


Ov 


v +R 
| lo.q Or1 


+Tler x e-Vv—e1 x vilg + RY 4| 0/1 49/(4-4) 
qd 


+R? llv|loq/(2-a) + Ilia + llpllsq/(3—a) SC (WWF lla + ll «ll2-1/¢,q(02)) » 

(VIII.8.11) 
with C = C(q,2,R,T). However, if q € (1,3/2), we may take C = 
C(q, 2,B,T) whenever R € (0, B]. 
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Finally, suppose that for some r € (1,00) and all R > 6(Q°), (v1, pi) € 
W?"(Qr) x W4"(Qp) is another solution to (VII.0.7) corresponding to the 
same data and that in addition, 


v €L%(2), for some J € (1,00), (VIII.8.12) 
Then v(x) = v1 (x), p(x) = pilav) + po for a.a. x € 2, and some constant po. 


Proof. We begin by observing that the uniqueness part is an immediate con- 
sequence of Theorem VIII.7.1. It remains to prove existence. For given f and 
v, satisfying the assumptions of the theorem, we let {f,,} and {v.%} be se- 
quences of smooth functions, with f;, of bounded support for each k € N, 
converging to f and v, in the L4- and W2-!/4-4-norms, respectively. We next 
denote by vz, & € N, the (unique) generalized solution corresponding to f,, 
Vek, and by py € W!:?(QpR) the associated pressure field. We also set 


Un =W(vg+ Geo) + we, bk =VPK; 


where w, ®y, o, and wx are the same quantities introduced in the proof of 
Theorem VIII.7.2. We next observe that u; and ¢; satisfy (VHI.5.1);,2 with 
f = Fx, where 

Ww 


Ow 
Fy = fy + Awe + R>— + T(e1 x wy — e1 x wy) 
1 


ai 
+RvE, — pr Vb +2Vw-Vup + vp Aw 
i 


+20,Vw -Vot+ Pio Aw + Roo Se ; 
1 


where we have used (VIII.1.8). Therefore, recalling (VII.7.12)2 and that for 
all R > 6(2°), 


vE © W??(QR)NL§(Q), pee W*?(QR) (VIII.8.13) 
(see Remark VIII.1.1) we show, as in the proof of Theorem VIII.7.2, that 
Fella SC (Fella + llvellasas00 + [iPlla.tor) » for all g € (1,2), (VIIL8.14) 
where C = C(a, 2,q, B,T). Now again by (VIII.8.13), we have 
up € L°(R?) 0 W??(Br), ©, € W'?(Br), 


for all R > 0, and so by Lemma VIII.8.2 and Lemma VIII.7.1 and (VIII.8.14), 
we obtain, on the one hand, that (ux, x) is in the class C,(R*), for all k € 
N, and that on the other hand, it must satisfy (VITII.8.4)—(VIII.8.7) with f 
replaced by Fy. Since ux(xz) = ve(x), ox(2) = pe(x) for all x € 277, by 
(VIII.8.14) we thus obtain 
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Ov k 


+Tlle1 x x-Vvg — e1 X VUpEl|¢,.02¢ 


lupo qd Q20 + R [= 
q,.22¢ 


+RV4 0%, [49/(4—q),222 +R? || Viel 2q/(2—¢),227 + |Pkl1,9,227 +||Pell3q/(3-q) 22 


R4 
1 (14 5) (elle + leull ate + belle) 


(VIII.8.15) 
with c, = (0, q, 2, B,T). However, by Lemma VIII.6.1, we also have 


Il 4 [20,8220 FIP Kll1,4,220 


< €2(lFillaas, + llPxxlle-1/4,4,02 + [Pe lla25 + [IPxlla.2s.); 
(VIII.8.16) 
where c2 = ¢2(2,0,B,T). Therefore, combining (VIII.8.15) and (VIII.8.16), 
we deduce 


Ov; 


loan +R [oe +Tlle, x -Vup—e1 X Vellq.2 


ga 
+RY4 |vK|4q/(4—-¢),.2 + RY? ||vell2q/(2-q),.2 + |Prli.q.2 + ||Pellsq/(3—q),2 


Ser (Fella + llorelle-1/4,9,02 + llPell1,q.0230 + IlPellaese) » 
(VIII.8.17) 
Using a by now standard contradiction argument already employed several 
times previously, and which relies on the embedding W!4(Qr) 3 L4(Qr) 
(see Exercise II.5.8) and the uniqueness Theorem VIII.7.1, we prove the exis- 
tence of a constant cz depending on 2, 0, R, and T but otherwise independent 
of k € N such that 


IIPell1.¢,0250 + IPKllac220 S63 (Fella + lei lla-1/4,4,00) - 


However, we observe that if g € (1,3/2), the constant cz may be taken de- 
pendent only on g, 2, B, and T, whenever R € (0, B]. The argument that we 
need to prove this assertion is entirely analogous to that given in the proof of 
Theorem VII.7.1, and precisely in that part following (VII.7.19). We leave it 
to the reader. From this latter inequality and (VIII.8.17) we infer 


Ov; 


R 
Ivelog + Dai, 


+ Tle, x w-Vup— e1 X VE|l¢ 
q 


+R 4g |4q/(4—q + RY? |lvelloq/(2—a) + [Pela.g.2 + Ilpellsq/(3—<) 


<c4 (IlFulla + llbeelle—t/ag.00) 
(VIII.8.18) 
where for simplicity, we have omitted the subscript 2. We now let k — oo 
n (VIII.8.18), and using the fact that f, — f in L4(2) and v.sn > Vx 
in W2-1/44(9Q), we easily establish, again by a standard argument, that 
{(vx, pe)} tends, in the topology defined by the norms on the left-hand side 
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of (VIII.8.18), to a pair (v,p) € Cq(S2) satisfying (VIII.0.7), (VHI.0.2). The 
proof of the theorem is thus complete. 


Remark VITI.8.2 We wish to clarify how the solutions of Theorem VIII.8.1 
satisfy the condition at infinity (VHI.0.2). If g € (3/2, 2), since v € D?-4(), 
by the embedding Theorem II.6.1(i) it follows that v € D'% (Q), for some 
q* > 3. Therefore, since v € L?4/(2—9 (Q), from Theorem II.9.1 we deduce 


lim v(#) =0, uniformly pointwise. 


|az|—+00 


If q € (1,3/2], in view of the fact that v € D!44/(4-9(Q), it follows that 
v € D+ (2), for some s € (4/3, 12/5]. Consequently, from Lemma II.6.3 we 
have 


| juz], w)| deo = o (|x|*-*/*) as |x| > 00. 
S2 


Theorem VIII.8.1 immediately leads to the following corollary. 


Corollary VIII.8.1 Let 2 and R be as in Theorem VIII.8.1. Then, for any 
f,v. satisfying (VIII.8.10), problem (VIII.0.7), (VIII.0.2) has one and only 
one corresponding solution (v,p) in the class C,(2). Moreover, this solution 
satisfies the inequality (VIII.8.11). 


Finally, taking into account Remark VIII.1.1 and Theorem VIII.1.1, from 
Theorem VIII.8.1 we also at once deduce the following. 


Corollary VIII.8.2 Let 2 and R be as in Theorem VIII.8.1, and let v 
be a generalized solution to problem (VIII.0.7), (VIII.0.2). If f,v. satisfy 
(VIII.8.10), then v and its associated pressure p (by Lemma VIII.1.1) are in 
the class C,(92). Moreover, (v,p) satisfies the inequality (VIII.8.11). 


VIII.9 Notes for the Chapter 


Section VITII.1. The first result on the existence of generalized solutions to 
(VIII.0.7), (VIII.0.2) can be traced back to the paper of Leray (1933, Chapter 
III); see also Weinberger (1973), Serre (1987), and Borchers (1992, Korollar 
4.1). 

Theorem VIII.1.2 is due to me. 

Existence, uniqueness, and corresponding estimates of g-generalized solu- 
tions when R = 0 were proved by Hishida (2006) when 2 = R® and, more 
generally, when 2 is a (smooth) exterior domain of R?. Hishida’s results are 
formally analogous to those derived in Theorem IV.2.2 and Theorem V.5.1 for 
the Stokes problem, and in particular, if 0Q 4 0, they require the restriction 
q € (3/2,3). In the case 2 = R?, Hishida’s results have been extended to 
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R #0 by Kraémar, Neéasové, & Penel (2006). See also Kraémar, Neéasova, 
& Penel (2005, 2007, 2010). 

Weak solutions in Lorentz spaces have been studied by Farwig & Hishida 
(2007) when R = 0. Their results are the analogous counterpart, for T 4 0, 
of those obtained by Kozono & Yamazaki (1998) for the Stokes problem. In 
fact, they reduce to these latter when T = 0. 

As we mentioned in the Introduction, there has been very little contribu- 
tion to the study of the generalized Oseen problem for n = 2. As a matter of 
fact, in two dimensions, the problem of existence of generalized solutions is 
either rather well known or very complicated. Actually, because of n = 2, we 
have to restrict ourselves to the case in which the angular velocity w is per- 
pendicular to the plane, I7, that contains the relevant region of motion of the 
liquid. However, the translational velocity vg must belong to JT and therefore 
is orthogonal to w. Now, if w = 0, we go back to the Oseen problem already 
treated in great detail and solved in the previous chapter. If, however, w 4 0, 
the Mozzi—Chasles transformation reduces the problem, formally, to the study 
of (VIII.0.7), (VIII.0.2) with R = 0 and with v = (v9(xe, 73), v3(x2, x3)), 
p = p(x2, v3). For this latter, using the same method employed in the proof of 
Theorem VIII.1.2, one can prove the existence of a vector field v € D!:?(2) 
that satisfies (VIII.1.1) (with R = 0) along with properties (ii) and (iii) of 
Definition VIII.1.1. However, as in the analogous Stokes problem considered 
in Chapter V, with this information alone one cannot ensure that the velocity 
field tends (even in a weak sense) to a prescribed limit at infinity. In other 
words, one cannot exclude the occurrence of a “Stokes paradox.” It is inter- 
esting to observe that, in the case that (2 is the exterior of a circle and f = 0, 
vy, = e, X x, the problem has the explicit solution given in (V.0.8) (with 
w =e). This fact would suggest that a solution might exists also when (2 is 
a more general (sufficiently smooth) exterior domain and with more general 
data, possibly satisfying a suitable compatibility condition, but no proof is, 
to date, available. We end these considerations by mentioning the paper by 
Farwig, Krbec, & Necasové (2008) in which existence is investigated in the 
case 2 = R?. 


Section VIII.2. All main results and, in particular, the uniqueness Theorem 
VIII.2.1 are due to me. Seemingly, this is the first (and only one, to my 
knowledge) uniqueness theorem of generalized solutions in their own class. 
The main tool is the proof that the pressure possesses suitable summability 
properties in a neighborhood of infinity (see Lemma VIII.2.2). 

The “regularization” result for generalized solutions obtained in Lemma 
VIII.2.1 is also new. However, the existence of a generalized solution satisfying 
the properties stated in Lemma VIII.2.1, including the estimate (VIII.2.3), 
can also be proved by the method of “invading domains” adopted by Silvestre 
(2004). 


Section VIII.3. The proofs of the main results (Lemma VIII.3.1, Lemma 
VIII.3.4, and Lemma VIII.3.6) are taken (and expanded) from the work of 
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Galdi & Silvestre (2007a, 2007b). A different proof of Lemma VIII.3.1 can 
also be found in Mizumachi (1984, Lemma 2). 

We would like to emphasize that Lemma VIII.3.1 admits also of a two- 
dimensional counterpart. Specifically, one could show that for R = 0, which, 
as we observed previously, is the only relevant case for two dimensions, the 
fundamental tensor solution, I'(€, 7), satisfies the following estimates 


roe) = | IP(é,7)| dr < c|log|él|, 
. #0, (VIII.8.1) 


nes | IVeP(E, lar <clél-?, 


which coincide with the estimates satisfied by the Stokes fundamental tensor 
solution U in dimension 2 (see (IV.2.6)). 


Section VIII.4. Theorem VIII.4.1 is basically due to O.A. Ladyzhenskaya. 
Its proof appears for the first time in English in Chapter 4, §5, of the first 
edition, dated 1963, of Ladyzhenskaya (1969). 

Lemma VIII.4.2, in its generality, seems to be new and is due to me. 

Theorem VIII.4.4, which represents the main contribution of the section, 
is taken from Galdi & Silvestre (2007b). In this regard, and in connection with 
the remarks made in the Notes to Section VIII.1, we would like to emphasize 
that the method used in the proof of Theorem VIII.4.4 fails in dimension 
n = 2. In fact, we recall that for n = 2, we have to consider only the case 
R = 0, and in such a case, according to (VIII.8.1), the function Io(€) is 
bounded above by log |é|, for large |€|. This prevents us from proving the 
existence of solutions to (VIII.4.1) that are spatially decaying, even for a 
right-hand side f with compact support in the space variables. 


Section VIII.5. The entire approach described in this section is due to Galdi 
(2002) and was further developed by Galdi & Silvestre (2007a, 2007b). In 
particular, Theorem VIII.5.1 is proved in Galdi & Silvestre (2007b). 


Section VIII.6. Theorem VIII.6.1 and Theorem VIII.6.2 are improved ver- 
sions of analogous results derived in Galdi & Silvestre (2007a, 2007b). 


Section VIII.7. The uniqueness results proved in Lemma VIII.7.1 and The- 
orem VIII.7.1 are due to me. They also appear, in a slightly different form, in 
Galdi & Kyed (2011a). 

Existence and associated estimates of solutions in homogeneous Sobolev 
spaces corresponding to f in L? were first proved by Hishida (1999a, 1999b)) 
for gq = 2. Specifically, Hishida (1999b, Proposition 3.1) shows, with Q = R°, 
that for every f € L?(R*) there exists one solution to (VIII.0.7) belonging 
to D?:?(R%) and satisfying corresponding estimates. Hishida’s result was ex- 
tended to the case R 4 0 by Galdi (2002, Lemma 4.14), who also proves 
uniqueness. 

The first complete treatment of the problem for arbitrary q € (1,00) and 
92 = R” is due to Farwig, Hishida, & Miiller (2004) (for both cases n = 2,3). 
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For n = 3 their existence result, based on multiplier and Littlewood—Paley 
theories, essentially coincides with that given in Lemma VIII.7.2, which is, 
however, established by a completely different approach. 

Theorem VIII.7.2 is due to me. 


Section VIII.8. Existence and corresponding L%-estimates when 2 = R? 
were first derived by Farwig (2006). It should be noted that, as shown in 
the proof of Lemma VIII.8.2, the estimates associated with the first deriva- 
tives of the velocity field of solutions constructed by Farwig have the puzzling 
(but, apparently, necessary) feature that the constant involved depends on 
the (square of the) inverse of the Taylor number 7. Therefore, it becomes 
unbounded as JT — 0, even though one can easily show that as T — 0, the 
corresponding solutions tend, in fact, in a suitable sense, to the solution of 
the problem with T = 0. As proved in Farwig (2005), this feature can be re- 
moved if the first derivatives are estimated in suitable weighted homogeneous 
Sobolev spaces. 
Theorem VIII.8.1 is due to me. 


IX 


Steady Navier-Stokes Flow in Bounded 
Domains 


Kai jnyarnoav ot &v0pwroe 
LaAXAoV TO PWS N TO OKOTOS. 


Introduction 


The objective of this and the following chapters is the study of steady motions 
of a viscous incompressible fluid described by the full nonlinear Navier-Stokes 
system. In the present chapter we shall focus on the case where the region 
of flow, 2, is bounded. More specifically, we shall analyze the boundary value 
problem obtained by coupling the following system 


vAv=v-Vu+Vp+f 
in 2 (IX.0.1) 
V-v=0 
with the adherence boundary condition: 
v=v, at OL, (IX.0.2) 


where v, a prescribed field. 

The first and fundamental contribution to the resolution of (IX.0.1), 
(IX.0.2) for 2 bounded, is due to F.K.G. Odqvist in 1930. The method used 
by this author articulates into several steps. First, he transforms (IX.0.1), 
(IX.0.2) into a (nonlinear) integral equation, by means of Green’s tensor G 
associated to the corresponding linearized Stokes problem (see Section IV.6); 


G.P. Galdi, An Introduction to the Mathematical Theory of the Navier-Stokes Equations: 583 
Steady-State Problems, Springer Monographs in Mathematics, 
DOI 10.1007/978-0-387-09620-9_9, © Springer Science+Business Media, LLC 2011 
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then he derives suitable estimates for G and combines these with a successive 
approximation technique that, finally, produces existence. However, for this 
procedure to work it is necessary to restrict appropriately the size of the data. 
At the time when Odgqvist derived his results, such a restriction was, in a 
sense, expected from both the physical and the mathematical points of view. 
In fact, on the one hand, it confirmed the idea that the agreement between the 
Navier-Stokes theory and experiment should hold only at “small” Reynolds 
numbers.' On the other hand, the highly nonlinear character of the problem 
enhanced the possibility of solving it only “locally.” Therefore, when in his 
celebrated paper of 1933, Jean Leray proved existence of solutions to (IX.0.1), 
(IX.0.2) without restrictions on the size of the data, the result sounded ab- 
solutely remarkable, since it was not predictable from known experimental 
observation, nor was it obvious from the structure of the equations. Leray’s 
proof was based on the discovery that every solution to (IX.0.1), (IX.0.2) for- 
mally obeys the following a priori estimate, whatever the size of the data may 
be: 


Vu: Vu<M, 
Q 
where M depends only on the data f, v. and on 2 and v (see Section IX.3 
and Section IX.4). Such a uniform bound along with the Odqvist estimate for 
Green’s tensor and with a new method for determining fixed points of nonlin- 
ear maps in Banach spaces? allowed Leray to show the stated result; see Leray 
(1933, 1936). This outstanding achievement, however, presents an undesired 
feature in the case when the boundary 02 has more than one connected com- 
ponent, say, I;, 7 = 1,...,m.In such a case, the compatibility condition on the 
velocity v, at the boundary, required by the incompressibility of the fluid, is 


Vv. N= v,:-n=0, (IX.0.3) 
[. =. 


with n unit outer normal to 022, while Leray’s argument works if the condition 
| Vw :N=0 i=1,...,m (IX.0.4) 
T; 


is imposed (see also Hopf 1941, 1957). Clearly, if m > 1, (TX.0.4) is stronger 
than (IX.0.3) and, in particular, it does not allow for the presence of extended 
“sinks” and “sources” into the region of flow. The question of whether prob- 
lem (IX.0.1), ([X.0.2) admits a solution only under the natural restriction 


' This view relies on the experimental evidence that “laminar motions” such as 
Couette or Poiseuille flows are observed only for small values of the Reynolds 
number R (“large” viscosity v) even though, as mathematical solutions, they 
exists for all values of R. As is known, this view has been modified in light of 
the modern theory of bifurcation. 

? This method will lead to the celebrated Leray-Schauder theorem, see Leray & 
Schauder (1934). 
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(IX.0.3) was left out by Leray and it still is a fundamental open question in 
the mathematical theory of the Navier-Stokes equations. 

In this chapter we study existence, uniqueness, and regularity of solutions 
to problem (IX.0.1), (IX.0.2) with 2 bounded. 

Following Ladyzhenskaya (1959b), we introduce a variational formulation 
of ([X.0.1), ([X.0.2) and corresponding generalized (weak) solutions. The tech- 
nique we shall use for existence of generalized solutions is different (and sim- 
pler) than Leray’s and is based on a variant of the Galerkin method we used 
for the linearized Oseen problem in Section VII.2. This approach is due to Fu- 
jita (1961) and, independently, to Vorovich & Youdovich (1961); see also Finn 
(1965b, §2.7). Moreover, in place of condition (IX.0.4), we prove existence 
under the following weaker assumption on the flux of v. through I;: 


m 
y a] [won| <v 
i=l Ty 


where c;, i = 1,...,m, are computable constants depending on the domain 22; 
see Galdi (1991).° 

Concerning uniqueness, we obtain, as expected, that generalized solutions 
are unique only for “small” data (or, equivalently, for “large” viscosity v). We 
also give examples of non-uniqueness for “large” data (or, equivalently, for 
“small” v). These examples are based on ideas of Youdovich (1967) and, to 
the best of our knowledge, they are the only ones so far explicitly given for 
the steady-state Navier-Stokes problem in a bounded domain with adherence 
boundary conditions.* 

Regularity of a generalized solution is investigated by means of a general 
technique which, in fact, allows us to study regularity of a much larger class 
of solutions (in arbitrary dimension n > 2). 

Finally, we analyze the behavior of generalized solutions in the limit of 
large viscosity v (small Reynolds number). Specifically, we shall show that, 
under suitable regularity assumptions on the data, such solutions tend uni- 
formly pointwise, as vy — oo, to solutions of the Stokes problem corresponding 
to the same data. 

As in the linearized approximations, also for the full nonlinear equations 
we shall mainly be concerned with the physically interesting cases when (2 
is a three-dimensional or (for plane flow) two-dimensional domain. However, 
we shall also explicitly remark if and in what form a result can be extended 
to spatial dimension n > 3. In this respect, we wish to notice that all main 
results we prove in this chapter for n = 2,3 carry over (more or less simply) 


3 See also Borchers and Pileckas (1994) and the more recent results of Kozono 
and Yanagisawa (2009a, 2009b). For other results under the general assumption 
(IX.0.3), we refer the reader to the Notes for this Chapter. 

* For non-uniqueness, and even bifurcation, of steady-state solutions under periodic 
boundary conditions, we refer to Zeidler (1997, §§ 72.7-72.8), where a detailed 
analysis of these phenomena is performed for the so called Taylor-Couette flow. 
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to the case where n = 4. If n > 5 new difficulties appear that are not easily 
attacked by the known methods. This is because a generalized solution has 
a priori only the property of being in the Sobolev space W!:?(Q), and this 
is not enough, by use of the embedding theorems, to dominate appropriately 
the nonlinear term in (IX.0.1),. For instance, whether or not any generalized 
solution in higher dimension corresponding to regular data of arbitrary size 
is regular, remains an open question.” However, Frehse and Rizitka (1994a, 
1994b, 1995), and Struwe (1995) have shown the existence of regular solutions 
in dimension n > 5 without restrictions on the size of the data. We refer the 
reader to these papers and to the review article by Frehse and Ruzitka (1996) 
for details and further related literature. 


IX.1 Generalized Solutions. Preliminary Considerations 


In the present section we begin to introduce the weak (or generalized) for- 
mulation of the steady Navier-Stokes problem in a bounded domain and to 
investigate some of the basic properties of the associated solutions. In doing 
this we will essentially pattern the same lines followed for the linear problem 
in Section IV.1. 

Following Ladyzhenskaya (1959b), we give a weak (or variational) formula- 
tion of (IX.0.1). Let p € D(). Assuming v € C?(2), p € C1(2), f € C(2), 
if we multiply (IX.0.1); by ~ and integrate by parts over 2 we obtain 


y vo vet fv Vo-p=- f-¢. (IX.1.1) 
Q Q Q 


Thus every classical solution to (IX.0.1) satisfies (IX.1.1). Conversely, if uv € 
C?(2) satisfies (IX.1.1) for some f € C() and for all y € D(), then 


[ wav—v-Vo— f)-e=0 
Q 


and we use Lemma III.1.1 to show that v obeys (IX.0.1), for suitable 
p € C1(Q). However, if v merely satisfies (IX.1.1) for all g € D(2) and 
is not sufficiently differentiable, we cannot go from (IX.1.1) to (IX.0.1),, and 
therefore (IX.1.1) is to be interpreted as a generalized version of (IX.0.1),. 

As in the linear case, it is convenient to investigate the more general 
situation, where the right-hand side of (IX.1.1) is defined by a functional 
faD,"" (0): 


° If n = 5, a partial regularity result for generalized solutions can be found in 
Struwe (1988). Extension of this result to arbitrary dimension is due to Tian & 
Xin (1999). It should be added that, if the size of the data is suitably restricted, 
any generalized solution satisfying the so-called energy inequality corresponding 
to smooth data is smooth as well, for any n > 5; see Remark [X.5.5. 
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With a view to all this and in analogy with Definition IV.1.1, we give the 
following definition of generalized solution to (IX.0.1), (IX.0.2). 
Definition TX.1.1. Let 2 be a bounded domain of R", n > 2. A field v : 
92 — R” is called a weak (or generalized) solution to the Navier-Stokes problem 
(IX.0.1), ([X.0.2) if and only if 


(i) ve Db°(Q); 
(ii) v is (weakly) divergence-free in 92; 
(iii) v satisfies boundary condition (IX.0.2) (in the trace sense) or, if v. = 0, 
1,2 
then v € Do (2); 
(iv) v obeys the identity 


v(Vv, Ve) + (v- Vv, ¢) = -(f, 9%) (IX.1.2) 
for all p € D(). 


Remark IX.1.1 Since every function in D!?(Q) is also in W,j?(Q) (see 
Lemma II.6.1), from the inequality 


I(v- Vv, ¢)| < sup |e! Ilellz.2,.05: @o = supp (¢), 
0 


we see that identity (IX.1.2) is meaningful, whatever the regularity of 2 may 
be. Oo 


Remark IX.1.2 Remark IV.1.1 and Remark IV.1.2, with q = 2, equally 
apply to generalized solutions of the Navier-Stokes problem (IX.0.1), (IX.0.2). 
Oo 


Remark IX.1.3 In analogy with the Stokes problem, one may give the defini- 
tion of g-weak (or q-generalized) solution, by replacing in (i) and (iii) D:?(Q) 
with D'4(Q),1 < q < o. Of course, q should be chosen in such a way 
that the nonlinear term in (IX.1.2) is meaningful. This happens whenever 
q > 2n/(n + 2). In fact, by an integration by parts, we have 


(o Vv, e)| =I Ve,v)| < sup|V¢l lela, 
i} 


with Q as in Remark IX.1.1. From Lemma II.6.1, v € W14(M) and so, 
by Theorem II.3.4, it follows that v € L*(Q) for all s > 1, if q > n, and 
for all s € (1,nq/(n — q)], if ¢ < n. Therefore, if g > n, then v € L?(), 
while if g < n this latter circumstance happens if 2 < ng/(n — q), that is, 
q > 2n/(n +2). Oo 


Existence and uniqueness of generalized solutions in a bounded domain 
will be the object of the next sections. In the remaining part of this section 
we wish to point out some notable facts relating to them, which we shall 
collect in the following lemmas. 
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Lemma IX.1.1 Let 92 be an arbitrary bounded domain of R", n = 2,3. 
Then the trilinear form 


a(u,v,w) =(u-Vv,w) (IX.1.3) 
is continuous in the space 
Wo*(2) x W??(2) x We7(2) 


and we have 


|a(u, v, w)| < k\el1.2|¥|1,2| wlio (IX.1.4) 
where ia\s 
2V2Q\/o 
ifn=3 
= 3 (IX.1.5) 
[iga[ty? . 
—y— if n= 2. 


Furthermore, if 922 is bounded and locally Lipschitz, then a is continuous in 
the space 
W1?(Q) x W1?(Q) x Wo?(2). 


Thus, in particular, every weak solution corresponding to the data 
fe Dy"(2), v. =0, 


satisfies (IX.1.2) for all g € H'(Q). The same property holds when v, # 0, if 
2 is bounded and locally Lipschitz. 


Proof. The proof of the second part of the lemma concerning weak solutions 
is a consequence of the first, since (Vv, Vy) and (f,y) are bounded linear 
functionals in y € H+(2) and, under the stated assumptions, v € W!?(2) 
so that also (v- Vv, y) is continuous in py € H'(2). In order to show the 
continuity of a(u,v,w), assume first that n = 3 and u € W,’?(Q). From the 
Holder inequality 


la(t,0,20)| < |lellan(n2)/lrallelln (1X.1.6) 
so that the Sobolev inequality (II.3.7) implies 
la(w, v, w)| < (2/V3) lu, alol,.allelln- (IX.1.7) 
However, since n = 3, Lemma II.3.2 and (11.5.5) furnish 
I|w|In < ki [wlio (IX.1.8) 


with 
ky = V¥2|Q|1/6/V3. 


Placing (IX.1.8) into (IX.1.7) gives (IX.1.4). Assuming u € W!?(Q) with Q 
locally Lipschitz, from the embedding Theorem II.3.4 we obtain 
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I[*4ll2n/(m—2) S eltelli.2 (IX.1.9) 
for some c = c(.2,n); thus inequality (IX.1.7) becomes 
|a(u, v, w)| < ¢l|ullr.2/v|1,2||w|In 


and the continuity of a follows from this last relation and from (IX.1.8). Con- 
sider, next, n = 2. By the Holder inequality we have 


la(u, v, w)| < ljull-lolralleolls, ro? + st = 277 (IX.1.10) 


and therefore, choosing, for instance, r = s = 4, since by Lemma II.3.1 and 
(11.5.6) we have 


IIflla < Q/v2)|2)"|fl1,2, for all f € Wy"?(2), 


(IX.1.4) becomes a consequence of this last relation and of (IX.1.10). Finally, 
if u € W1(Q), inequality ([X.1.4) with a suitable constant k = k(Q,n) is 
secured from (IX.1.9) and from the following one 


Ilflla < ell fll1,2, 


which is proved in the embedding Theorem II.3.4, for some c = c({2,n). The 
proof of the lemma is thus complete. 


Remark IX.1.4 If n = 4, Lemma IX.1.1 continues to hold with k = (3/4)?, 
since, in such a case, inequality (IX.1.8) remains valid with k; = 3/4. (Notice 
that 2n/(n — 2) = n, for n = 4). If nm > 5 (IX.1.8) no longer holds and 
a(u, v, w) is continuous in the space 


Wo"?(Q) x W*?(2) x [Wo7(2) 9 L"(Q)] 
[respectively in the space 
W*?(Q) x W(Q) x [Wo"?(2) NL" (2)] 


if Q is (bounded and) locally Lipschitz]. Consequently, in such a case, in the 
second part of the lemma, the statement 


y € H'(2) 


should be replaced by 7 
yp € H*(2), 


where H+() is the completion of D(Q) in the norm 
llella2 = Ml¢lli2 + llelln- 


Other continuity properties of the trilinear form a will be given in Exercise 
IX.2.1 and Lemma X.?2.1. Oo 
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As in the linear case (see Lemma IV.1.1), the next result shows, in partic- 
ular, that to every generalized solution wv, it is possible to associate a suitable 
pressure field p. 


Lemma IX.1.2 Let 2 be an arbitrary domain in R", n = 2,3, and let 
f © Wo '?(2') for any bounded domain 2’, with 2 Cc Q. 


Then a vector field v € W,.?(Q) satisfies (IX.1.2) for all p € D(Q) if and 
only if there is p € L?,,(Q) satisfying the identity 
u(Vv, Vo) + (v- Vv, ) = (vp, V-) — (fF, ¥) (IX.1.11) 
for all = € C§°(2). If, moreover, 2 is bounded and locally Lipschitz and 
fe Dy"(2), ve D'?(9), 
then 
pe L*(Q) with | p=0, 
Q 


and (IX.1.11) holds for all w € Wy’?(2). 


Proof. Clearly, ([X.1.11) implies (IX.1.2). Thus assume (IX.1.2) and 2 locally 
Lipschitzian. By Lemma IX.1.1 the functional 


F(w) =v(Vv, Vo) + (vu: Vv, w) + (f, ) (IX.1.12) 


is (linear and) bounded in w € Wy’7(Q) and vanishes when w € Dj’7(Q) (= 
H'()). Therefore, by Corollary II.5.1 there exists p € L?(Q) such that 


Fw) = (p,V-W), (IX.1.13) 


for all  € Dg?(Q) (= Wo’?(Q)), thus satisfying (IX.1.11). If Q is an arbi- 
trary domain, we use Corollary III.5.2 to deduce the existence of p € L?,.(22) 
satisfying (IX.1.13) for all e € C§°(2). The proof is thus complete. 


Remark IX.1.5 If n = 4, Lemma IX.1.2 continues to hold since (uv - Vu, w) 
is still a bounded functional in ~ € Wy7(Q), see Remark IX.1.4. If n > 5 
this property no longer holds and Lemma IX.1.2 fails, unless v € L"(2). 
Nevertheless, if 

f Ee Bg PEP a, 


we can again define a pressure field 
pe Le A0) 


satisfying (IX.1.11) if Q is bounded and locally Lipschitz. If Q has no regu- 
larity or if 
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few, 0!) (a), for all domains 2 with 7 c Q, 
we then only have 
pe Ly (0). 
Actually, if 2 is locally Lipschitz, n > 5, and v is a generalized solution, then 
v € Wir/(n—2)(-), 


Furthermore, by inequalities (IX.1.6), (IX.1.9), and the Sobolev inequality 
(11.3.7) we deduce 


l(v- Vv, w)| < cllulla alla nse- 


As a consequence, the functional (IX.1.12) is bounded for ~ € Dg’"/?(Q) 
(=W,""/?(Q)) and vanishes when  € Dg""/?(Q) (=H})9(@)). By Corollary 
III.5.1 we then conclude the validity of (IX.1.13) for some p € L"/("—2)(Q) 
and all # € Dy’"(Q) (=Wo’"(2)). If 2 has no regularity, by these arguments 
and Corollary HI.5.2 we derive p € Lr. Oo 


loc 


IX.2 On the Uniqueness of Generalized Solutions 


We shall begin to establish a general uniqueness result for weak solutions in 
a bounded domain. To this end, we need some further information about the 
trilinear form a(u,v,w) defined in Lemma IX.1.1. 


Lemma IX.2.1 Let 2 be a bounded locally Lipschitz domain in R”, n = 2, 3, 
and let v € W'?(Q) with V-v =0. Then 


a(v,u,u) =0 for all u€ Wy’?(2). (IX.2.1) 
Thus, in particular, 
a(v,u, w) =—a(v,w,u) for all u,w € Wo?(2). (IX.2.2) 
If v € H*(Q), the same conclusions hold with no regularity on 92. 


Proof. Property (IX.2.2) is a direct consequence of (IX.2.1) when we replace 
the function w in it with w+w and use the multilinear properties of a. To prove 
(IX.2.1), in view of Lemma IX.1.1, it is enough to prove it for u € C§°(2). 
However, for such functions we have 


since v is weakly divergence-free. The lemma is thus proved. 
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Remark IX.2.1 If n = 4 the preceding lemma remains unchanged. If n > 5 
it holds, by replacing Wy’?(Q) with W,’*(Q), where this latter space is defined 
as the completion of C§°(2) in the norm || - |], y introduced in Remark IX.1.4. 
a 

Exercise IX.2.1 Let 2 be a domain of R”, n > 2. Show that the trilinear form 
(IX.1.3) is continuous in L4(2) x Wh" (Q) x L9"/-")(Q), q € (1,00), r € (a/(d- 
1),00). Thus, assuming v € H,(2)! with V-v = 0, show that the conclusions of 
Lemma IX.2.1 continue to hold under any of the following assumptions 

(i) s=n, ifn > 3, and u,w € Wy? (2); 

(ii) s>n, ifn =2, and u,w € W,’?(Q); 

(iii) s<n,ifn=2, and u,w € Wo’? (2), 0>8'. 


Let us next observe that, in view of Lemma IX.1.1 it follows, in particular, 
that 
\(w- Vv, u)| < klv|s lulz» (IX.2.3) 


for all v € W1?(Q),u € H'(Q), and with k defined in (IX.1.5). We are now 
in a position to prove the following uniqueness theorem. 


Theorem IX.2.1 Let 2 be a bounded locally Lipschitz domain in R”, n = 
2,3, and let v be a generalized solution to (IX.0.1), (IX.0.2) corresponding to 
fe Dg) and v, € W'/?:2(8Q). If we denote by w another generalized 
solution corresponding to the same data, v = w, provided that 


|vli2 < v/k (IX.2.4) 
where k is defined in (IX.1.5). 


Proof. Let uw = w — v. From (IX.1.2) and Lemma IX.1.1 we deduce that u 
satisfies the following identity 


v(Vu, Ve) + (u: Vu, y) + (u- Vvo,y~) + (v-Vu,¢) =0 (IX.2.5) 


for all gy € H'(Q). Clearly, u has zero trace at the boundary and, conse- 
quently, from Remark IX.1.2 and Theorem II.4.2, we have u € Wo? (2). 
Since wu is weakly divergence-free and 2 locally Lipschitz, from the results of 
Section III.4.1 it follows that wu € H'(Q). We may thus substitute y with u 
into (IX.2.5) and employ Lemma IX.2.1 to obtain 


v|ult.2 + (u- Vv, wu) =0. (IX.2.6) 
Using estimate (IX.2.3) in (IX.2.6) yields 


(v — klo|i.2)|ul? » <0 


which, in turn, by (IX.2.4) implies uniqueness. 


' We recall that this space is defined in (III.2.4). 
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Remark IX.2.2 If 2 has no regularity the procedure adopted earlier a priori 
does not furnish uniqueness even in the case of zero boundary data. This fact is 
related to the definition of generalized solution given by 1 me in Section IX.1. In 
fact, if v. =0, we require that v belongs to the space Di ?(Q) which, a priori 
is larger than Dj? (.), if Q has no regularity (cf. Section TH 5). Therefore, the 
field wu siradiwed | in the proof of Theorem IX.2.1 cannot be put in place of » 
in the identity (IX.1.7) and we can no longer deduce uniqueness. Nevertheless, 
uniqueness can be still recovered in the (a priori smaller) class of generalized 
solutions belonging to the space Dy’7(). Oo 


Remark IX.2.3 If n = 4 Theorem IX.2.1 continues to hold. Its proof, how- 
ever, does not apply if n > 5 since, in this case, identity (IX.2.5) is valid 
for p € H}(Q) (cf. Remark IX.1.4) and we cannot take y = u, for u does 
not belong a priori to H1(Q). Nevertheless, as we shall see in Remark IX.5.5, 
in dimension n > 5 one can construct more regular solutions (at the cost, 
however, of imposing some restriction on the size of the data) and to discuss 
their uniqueness. For the existence of regular solutions for n > 5 without re- 
strictions on the size of the data, we refer the reader to Frehse and Ruzi¢ka 
(1994a, 1994b, 1995, 1996), and Struwe (1995). Oo 


Because of the nonlinearity of the Navier-Stokes equations, we would ex- 
pect that if a solution does not satisfy condition (IX.2.4), namely, if the co- 
efficient of kinematic viscosity v is not “sufficiently large,” then uniqueness 
may be lost. Employing the ideas of Youdovich (1967), in the remaining part 
of this section we shall prove that this is indeed the case. We begin with the 
following result. 


Lemma IX.2.2 Let 9 be a domain of R", n > 2, and let a be a smooth 
solenoidal vector in 922. Moreover, assume that there is 4 > 0 for which the 
following problem admits a nontrivial solution yp, T 


1 
—Apyp=a-Ve+y:Va+Vr 
Le in 2 

Tet (IX.2.7) 


yp =0 at on. 


Then, there are vector fields F and v, such that the Navier-Stokes problem 


vAv=v-Vu+Vp+F 


V-v=0 (IX.2.8) 
v=v, atdon 


with vy = 1/2 admits two distinct solutions corresponding to the same data 
F and v,. 
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Proof. Set 
vi=s(a+y), v2==(a-9) 
1=95 Y); 2= 5 Y)- 
Clearly, v; and v2 satisfy (2.82.3) with 
v, = a,/2, (IX.2.9) 


where a, is the value of a at the boundary 092. Moreover, by means of a 
direct calculation, we find the following identities 


1 
vAv, —v1-Vv1 = sAa— Fla Vat Ve) 


1 
vy Av, — v2-Vv2 = SAa— F(a: Va+y-V¢) 


1 
- qevAv —(a-Vp+y:Va)| 


and so, recalling that y satisfies (IX.2.7), if vy = 1/24 we deduce that the 
pairs v1, p; and v2, po with 


pr = 7/4, pea —r/4 


are two distinct solutions to (2.8) corresponding to 


1 
F = 5Aa- (a: Va+¢- V9) 


and to v. given in (IX.2.9). The lemma is therefore proved. 


Remark IX.2.4 If 2 is a bounded locally Lipschitz domain of R”, n < 4, by 
the type of reasoning employed in the proof of Theorem IX.2.1, from (IX.2.7) 
we show that, for a given a € W'?(Q), if v (=1/2) is such that 


lali.2 < 2u/k, 


then problem (IX.2.7) admits only the zero solution. Therefore, to obtain 
nonuniqueness (if any) v has to be sufficiently small. oO 


We also have the following lemma. 


Lemma IX.2.3 Let 2 C R® be a bounded smooth body of revolution around 
an axis r. We suppose that (2 does not include points of r so that, for instance, 
92 can be a torus of arbitrary bounded smooth section. In a system of cylin- 
drical coordinates (r,0,z) with the z-axis coinciding with r, we consider the 
vector field a =(a,,a9,az) with 
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=o, =0, oer, (IX.2.10) 

Then there is 4 > 0 such that problem (1X.2.7) admits at least one nontrivial 
smooth solution ,T. 


Proof. We look for a solution to problem (IX.2.7) in the class §t of functions 
having rotational symmetry, that is, they are independent of the angle 6. 
Taking into account that, in cylindrical coordinates, for p € FR, 


d 
yp: Vat+a:-Ve= (—2a00 (s+ ) or.0), 


r 


equations (IX.2.7) with the choice (IX.2.10) and in the class Jt become 


1 Pry OT 
7 (Aer 7) = —g(r)po 4 Or 
1 
—(Arys — =) = -g(r) or 
lu r 2s 
1 Op in 
Ae (IX.2.11) 
[i i Oz 
10 Op, _ 
r Or (rer) Oz a 
y=0 ond 
where 
10,0 a) 
A= Faron) * oF 
and 
g(r) = ar~* 
Set 


and consider the maximum problem 


1 I 
-= max {aot} (IX.2.12) 
JL HA(2).e40 
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with Hj(Q) denoting the completion of the subspace of D() of rotationally 
symmetric fields in the norm [D(g)]'/?. In view of inequality (II.5.5), we at 
once conclude that the functional I(~)/D(y) is bounded from above. Further- 


more, taking among possible competitors y those vectors such that ye = —y,; 
(which is an allowed choice) we find 
I 
sup {ser ani (IX.2.13) 
HA (Q),p40 D(¢) 


Also, from Theorem I1.3.4, it easily follows that H} (2) is compactly embedded 
into the subspace of L?() constituted by vectors having rotational symmetry. 
Therefore, classical results on the maximum of quadratic functionals (see, e.g., 
Galdi & Straughan 1985, Lemma 3), ensure that the maximum (IX.2.12) exists 
and that the maximizing function satisfies (IX.2.11). Moreover, by (IX.2.13), 
js > 0. Finally, by the regularity theory for the Stokes problem developed in 
Section IV.4, Section IV.5, we easily show that the solution p € Hj(2) to 
(IX.2.11) and the corresponding “pressure field” 7 are smooth for (2 smooth. 
The lemma is thus proved. 


From Lemma [X.2.2 and Lemma IX.2.3 we deduce the following nonunique- 
ness result. 


Theorem IX.2.2 Let 92 be as in Lemma IX.2.3. Then there are smooth fields 
F and v, and a value of vy > 0 such that the steady Navier-Stokes problem 
(2.8) corresponding to these data admits at least two distinct solutions. 


IX.3 Existence and Uniqueness with Homogeneous 
Boundary Data 


It was first noticed by J. Leray in his celebrated memoir of 1933 on the ex- 
istence of steady solutions to the Navier-Stokes equations that every smooth 
solution to (IX.0.1), (IX.0.2) with v, = 0 admits the following a priori esti- 
mate (see Leray 1933, Lemme A, p. 23) 


Vu: Vu<M (IX.3.1) 
Q 
where M is independent of v. Actually, multiplying formally (IX.0.1)1 by v 
and using the incompressibility condition (IX.0.1)2 leads to 


1 
vVv: Vo =V- (SVv? — pu —5v°v) — fv 


which, after integration over (2, in view of the assumed homogeneous boundary 
conditions implies 


vf Vu: Vu=— |] f-v. (IX.3.2) 
Q Q 
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Thus, (IX.3.1) follows with M = |f|? ; ./v?. We wish to point out the remark- 
able fact that (IX.3.1) and (IX.3.2) are exactly the same relations we obtain 
from the linearized Stokes equations. Then it is not surprising that Fujita 
(1961) and independently Vorovich & Youdovich (1961) (cf. also Vorovich & 
Youdovich 1959) employed a well-known device for constructing solutions to 
linear equations, i.e., the Galerkin method (cf. Galerkin 1915) along with es- 
timate (IX.3.1) to show the existence of generalized solutions to the nonlinear 
Navier-Stokes problem. Here we shall follow the ideas of these authors. 

We begin to consider the case of homogeneous boundary conditions (v, = 
0), while in the next section we will handle the more general nonhomogeneous 
case. However, we need some preparatory results. The first concerns the zeros 
of continuous mappings of R’™ into itself which generalizes to the case m > 1, 
the well-known fact that a real continuous function that attains values of 
opposite signs at the endpoints of an interval must then vanish at some interior 
point. Specifically, we have (see, e.g., Lions 1969, Lemme 4.3, p. 53):4 


Lemma IX.3.1 Let P be a continuous function of R™, m > 1, into itself 
such that for some p > 0 


P(€)-€>0 forall € € R” with |é| = p. 
Then there exists €) € R™ with |&)| < p such that P(€)) = 0. 


Proof. Assume, per absurdum, P(€) # 0 for all € belonging to the closed ball 
B, of R™ of radius p and centered at the origin. The map 


1:§>-P® nay 


is then continuous and goes from B, into B,. By the Brouwer theorem (see, 
e.g., Kantorovich & Akilov 1964, Lemma 5, p. 639) we then obtain that the 
map JT has a fixed point €, ice., 


ae zy Pp Z| — 
E=-P@pa Rize 


Dotting both sides of this relation by P(€) yields 
P(€) -€=—p|P(€)| <0 


contradicting the assumption. 


The lemma just shown allows us to prove a general existence result con- 
cerning certain algebraic systems. 


' In fact, a proof of Lemma IX.3.1 can already be found in Miranda (1940), where it 
is also shown that the lemma is equivalent to Brouwer’s fixed point theorem. (For 
this latter, see, e.g., Kantorovich & Akilov 1964, Lemma 5, p. 639).) I would like 
to thank Professor P.N. Srikanth for bringing Miranda’s paper to my attention. 
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Lemma IX.3.2 Let 2 be an arbitrary domain in R", n > 1, and let {,}, 
k=1,...,m, be a set of functions from C§°(§2). such that 


(oct = tepr Kye = Lycee ih 


Consider the algebraic system in the unknown € = (&1,...,&m) € R™ 


v(Vw, Vw,) = Fe(€), k=1,...,m, (IX.3.3) 
where v > 0, 
w= Se, (IX.3.4) 
k=1 


and F is a continuous function of R™ into itself. Then if there are positive 
constants c and a < v such that? 


F(€)-€ <clwli2+ alli», 
problem (TX.3.3)—(IX.3.4) admits at least one solution. 


Proof. Consider the map P, which to every vector € € R™, associates the 
vector P(€) € R™ whose kth component is 


(P(E) = u(Vw, Voy) — Fe(€). 


Evidently, P is continuous. Let us prove that there exists p > 0 such that 
P(€)-€ > 0 for all € such that |€] = p. Actually, by assumption, 


P(€)-€=vlwli2— FE) -€> |whalv—a)|whz—-d- 


Denote by kK C 2a compact set containing the supports of all functions ~,, 
k = 1,...,m. By inequality (11.5.5) and the normalization condition on the 
functions w, we then have, for a suitable cy = ci(n), 


P(E) -€ > |whi2 [Y — a)er|K|-/||wl]2 — ¢] 
= |wli2 [vy — a)ea|K|-/"|é| — ] . 
Therefore, 


c Le 


Pie) 20) foe Sl = Gi ale 


F 


and the lemma follows from Lemma IX.3.1. 


We are now in a position to prove the following existence result. 


? The stated assumption on F can be widely generalized. However, such a gener- 
alization is not needed in the cases treated in this book. 
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Theorem IX.3.1 Let 2 be a bounded domain in R", n = 2,3. Given f € 
Do *'*(Q) there exists at least one generalized solution v to problem (IX.0.1), 
(IX.0.2) with v. = 0. This solution satisfies the estimate 


V\vli < |Fl-1,2- (IX.3.5) 

Furthermore, if 22 is locally Lipschitz, we have 
lIpll2 < €(\Fl-1,2 + |eli2 + vle|1,2) (IX.3.6) 
where p is the pressure field associated to v by Lemma IX.1.2 and c = c(n, 22). 


Proof. Denote by {q,} a denumerable set of functions of D(2) whose linear 
hull is dense in H1(2). We normalize it as 


(We, Dur) = Oke 
For each m = 1,2,..., we then look for an “approximating solution” v,, to 
(IX.1.2) as follows: 
Um = EkmW,, 
» (IX.3.7) 


VU(VUm, VP) + (Um: VUm; VE) + (F, Wz) = 9, k=1,2,...,m. 


Relation (IX.3.7) represents a system of nonlinear equations in the m un- 
knowns 4m, k = 1,...,m. Since uv», € D(2), by Lemma IX.2.1 it follows 
that 


m 


sin -V0m, EkP,) = (Um + VUm, Vm) = 0. (IX.3.8) 
k=1 
Moreover, 
SOF, EeWr) < |f|-1,2)¥mli,2 (IX.3.9) 
k=1 


and so, by Lemma IX.3.2, we deduce that problem (IX.3.7) admits a solution 
for all m € N. Multiplying (IX.3.7), by im, summing over k from 1 to m, 
and using (IX.3.8) and (IX.3.9) we deduce also that 


v|Umlt,2 = —(F, Um), (IX.3.10) 


and since 
(fF, Um) < |F|-1,2|¥ml|s,2, 


we have 
|Uml1j2 < |fl-1,2/v- (IX.3.11) 
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Therefore, the sequence {v,,} is uniformly bounded in Do? (2) and, by The- 
orem II.1.3, there is a subsequence, denoted again by {v,,}, and a field 
v € Dy*(Q) such that 


Um > v weakly in Dj? (). (1K.3.19) 


Moreover, by inequality (11.5.5), {vm} is also uniformly bounded in L?(22) 
and v € L?(9). Thus, by compactness Theorem II.5.2 we may take this 
subsequence such that 


Um — v_ strongly in L?(). (IX.3.13) 


With (IX.3.12) and (IX.3.13) in hand we pass next to the limit as m — oo in 
(IX.3.7)>. By (IX.3.12) it follows that 


(Vim, Vvz) > (Vv, Vv). (IX.3.14) 
In addition, 


Im = (rn -VvUm, Wr) _ (v . Vv, ~,)| 
<|((Um — v) + Vum, Pe)| + [(V- Vm — v), We) | (IX.3.15) 
=i, 21). 


Now, by (IX.3.11) we have 


Le sup |We| [Ym — vlla|vla2 < sup |x| [lm — vllal Fl—1.2/v 


so that by (IX.3.13) 
lim J = 0. (IX.3.16) 


m—- co 


Also, by Lemma IX.2.1, 
(v-V(Um — ¥), Py) = —(Y- Vox; (Um — v)), 
since v € H!(2). Therefore 


is sup [Vvelllellallom — vlle 


and, again by (IX.3.13) 
lim 12) =0. (IX.3.17) 


From (IX.3.15)—(TX.3.17) we then conclude 
lim Ip, = 0. (IX.3.18) 


Replacing (IX.3.14) and (IX.3.18) into (IX.3.7), it follows that the field v 
(belongs to H'(2) and) satisfies the equation 
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u(Vv, Vw,) + (v 7 Vv, w,) a (f, 0x) _ 0, (IX.3.19) 


for all k = 1,2,... However, any y € H'(2) can be approximated by linear 
combinations of functions w, through suitable coefficients. Since every term 
in (IX.3.19) defines a bounded linear functional in w, € H+(Q) (cf. Lemma 
IX.1.1) we may conclude from (IX.3.19) that the field v satisfies (IX.1.2) 
for all g € H'(Q). Existence is then established. As far as the validity of 
estimates (IX.3.5)—(IX.3.6) is concerned, we notice that from (IX.3.11) and 
from Theorem II.2.4 we have 


\v|1.2 < liminf|um|ije < |fl-12/v, 
m— co 


which proves (IX.3.5). Assuming 9 locally Lipschitz, from Lemma IX.1.2 fol- 
lows the existence of a pressure field p € L?() satisfying (IX.1.11) and 


2 p=0. (IX.3.20) 
Q 
Consider the problem 
V:-W=p 
De Wy7(2) (IX.3.21) 


|Fll1,.2 < ellplle- 


Since p is in L?(Q2) and satisfies (IX.3.20), problem (IX.3.21) is solvable in 
virtue of Theorem III.3.1. From (IX.1.11), ([X.3.21), and (IX.1.4) we then 
deduce 

Ills < ex Fl-1,2 + |vli2 + v|f2,2)||pll2 


with cy = c(n, 2), which shows (IX.3.6). The theorem is therefore proved. 


Remark IX.3.1 The theorem just shown extends with no changes to cover 
the case n = 4. If n > 5 the only change we need is in the choice of the 
set {,} C D(2) whose linear hull, this time, has to be dense in H'(); 


oI 


see Remark IX.1.4. Moreover, estimate (IX.3.5) continues to be valid, while 
(IX.3.6) must be suitably changed according to the fact that now the pressure 
field p € L”/("—?)(Q) (cf. Remark IX.1.5). Specifically, if 2 is locally Lipschitz, 


by letting 
1 
C= a/ plp|(A-m/n—2) 
|2| So 


and introducing a function W that instead of (IX.3.21) solves the problem: 


VP =plpie rr) Cag 
we wy/?(2) 


[Plana S eallgliny2 S ¢2llPlln/(n—2) 
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one may use the arguments adopted in the proof of Theorem IX.3.1 to show 
the validity of the following inequality. 


IlPlln/(n—2) S €([F|-1,2 + lolf.g + vle|s,2)- 
Oo 


Remark IX.3.2 As the reader may have noticed, the method employed in 
the proof of Theorem IX.3.1 —being based on Lemma IX.3.2- is in fact essen- 
tially independent of the boundedness of 2. Actually, as we shall see in the 
next chapters, with an appropriate choice of the basis {q, }, it can be equally 
applied to the case when (2 is unbounded. o 


Uniqueness of the solutions just constructed is easily discussed by means of 
Theorem IX.2.1. Actually, from the estimate (IX.3.5) we deduce that condition 
(IX.2.4) is certainly satisfied if 


\fl-1.2 <v?/k. (IX.3.22) 


We thus have the following theorem. 


Theorem IX.3.2 The generalized solution determined in Theorem IX.3.1 
is the only generalized solution corresponding to f, provided f satisfies 
(IX.3.22). 


Remark IX.3.3 Theorem IX.3.2 continues to hold if n = 4. For n > 5, we 
refer the reader to Remark IX.5.5. | 


Exercise IX.3.1 Let 2 be a bounded domain of R”, n > 2. Show that the gen- 
eralized solution v constructed by the method of Theorem IX.3.1 (see also Remark 
IX.3.1) satisfies the energy inequality: 


viul?s < —(f,). (IX.3.23) 


Hint: Use (1X.3.10). 

Furthermore, show that if n = 2,3,4, every generalized solution corresponding 
to v. = 0 and f € Dj'() satisfies the energy equality, that is, (IX.3.23) with 
the equality sign. Finally, show that if n > 5, the energy equality holds for those 
generalized solutions that belong to L"({). 


IX.4 Existence and Uniqueness with Nonhomogeneous 
Boundary Data 


As in the linear case, to prove existence when v, 4 0, we may look for solutions 
v of the form 
v=u-+V, 
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where V is a (sufficiently smooth) solenoidal extension to 2 of the velocity 
v, at the boundary. From (IX.0.1), ([X.0.2) we then conclude that u solves 
the problem 


in 2 


vAu=u-Vutu:-VV+tV-Vut+Vp—-vAaAV+iV-VV+f 
V-u=0 


w=0 at on. 
(IX.4.1) 
However, in order to show existence by the technique used in Theorem IX.3.1, 
we need, as already observed, to find a uniform bound on |u|]. depending 
only on the data. Now, formally multiplying (IX.4.1); by wu, integrating by 
parts over 2 and using (IX.4.1),, we obtain 


V vu: Vu=-f u-VV-u- f-u-v VV Vu- f V-VV-w. 
Q Q Q Q 


Q 
(IX.4.2) 
Using the Schwarz inequality and Lemma IX.1.1 one easily shows that the 
last three terms of this relation can be increased by 


1/2 
C ( Vu: vu) 
2 


with C = C(n,v, 2, f,V). Therefore, from (IX.4.2) we find the estimate 


1/2 
yf vurvus—fuv-ure( vu: Vu) ; 
Q Q Q 


and so a way of recovering a uniform bound on |u|? 9, is to require that the 
extension field V satisfy the one-sided inequality 


-| u-VV-uK<aluljo, (IX.4.3) 
2 


for some a < v and for all u € H'(2).' If we do not want to impose restric- 
tions from below on the kinematic viscosity, then 92 and v,. should satisfy the 
following extension condition (referred to by the abbreviation EC): for any 
a> 0 there is a solenoidal extension V = V(a) of vs satisfying (IX.4.3). As 
a consequence, in contrast with the linear case, to prove existence it is not 
enough to pick any (sufficiently smooth) extension of the boundary data. 


If V were not required to be solenoidal, every (sufficiently regular) 2 and 
v, would satisfy EC. Actually, for a given ¢ > 0 we could choose 


V=v-W (IX.4.4) 


' In fact, according to the Galerkin method, it would suffice to require the validity 
of (IX.4.3) for all u € D(2). 


604 IX Steady Navier-Stokes Flow in Bounded Domains 


with W an extension of v, and w- the “cut-off” function introduced in Lemma 
III.6.2. Thus, integrating by parts and using the Holder inequality together 
with the embedding Theorem II.3.4 it follows that 


[soars - [fom vm 


S |[ullalelsa|lveW la 
< clulyo|lveW lla 
and since, by the properties of w., 
[peW]|4 > 0 ase 0, 


we recover (IX.4.3) for any a > 0. Nevertheless, following the ideas of Leray 
(1933, pp. 40-41), completed and clarified by Hopf (1941, §2) (see also Hopf 
1957, pp. 12-14), instead of (IX.4.4) one can take? 


V=Vx (pW) (IX.4.5) 


with a suitable choice of the field W. Then V is solenoidal and, by arguments 
slightly more complicated than those employed before, one can show that 
(IX.4.3) can be satisfied by any a > 0. Recalling that the incompressibility of 
the fluid requires 


| v.:-n=0 (IX.4.6) 
OQ 


we may conclude that, if 02 has only one connected component, the choice 
(IX.4.5) ensures that any (sufficiently smooth) 2 and v, satisfy EC. However, 
if 02 has more than one connected component I;;, say, i.e., for m > 0 


m+1 


on= || I, 


i=1 
with the choice (IX.4.5) we have, as a consequence of the Stokes theorem, that 
2 and v, satisfy EC if 
i= f v-n=0, i=1,2,...,.m+1. (IX.4.7) 
Dy 
Observe that (IX.4.7) is stronger than the compatibility condition (IX.4.6) 
and that, in particular, it does not allow for the presence of separated sinks 


2 If n = 2, one takes 


V = (O(-w)/Ox2, —O(wew)/Ox1) = V X (ew). 
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and sources of liquids into the region of flow. At this point we may think 
of choosing a field V in a form other than (IX.4.5) so that Q and v, may 
satisfy EC under the sole condition (IX.4.6). However, this is not possible, in 
general. In fact, it is easy to bring examples of smooth domains 92 for which 
EC holds (if and) only if (1X.4.7) is satisfied, whatever the choice of v. may 
be, cf. Takeshita (1993, Theorem 1). For instance, let us suppose that 2 is the 
annular region 


Q= {x ER’: Ri < |x| < Ro} 


o- | ven=- | Ven (IX.4.8) 
I> Py. 


Ty ={reER?:|zj}= Ri}, p= {xe R’: |x| = Ro}. 


and set 


where 


We take & < 0 (inflow condition). Assuming that 2 and v, satisfy EC means 
that for any a > 0 there is an extension V = V(a) = (V,, Vo) of vs verifying 
(IX.4.3), where, as usual, (r,@) denotes a system of polar coordinates in the 
plane. Then, because V is solenoidal 


alrV.) , Vo _ 
Or 00 
and by (IX.4.8), it follows for all r € (Ri, Ro) 
27 
| V,(r,0)d0 = &. (IX.4.9) 
0 


We take, next, wu = u(r)eg with u € Cf ((Ri, R2)), and observe that wu € 
D(2). With this choice of w and in view of (IX.4.9), we find 


R2 ,,2 
pwveus | (=e 4) woo / “dr. 
Q Q r OO , Ri r 


Thus admitting EC would imply 


Roe u2 
| | War < alu? y, 
Ry OT ; 


for any a > 0, that is, d = 0. 


Remark IX.4.1 This example can be extended, in an simple way, to more 
general two-dimensional bounded domains, 2, satisfying the following prop- 
erties: (i) 02 is constituted by two connected components, I and I; (ii) Ty 
surrounds a circle, C,, and I> lies within a circle, Co, with both C; and C2 
contained in 2; (iii) The centers of C1, C2 are in the interior of the bounded 
connected component of R? — Q; (iv) Cy N C2 = 0. | 
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Remark IX.4.2 As already noticed, the above example only works if ® < 0. 
An example when ® > 0 (outflow condition) has been recently furnished by 
Heywood (2010). Oo 


Remark IX.4.3 By similar ideas and a slightly more complicated reasoning, 
one is able to prove the invalidity of EC when 2 is the 3-dimensional spherical 
shell 

{x €R®: Ri < |2|< Ro}; (IX.4.10) 
see Takeshita (1989, Theorem 1) and Farwig, Kozono & Yanagisawa (2010, 
Theorem 1). Oo 


Remark IX.4.4 It is interesting to observe that the counterexample given 
previously to the validity of EC implies, indirectly, that the problem 


V-w=f in, [r= 
‘¢) 


w € Wy'"(2) (IX.4.11) 
lwlig < ellflla 


Ileollq < cll fll-1.4 


is, in general, not solvable even if f is in divergence form. Actually let 2 be 
the annular region 

{x €R?: Ri < || < Ro}. 
If (IX.4.11) were solvable for some gq > 2, we could add to the extension 
(IX.4.4) a field w verifying (IX.4.11) with f = —V-(W-W). The vector field 


U =V + w is then solenoidal and assumes the value v, at 02. Furthermore, 
by the Holder inequality, by the embedding Theorem I.3.4, and by (IX.4.11), 


we have 
[vow = [wevw| 
2 2 
< ci|ul7 llU lq 
S cglults (veWllq + lV -(eW)|l-1,4) 
and being 


|V-(wWeW)||-1.¢ < ||[VeW]||q - 0 ase 0, 


we obtain that, for all a > 0 there is an extension U = U(a) such that, 


| u-VU- u < al|uli > 
Q 


for any u € H'(Q), thus allowing EC for Q. By the same token, one can show 
that problem (IX.4.11), with f € C(Q) does not admit a solution v € C1(22) 
such that 
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llvllo: <ellflle 


with c= c(n, 22). a 


The example shown previously rules out the general validity of EC, but, on 
the other side, it also suggests that condition (IX.4.7) can possibly be replaced 


by the weaker one: 
m+1 


S> |i] < cv, (IX.4.12) 

i=1 
for some positive constant c. In fact, this is indeed the case. Specifically, follow- 
ing the work of Galdi (1991), by suitably modifying the Leray-Hopf extension 
(IX.4.5), we shall prove existence of solutions under the sole condition that the 
fluxes ®; of v, through each component I; of 02 satisfy condition (IX.4.12), 
with a computable constant c that depends only on 2 and n.? However, if 
O92 has more than one connected component, existence of solutions satisfying 
merely (IX.4.6) with no restriction on the size of the fluxes ®; remains open.* 


To show our main result we need some preparatory steps. 


Lemma IX.4.1 Let 2 be a bounded locally Lipschitz domain in R”, n = 2, 3. 


Denote by w;, i =1,...,m, the (bounded) connected components of R" — Q 
and set 
m 
v= U Ww; 
i=l 


Then, given a € W'/??(9Q) verifying the condition 


[an=o, i=1,2, ...,m4+1, (IX.4.13) 
Tr, 


where n is the outer normal to 02 and 
DT, = 0uj;, fori =1,...,m, Im41 = O(2QUDBD), 


3 We wish to emphasize that, clearly, the condition on the “smallness” of ®; does 
not imply a priori “smallness” of v.. On the other hand, if we assume that the 
trace norm of v, at the boundary is small with respect to v, then existence with 
nonzero small fluxes ®; is proved in a direct elementary way. 

* For another approach to existence with nonhomogeneous data, again due to Leray, 
we refer the reader to the Notes for this Chapter. In that context, we shall also 
give other existence results due to Amick (1984), Morimoto (1992) and Morimoto 
and Ukai (1996), where the restriction (IX.4.7) can be removed. 

© Clearly, the number m is finite since OQ is compact and, furthermore, 

min dist (w;,0(2UD)) > 0, 


i=1 ;m 


(cf. also Griesinger 1990a). 
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there is w € W?:?(Q) ifn =3 [respectively w € W?:7(Q), ifn = 2] such that 
a= V x w [respectively a = V x w] in the trace sense at 092. Moreover, the 
following inequality holds 


||w||2,2 <cllall1j22(a@) [respectively ||w|l2,2 < cllal|1/2,2aa) | (IX.4.14) 
where c = c(n, 22). 
Proof. Since 
m+1 


on = |.) Ti, 


i=1 


| a-n=0 
OQ 


and so, by Exercise III.3.5, we may extend a to a field vo € W!?(Q) with 
V -vo = 0, and verifying the inequality 


from (IX.4.13) it follows that 


IlPoll1,2 < ellalla/2,2(aa). (IX.4.15) 
If n = 2, for a fixed xp € 22 we define a function w through the line integral 


w(x) = / (vpidx2 — vogdx1), «EM, 


(0) 


i.e., w is the stream function associated to vo. Since (I[X.4.13) holds, w is 
singlevalued. Furthermore, 


Ow Ow 
—=v1, ——-=-v 
Ore Ol; Or1 02 
and so 
|wli,2 + |wlo.2 < €1||voll,2- (IX.4.16) 


Also, we can modify w by an additive constant in such a way that 


[w=o 
Q 


so that by inequality (II.5.10), (IX.4.15), and (IX.4.16) we deduce (IX.4.14), 
proving the lemma if n = 2. To prove it for n = 3, we notice that, again 
by Exercise III.3.5, we can extend a at 0w;,i=1,...,m into each w; toa 
solenoidal vector field v; € W'?(w;) satisfying the estimate 


0. |]4 2,0; < €2||@||1/2,2(a2@), i= ile eee MM, (IX.4.17) 


Moreover, denoting by B an open ball with B > 2, since 
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| a-n=0, 
Pm41 


by Corollary III.3.1 we can extend a at O(§2U@) to a solenoidal vector field, 
VUm41, 1 Wm41 = B-(QUB) such that 


Um+1 E W?? (mst) Um+1(L) =0 rE€O0B 
and, moreover, 
!Um+11l1,2,0m41 S C2|[@ll1/2,2(a2)- (IX.4.18) 


It is then immediately verified that the vector field: 


vo ifx EQ 
v:ctEBo (IX.4.19) 
vy; if €w,,ti=1,...,m4+1 


satisfies the following properties 


(i) ve W*?(B), 

(ii) V-v=0inB, 
(iii) v = 0 at OB, 
implying v € H'(B). However, by means of an explicit representation formula 
it can be easily proved (see Exercise IX.4.1) that, given v € H+(B) there is 
w € W??(B) such that 


v=Vxw 


I|w||2,2 < callvl|i. 


This last relation, together with (IX.4.17)—(IX.4.19) implies (IX.4.14) and the 
restriction of w to 2 verifies all requirements stated in the lemma. The proof 
is therefore complete. 


Exercise IX.4.1 Let Q be a bounded domain in R* and let v € H'(Q). Show that 
there exists w € W??(Q) such that v = V x w. Hint: Take first v € D(Q) and 
consider the function U = € « v, where E is the fundamental solution of Laplace’s 
equation. Then v = V x w, where w = —V XU. By the Calderén-Zygmund Theorem 
II.7.4 and Young’s inequality (11.5.3) it follows that 


lw ||2,.2,.2 < Cllr|liz.e, 


where C = C({2). The result is then a consequence of this inequality and of the 
density of D(Q) into H'(). 


Remark IX.4.5 Using the same lines of proof, we at once recognize that 
Lemma IX.4.1 is valid, more generally, with w € W?:4(Q),1 <q < oo, pro- 
vided a € W!~1/4(9Q). In particular, w obeys the following estimate 


I |I2,¢ < ellal|1-1/4,q(022)- 
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Remark IX.4.6 Lemma IX.4.1 admits of a suitable immediate extension 
to arbitrary dimension n > 4, which will be appropriate to our purposes. 
Actually, if we set W = VU (i.e., Wi; = OU; /0x;) with U defined in Exercise 
IX.4.1, then it is easily seen that v = V- W (i.e. v; = OW;;/Ox;) and 
that Wj, satisfies an estimate of the type (IX.4.14). More generally, if a € 
W!-1/44(9Q), 1 < q < oo, then for all i,j =1,...,n we have 


Willa < ellalla—1/q,q(02)- 
|| 


The result just shown allows us to construct the desired extension of the 
field v,. Let us introduce some notation first. We denote by c = c(n, 2) the 
constant entering the problem: 

V-b=h inQ 
be W7(2) (IX.4.20) 
Ibli2 <cllAllo. 
Moreover, if 092 has more than one boundary, J},..,[m4i, with [j,i = 
1,...,m, the “interior” boundaries and I, the “outer” one, we set 
d= min dist (Li, 1) 
— (IX.4.21) 
Qa = {v ED: dist (x, I) < d/2} 
and, indicated by w;, i = 1,...,m, the (bounded) connected components of 
R" — Q, 
o;(z) = -VE(x—a;), 27 Eu, t=1,...,m 


1X.4.22 
Om41(x) = —o1(z), 


where €(&) is the fundamental solution of Laplace’s equation defined in 
(11.9.1). Clearly, we have 


[ovn=1, 4=1,...,m+1, (IX.4.23) 
QT; 


where n denotes the outer normal to 0 at I’;. The following extension lemma 
holds. 


Lemma IX.4.2 Let 2 be a bounded locally Lipschitz domain in R”, n = 2, 3, 
and let v, € W'/?:2(02) satisfy 


| v,-n=0. (IX.4.24) 
02 


Then, for any n > 0, there exist ¢ = e(n, v«,n, 2) > 0, and a solenoidal vector 
field V = V(e) such that 
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VeW!*(2), with V =v, at 02 


and verifying 


m+1 
CK 
[evens {n+ 3 5 (2 2 Javlaoua + Hlol.0.0) ah ia 
Q 


(IX.4.25) 
for allu € H'+(). Here k,k2 are constants depending on n and defined in 
(IX.4.34), ([X.4.35), and Lemma III.6.1, respectively, c = c(n, 2) is defined 
n (IX.4.20) and 


o= | V.e°N, t=1,...,m41. 
r 


Furthermore, a; and 9;,q are given in (IX.4.21) and (IX.4.22). Finally, if v. 
lies in a ball of W‘/?:?(0Q), namely, ||v.||1/2,2(02) < M, for some M > 0, 
then there is C = C(n, 2,,M) > 0 such that 


|V|l1,2 < C|lvs|la2,20@9) - (IX.4.26) 


Proof. We shall first consider the case m > 0. Let 
6;(x) = dist (7,IT;), cvE€ 2, t=1,...,m4+1, 


and denote by p;(x) the regularized distance of x from I;, in the sense of Stein 
(cf. Lemma III.6.1). Set 


1 t<l 
w(t) = 2-t1<t<2 
0 t>2 
and define 
wi(x) = v(4p;(x)/d), t=1,...,m41. (IX.4.27) 


Recalling the properties of p;(a), we have that the functions (IX.4.27) are 
piecewise differentiable and that, moreover, 


)=1 if d(x) < d/4ky 
(x) =0 if d;(%) > d/2 
[<1 (IX.4.28) 
| 
i) 


where «; and «2 are the constants introduced in Lemma III.6.1. In view of 
(IX.4.23) and (IX.4.28) we recover that the field 
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m+1 
v1 (x) := v,(x) — 2 Gi;(x)o;(x), rE ON (IX.4.29) 


satisfies the m+ 1 conditions 
/ vwzn=0, t=1,...,.m+1. 
E 


i 


By Lemma IX.4.1 we then have that, if n = 3, there is a w € W??(Q) 
[respectively w € W??(Q2), if n = 2] such that v(x) = V x w(x), c € OQ 
[respectively v1(a) = V x w(x). For given « > 0 we set 


V-=Vx(wWew) [respectively Vz = V x (wew)] (IX.4.30) 


where w- is the “cut-off” function defined in Lemma III.6.2. From the prop- 
erties of w, and w we easily realize that the field 


m+1 


U(x) = V(x) + S G);(x)oj(x), «EQ, 


is a W!-?(2)-extension of v,. However, U is not solenoidal and, therefore, in 
order to obtain the desired extension of v,, we have to modify U appropriately. 
To this end, let us consider the field b defined by the following properties: 


m+1 
Vib= — dale) -V(Givi(x)) = A(z) 


(IX.4.31) 
be Wo7(2) 


[Bl12 < ¢l|Alle. 
Since, by (IX.4.24) and (IX.4.28), 
h € £7(2), for all gq € (1, 0) 


[r=o, 
2 


Theorem III.3.1 ensures the existence of at least one vector b satisfying 
(IX.4.31). Furthermore, using (IX.4.28), ,, we obtain 


Ades 
Mies = > |loilla,2,,a1¥il- (IX.4.32) 
i=l 


The desired extension of vy is then given by the field: 


m+1 


V(x) := Ve(x)+ 3 Gu);(x)o;(x)+b(x) = Ve(x)+Vo(x)+b(z). (IX.4.33) 
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In fact, V is solenoidal, belongs to W!:?(Q), and its trace at 02 is v,. Let us 
now estimate the trilinear form: 


a(u,V.u) = fw Vu, ueé H'. 
2 


In this respect, we recall the inequality: 
l|ulla < Kl els,2 (IX.4.34) 


where 


ge3=ts/2)Qhi ifn =3 
= (IX.4.35) 


|:Q|1/4//2 ifn = 2. 


Actually, (IX.4.34) and (IX.4.35) follow from (II.3.9), (IL.3.10), and (IL5.5). 
By the Holder inequality, (IX.4.32), (IX.4.34), and (IX.4.35) we obtain 


o] 


gay Ack 
2 
Ja(u, b, w)| < |jellZ]bli2< >> ( q loill2.2:,4 


i=l 


#,|) julio.  (IX.4.36) 


Furthermore, by an easily justified integration by parts we find 
ja(u, Vo,u)| — la(u, u, Vo)| 


and so, again by the Holder inequality, ([X.4.28),, (IX.4.33), and (IX.4.34), 
it follows that 


m+1 
Ja(u, Vo, u)| < llullalelsellVolla < Klults >> lleillac..« 
i=l 


@;|. (IX.4.37) 


It remains to estimate the term 
a(u, Ve, wu). 


From the properties of the function w, established in Lemma III.6.2 we find 
that — 
< —|w(2)|+|Vw(2)|, ifee 2 
|V.-(2)| 5(z) (IX.4.38) 


=0, ifa#€é. 
where 5(2) is the distance from x € 2 to 02, 
Qe = {x EN: (x) < 2y7(E)}; 
and y(€) := exp(—1/e). Observe that, for any k > 0, 
(2.|* <cpe, (IX.4.39) 


with co = co(n, k, 2). Moreover, from the embedding Theorem II.3.4, 
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|w(x)| < ci|[Vwlle.2 


(IX.4.40) 
|Vwlla < ci||wll2,2 
which, by Lemma IX.4.1, in turn implies 
||Vwll4 + |w(2)| S €2||v1\|1/2,2(a@): (IX.4.41) 


Thus, (IX.4.38), along with (IX.4.41), ([X.4.29) and (II.3.7), gives for all wu € 
H*(Q) 


1/2 
lull Vel lo < civeli22(omyltusfe+ { f wIVu?) | 
Qe 


(IX.4.42) 
< 03 (E||v«|]1/2,2(0.2)||Ud" |]2 + [ula || Vwls,c0.) , 
By Lemma III.6.3, we have 
||ud~*||2 < caleuli.2, 
while, by Holder inequality and (IX.4.41), 
|Vwlls,c. < [Le] 7 || Vewlla.o < es | 2e|™llvellr2.2(00)- 
Thus, from (IX.4.39) and (IX.4.42), we infer 
I[|e]|Ve| lo < ce €llvsl]1/2,2;a.2)|U1,2, (IX.4.43) 
where cg = cg(n, 2). Fix arbitrary 7 > 0 and choose 
: (IX.4.44) 


~ © ||vx|l1/2,2(a2) 


From (IX.4.43), (IX.4.44), Lemma IX.2.1, and the Schwarz inequality we then 
conclude that 
a(u, Ve, u)| = |a(u, u, Ve)| <n |ulZ 2. (IX.4.45) 


| 
Collecting (IX.4.33), (IX.4.36), (IX.4.37), and (IX.4.45) yields 


m+1 


jo(u Vaal < {nS (02442 ouo,0.4 
i=l (IX.4.46) 


Ako 
+62 Jol) [Ol lhe 


which coincides with (IX.4.25) if m > 0. If m = 0 the proof is simpler, 
since, then, one can take V = V,; and proceed as before to arrive formally at 
(IX.4.46) with identically vanishing ®;. The first part of the lemma is therefore 
proved. In order to show (IX.4.26), we observe that, from (IX.4.32), (IX.4.33), 
it obviously follows that 
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IVolli.2 + ||Blla,2 < e7||v-ll1/2,2(a9) - (IX.4.47) 


It remains to give an analogous estimate for V-. To this end, we notice that, 
under the stated hypothesis on v,, (IX.4.44) is certainly satisfied if we choose 
€ = n/(cg M) = «1. Thus, from (IX.4.30) and the properties of the function 
We, we easily obtain that 


I|Vella.2 < es (llevll2,2 + |lw/( + 5)|l2,02 + ||Vw/6l]2,0:) 


where 


Qo := {rE Q: ¥(e)/(QK1) < 6(x) < 2(e)} . 


and cg = ¢g(n, 92, €,). Consequently, from (IX.4.14) and the last two displayed 
equations we deduce 
|Velli,2 < collvs|]1/2,2(a2) (IX.4.48) 


where c9 = ¢9(n, 2,7, M). The proof of the lemma is completed. 


Remark IX.4.7 It is simple to generalize Lemma IX.4.2 to dimension n > 4, 
provided we make appropriate changes in the proof just given. Actually, it 
suffices to use, instead of (IX.4.34), the Sobolev inequality (II.3.7), to take 
the field 6 as solution to the following problem 


V-b=h 
be wW,7(0) 


IBlans2 < ellAl|lny2 


and, finally, to choose 
V-=V-(U-W) 


as an extension of the field v1, with W defined in Remark IX.4.5. However, in 
order that V satisfies the estimate needed in the lemma, we should require 
that v, has slightly more regularity. Actually, in dimensions higher than three, 
(IX.4.40) need not hold and we have, instead, 


|W(z)| <al|Wllo¢ 
[VW|s < c||Wl2¢ 


q>n/2,5s>n; (IX.4.49) 


see Theorem II.3.4. On the other hand, taking into account Remark IX.4.6, the 
right-hand side of (IX.4.49) is finite provided v, € W!~1/%4(8Q), q > n/2. 
Therefore, if n > 4, under this additional condition on v, the vector field 
(IX.4.33) belongs to W1:4(2),° and satisfies (IX.4.45). One can then show 
that the trilinear form a(u, V,u) satisfies the estimate 


° Notice that, since h € L"(), for all r > 1, we may take b € W'7(2); see Remark 
II.3.4. 
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m+1 
la(u, V,u)| < ‘" + SS (calloilln/2,0,4 + calloilln,2..a) | |ult2 


i=l 


with cs and cq suitable constants. Likewise, inequality (IX.4.26) is replaced 
by the following one 


IV la¢ < C [lv lla—1/¢,¢(0.2) 5 
with C = C(n, 2,n, M), provided ||v«||1-1/¢,q.a2) < M. Oo 


Exercise IX.4.2 (Alekseev & Tereshko, 1998) By adopting (and simplifying) the 
arguments used in the proof of Lemma I[X.4.2, show the following result. Suppose 
92 and v. satisfy the assumption of Lemma I[X.4.2 with ®; = 0,7 = 1,...,m+1. 
Then, given 7 > 0 there exists a solenoidal extension, V,, € W'?(Q) of v., such 
that 


/ u-VVy “a < nllv-ll1y2.2¢0@) luli2» 
for all u € H'(). Moreover, there is a constant c = c(n,n, 2) such that 


Valle < ¢||v«|]1/2,2(a@) . 


We are now in a position to prove the main results of this section. 


Theorem IX.4.1 Let 2 be a bounded locally Lipschitz domain of R", n = 
2,3, with OQ constituted by m-+1 connected components I, ...Pn41,m > 0, 
and let 

v,. € W282), f € Dy ?(2), 


with v, satisfying (IX.4.24). The following properties hold. 
(i) Existence. If 


ae 9 4ck 
| 
b= » (#4 on /2.0 + Al ell.) Ve oT nl <v. 


(IX.4.50) 
there is at least one generalized solution v to problem (IX.0.1), (TX.0.2), 
with corresponding pressure field p € L?(Q), associated to v by Lemma 
IX.1.2, that satisfies the inequality 


lIpll2 < ¢ (IF |-12 + lulli.2 + vllelli,2) (IX.4.51) 


where c = c(n, 92). 
(ii) Estimate by the data. (a) Let 


Wy)? (OQ) = {b € W228) : ||bll1/2,2100) < M}, some M > 0. 
(IX.4.52) 
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Ifv. € wy)? (0.2) and ® < v/2, any generalized solution v correspond- 
ing to v, and f satisfies the estimate: 


Cy 
lolln2 < SIF laa + o> (lle? 2,2¢00 + llPll122002)) » (1X4.53) 


where cy = c1(n, 2), while cp = c2(n, 2,v,M). 
(b) There exists cz = c3(n, 2) such that if 


l|«|l1/2,2(a2) < c3v/2, 


any generalized solution v corresponding to v, and f verifies the follow- 
ing estimate 


C4 
lola < (Ifla2 + llell?/2.200) +7 leslhtj22¢00),  (1X-4.54) 


with c, = c4(n, 2). Estimates for p follow from (IX.4.51)—(IX.4.54). 


Proof. We look for a solution of the form v = w+ V, where V is the extension 
of the field v, constructed in Lemma IX.4.2. We then consider a sequence {ws } 
of “approximating solutions” as in Theorem IX.3.1, 7.e., 


Us = S bse 
= (IX.4.55) 


u(Vus, Vpy) + (us: Vis, x) + (us VV, oy) + (V > Vis, Bx) 
=-(f,v,) —U (VV, Vm,) —(V-VV,,), &=1,2,...,8. 


From this point on we can repeat step by step the proof of Theorem IX.3.1, 
provided we show a uniform bound on |ws|1,2. But, as already seen, this is 
easily achieved thanks to the particular choice of the field V. Actually, multi- 
plying (IX.4.55). by €;, summing over k from one to s and recalling ([X.3.8) 
we have 


v\us|jo+ (us: VV, us) = —(f,us) -—v (VV, Vus) —(V- VV, us). (IX.4.56) 


Using (IX.4.25) with 7 = (v — ®)/2 (say) and Lemma IX.1.1, from (IX.4.56) 
it follows that 
1 
5 — P)luslis < (Fla2t+C(V,)) lusli2, 
which, in view of (IX.4.50), furnishes the desired bound on |ts|1,2. Moreover, 
(IX.4.51) is established exactly as in Theorem IX.3.1. The proof of the exis- 
tence can be then considered complete. We shall now show the second part 
of the theorem. Let v be a generalized solution corresponding to v, and f. 
We write v = w +U, with U € W17() solenoidal extension of vs to be 
specified later on. From (IX.1.2) we find 
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Since w € HQ), from Lemma [X.1.1 and Section II.4.1 we can replace p 
with w in the previous identity to obtain 


vjwli > + (w-VU,w) = —(f,w) —v(VU, Vw) — (U-VU,w). (1X.4.57) 


We now choose U = V, where V is the extension constructed in Lemma 
IX.4.2. Thus, on the account that ® < v/2 and by taking 7 = v/4, from 
(IX.4.57), Lemma IX.4.2 and Lemma IX.1.1, we find 


V 
qlwli.2 < Cy (IF l-1,2 + (IV ll7,2 + IV 1,2) 


where Cy = Ci(n, 2). Since vx € my”? (a2), from Lemma IX.4.2, we find 
that the extension V satisfies (IX.4.26). Thus, (IX.4.53) follows from this 
latter displayed inequality and (IX.4.26).’ It remains to show (IX.4.54). To 
this end, we choose U € W1!:?(Q) to be the solenoidal extension of v, given in 
Exercise III.3.5. From (IX.4.57), Lemma IX.1.1 and the condition (Exercise 
III.3.5) 


IU |I1,2 < ellvxllay2,2°02), 


we then easily obtain 
viwlis <¢ {[leell/2200|wl? 2 i (If|-a2 + v||v«|l1/2,2(02) 


+lv«ll3/>,2(00)) whiz} 


and (IX.4.54) follows from this latter inequality and the assumption on v,. 


Remark IX.4.8 The estimate of generalized solution in terms of the bound- 
ary data given in (IX.4.53) deserves some comments. We wish to emphasize 
that the method we employed, which goes back to J. Leray and E. Hopf (see 
the Notes for this Chapter for more details), does not seem to furnish the es- 
timate (IX.4.53) unless we require the boundedness of the set of the boundary 
data (that is, v. € wy)? (). Moreover, the dependence of the constant cz 
in ([X.4.53) on the coefficient of kinematic viscosity v may be very compli- 
cated. However, if v > vo, for some positive vo, then cz depends only on Vv. 
These facts seem to have been overlooked by several authors, including myself; 
see Finn (1961a, Theorem 2.3), Ladyzhenskaya (1969, Chapter 5, Section 4), 
Galdi (1994b, Theorem VIII.4.1), Finn & Solonnikov (1997, Theorem 3). 


” Notice that the constant co in (IX.4.53) depends also on v, because the choice of 
7 depends on v, and the constant C' in (IX.4.26) depends on 7. 
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Sufficient conditions for the uniqueness of generalized solutions are at once 
derived from Theorem I[X.2.1 and (IX.4.54), and we find the following. 


Theorem IX.4.2 The generalized solution v constructed in Theorem IX.4.1 
is unique in the class of generalized solutions corresponding to the same f 
and v, provided 


1 

— ([Fl-1.2 + lle-ll3/2,2(02)) + llesll1/2.20@2) < Cv, 
where C = min{c3/2,1/Vcak}, while cz, cg and k are defined in Theorem 
IX.4.1 and in Theorem IX.2.1, respectively. 


Remark IX.4.9 If m = 0, that is, if the boundary of 2 is constituted by 
only one connected surface (line, for plane flow) I’, say, condition (IX.4.50) is 
automatically satisfied, since, by the incompressibility condition, 


[eons | Vv, n=O0. 
iE Xe) 


Moreover, if m > 1, condition (IX.4.50) furnishes a computable bound on the 
fluxes ®; in terms of v. It may be of a certain interest to evaluate this bound 
when 2 is an annulus. In fact, as we have noticed at the beginning of this 
section, such domains cannot admit, in general, an extension field V (a) of v,. 
obeying (IX.4.3) for arbitrary a > 0, and, as a consequence, the Leray-Hopf 
construction of steady-state solutions would require identically vanishing ®;. 
To fix the ideas, take 2 to be the annulus bounded by R and 2R, that is, 


Q={cER?:R< |x| <2R}. (IX.4.58) 
Thus, in the notation of Lemma IX.4.1 and Theorem IX.4.1, we have® 
d=2R-—R=R, ko=1 
71 (x) = —@2(x) = —V (log |a|)/2m = —1/(2n|a), 
Qa= {a ER?:R<|a|< 3R/2}, 
22a = {z € R? :3R/2 < |z|< 2k}. 
Moreover, we have to give explicit values to the constants « and c defined 


in (IX.4.31) and (IX.4.35), respectively. Concerning «, from (IX.4.35) and 
(IX.4.58) we at once obtain 


& = (31)!/4,/R/2 ~ 1.238VR. 


However, a sharper estimate can be obtained on «. Actually, from the La- 
dyzhenskaya inequality (I1.3.9) 


8 For the value of K2, see Remark III.6.1. 
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lulls < 27/4 fella! Veal 


and from (IX.4.34) we find that « can be estimated by the product of 2~!/4 
times the fourth root of the Poincaré constant ju, defined as 


Os Gua ells \ 
uew2?(@) \ luli2 )’ 


cf. (11.5.3). The value of js can be calculated from the formula 


R/V = 7 — 1/(167) + 163/ (307277) — 93029/(4915207°) +...; 
cf. McLachlan (1961,§1.62, eq.(4)). We then recover ys ~ 0.102- R? and 


K ~ 0.476VR. (IX.4.59) 


To evaluate the constant c, we observe that, since the products o; - Vy;, 
i = 1,2, depend only on r = |z|, the function h in (IX.4.35) depends only 
on r. Therefore, a solution b to (IX.4.35) with Q given in (IX.4.57) can be 
chosen of the form 


b(x) = af éh(a)dé, xe 2. 


Since 
Ob Ob; 


Or, Ox’ 


by a direct computation we show that 
[Bl1,2 = ||V - Bll2 = |[Alle, 


and we conclude that c = 1. Collecting all these data and setting @ = —@; = 
>, condition (IX.4.50) becomes 


H|®| <v, (IX.4.60) 


where 


ioe 


= [Fura re+n)), 


3R/2 1/2 R ape 
A —_ lq. = —1 
(2 f & ‘ > B (of i) ; 
3R/2 i R ue 
C=(2 —3q D=(2 —3q 
( r I é ‘ | ( * | : ‘ | 


and « is given in (IX.4.59). Evaluation of H furnishes 
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HT ~ 0.58 
and the flux condition (IX.4.60) becomes 
|| < 1.72v. 
fi 


Remark IX.4.10 The existence result of Theorem IX.4.1 can be extended 
to any dimension n > 4, provided 


v. © W'-1/99/92), g>n/2, 


and 
m+1 


Gin) = Yo (alloilln/2,0.4 + c2llolln.c.a) | i vss nl <v. 


i=1 a 


In fact, by Remark IX.4.7 and (IX.4.56) we obtain 


1 
5g = @(n))|Us|7,9 < (|f|-1,2 - v|V|1,2) |us|1,2 AP |(V . VV, us)|. 
Moreover, from the Holder inequality it follows that 
I(V- VV, us)| < ell V[lalus|i,2, 


and since W!-4(Q) C L4(Q) for q > n/2 and n > 4 (see Theorem II.3.4), we 
then have 
|(V VV, us)| < eV IF q|usl1,2- 


Thus, 
il 
as — Pn))\Usli2 < (lfl-124+ 4lVila2 + CVI, 45) 


which furnishes the desired uniform bound on |ws|1,2. Concerning the estimate 
for the pressure, we refer to Remark IX.3.1. Under the stated assumptions on 
the trace norm of v., estimates similar to (IX.4.53), (IX.4.54) continue to 
hold for generalized solutions also for n = 4. Therefore, by Remark IX.2.3, 
the uniqueness result of Theorem IX.4.2 extends in the same form to n = 4. 
For uniqueness in dimension n > 5, we refer to Remark IX.5.5. |_| 


IX.5 Regularity of Generalized Solutions 


We shall now show certain L%-estimates for weak solutions to problem 
(IX.0.1), ([X.0.2). These estimates will imply, in particular, that if Q and 
the data are smooth then the corresponding weak solutions are also smooth. 

The key tool is a very general result proved in the next Lemma IX.5.1, 
regarding a linearized version of problem (IX.0.1), (IX.0.2). 
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Lemma IX.5.1 Let 2 be a bounded domain of R", n > 2, of class C?, 
u € L"(Q) with V-u=0 in 2, in the weak sense, and q € (1,n). Then, for 


any 
FEL (2), ge W'(2), ws € W2-749(9Q) , 


Q 0Q 


rai ; 
in 


with 


the problem 


divw =g (IX.5.1) 
w=w, at on 
has at least one solution (w,7) € W?:4(Q) x W!4(Q), that satisfies, in addi- 
tion, the following estimate 
||wllag+ Itllaq SC (Fl + llgllag + llwsll2-1/4,4,02) » (IX.5.2) 


with C = O(n,q, 2,u). Furthermore, let w € D'*(Q), for some s € (1,00), 
satisfy (IX.5.1)2.3 along with the equation 


(Vw, Vy) —(u-Vo,w) =(F,¢), for alle € D(). (IX.5.3) 


Then, if n > 3, necessarily W = w, ae. in 2, while, ifn = 2, the same 
conclusion holds provided s € [2,00) and u € L®({2), for some qo > 2. 


Proof. We begin to show the existence result. In this respect, we claim that it 
is enough to show it with g =0 and w, =0. Actually, under the assumption 
of the lemma, let (wi, 771) € W24(2) x W1:4(Q) (with 77g = 0) be a solution 
to the following Stokes problem 

Aw, = VT 

in Q 
divw, =g 
wlaa = Ws. 


In view of Theorem IV.6.1, this solution exists (uniquely) and satisfies the 
estimate 


Ilwallag + IIrallig SC (Illa + llewsll2-1/4,4,02) » (IX.5.4) 


with C = C(n,q, 2). If we then write the solution to (IX.5.1) in the form 
(w = wi + wW2,7 = 74+ 72), we immediately recognize that (w2,72) solves 
(IX.5.1) with g = w, =0 and with F replaced by F’ := F—u-Vwy. However, 
by the Hélder and Sobolev inequalities (see Theorem II.3.4), we find 


Ie Villa < [eellnlV wr IIng/(n—a) < © |lUl|n||wrll2,4 
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which ensures F” € L4(Q). Consequently, the above claim follows from this 
property and from (IX.5.4). We shall thus prove the lemma when g = 0 
and w, = 0. By Theorem III.2.1 and Exercise II.2.6, given e > 0, there are 
sequences {v)} c C™%(2), {F} Cc CX(Q), and an integer 7 = F(e) > 0 
such that 


Ju— vO, + Vv], +I P- FO, <e, forallj>7. (IX.5.5) 
Consider the following sequence of problems 

Aw =U .Vw+u verve a 

V-w=0 (IX.5.6) 


wlan =0, 


where UY) := uF) —u), If we formally multiply (IX.5.6), by w and integrate 
by parts over 92, we obtain 


jel?» = 4(V -w, Jeol?) — (FM, w) (1X57) 
From the embedding Theorem II.3.4 we get 
|| |lon/(m—1) < Ci|wii2, 


where Cy = C1(2,n), and so, with the help of the Hélder inequality, it follows 
that 
(Vw, [ew|?)| < C7 Vu [n|eol]7,2 - (IX.5.8) 


Moreover, by the Poincaré inequality (II.5.1), we find 
(FO, w)| < Co||F |lolwi,2, (IX.5.9) 


where C2 = C2(2). Thus, choosing ¢ < 1/C?, from (IX.5.7)—(IX.5.9) it follows 
that 
[wie < C2||FM |I2. 


Thanks to this estimate, we may then use the method employed in the proof 
of Theorem IX.3.1 to show, for each fixed j > 7, the existence of a generalized 
solution (w), 7) € Wy’?(Q) x L?(Q) to (IX.5.6). Let us prove that this 
solution is, in fact, more regular and that it satisfies, in particular 


(wa) © W2*(2) x W*(Q), for all t € [1, 00). (IX.5.10) 
Let us begin to show that 
(wD), 7) € W(Q) x L§(Q), for all s € [1, 00). (IX.5.11) 


Actually, since 
aD =u. Vw VQ); 
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from the results on the Stokes problem established in Theorem IV.6.1 it then 
follows that 
(wr) € W??(2) x W12(2). 


Thus, by the embedding theorem Theorem II.3.4 we infer that a) € L"(Q) 
with r = 2n/(n—2) ifn > 2 and allr > 1 ifn = 2. Employing again Theorem 
IV.6.1, we find that 


(wD) © W272) x WE"(Q). 

Ifr >n, that is, n < 4, then (IX.5.11) is proved; otherwise, 
a! €L"(Q), ry =2n/(n—4) (> 1) 

and, again by Theorem IV.6.1 we deduce 

(wD) © W2 (2) x WE (2). 
Ifr; > we arrive at (IX.5.11); if not, we iterate the argument as many times 
as we please until we derive (IX.5.11). Once (IX.5.11) has been established, 
we use the classical results of Theorem IV.6.1 one more time to prove, in 
particular, the validity of ([X.5.10), in any space dimension n > 2. Next, by 


means of the Holder inequality, the embedding Theorem II.3.4, and relations 
(IX.5.5) we deduce, for any g € (1,7), 


[Ju Veo |g < OP nll Vo Il ng/n—a) + max |u| [Vo ||, 
<eljw log + max |u| | Vw lI. (IX.5.12) 


In view of (IX.5.10) we can now apply Theorem IV.6.1 to problem (IX.5.6) 
to recover, with g € (1,n), 


olla + Ie fg < Ca (elo I,q + max |u| | Vo |g + IF le) 


where C3 = C3(q,n, 2). So, taking e < min{1/O?, 1/C3}, from the preceding 
inequality we derive the following one 


[wo |Ia,q+ [le Il1g < Ca(M(u)|[w Ing + FM lla)» @< (Ln), (IX.5.13) 


with M(w) = maxg |u|. Our next task is to prove the existence of a positive 
constant Cy = C4(q,n, 2,u), but otherwise independent of j, such that 


[[w |I1.q < Ca PM lla - (IX.5.14) 


This will be proved by the, by now familiar, contradiction argument. Thus, 
assuming the invalidity of (IX.5.14), for any integer m we could find {F™ } 
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such that denoted by {(w'™,(™)} the corresponding solutions to (IX.5.6) 
(with 7 = m), the inequality 


wig > mF" llg, for all m EN, 
would hold. By the linearity of the problem, we can take, without loss, 
jw 11,4 =1, forall meEN, (IX.5.15) 
so that the preceding inequality furnishes 
FO ||, <1/m, forallmeN. (IX.5.16) 


From the estimate (IX.5.13), we deduce that ||”) ||, is uniformly bounded 
in m, and by Remark IT.3.1 and Theorem II.5.2 we can infer the existence of 
a field W € W?-4(Q) and of a subsequence, again denoted by {w(™)}, such 
that 


w™ “WwW in W?-4(2) 


(IX.5.17) 
Wm + W in W,"(2), for allt € [1,ng/(n—q)). 
Furthermore, in view of (IX.5.5), 
a) ay in LP(2), (IX.5.18) 


Passing to the limit m — oo in (IX.5.6) (with 7 = m) and using (IX.5.16)— 
(IX.5.18), it follows that the limit function W satisfies 


(VW, Vy) +(u-VW,¢) =0, for all gy € D(Q), 


; (IX.5.19) 

V-W=0, WeW)%(2)NW*4(Q). 
Let us prove that W = 0. If n = 2, since q € (1, 2) by the embedding Theorem 
11.3.4 we infer W € H} (92), with r; = 2q/(2—q) > 2, so that, in particular, 
W e€ A'(Q). Let {y,} C D(2) with y, — W in Hz, (Q), and thus, in 
particular, in H!(Q). This ensures that 

jim (VW, V¢,) = |Wlio- 

Moreover, for any s € (r},2), we have wu € L*(2) with V-u = 0, and so, using 
the properties of W and », along with the embedding Theorem II.3.4, with 
the help of Exercise [X.2.1 we find 


Jim (wu-VW,,) =(u:-VW,W) =0. 


We next replace y with », in (IX.5.19);, pass to the limit k — oo and use 
the properties stated in the last two displayed equation to obtain W = 0. On 
the other hand, from (IX.5.15) and (IX.5.17) we also have 
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|VWI\q = 1, (IX.5.20) 


leading to a contradiction. We shall next consider the case n > 3. We begin to 
suppose q € [2n/(n + 2),n). In this situation, by Theorem II.3.4, we get W € 
W,’?(Q). The trilinear form (v-V 21, 22) is continuous in L"(Q) x W1:?(Q) x 
L?"/("~2)(Q) (see Exercise IX.2.1), and so, by the embedding Theorem II.3.2, 
it is continuous in L"(2) x H'(Q) x H+(). Since, by definition, D() is 
dense in H'(2), for all o € (1,00), by a standard approximating procedure 
we are then allowed to take W = g in (IX.5.19) to get 


0=|Wii.+(u-VW,W). 


However, (u: VW,W) = 0, by Exercise IX.2.1, because W € Wo? (2) and 
u € L"(2) with V-u = 0. As a result, we infer W = 0, which contradicts 
(IX.5.20). Inequality (IX.5.14) is therefore established, if n = 2, for q € (1,2), 
and, if n > 3, for g € [2n/(n+2),n). From (IX.5.13) and (IX.5.14) we obtain 


lw Jog + [lr llag < CoE lq (IX.5.21) 


with C5 = C5(n,q, 2,u). From (IX.5.21), Remark II.3.1 and Theorem IT.5.2 
it follows that there are subsequences {w¥)} and {7}, and two fields 
w € W?4(2) and m € W14(2), such that 


wi “w in W?4(2) 
wi ow inW!4(2) 


and 
nm “7 weakly in W14(9). 


Clearly, (w,7) is a solution to (IX.5.1), and the lemma is thus proved for 
n = 2, and, for n > 3, under the condition that q € [2n/(n + 2),n). Let us 
next assume n > 3, and q € (1, 2n/(n+2)). Taking into account the procedure 
previously used, the result will be proved provided we show that (IX.5.19) has 
only the solution W = 0. We begin to observe that, since 2n/(n + 2) < n/2 
(for n > 3) by the embedding Theorem II.3.4, we deduce 


W € Ap (2) NL" (2), 
nr (IX.5.22) 


n—-T1- 


ry € (1,2), re= 


Consider now the problem (adjoint to (IX.5.1)) 


V-p=0 


Ap+u:-Vp=VT+G : 
in 
(IX.5.23) 


ylag=0. 
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Noticing that 


nr, Qn no 
+ €( ), —— =n, 


Ao? Heme 
from what we have previously shown, and, again, Theorem II.3.4, we know 
that, for each G € C§°(2), there is at least one corresponding solution @,T 
to (IX.5.23) such that 


— / 
N+ry 


, 0 
nry nry 


Pew (Q)NHL(Q), TEW (A). (IX.5.24) 


Now, let {~,} C D(Q) converge to G in H}(2), and replace y, for y in 
(IX.5.19). Clearly, we have 


lim (VW, Vey) = (VW, V9). (IX.5.25) 


Moreover, by an easily justified integration by parts, based on density argu- 
ments, we find 


(u-VW,y)=-(u-Ve,W), peD(2). (IX.5.26) 
Furthermore, by the Hélder inequality (see also Exercise IX.2.1), 
\( + Vepq, W)I S [fella Vell IW lors /r—ra) + 
and so, recalling the summability properties (IX.5.22) of W, we deduce 


lim (wu: VW, y,) = (u: VG,W). (IX.5.27) 


— co 


Therefore, from (IX.5.19); with y = ,, and (IX.5.25)—(TX.5.27) we conclude, 


in the limit k — cw, 
(VW,V®@) —(u-VG,W) =0. (IX.5.28) 


Next, let {W;,} C C5°(Q) converge to W in W,’"'(Q), so that, by embedding, 
it converges to W also in L"™/("—"1)(Q); see Theorem II.3.4. Thus, taking 
into account 

(nri/(n—11)) =nr}/(n+1r}), (IX.5.29) 


along with (IX.5.24), we have 
(VW, Vp) = lim (VWs, VB) = — lim (Ws, AB) = ~(W, 4g). 
As a consequence, with the help of (IX.5.28), we infer 
(W,AG+u-VPH) =0, 


which, in turn, recalling that (@,7) satisfy (IX.5.23), is equivalent to the 
following 
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(W,G) = -(W,V7). (IX.5.30) 
However, by (IX.5.22) and Lemma III.2.2, W € H,,(), ro = +, whereas 


by (IX.5.24), and (IX.5.29), 7 € Gy,(Q), and so, by Lemma II1.2.1, we ob- 
tain (W, V7) = 0. Replacing this information back into (IX.5.30), we deduce 
(W,G) = 0, which, by the arbitrariness of G € C§°(2), allows us to con- 
clude W = 0 ae. in 92. The proof of the existence part of the lemma is thus 
completed. We shall now show the uniqueness part. Setting z := w — Ww, we 
have that z satisfies the following problem 


(Vz, Vy) —(u-Vy,z) =0, for all yg € D(Q) 


(IX.5.31) 
z€ H}(2), r=min{s,q}. 


Let us first consider the case n > 3. The result immediately follows if s > 2. 
Actually, we then have z € H'(Q) and therefore, by employing the standard 
density argument that we have already used previously in the proof (right 
after (IX.5.20)), we may replace y with z in (IX.5.31) to obtain, as before, 
|z|1.2 = 0, namely z = 0 ae. in 2. Assume then s € (1,2). However, in 
this case, z satisfies the same assumption and the same equation satisfied by 
W;; see (IX.5.22), (IX.5.19), and (IX.5.26)) . Therefore, following exactly the 
same argument used to show W = 0, we also prove z = O, and uniqueness 
is completely recovered if n > 3. If n = 2, we observe that, since by the 
embedding Theorem II.3.4, w € H1(2), we have z € H'(Q). Let {y,} C 
D(2) with y, — z in H'(Q). Furthermore, again by that theorem, we have 
also H1(Q) — £?%/(4%-?)(2). Therefore, setting » = y, into (IX.5.31), then 
letting k — oo and using the results of Exercise [X.2.1, we find 


Jzli2 = —(u- Vz,z) =0, 


which implies z = 0 a.e. in 2. The proof of the lemma is complete. 


The next result provides, in particular, sufficient conditions for the interior 
regularity of weak solutions in arbitrary space dimensions n > 2. 


Theorem IX.5.1 Let 2 be any domain of R”, n > 2, and let v be such that: 
(i) v € Lh,.(2), where s =n, ifn > 3, while s = s9 > 2, ifn = 2; 


loc 
(ii) V-v = 0, in the weak sense ; 


(iii) v satisfies the following equation 


v(v, Ap) + (v:- Vy,v) =(f,~), forallpe D(Q). (IX.5.32) 
The following properties hold. 
(a) If 
FEL (OQ), 1294, 
then 


v € W24(2), 


loc 


and there exists p € W,,4(@) such that (IX.0.1) is satisfied a.e. in Q. 
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(b) If, moreover, 
f c wret(Q) 


loc 


where m > 1, and 
q€(1,o0), ifn =2, 


while 
q€[n/2,00), ifn>2,} 
then 
v © Wiet?4(2), pe Wiest "(2). (IX.5.33) 


Proof. We begin to show part (a). Let B be a ball of R", with B C 2. Then, 
from (IX.5.32) and Lemma IV.4.1 we find that, for all sufficiently small e > 0, 
the mollification, v-, of v satisfies the following system 


vAv, = Vp 4+ div(v @ v)- +f, 
in B, (IX.5.34) 


V-u.=0 


for some p©) € C®(B). We next denote by w = w(e),t = T(€), Te = 0, the 
solution to the following Stokes problem 


vAw=Vr+div(v®v)-+ f. 
in B 
V-w=0 (IX.5.35) 
w=0 at OB, 
with 
(w,7) € Wh/?(B) x LT/?(B), r>2. 


In view of the properties of the mollification and of Theorem IV.6.1, such a 
solution exists and satisfies the inequality 


[]eo|lar72 + Wr llry2 Ser (Mvellt a + UN Fell-1r/2,8) - (IX.5.36) 


Our next task is to estimate || f_||-1,-/2,3 in terms of ||f||q,8. The starting 
point is the obvious inequality 


(fe. ®)| <Fllazlblle, fe wo (B), (IX.5.37) 


that follows from (II.2.9) and the Hoélder inequality. We distinguish several 
cases. Suppose first n = 2. Without loss we may assume so < 4. Thus, if we 
choose r = so, from the embedding Theorem II.3.4 it follows wer!) (B) o 
L'(B), for all t € (1,00), so that from (IX.5.36), we deduce 


lfell-ar/2.8 <callfllae, @¢€ (1,00), r:= 50, n=2. (IX.5.38) 


' The lower bound n/2 for q is not necessarily the best possible. However, it suffices 
for our aims. 
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If n = 3, we observe that (n/2)’ = n = 3. Consequently, if we choose r = 3 
by the embedding Theorem II.3.4 we have W,""/?) (B) = We(B) — L*(B), 
for all t € (1,00), and (IX.5.36) furnishes 
fell-ar/2e8 <callfllap, ¢€ (1,00), r:=3, n=3. (IX.5.39) 

We next analyze the case n > 4. In such a case we find (n/2)' <n, and so, 
if q € [n/3, co), it follows that q < n/(n — 3) = n(n/2)’/(n — (n/2)’). Now, 
by Theorem II.3.4, wer?) (B) © L*(B) and, therefore, by choosing r = n, 
from (IX.5.36), we obtain 

[Fell-1r/2,8 <callfllap, @€[n/3,00), r:=n,n>4. — (1X.5.40) 
Finally, ifn > 4 and q € (1,n/3), we take r = 2nq/(n — q) and observe that 
(r/2)' <n and that q’ = n(r/2)'/(n — (r/2)’). Thus, since by Theorem II.3.4 
Wh(r/2)'(B) 4 L*(B), again from (IX.5.36) we conclude 
2nq 


lfell-ir/2,B <c3llfllap, ¢€ (,n/3), re= n>4.  (IX.5.41) 


n-q’ 
We next notice that, from (IX.5.34) and (IX.5.35), the fields z := v. — w and 
x := p©) — 7 satisfy the following Stokes system 


vAz=Vx 
in B. (IX.5.42) 
V-z=0 


From Theorem IV.4.4 and Remark IV.4.2 we then find, in particular, 
2 ll1,r/2,B, os IxIlr/2,B: <6 lZll-/2,B 


where B, is an open ball with B; C B. Using this inequality, and taking into 
account that, by assumption, ||vel|,,B < ||v||,,8 < oo for all values of r, q and 
n specified in (IX.5.38)-(IX.5.41), from (IX.5.36), (IX.5.38)-(IX.5.41), and 
Exercise II.3.5 we deduce 

v € W9/2(B1), n=2, g€ (1,00) 

ve W/2(B,), n=3, @é€ (1,00) 

v €W"/2(Bi), n>4, q €[n/3, 00) (IX.5.43) 


v €W"/2(Bi), n>4, q€(1,n/3), r:= a 

Moreover, by a similar argument that employs also Theorem II.2.4(ii), we 

show the existence of a scalar field p such that 
pe L°/2(Bi), n=2, q€ (1,0) 
pe L"/?(B,), n=3, @€ (1,00) 
pe L"/(Bi), n>4, q€ [n/3,00) (I. 


2 
pe L/?(Bi), n>4, q€(1,n/3), i=—— 
n-—q 
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and, further, the pair (v,p) satisfies (TX.1.11) for all a € C§°( Bi). However, 
the ball By is arbitrary with By, C 2, so that from (IX.5.43)—(IX.5.43) we 
find that 


(v,p) € Wyr?!? (2) x LE? (2), n=2, q€ (1,00) 
(v,p) € Wjer/?(Q) x LP?(2), n=3, @é€ (1,0) 


; 
oc loc 


(v,p)€ Wer? (2) x PO, n>4, q€[n/3,c) 


oO loc 
2 
(v,p) € Wi/?(2) x L?(2), n>4, ¢E(1,n/3), r:=—, 


loc loc n— 
(IX.5.45) 
and, in addition, that (v,p) satisfies (IX.1.11) for all % € C§°(2). Our next 
objective is to show that 
(v,p) © W4(Q) x Wet(2), qe (1,n), n>2. (IX.5.46) 


loc 


It is clear that, in order to show (IX.5.46), it is enough to show the stated 
summability properties on an arbitrary bounded subdomain of (2. To this 
end, let 2’, 2” be bounded domains in R” with Q’ Cc 2”, 2” C 2 and let 
¢ € C™(R") be one in 2’ and zero outside Q”.? Writing dw in place of w 
into (IX.1.11) and extending v to zero outside (2, we readily recognize that 
v' = ov is a weak solution to the problem 


Av’! =u-Vv'+Vp+F 
in Bo 


Gna (IX.5.47) 
v’' =0 at OBo 

where 

p! = op/v 

u=v/v 

(IX.5.48) 
F = of/v+2V¢-Vu+ vAd-— v- Vdu/v + pVé/v 
g=v-Vo 


and Bo is an open ball containing Q”. The leading idea in the proof of 
(IX.5.46), is to use a boot-strap argument that starts from (IX.5.45) and 
uses several times Lemma IX.5.1 applied to the problem (IX.5.47)—(IX.5.48). 
Suppose, at first, 7 = 2, the case that, seemingly, requires more effort. We 
begin to show that 

v EW (2). (IX.5.49) 
If so > 4, this is obvious from (IX.5.45);, and so we shall assume so € (2, 4). 
Let B an open ball of R? with B C Q, and consider the following two Stokes 
problems 


? For the construction of ¢, see the proof of Theorem IV.4.1. 
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v(Vv1, Ve) = (v-Vy,v), for ally € D(B), v € H}(B) 


v(Vv2, Ve) =—(f,) for all eg € D(B), ve W?4(B)N Hj (B). 

(IX.5.50) 
Clearly, the function ® := v—v1—vp satisfies (V®, Vy) = 0, for ally € D(2), 
and, consequently, in view of the properties of v, v1, vg and of Theorem IV.4.3, 
we find 6 € C™(B). Furthermore, by Theorem IV.6.1(a), v2 exists and, by 
the embedding Theorem II.3.4, v2 € W'?(B). Therefore, to show (IX.5.49), 
it is enough to show that v; € W1?(B). We shall prove this by means of 
a recurrence argument based on a repeated use of Theorem IV.6.1(b) and 
of the embedding Theorem II.3.4. Actually, from the former theorem and 
(IX.5.45); we can take t = to = 59/2, which, by Theorem II.3.4 and the fact 
that so € (2,4), implies v € L?40/(?-'»)(B). Thus, again by Theorem IV.6.1, 
we may take t = t; = to/(2—to), which, in turn, by Theorem II.3.4 furnishes 
v € L24/(2—4)(B), and so on. We thus obtain the following recurrence relation 
for the exponents ty: 


, KEN, to = 50/2. (IX.5.51) 


tei = 5 — ra 
We notice that, since by assumption tg > 1+ 7, for some positive 7, the 
sequence {t,} is increasing, and so, in particular, t, > 1+, for allk ¢ N. We 
claim that there is k € N such that tg,, = 2. By assuming the contrary, we 
would have t, < 2, for all k € N, and so, due to the fact that {t,} is increasing, 
there is t, > 0 such that tp — t, as k — oo. However, by taking the limit 
k — oo in (IX.5.51), we would find t,. = 1, which furnishes a contradiction. As 
a consequence, (IX.5.49) is proved. By an argument entirely analogous to that 
used to show (IX.5.38), we show f € W~1?(w) for all bounded domains w with 
w@ C 2. Thus, from (IX.5.51) and Lemma IX.2.1, we deduce p € Li,,(2). This 
latter property along with (IX.5.51) and (IX.5.48)3.4, allows us to conclude 
Fe L‘4(Bo), 9 € W*4(Bo), ¢ € (1, 2), so that by Lemma IX.5.1 and (IX.5.49) 
we prove (IX.5.46) for n = 2. We next consider the case n = 3. If g € (1, 3/2], 
from (IX.5.45) and (IX.5.47) we easily find that 


FeL(Bo), 9¢W'(Bo), (IX.5.52) 


with g = q, and so, by Lemma IX.5.1, the property (IX.5.46) follows for the 
above values of q. If g € (3/2,3), again by (IX.5.45), we find that F’, g satisfy 
(IX.5.52) with ¢ = 3/2, which, in turn, by Lemma IX.5.1 and the arbitrariness 
of §2 implies (v, p) € we! (2) x ws! ?(2). From this latter property, by the 
embedding Theorem II.3.4, we infer (v, p) € (Wis(@) n Lig.(2)) x 13 (Q). 
Thus, we deduce the validity of (IX.5.52), with 7 = q, gq € (3/2,3), which, by 
Lemma IX.5.1, concludes the proof of (IX.5.46), in the case n = 3. If n > 4, 
suppose first gq € (1,n/3). Then, from (IX.5.45)4, we find r/2 > q, which 
implies (IX.5.52), with 7 = q, and so, in turn, (IX.5.46) for these values of q. 
If g € [n/3,n/2], then, by (IX.5.45)3, we may take Y = q in (IX.5.52), which, 
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again by Lemma IX.5.1, furnishes (IX.5.46) also for these values of g. Finally, 
if q € [n/2, 00), the argument is identical to that used for the case n = 3 by 
replacing 3/2 with n/2. The property (IX.5.46) is thus established, and so is 
part (a) of the theorem if g € (1,n). Assume next g > n. Then (IX.5.46) is 
satisfied for all q € (1,n), and so, by the embedding Theorem II.3.4, we get 


v €L(Q) NW e(Q), pe Lige(@), for all t € (1,00), 


yielding, in particular, 
v- Vue Lh (2). 


loc 


From the interior estimates for the Stokes problem proved in Theorem IV.4.1 
it then follows v ¢ W29(2), p € W.2%(2), which completes the proof of 
part (a) of the theorem. In order to prove part (b), we shall use an inductive 
argument. Since, by the results just established, (IX.5.33) is true for 1 = 0, let 
us assume that it holds for 1 = k—1, k > 1, and let us show that it continues 
to hold for | = k. This amounts to proving that if, for the values of q specified 
in the statement of the theorem, 

fEewe (2), ve wet (2), pe WE), (1X.5.53) 


loc loc 


necessarily 
v € Wet), pe WENO), (IX.5.54) 


loc oc 


By Theorem IV.4.1, (IX.5.54) holds whenever 


v- Vu € W4(2). (IX.5.55) 


loc 


However, by the inductive assumption, we know that 


v- Vu € We) 


loc 


and so to obtain ([X.5.55), and consequently (IX.5.54), we have to show that 
D*(u- Vv) € £1(9'), jal =k, (IX.5.56) 


where 2’ is any bounded subdomain of R” with ® Cc M2. Without loss, we 
may assume §2’ to be a ball. Expanding (IX.5.56) according to the Leibniz 
rule we deduce 
D*(o- Vv) =) Doe. VD? Fy (IX.5.57) 
B<a 


pe-8 - glel-I4l a _ Qy a 
Oa Pt Agyn—Bn’ By As RB 


and 8 < a means @; < aj, i = 1,...,n. Take first g > n/2. Then, by the 
embedding Theorem II.3.4 we have v € C*—1(1’) and so (IX.5.57) yields 


where 


634 IX Steady Navier-Stokes Flow in Bounded Domains 


S> ]D°(@- Vo) lla" < e(lollcx-a(ayllvll2,q.0° + S> ||/D°v- Vollg,o”). 
|a|=k la|=k 
(IX.5.58) 

Thus, since k > 1, the first term on the right-hand side of (IX.5.58) is bounded 
in view of (IX.5.53). Furthermore, by Theorem II.3.4, if k = 1 it follows that 
v € W'"(Q’) for all r € (1,00), while if k > 1, v € C1(@) and 0, in any 
case, the second term on the right-hand side of (IX.5.57) is finite, thus proving 
(IX.5.56) when g > n/2 and, therefore, the theorem for n = 2. Assume now 
that q =n/2, n > 2. By Theorem II.3.4 it follows that v € C*-?(’) and so 
(IX.5.57) gives, with |a’| = k — 2, 


|D°(v-Vv)| < c( > |D9v- VD 8v| + S> [Dov VD 8y| 
BSa \s|=k—-1 


+ » |D8v - Vol). 
[B|=k 
(IX.5.59) 
The first term in ([X.5.59) is increased as before, and we can show that it 


belongs to L4(’). ? Again by Theorem II.3.4 and (IX.5.53) we have 


ve Wen), 


(IX.5.60) 

ve W*-17(Q'), for all r € (1,00) 
and so the third term in (IX.5.59) belongs to L4(Q’) = L"/?(9'). As far as 
the second term is concerned, we notice that its norm in L”/?(Q’) can be 


increased by 
Yo D7 I Inllvll2,n 
||=k-1 


which, if k > 2, is finite by (IX.5.60). If k = 1, the second term is increased by 
N = |v||D?v| and, again by (IX.5.60), it follows that it belongs to L"/?—*(Q), 
for e € (0,n/6). Thus, 

vo Vu € Wir/2-§(97') 


and by the estimates for the Stokes problem of Theorem IV.4.1 we deduce, in 
particular, that 
vE Wer -=( 0") 


which, by Theorem II.3.4, in turn implies v € C(’). From this and (IX.5.53) 
we then conclude that N € L"/?(Q'). The theorem is therefore proved. 


Remark IX.5.1 From the embedding Theorem II.3.4 it follows that the as- 
sumptions (i)—(iii) on v in Theorem IX.5.1 are satisfied if v is a generalized 
solution to (IX.0.1), (TX.0.2) and n < 4. Oo 


3 If, of course, k > 2; otherwise that term does not appear. 
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An important consequence of Theorem IX.5.1 is the following. 


Corollary IX.5.1 Let v obey conditions (i)—(iii) in Theorem IX.5.1. Then, 
if f € C™®(Q2), v and the associated pressure field p belong to C®(2). The 
above conditions are satisfied if v is a generalized solution to (IX.0.1), (IX.0.2) 
and n < 4. 


Remark IX.5.2 Assuming less regularity on f, we can obtain intermediate 
regularity results on v and p. | 


Regularity up to the boundary of a generalized solution follows as a par- 
ticular case of the following one. 


Theorem IX.5.2 Let 2 be a bounded domain of R", n > 2, of class C?, and 
let v be such that: 

(i) v € W49(2)NL"(2), s € (1,00), ifn > 3, while v € W?(Q), ifn =2; 
(ii) v is weakly divergence free, and obeys (IX.0.2) in the trace sense ; 
(iii) v satisfies (IX.1.2) . 
Then, the following properties hold. 

(a) If 

f € LQ), v. € W2-V49(A2), q@€ (1,00), 
then 
ve W429), 


and there exists p€ W14(2), such that (IX.0.1) is satisfied a.e. in Q. 
(b) If, moreover, 2 is of class C™*? and 


fewny)), weWr? 400) 
where m > 1, and 
q€(1,o0), ifn = 2, 


while 
q€ [n/2,00), ifn > 2, 4 


then 
ve w™4(2), pew™tdQ). 


Proof. The proof of part (a) is an immediate consequence of Lemma IX.5.1, 
and we leave it to the reader as an exercise. The proof of part (b), is entirely 
analogous to that of Theorem IX.5.2(b), and will be, therefore, omitted. 


Remark IX.5.3 In view of the embedding Theorem II.3.4, the assumptions 
(i)-(iii) of Theorem IX.5.2 are satisfied by any generalized solution for n < 4. 
oO 


* The lower bound n/2 for q is not necessarily the best possible. 
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Corollary IX.5.2 Let v obey conditions (i)—(iii) in Theorem IX.5.2. If the 
bounded domain 2 is of class C®, and f € C®(Q), vs. € C%(OQ), then v 
and the associated pressure field p belong to C°(Q). The above conditions 
are satisfied if v is a generalized solution to (IX.0.1)(IX.0.2) and n < 4. 


Remark IX.5.4 Assuming less regularity on 2, f and v, we can obtain 
intermediate regularity results on v and p. fa 


Remark IX.5.5 If n > 5, the theory developed in Section IX.3 does not 
guarantee existence of solutions verifying the assumptions of Corollary IX.5.1 
and Corollary IX.5.2, since we don’t know, in such a case, if a generalized 
solution belongs to L"(Q2). The question of existence of regular solutions for 
n > 5 and without restrictions on the size of the data has been addressed by 
Frehse and Ruzicka (1994a, 1994b, 1995, 1996), and Struwe (1995). Here, we 
would like to show that, if the size of the data is sufficiently “small,” existence 
of regular solutions in arbitrary dimension n > 5 is easily established by means 
of the theory developed for the linearized Stokes problem. We assume {2 of 
class O?, f € We 2"/?(2), Vs, € W(r—2)/7."/2(9Q), with 


| v,: n=O), 
02 


D= lf l|-1,n/2 ate || || (mn —2) /nyn/2(82): 


and set 


We next introduce a sequence of approximating solutions {Um, Pm}, m € N, 
defined as follows 


V(VUm; Vw) + (Um-1 : VUm-1, W) _ (Dns Vv: yp) Se (f. w) =0 
V-vm=0 inf (IX.5.61) 
Um = Vx at ON, 


where vp = 0 and @ is arbitrary from C§°({2). By the existence theory for 
the Stokes problem of Theorem IV.6.1, we know that (IX.5.61) for m = 1 
admits a unique solution {v1,p1} (pi up to a constant) with vy, € W'"/2(Q), 
pi € L”/?(Q), such that 


1 c 
n — <2-D TX.5.62 
lalla nj2+ IP, 9 /_ S25 (IX.5.62) 


where c = c(n, §2) is the constant entering estimate (IV.6.10). Let us show, 
by induction, the existence of {vm, Pm} with um € W'"/?(Q), pm € L”/?(Q) 
satisfying (IX.5.61), (IX.5.62) for all m € N. We assume that {vm—1,Pm—1} 
obeys (IX.5.62). For any ew € war) 9) we have 


|(Wm—1 -VUm-1; a) | = \(Vm—1 ® Um-1; Vy)| < Ile m—1 15 lb lla jn /(n—2) 


and so, by the embedding Theorem II.3.4: 
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|Um—alln < Y|em—sll1jn/2, (IX.5.63) 


and by the induction hypothesis (IX.5.62) for the (m—1)th solution we deduce 
that 
Ve? no 
|(Um-1° VUm—-1, P)| < oo Il* ||1,n/(m—2): (IX.5.64) 
So 
Win Via e We) 


and (IX.5.64) together with Theorem IV.6.1 ensure for all m € N the existence 
of a pair {Um, Pm} satisfying (IX.5.61) along with the inequality 


hella siiek edly, 220 (aoe (1X.5.65) 
mllinj2t+ TlPmll, p2/e S 5 7 : 5. 
However, if 
p2 
D — LX..5: 
Sere (IX.5.66) 
relation (IX.5.65) furnishes 
l®mlltjn/2 + —lhmll_ j, < 22D (1X.5.67) 
m||1,n/2 a Pm n/2/R 1. 


which is therefore proved for all m € N. Let us next establish that {um, Pm} 
is a Cauchy sequence in W1"/2(Q) x {L"/?(Q)/R}. To this end, it is enough 
to show that for all m > 1 


1 m 
||Um = Vm—all1n/2 + F lpm — Pm—ll a/R <a (IX.5.68) 


where a € (0, 1).° From (5.351) we have 


v(V (Um ian Um—1); Vw) “+ ((Um—1 = Um-2) . VUm-1; w) 
+(Um-_2 : V(Um-1 _ Um-—2); ap) ++ (Pm — Dm—1); w) = 0 


and with the aid of Theorem IV.6.1, it follows for all m € N, that 
° In fact, for all m’ =m+k,k>0, 
!Pm— Vmnlisn/2 + BllPm — Pr laa 


< eae (Ilemsi = Um4i-1|lins2 + + |\[pm+i = Pm+i-tllaa/n) 
m+1 


i A a 
<a™yV_ai< : 
== yi = ey 
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1 
l|Um — Um-1 ll1,n/2 am ollpm — Pm-1 IIn/2/e 
Cc 
< me (l]om—1 — Um—2l|n[]Um=1lln + |]Um—2lln|lem—1 — Um—alln) - 
Using (IX.5.67) and (IX.5.63) in this relation yields 
1 
|| Bn — Um-1 lla,n/2 a vllpm — Pm-1 Iln/2/R 


ve? 1 
<aL$p (1m — Ym-allsn/2 + = lIPm—a — Pm ja) . 


which in turn implies (I[X.5.68) with 


dy? ¢2 
a= 1D 


Vv 


Thus, if f,v, satisfy (IX.5.66), there are v € W!"/2(Q), p € L"/?(Q) such 
that 
Um > v strongly in W1"/?(2) 


Pm — p strongly in L"/?(Q)/R. 


From (IX.5.61) it follows at once that v, p satisfy (IX.1.11), which completes 
the proof of existence. In addition, by (IX.5.63), ([X.5.65), and (IX.5.66) we 
have 


1 1 c 
5 lelln + |lvllinj2+ 7 llPlln2/e 5 (NF ll-an/a + l}oxlln—2)/nn/2(00)) « 


(IX.5.69) 
Taking into account Theorem IX.5.2, we may then conclude with the following 
result. 


Theorem IX.5.3 Let Q be a bounded domain in R", n > 5, of class C? and 
let f € Wo 2"/?(Q), v. € W-2)/2/2(9Q) with 


i vy. n=0. 
OQ 


Then, there exists a positive C = C(n, 92) such that if 
WF l|-1n/2 + lle «|l(~n—2) nsn/2(a2) < CV”, 
there is a generalized solution v to (IX.0.1), (IX.0.2) such that 
vE wh), pe 1) 


where p is the pressure field associated to v by Lemma IX.1.2. Moreover, v, p 
satisfy (IX.5.69). Finally, if 2 is of class C°, f € C°(2) and v, € C°(O2), 
then v, p€ C™(22). 
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Concerning the uniqueness of these solutions, we observe that if 


If l|-1,n/2 oF || || (m—2) /n,n/2(A2) (IX.5.70) 


is sufficiently small, by the method used in the proof of Theorem IX.2.1 and 
Remark [X.2.3, it follows immediately that they are unique in the class of 
generalized solutions which, in addition, satisfy v € L"(2). However, we can 
prove a more general result which ensures uniqueness in the class of generalized 
solutions that obey the energy inequality.® We shall sketch the proof of this 
result in the special case when v, = 0. To this end, we notice that, by Exercise 
IX.3.1, we can construct, in any dimension n > 2, a generalized solution 
satisfying the following energy inequality 


violis <—(f,v). (IX5.71) 


Let now v, be a solution corresponding to f as given in Theorem IX.5.3. In 
view of Remark IX.1.4, we can show that v1 satisfies the energy equality 


y|vi|i.2 = —(f, 1). (IX.5.72) 
Again by Remark IX.1.4, we can take y = v; in (IX.1.2) to obtain 
—v(Vv, Vui) — (uv: Vv, v1) = (f, v1). (IX.5.73) 


By the same token, we can consider (IX.1.2) with v replaced by v1, and choose 
y =v. We then get 


—v(Vvuy, Vv) — (v1: Vu, v) = (fv). (IX.5.74) 


If we add together (IX.5.71)—(IX.5.74), and use again Remark IX.1.4, we can 
show that 


y|wt.s < (w- Vw, v1), (IX.5.75) 


where w = v — v1. We now use (IX.1.6) and (II.3.7) on the right-hand side of 
(IX.5.75) to deduce 


(v — collvilln) lwlt,2 < 9, 


with co = co(n). This latter inequality along with (IX.5.69) written with 
v = V1, proves uniqueness if the norm (IX.5.70) of the data is sufficiently 
small. We finally observe that this uniqueness result implies that for n > 5, 
any generalized solution v corresponding to smooth small data and satisfying 
(IX.5.71) is smooth. oO 


° We recall that ifn = 2,3, 4, every generalized solution satisfies the energy equality 
(that is, (5.45) with equality sign), while, for n > 5, this equality is satisfied by 
those generalized solutions which are also in L"({2); see Exercise [X.3.1. 
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IX.6 Limit of Infinite Viscosity: Transition to the Stokes 
Problem 


As we noticed in the Introduction to Chapter IV, the Stokes system is to be 
regarded as a formal approximation of the Navier-Stokes system, whenever 
the inertial term v- Vv becomes small compared to the viscous term v Av or, 
in dimensionless language, whenever the Reynolds number 7? becomes van- 
ishingly small. The question arises quite naturally of whether one can give 
a rigorous mathematical justification of this approximation. The affirmative 
answer to such a problem, in the case of a bounded region of flow, is essentially 
due to Odqvist (1930, 86); cf. also Finn (196la, Section 7a)), and is founded 
upon the estimate of the Green tensor associated to the Stokes system. Here, 
we shall follow a different approach based, mainly, on Theorem IV.6.1. Specif- 
ically, we shall show that every generalized solution v to (IX.0.1), (IX.0.2), as 
v — oo (or R — 0) tends to the generalized solution w of the Stokes problem 
(IV.0.1) corresponding to the same data, cf. Theorem IX.6.1. Furthermore, if 
2, f, and v, are sufficiently smooth, we show that the following estimates 


are valid 
v— wilco <Cy/v 
SAPNA) OEY ee ais (IX.6.1) 
lp’ — tlle) < Co/v 


where p' = p/v,7 are the pressure fields associated to v and to w, respectively, 
and C1, C2 are known functions of the data and of the positive number Vp. 


Theorem IX.6.1 Let 2 , f, and v, be as in Theorem IX.4.1. Denote by 
v = v(a2;V), p = p(x; v) the family of generalized solutions to (IX.0.1), (IX.0.2) 
corresponding to f , v» and parameterized in v > 0, whose existence has been 
established in Theorem IX.4.1. Moreover, let w , 7 be the generalized solution 
to the Stokes problem (IV.0.1) and the associated pressure field, respectively, 
corresponding to f and v., whose existence is guaranteed by Theorem IV.1.1. 
Then 
lv — what lip! — alle < ef, v Ev 


where c is a known function of the data and of vo (cf. (TX.6.3), (IX.6.4)) and 
Vo is any positive fixed number. 


Proof. Setting u = v — w, by the definition of a generalized solution and 
Remark IX.1.1 we obtain 


1 
(Vu, Ve) = =e -Vv,¢), for all p € Dy7(). (IX.6.2) 


Since Q is locally Lipschitz, we have u € Dj’7(Q) (cf. Section III.5, and we 
may take w = » in (IX.6.2) to obtain 


1 
lul?.2 = =|(v- Vo, u)] 
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Thus, Lemma IX.1.1 and inequality (11.5.5) imply 
C 
llelli2 < Sllollie, 


with C = C(n, 2). Substituting into this inequality (IX.4.51) with ® = v/2 
(say) furnishes 


l+yvp 
V 


|v» Il /2,2(02) 


(IX.6.3) 
where C = 2c;. Furthermore, using (IX.1.11) and (IV.1.3) (the latter written 
with w and z in place of v and p), we deduce that 


1 1 
lea < 8 (Sifla2 + Seed y2acam + 


(Vu, Vy) + (v- Vv, ~) = +(p — v7, V- wy) 


for all a € De tg) and so, reasoning as in the proof of Theorem IX.3.1, we 
obtain 
lp — v2 < Cs (viet 2 + lll? ») (IX.6.4) 


which, on account of (IX.6.3) and of (IX.4.51), completes the proof of the 
theorem. 


Remark IX.6.1 Theorem IX.6.1 is also valid in dimension n = 4. If n > 5, 
as already noticed several times, we cannot take y = u into (IX.6.2), because 
a generalized solution need not belong a priori to L"(Q). However, using the 
more regular solutions constructed in Theorem IX.5.3, the reader will prove 
without difficulty that Theorem IX.6.1 continues to hold with vp) depending, 
this time, on the magnitude of f and vx. Oo 


We shall next show that, if 2 is of class C? and if the data satisfy 


nr 
n+r’ 


few'7(Q), ve EW V%7(90), c= r>n, (IX.6.5) 
then estimates (IX.6.1) hold. To fix the ideas, we suppose n = 3, the case 
where n = 2 is treated similarly. If v is a generalized solution to (IX.0.1), 
(IX.0.2), then v - Vv € Wo '%(Q) and from the estimates for the Stokes 
problem derived in Theorem IV.6.1 we obtain v € W1!:3(Q); furthermore 


Cc 
vllia < : (lollé + IF ll-a,3 + vllesll2/3,3(0.2)) 
(IX.6.6) 
SS (ellz,2 + IF ll-a,3 + 4lle«ll2s,3(a.2)) 


where, in the second inequality, we have used the embedding Theorem II.3.4. 
Again by this latter theorem we deduce 


\|vl]s <callvlla.3, for alls >1, (IX.6.7) 
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and, by the Holder inequality, 
lv: Vollg < llvllsq/(s—apllvlli.s, for all q € (1,3). (IX.6.8) 


Theorem IV.6.1 then furnishes v € W?4%(Q), for all q € (1,3), and, by 
(IX.6.6)-(IX.6.8), 


C3 
olla SS (lelBgi(a-0) + Fla + lleelle-ajaqiom))- ——(1X.6.9) 
On the other hand, by Theorem II.3.4, 


IlUlloo S callvlle.g 
for all g € (3/2, 3), (IX.6.10) 
IlPll1.3q/(3-4) S ¢allvll2.q 
which, for these values of g, together with (IX.6.8), implies 
|v Vollig < (lv: Vollg + Vv: Ve)lq) 


SA(|]v- Vollq + lloll7,2g + llvlleollvlle.a) 


< ¢5]|0|13,.- 


In view of Theorem IV.6.1 we then obtain for all g € (3/2, 3) 


C6 
lell3.0 < — (lo Vella + Flug + Yllvslls—1/4,002)) 
. (IX.6.11) 
oy; (Wellag + UF lag + Y Ile |l3—1/4,0(02)) - 
Now, setting as before u = v — w and, further, tT = (p/v — 7), we have 
1 
Au = -v-Vu+Vr 
V in 2 
V-u=0 
wu=0 at on 


and, by Theorem IV.6.1, we recover for r > 3 


1 Cg 
llella.r + [rll < Slo: Velie <= ([lell2e + [lelloollellar)- (TX.6.12) 


By Theorem II.3.4 we have, with o = 3r/(3+4+r) 
I|P|l2,r < c9llvlls,o (IX.6.13) 


and 
lv ll12- < crolle|ls,er/(344r) S c11||¥ll3,0 (IX.6.14) 


since r > 3. Therefore, (IX.6.10),, (IX.6.12)—(IX.6.14) furnish 
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C12 
I|tI|3,r + || Ilan S = Ill3,c 


C13 2 
= oe (lols. + Filla + Y||exlls—1/0,0(a2)) 


and estimates (IX.6.1) become a consequence of this latter inequality, of The- 
orem II.3.4, of (IX.6.6), (IX.6.9), (IX.6.11), and (IX.4.51). 


We have then proved the following result: 


Theorem IX.6.2 Let 2, f, vx, v, p, w, and 7 be as in Theorem IX.6.1 
with Q of class C® and f , v, satisfying (IX.6.5). Then v — w € C?(2), 
p—m € C1(Q) and they obey estimate (IX.6.1) with vo any positive, fixed 
number. 


Remark IX.6.2 If n > 4, Theorem IX.6.2 continues to hold provided we 
use the more regular solutions constructed in Theorem IX.5.3. However, this 
time, vq will depend on the size of the data; cf. also Remark IX.6.1. Oo 


IX.7 Notes for the Chapter 


Section I[X.1. The introduction of the pressure field p for weak solutions as 
an element of a suitable L7-space is essentially due to the work of Solonnikov 
& Séadilov (1973), cf. also Lemma IV.1.1. Actually, these authors show the 
existence of p in the case of the linearized Stokes system but their ideas carry 
over, without conceptual difficulties, to the nonlinear Navier-Stokes problem. 

The general results derived in Lemma IX.1.2 and Remark IX.1.5, whose 


proofs are based on ideas of Solonnikov & Séadilov, are due to me. 


Section [X.2. Uniqueness of generalized solutions in the form presented here 
can be traced back to the papers of Hopf (1941, 1957); cf. Finn (1961a Section 
8). 
The condition (IX.2.4), ensuring that a generalized solution is unique, can 
be improved in several respects. For instance, following the work of Serrin 
(1959a) one can give a variational formulation of uniqueness that is aimed, 
among other things, at yielding the “best” upper bound on v for uniqueness 
to hold. It is interesting to observe that such conditions likewise ensure the 
nonlinear energy stability of v, cf. Joseph (1976), Galdi & Rionero (1985). 


Section IX.3. An interesting variant of Leray’s existence theorem that shows 
existence of generalized solutions has been given by Ladyzhenskaya (1959b, 
Theorem 2); cf. also Vorovich & Youdovich (1961, Theorem 1). The variant 
is based on the following steps. First, as we already remarked, Ladyzhen- 
skaya gives a variational formulation of the boundary-value problem (IX.0.1), 
(IX.0.2). Such a formulation leads to an equivalent operator equation for the 
velocity field v of the form 


v=s(Avtf), () 
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with A a suitable nonlinear operator in an appropriate Hilbert space H. She 
then proves that A is completely continuous and that every possible solution 
v to (*) that is in H admits a uniform bound independent of 1/v € (0, B). 
This fact, together with a simplified version of the Leray-Schauder theorem, 
produces existence in the physically relevant cases of two and three dimen- 
sions. For the sake of mathematical generality, however, it should be noted 
that neither Leray’s nor Ladyzhenskaya’s argument works in four dimensions 
due to the fact that the operator A is no longer completely continuous. This 
problem was taken up and solved by Shinbrot (1964) who proves that a prop- 
erty for A weaker than complete continuity is sufficient to recover existence 
to («). In light of this consideration, the method of Fujita which we used here 
assumes even more relevance since, as we have seen, it applies in all space 
dimensions.! 

Existence of g-generalized solutions (see Remark IX.1.3) has been inves- 
tigated by Serre (1983). Specifically, he proves that if Q C R", n = 2,3, is 
(bounded) and of class O?, then given 


fe Do'(2), q€ (n/2,2), 


there is at least one corresponding q-generalized solution to (IX.0.1), (IX.0.2) 
with v, = 0. The result is also extended to the case v, 4 0. The case g = 3/2, 
for n = 3, left out by Serre has been lately covered by Kim (2009, Remark 6). 

More recently, there has been an increasing interest in the study of the 
properties of very weak solutions. These latter are characterized by a weakly 
divergence free velocity field v € L"(2)? satisfying the condition 


(v, Aw) = =( . VY, v) + i) _ (n . Va, Vx)aa ’ (*) 


for all p € W*™=7(2)N Ht (£2) = Wo(2), where, we recall, (-,-)aq is 


the duality pairing between the spaces W~'/%9(9Q) and W!~1/4-'(8Q). As 
mentioned in the Notes for Section IV.6, even though, at the outset, very 
weak solutions are not weakly differentiable, they still possess a well defined 
trace at the (sufficiently smooth) boundary, in an appropriate space; see Galdi, 
Simader & Sohr (2005, Theorem 1). The study of existence and uniqueness 
of very weak solutions in a smooth (for instance, C'!), bounded and simply 
connected domain of R”, n = 2,3, was initiated by Marusi¢-Paloka (2000). In 
particular, when n = 3, this author proves existence for any f © Wo (2) 
and v, € L?(02). Successively, when Q is a bounded domain of R? of class 


' As a matter of fact, the method, as presented in the paper of Fujita (1961) fails 
for space dimension n > 4. However, the slight modification given by Finn (1965b 
§2.7)) and adopted by me permits the demonstration of existence of generalized 
solutions for all n > 2. 

? One may replace L” with L’, with q > n, on condition of choosing appropriate 
test functions w in (**); see the literature cited below. However, the case gq =n, 
is, of course, the more interesting, because it is the case of less regularity. 
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C?:!, Galdi, Simader & Sohr (2005) showed existence under the more gen- 
eral assumption v, € W~'/3:3(0Q). (See Farwig, Galdi & Sohr (2006), for 
similar results when n = 2.) However, such a result requires the data to be 
“sufficiently small”. This latter restriction was further removed by Kim (2009, 
Theorem 1), by cleverly combining arguments of Galdi, Simader & Sohr with 
those of Gehrardt (1979) and MaruSsié-Paloka. For the sake of precision, it 
is worth noticing that Kim’s definition of “very weak” solution (as well as 
Marusié-Paloka’s) is, in principle, more restrictive than the one adopted by 
Galdi, Simader & Sohr, where the test function in (**) is chosen from the 
space C? (2), defined in equation (*) in the Notes for Section IV.6, instead of 
the space Wo(2). Of course, whenever Cé(2) is dense in Wo(22), the two def- 
initions coincide. This happens, for example, if Q is of class C?*%, a € (0,1). 
Whether or not the same is true for domains with less regularity remains to be 
seen. It must be finally noticed that, in the above papers with the exception of 
that by Marusi¢-Paloka, the more general condition V-v = g, with g suitably 
prescribed, is considered. 


Section [X.4. The case of nonhomogeneous boundary conditions was first 
treated by Leray (1933, pp. 28-30, pp. 40-41) by means of two different ap- 
proaches. The first is essentially that described at the beginning of the section, 
and it was successively completed and clarified by Hopf (1941, 1957); cf. also 
Ladyzhenskaya (1959b, Chapter I, §2), Finn (1961a, Lemma 2.1 and Section 
2a)). The second is based on a clever contradiction argument, which we would 
like to sketch here. As we have mentioned several times, the clue for existence 
is to show a uniform bound on the Dirichlet integral of all possible solutions 
v to (IX.0.1), ([X.0.2) (in a suitable regularity class): 


Vu: Vu<M, (D) 
Q 


with M independent of v ranging in some bounded interval [v9, 11], vo > 0. 
Contradicting (D) means that there is a sequence of solutions {v,, 7} to 
(IX.0.1), ([X.0.2) and of positive numbers {1;,} such that as k > oo 


Jp = Vup: VuR > OO, YRoV 
Q 


for a suitable v € [vo,v;]. On the other hand, it is easy to show (cf. Leray 
1933, p. 28), that, denoting by V a (sufficiently smooth) solenoidal extension 
of v, the following identity holds for all k ¢ N 


1 
1 f Vox: Von =— | on tin f Vor: VV + fog: Vor-V. 
2 dQ Q Q 


(x & x) 
Setting w, = vz/ Vv J, and using standard compactness arguments one shows 
that w, tends to a suitable solenoidal field w that vanishes at the boundary, 
and that, after dividing both sides of (***) by J, and letting k — ov, satisfies 
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w:-Vw-V=1. (1) 
Q 


Note that if V is an extension of v., V + is such for all y € D(2), and 
from (I) it follows that 


[wvw-e=0 for all y € D(2). 
Q 


In view of Lemma III.1.1, this latter condition, together with the fact that w is 
solenoidal and vanishes at the boundary, tells us that w solves the Euler-type 


problem: 
w:-Vw=Vr4 
in 92 
V-w=0 
w=0 at don 


(II) 


for some “pressure field” a. Therefore, the uniform bound (**), and hence 
existence of solutions to (IX.0.1), (IX.0.2), will be proved whenever we show 
that conditions (I) and (II) are incompatible. It is readily seen that (I) and 
(II) are certainly incompatible if the stronger condition (IX.4.7) is satisfied. 
Actually, from (II);,3 it follows that 7 is a constant 7; (say) on each connected 
component I; of 02, i =1,...,m+1.° Multiplying (II), by V and integrating 
by parts over 92 we find 


m+1 
[wv v=) mf U4°N 
Q =] Tr; 


and so, if we assume (IX.4.7), we obtain 


w:-Vw-V =0, 
Q 
which contradicts (I). Incompatibility under the sole condition (IX.4.6) was 
left open by Leray. However, it is readily seen that Leray’s approach as it 
stands does not lead in general to a contradiction. In fact, there are examples 
where conditions (I) and (II) are not incompatible. Consider, for instance, the 
annular domain 


Q= {x ER’: Ri < |x| < Ro} (IIT) 


o- | von=- f Ve N, 
I2 Ty 


Ty ={xeR?:|2)}=Ri}, In={ce R*: |z|= Ro}. 


and set 


where 


3 A detailed proof of this property is given by Kapitanskii & Pileckas (1983). 
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It is readily seen that the field w = u(r)eg solves (II) with 7 = — [(u?/r). 
Moreover, taking into account (IX.4.9), we show 


Ra 442 
[wvev=-o/ —. 
Q R, | 


As a consequence, if & < 0 the field 


Uu 
Re u2 eo 
(-® Jn =) 


satisfies both conditions (I) and (II) that are, therefore, compatible. 

The contradiction method of Leray just described has been more recently 
used by Kapitanskii & Pileckas (1983, §4), Borchers & Pileckas (1994) and, in- 
dependently, by Amick (1984). In particular, the latter author pushes Leray’s 
argument a bit further to show that conditions (I) and (II) are indeed in- 
compatible in a class of plane domains (2 and fields v., w possessing certain 
suitable symmetry. As a result, under these assumptions on the data, Am- 
ick proves existence requiring only the compatibility condition (IX.4.6) on 
the flux. The result of Amick has been successively rediscovered by Sazonov 
(1993). Another, constructive proof of Amick’s result can be found in Fu- 
jita (1998). If 2 is the annulus (IIT), Morimoto (1992) and Morimoto & Ukai 
(1996) have furnished existence under the general condition (IX.4.6), provided, 
however, the boundary data satisfy some extra restrictions. In this respect, 
see also Morimoto (1995), Fujita & Morimoto (1997), and Russo & Starita 
(2008). 

All mentioned papers need a sufficiently high degree of smoothness on 
both v, and QQ, e.g., of class C®. The first general result with v. in the 
“natural” trace space W1/??(92) is due to Foiag & Temam (1978), under the 
assumption that 2 is C?-smooth. 

Existence results in locally Lipschitz domains, and with boundary data of 
lesser regularity than the W!/?:?(0) one, have been proved in the interesting 
paper of Russo (2003). The approach followed by this author is based on 
potential-theoretic methods which, in turn, rely upon previous work of Fabes, 
Kenig & Verchota (1988). 

A maximum modulus result for (bounded) locally Lipschitz three-dimensional 
domains has been shown by Russo (2011). 

Uniqueness under conditions of the type given in Theorem IX.4.2 but with 
a computable constant c; can be found in Payne (1965). 


i 


Section IX.5. Regularity of generalized solutions was first proved by La- 
dyzhenskaya (1959b, Chapter IT, §2). An independent proof is given by Fujita 
(1961, §§4,5); see also Shapiro (1976a). Fujita also observes that analyticity 
of a generalized solution (v, p), corresponding to an analytic f in 2, follows 
from the fact that v,p € C(2) along with classical results of Morrey (1958) 
and Friedman (1958) on nonlinear analytic elliptic systems. A completely 
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different (and formally simpler) proof of regularity, based on the estimates of 
the Stokes problem, is due to Temam (1977, Chapter II, Proposition 1.1). 

All the above results hold in dimension n = 2,3 but fail if n > 4. The 
problem of regularity in higher dimensions has been considered by von Wahl 
(1978, Satz II.1) who gave a first, partial answer for n = 4. Successively, 
Gerhardt (1979) proved regularity of generalized solutions in dimension n = 4. 
An analogous theorem has been later obtained, by different tools, by Giaquinta 
& Modica (1982). Results found by all the above authors, however, do not 
admit a direct generalization to higher dimensions. Regularity of generalized 
solution v in arbitrary dimension n > 2 was first proved by von Wahl (1986) 
as a by-product of his study on the unsteady Navier-Stokes equations; cf. also 
Sohr & von Wahl (1984). von Wahl’s assumptions on v are a particular case 
of those of Theorem IX.5.2, obtained by setting there s = 2. He also requires 
extra regularity on 2. 

As already emphasized, our proof of smoothness of generalized (and q- 
generalized) solutions is based on Lemma IX.5.1. This lemma improves an 
analogous result shown in Galdi (1994b, Chapter VIII, Lemma 5.1) 

An interior regularity result similar to that of Theorem IX.5.1(a) is given 
by Kim & Kozono (2006, Corollary 5). However, these authors require n > 3 
and p € Li..(2), which are not needed in Theorem IX.5.1(a). 

In the paper of Kim & Kozono, the interesting problem of removable sin- 
gularities is also addressed. More precisely, assuming that a solution (v, p) 
to the steady-state Navier-Stokes equation is regular in the punctured ball 
B—{xo}, the question is to find conditions on the behavior of v(x) as x > xo, 
that ensure that the solution is regular in the whole of B. Similar questions 
were previously addressed by Dyer & Edmunds (1970), who first studied the 
problem, Shapiro (1974, 1976b, 1976c), and Choe & Kim (2000). 

The important question of regularity of very weak solutions has been inves- 
tigated by several authors. For interior regularity, we recall the contribution 
of Kim & Kozono previously mentioned and its improved version furnished 
by me in Theorem IX.5.1(a). Results on regularity wp to the boundary can 
be found in MaruSsic-Paloka (2000, Remark 3), Farwig, Galdi & Sohr (2006, 
Corollary 1.5), Farwig & Sohr (2009, Theorem 1.5), and Kim (2009, The- 
orem 3). In particular, in the latter two papers, the authors independently 
prove a result analogous to Theorem IX.5.2(a), under the following assump- 
tions (i) v € L®(2), q = n, ifn > 3, qo > 2, ifn = 2; (ii) V-v = g, 
gE L**0 (2) NW'4(Q) with a sufficiently “small” norm; (iii) v satisfies («*) 
for all ® € C2(Q), and 2 of class C?"! (Farwig & Sohr), all a € Wo(), and Q 
of class C? (Kim). All the above results leave open the intriguing question of 
weather, for n = 2, a very weak solution, with v € L?(Q) and corresponding 
to regular data, is regular. 
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Introduction 


Objective of this and the next two chapters is to investigate the mathematical 
properties of steady flow of a viscous incompressible fluid that fills the entire 
space outside a finite number of “bodies”, 92),...,2;, and whose motion is 


governed by the fully nonlinear Navier-Stokes equations. More specifically, we 
shall be concerned with the following boundary value problem 


vAv=v-Vu+2wxv+tVp+f 
in 2 


v=v, at ON 


to which we append the condition at infinity 


| ne (v(x) + Vo0(x)) = 0. (X.0.2) 
Here, as usual, 2 is a domain of R”, n = 2,3, exterior to 2 := UZ_, i, 


with 2; compact, i = 1,...,s, and 2; 2; = 0, for i F j, representing the 
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region of flow, f and v, are prescribed fields in 2 and OQ, respectively, while 
Voo(x) = V9 +w X #, with vp and w given constant vectors. As explained in 
Section I.2, this problem is of particularly great relevance in the study of the 
steady flow past a rigid body 6 that translates and rotates, when described 
from a frame, S, attached to B. In such a case, s = 1, B = $2, and w 
represents the (constant) angular velocity of the body, while vo is the velocity 
of its center of mass referred to S, supposed to be constant.! 


Since the type of difficulties encountered, the methods used and the results 
found in solving problem (X.0.1)—(X.0.2) are different according to whether 
w=0O0orw £0, and n = 2 or n = 3, we wish to treat the various cases in 
as many chapters. In the present one we shall consider the irrotational case 
w = 0, so that problem (X.0.1) reduces to 


vAv=v-Vv+Vp+f : 
in 


v=v, at ON 


along with the condition at infinity 


lim v(x) = —V. (X.0.4) 


|z|—-0o 


where Uv, = Uo € R?. 

With few exceptions, which will be either remarked on or explicitly noticed 
in the statements of our results, we shall be concerned with three—dimensional 
flows, while we shall treat the analogous, more involved two-dimensional prob- 
lem in Chapter XII. The three-dimensional case with w 4 0 will be studied 
in Chapter XI. To date, no significant results are available in two dimensions 
when w 4 0. 


We shall next describe the problems and the main results presented in 
this chapter. Following the work of Leray (1933), Ladyzhenskaya (1959b), and 
Fujita (1961), one gives, as we already did in previous chapters, a variational 
formulation of the problem and proves the existence of a weak solution v to 
(X.0.3), (X.0.4) without restrictions on the “size” of the data and even with a 
nonzero (but small) total flux of v. through 02. Such solutions, characterized 
by having a finite Dirichlet integral: 


Vu: Vu<M, (X.0.5) 

Q 
where M depends only on the data, are sometimes referred to as D- solutions, 
or also Leray solutions. In the investigation of the features of D-solutions one 
has to face two different kinds of problems. On the one hand, similarly to 
generalized solutions in bounded domains, one has to analyze their differen- 
tiability properties. However, this is simply achieved by using the regularity 


! See footnote 14 in Chapter I. 
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theory developed in the case 2 bounded and we can prove that D-solutions 
are, in fact, smooth provided the data are smooth. On the other hand, one 
has to show that D-solutions have those properties expected from the physi- 
cal point of view and tightly related to their behavior at large distances. For 
example, they have to verify the energy equation: 


2v | D(v): Dw) -f (vs + Vo) + T(v,p) 
Q an 


—2(v. + 00)? n+] f-(vt+v.0) =0 


7 (X.0.6) 
with D and T’ stretching and stress tensors (IV.8.6), which describes the 
balance between the power of the work of external force, the work done on 
the “body” 1, and the energy dissipated by the viscosity. Also, if f,v., and 
Voo are “sufficiently small” with respect to the viscosity v, the corresponding 
D-solutions must be unique. In addition, in the case s = 1, v. = f = 0 (rigid, 
impermeable body translating in the liquid with constant velocity vo), the 
flow must exhibit an infinite wake extending in the direction opposite to vo: 
inside the wake the flow is essentially vortical and the order of convergence of 
v tO Uo, is different depending on whether it is calculated inside or outside 
the wake. Finally, according to the boundary-layer concept, the flow must be 
potential outside the close vicinity of the body 92; and of the wake, which 
means (at least) that the vorticity should decay exponentially fast at large 
distances and outside the wake. 

Despite of the efforts of many mathematicians, for quite a long time these 
questions had no answer to the point that, in 1959, R. Finn was led to in- 
troduce another class of solutions characterized by the requirement that the 
velocity field v obeys, as |x| — 00, 


v(r) + Vo = O(|2|-1/2-*), some e>0, ifv. £0 


(X.0.7) 
v(z) =O(|z|—"), if ve =0. 

In a series of fundamental papers, Finn and his coworkers were then able to 
show that any such solution has all the basic properties previously mentioned. 
For this reason, he called solutions satisfying (X.0.7) physically reasonable 
(PR). Moreover, in 1965, by extremely careful and painstaking estimates of 
the Green’s tensor function, Finn showed that if the data are “small enough” 
there exists a unique corresponding PR-solution. 

It then appeared quite natural to study the relation between a D-solution 
and a PR-solution and, therefore, to ascertain if D-solutions can effectively 
describe the real world or are just mathematical inventions. However, although 
it is a relatively simple task to prove that a PR-solution is a D-solution, 
the question of whether the converse implication holds true has remained 
open for years and, even today, it presents some aspects that are yet to be 
clarified. Specifically, if vu. 4 0, K.I. Babenko (1973) has shown that every 
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D-solution v corresponding to a body force of bounded support is a PR- 
solution (cf. also Galdi 1992b, Farwig & Sohr 1998) while Galdi (1992c) has 
proved the same property for v.. = 0 provided, however, that v obeys a the 
“energy inequality” (that is, (X.0.6) with “=” replaced by “<”) and that 
the viscosity is sufficiently large. In this respect, it is worth noticing that 
the class of D-solutions obeying the energy inequality is certainly nonempty. 
The nonhomogeneity of these results for the cases uv. 4 0 and ve = 0 is 
essentially due to the following reason. They both rely on the asymptotic 
properties of solutions to the linearized approximations of (X.0.3), (X.0.4). 
Now, if uv. 4 0, such an approximation leads to the Oseen system, while if 
Voo = 0 it leads to the Stokes system and we know from Chapters V and VII 
that the asymptotic properties of solutions to the Stokes system are, in an 
appropriate sense, weaker than those of the Oseen one. 

In the present chapter, we shall follow the basic ideas of Galdi (1992a, 
1992b, 1992c), with several changes in the details. Thus, after proving exis- 
tence of D-solutions, we shall investigate, among other things, their asymp- 
totic behavior at large distances and shall show that it coincides with that of 
the Stokes or the Oseen fundamental tensor according to whether v is or is 
not zero. However, if vx = 0, we are able to prove this only for large viscosity 
and for D-solutions obeying the energy inequality. 

It should also be emphasized that if vy. = 0, several fundamental questions 
remain open. For example, it is not known if, for given f and v, there are 
solutions obeying the energy equation (X.0.6) without restriction on the size 
of the data or, equivalently, for all values of the viscosity. Moreover, it is not 
known if, when Q = R®, the only D-solution corresponding to f = 0 is the 
zero solution; see Remark X.9.4. 

In what follows, we shall find it convenient to put (X.0.3), (X.0.4) into a 
dimensionless form, and so we need comparison length d and velocity V. If 
Voo #0 and |2°| 4 0, we can take d = 6(2°), V = |v| and so, introducing 


the Reynolds number 


Vd 
R=—, 


Vv 
the system (X.0.3) becomes 
Av=Rv-Vu+Vp+Rf 
in 2 
V-v=0 
v =v, at ON 


(X.0.8) 


where v , vx, p, and f are now nondimensional quantities. In such a case 
the nondimensional velocity vu. becomes a unit vector that, without loss, we 
will take coincident with the unit vector e,. If either v. = 0 or 2 = R" this 
choice of d and V is no longer possible, even though we can still give meaning 
to (X.0.8), which is what we shall do throughout the chapter. 

We wish to observe that, whenever possible, we shall explicitly remark if 
and in what form a certain result we find can be generalized to dimension 
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n > 4. If no comment is made, it will be tacitly understood that either the 
result does not admit of a straightforward generalization to higher dimension 
or, even, that such a generalization constitutes an open question. 

Finally, we remark that all material presented here concerns the “classi- 
cal” formulation of the exterior problem. However, there is a wide variety of 
exterior problems which can not be included within this formulation and are 
of great physical relevance like, for example, the steady fall of a body or the 
steady motion of a self-propelled body in a viscous liquid. We shall not treat 
these questions and refer the interested reader to the works of Weinberger 
(1972, 1973, 1974), Serre (1887), Galdi (1999a), and to the comprehensive 
article of Galdi (2002) and to the references cited therein. 


X.1 Generalized Solutions. Preliminary Considerations 
and Regularity Properties 


We begin to give a generalized formulation of the Navier-Stokes problem 
(X.0.8) , (X.0.4) and to investigate some basic properties of the corresponding 
solutions, including their regularity. To this end, assuming at first v, p, and f 
are sufficiently smooth, we multiply (X.0.8), by gy € D(2) and integrate by 
parts over 2 to obtain 


[veive+R | vve-e=-Rf fro. (X.1.1) 
2 Q Q 


Thus, every regular solution to (X.0.8), satisfies identity (X.1.1) for all y € 
D(2). Conversely, as in the case where (2 is bounded (cf. Section IX.1), it 
is easy to show by means of Lemma III.1.1 that if v is of class O?({2), say, 
and satisfies (X.1.1) for some f € C(2) and all y € D(2), then v obeys 
(X.0.8), for some p € C'(2). However, if v merely satisfies (X.1.1) and is 
not a priori sufficiently regular, we cannot go from (X.1.1) to (X.0.8), and 
therefore (X.1.1) is the weak version of (X.0.8). 

As in the linear case, we shall consider the more general situation when 
the right-hand side of (X.1.1) is defined by a linear functional f € DQ), 

Thus, in analogy with Definition V.1.1, we give the following. 


Definition X.1.1. Let Q2 be an exterior domain of R”, n > 2. A vector field 
v : 22 — R” is called a weak (or generalized) solution to the Navier-Stokes 
problem (X.0.8), (X.0.4) if and only ift 


' Often, in the literature, generalized solutions are called D-solutions (or Leray 
solutions), where D means that they have a finite Dirichlet integral. We shall 
avoid this nomenclature in the present chapter, while in Chapter XII, which 
treats the two-dimensional case, it will be used to mean a field satisfying the 
requirements (i)-(iii) and (v) of Definition X.1.1 but not necessarily condition 
(iv). It should be emphasized that in three dimensions any such field obeys (iv) 
for some Veo € R?, as a consequence of Theorem II.6.1. 
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(i) ve DIA(A); 

(ii) v is (weakly) divergence-free in 92; 

(iii) v satisfies the boundary condition (X.0.8), (in the trace sense) or, if 
vx = 0, then Jv € Dy?(Q) where 0 € Ch(M) and V(x) = 1ifx € QR/»2 
and 0(r) =Oifze 2%, R> 26(2°); 

(iv) lim i |v(x%) + Voo| = 0; 
|z|—00 J gn-1 


(v) uv satisfies the identity 
(Vu, Ve) + R(v- Vv, ~) = -R[f,¢] (X.1.2) 
for all gp € D(). 


Remark X.1.1 Remark V.1.1 with q = 2, and Remark IX.1.1, Remark 
IX.1.3 equally apply to generalized solutions of Definition X.1.1. Oo 


Our next objective is to ascertain the existence of a pressure field associ- 
ated to a generalized solution and to investigate the corresponding properties. 
Existence is, in fact, readily established. Actually, if 


f © Wo -7(@), for every bounded domain 2! with M c Q, 
from Lemma II.6.1 and Lemma IX.1.2 it follows that there is a field 
p€ Li..(2) 
verifying the identity 
(Vv, Vp) + Rv: Vv, p) = (p, Vb) — RIF, Y| (X.1.3) 
for all wh € C§°(2). In particular, if 
fe We *(r), 


and 2 is locally Lipschitz, again from Lemma II.6.1 and Lemma IX.1.2, we 
deduce 
p € L*(Qr). 


However, unlike the case where 92 is bounded, we are not able a priori to draw 
any conclusion concerning the L?-summability of p on the whole of Q. This is 
due to the circumstance that if we only have 


v € D'?(9) 
we cannot guarantee the existence of c = c(v) such that 
|(v- Vv, p)| < clP1,2. (X.1.4) 


Nevertheless, if we restrict ourselves to three-dimensional flows, we can show 
summability for p with a suitable exponent in a neighborhood of infinity. In 
this regard, we can show the following. 
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Lemma X.1.1 Let 92 be an exterior domain of R”, n = 2,3, and let v be a 
generalized solution to (X.0.8), (X.0.4) in Q. Then, if 


f EW 7(2) (X.1.5) 
for every bounded domain 9’ with Q’ C 2, there exists 
pé Li,.(2) 


satisfying (X.1.3) for all % € C§°(2). If 2 is locally Lipschitz and for some 
R> d(2°) 
fe Wo *(r), 


we have 
p € L*(Qr). 


Moreover, if 2 C R? and, in addition to (X.1.5), 
f € Dp 4(2"), some R > 5(2°), and q € (3/2, 00), 
then p (up to an additive constant) admits the following decomposition 
p=pitpe, pie L*(2?), poe L(2?), p>R. (X.1.6) 
For this latter results to hold, no regularity on Q is needed. 


Proof. By what we already said, we have to prove only (X.1.6). We shall do 
this under the assumption v. = 0, the case v~ #4 O being treated in an 
entirely analogous way. For i = 1, 2, let 


(v;, Di) € Dye (2) x Le co), qa.= 3, q2= 4, 
be q;-generalized solution and associated pressure to the following Stokes prob- 
lems 
(Vui, Vy) = (pi, V . w) [fi ¥ ) y € CR (2*) ’ 
fi, :=—Rv Vu, foi=—Rf. 
Since by (iv) of Definition X.1.1 and Theorem II.6.1 we have 


(17) 


ve L5(2") 
and therefore, for all a € C§°(2”), 


|(v- Vu, p)| = |(v@v, VY) < lollg gelPlisy2, 
we conclude that 
f, € Dy? (Q*). 


By this and by the assumption on f, with the help of Theorem V.5.1? we 
show the existence of the above solutions. Next, from (X.1.7) and (X.1.3), it 
follows that 


2 And of Theorem VII.7.2 and Remark VII.7.3 when vec #0. 
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(V(v4 + v2 - v), Vp) = (p1 + p2 —p,V : wp) ’ wy = CR (2") ’ 


and so, from Theorem IV.4.3 we find that V := v,+v2—v and P := pj+p2—p 
satisfy the following properties 


AV=VP in 2", Vi,PEC™(O*). (X.1.8) 


Suppose, at first, q > 2. By the Holder inequality, Lemma II.6.3, and Exercise 
11.6.3 we find (with |x| =r, x € 2”) 


Bln) = fv (rw)Paw < ex (for + lel se + HOlB se) 
<© [(nr)4/8 + 9(r)tr—t+ 1] : 
where g(r) = (Inr)*/3 if q = 3, while g(r) = r?-°/4, if q #3. If q € (3/2, 2), 
by the same token, we estimate as follows 
iy(r) = ff Vues < es (lori ga + eal sa + IB se) 
<a [(In r)?4/3 + 7I-3 4 pHa? 4 1] 2 
As a consequence, we have, for all p > R, 


% Io( 
eee sT’dr <oo, if gq € [2,0) 


La 
[Ss at dr < 00, if q € (3/2, 2), 

p 

so that V satisfies the assumption of Theorem V.3.2, from which we derive, 


in particular, P € L°(?), for all p > R, and all s > 3/2. The proof of the 
theorem is then completed. 


Remark X.1.2 If n = 2, the proof just given fails, because Theorem II.6.1 
does not ensure any summability for v + v., on 2”. Consequently, for plane 
motions, a generalized solution has a priori no summability at all in the neigh- 
borhood of infinity. However, by a more detailed study performed in Chapter 
XII, where we will show that ifv. 4 0 the pressure field of any weak solution 
satisfying some mild extra property and corresponding to suitable body force 
is in L9(Q”) for all q > 2. If vo =0, the question is completely open. | 


Remark X.1.3 Lemma X.1.1 is readily extended to dimension n > 4. In 
fact, under the assumption 


fe Dy"(2"), gE (n/(n— 1), 00) 


one can show that 
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p=pitpe, pe Lr -2(QF), po € 19/2"), 


This result is obtained by the same technique used in Lemma X.1.1, observing 
that, by Theorem II.6.1, one has 


i+w..)* Vee Dy 0%). 
In particular, if 2 is locally Lipschitz and g = n/(n — 2), we have 
pe Perna), 


thus recovering for p the same property proved in the case {2 bounded; 
cf. Remark IX.1.5. It is interesting to observe that if the asymptotic properties 
of v merely reduce to v € D!:?(Q2), the exponent n/(n — 2) is sharp, even if 
f € C§(2), as the following argument shows. Consider (X.0.8), (X.0.4) in 
2 = R", n > 3, with ve = 0 and assume v, p to be a smooth solution cor- 
responding to f = V- F, where F = {F;;} € C§°(R”). (As will be proved in 
Theorem X.4.1, such a solution does exist.) By taking the divergence operator 
of both sides of (X.0.8) we then recover that the pressure field satisfies the 
following equation 


1 n 
Bop = Ds D;D; (ujv; + Fis). 
a;9=1 
Starting with this relation, we can then give an explicit representation for p. 


Actually, if p tends to a limit po at infinity, employing classical arguments we 
can easily show (with c; = ¢;(n), i = 1,2) that 


n 


p(x) = po + R{er > [v7 (x) + Fis(2)] 


71 
+¢e2 5° lim (viv; (y) + Fig(y)) [Di Dj lx — yl? dy} 
ij 7° YRS-B (2) 


If 
v € D'*(R"), (X.1.9) 
by the Sobolev inequality it follows that 
viv; € L/(™—2)(R”) (X.1.10) 
and so 
oye ie: 
Clearly, 


po € L'(R") for all gq > 1. 
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Moreover, the quantity 
D,D;\e— yy? 


is a singular kernel, and so, by the Calderén—Zygmund theorem, by (X.1.9) 
and the properties of F' we have 


p3 € LO?) er) 
pa € L{(R") for all gq > 1. 


We then conclude that 
pe Teen), (X.1.11) 


Since (X.1.10) cannot be improved under the sole assumption (X.1.9), the 
estimates on p; and p3 are sharp and therefore (X.1.11) is sharp too. |_| 


Exercise X.1.1 Let Q be a exterior domain of R", n > 3, of class C?. By the same 
argument used in the proof of Lemma X.1.1, show that if v is a weak solution to 
(X.0.8), (X.0.4) with 


vn» € W492), f € DEQ), ¢ € (n/(n— 1), 00) 


then p = pi + pe with pi € Yes ogee G0) 8 p2 € L*(2), where p is the pressure field 
associated to v by Lemma X.1.1. 


In the final part of this section we shall discuss the differentiability prop- 
erties of a generalized solution. This will be done with the help of Theorem 
IX.5.1 and Theorem IX.5.2. Specifically, we have the following 


Theorem X.1.1 Let v be a generalized solution to (X.0.8), (X.0.4) in an 
exterior domain 2 C R", n > 2 with v € L®..(Q).° Then, if 


loc 


fewer (Q), m>0, (X.1.12) 


loc 
where q € (1,00) if either m = 0 or n = 2, while q € [n/2, 0) ifm > 0 and 
n > 3, it follows that 
ve Wr (2), pewrt(a), 


loc loc 


where p is the pressure associated to v by Lemma X.1.1.* Thus, in particular, 
if 


3 These assumptions on on v can be replaced by the weaker requirements (i)—(iii) 
of Theorem IX.5.1; see also Remark IX.5.1. 

* Observe that if f satisfies (X1.1.23) for the specified values of m and q, then for 
all bounded 2’ with Q’ C 2 it holds that 


fEW, 7 (2), ifn=2,3 


while 
FEW, MD (0'), ifn >. 
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fec™°(g), 


then 
v, pe C™(22). 


Assume, further, that v € L"(Qr), for some R > 6(2°). Then if 2 is of class 
Oe and 
ew™t2-1/4.9(90), fe W™4(Qp) (01.13) 


with the values of m and q specified earlier, we have 
ve w™?4( Qe), pe wm4(Qp). (X14) 
Thus, in particular, if 2 is of class C°° and 
v. €C°(A2), f ¢C°(NR), 


it follows that 
v, pe C™@ (Op). 


Proof. The first part of the theorem (local regularity) has already been shown 
in Theorem IX.5.1. To show the second, from the hypothesis on f made in 
(X.1.13) we obtain, again by Theorem IX.5.1, 

v € Wint2d(Q), 


loc 


and, as a consequence, 
VE w™t?-1/49(ABr), 


Therefore, v is a generalized solution to the Navier-Stokes problem in the 
bounded domain Qr with v € L”(QpR) and corresponding to data satisfying 
the assumption of Theorem IX.5.2. Therefore, (X.1.14) follows and the result 
is completely proved. 


X.2 On the Validity of the Energy Equation for 
Generalized Solutions 


When we give a mathematical definition of solution to a system of equations 
relating to physics, one of the first questions that arises is that of establishing 
if these solutions meet all basic physical principles such as conservation laws 
or energy balance. Thus, in the present situation, a first issue to investigate is 
to ascertain if a generalized solution satisfies the energy equation. In the case 
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when the velocity at the boundary vanishes identically! this equation in its 
classical formulation reads: 


2 [| Div): Div) — v.: T(v,p)-n +R f F-(v+¥.)=0 (X.2.1) 


02 
where D and T are stretching and stress tensors defined in (IV.8.6). The 
meaning of (X.2.1) is quite clear: it represents the balance between the dissi- 
pation due to the viscosity, the power of external body force and, for v~ 4 0, 
the total force exerted by the liquid on the bodies. If 2 is bounded, the proof 
of the energy equation (i.e., the relation formally obtained from (X.2.1) with 
Voo = 0) depends solely on the regularity in 2 of the solution and one readily 
shows that, if f has a mild degree of smoothness, every corresponding gen- 
eralized solution satisfies the energy equation; see Exercise IX.3.1. However, 
if Q is an exterior domain, the proof of (X.2.1) demands not only certain 
regularity in Qp, for all R > 5(2°), but it also depends in an essential way on 
the asymptotic properties of the solution. To see this, assume v, p is a classical 
solution to (X.0.8), (X.0.4) with v, = 0. Multiplying (X.0.8) by u:= vt v5, 
integrating by parts over Qr and taking into account (X.0.8),, we deduce 


2/ Dw): D(v) -ve- T(v,p):n+R] f- (vu tv) 


“a is ote (X.2.2) 
=R| u-T(v,p)-n- — u-v-n. 
OBR 2 JaBr 
If v is a generalized solution, 
ve D2). (X.2;3) 


So, if f is “well-behaved” at infinity, letting R — oo into (X.2.2), the left- 
hand side of (X.2.2) tends to the left-hand side of (X.2.1); nevertheless the 
sole condition (X.2.3), together with condition (X.1.6) on the pressure,” is not 
enough to ensure that the surface integral on the right-hand side of (X.2.2) 
tends to zero as R — oo, even along a sequence. Thus, we are not able to 
conclude the validity of (X.2.1), unless we have further information on the 
behavior of v at large distances. 

Another (equivalent) way of looking at the problem is the following one. 
Assume, for simplicity, v. = V9. = 0. Then, taking into account that |v|?. = 
2||D(v)||3, in our standard notation, the energy equation (X.2.1) becomes 


|v|Z 2 =-R f, v| . (X.2.4) 


' This assumption is made here for the sake of simplicity. The case v. 4 0 will be 
considered later in this section. 

? Recall that, by Remark X.1.3, (X.1.6) is sharp for a generalized solution. More- 
over, (X.1.6) holds if 2 C R*, otherwise, if Q C R*, we do not even know if 
p € L1(Q®) for some q € [1, 00). 
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From the definition of generalized solution we know that 
(Vv, Ve) + Rv: Vv, ¢) = -R If, 9] (X.2.5) 


for all y € D(2). The natural step would then be to put v_ into (X.2.5) in 
place of ~. However, unlike the case where 92 is bounded (see Exercise IX.3.1), 
we are not allowed a priori to do this, since v does not have the appropriate 
summability properties at large distances. This fact is intimately related to 
the continuity properties of the trilinear form 


a(u,v,w) =(u-Vv,w) (X.2.6) 
which, for an arbitrary domain 2 are specified in the following. 


Lemma X.2.1 Let 2 be an arbitrary domain in R", n > 2. Then the trilinear 
form (X.2.6) is continuous in the space 


L9(Q) x D'"(2) x £9(2), q7'+r-4 4571 =1. 
Ifn > 3, it is also continuous in the space 


Do” (2) x D™?(Q) « 1(0). 


Proof. The first assertion is a trivial consequence of the Holder inequality, 
while the second is proved by choosing g = 2n/(n — 2), r = n and using the 
Sobolev inequality (II.3.7): 


U < ——— | : 
| Iberies 2) => 2( an 12 


In view of this lemma we can thus formally? replace y in (X.2.5) with the 
generalized solution v if, for instance, v € L4(2) (by choosing q = s = 4,r = 
2) or, ifn > 3, v € L"(M2). 

The reasonings just developed explain why, in the case of an exterior do- 
main §2, a solution should still be considered a “generalized” solution even 
though it is smooth in Qp for any R > 6(2°). Actually, unlike the case where 
92 is bounded, where the word “generalized” expresses only a possible lack 
of differentiability, for 2 exterior it is also to mean the possibility that the 
solution need not be as “regular” in the neighborhood of infinity as expected 
from the physical (and intuitive) point of view. 

Our objective in this section is to investigate what regularity must be 
imposed on the velocity field at large distances in order that it satisfies equa- 
tion (X.2.1). Successively (cf. Section X.7 and Section X.9), we shall analyze 


3 We have, in fact, to ascertain that v can be suitably approximated by functions 
from D(2). 
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whether such a regularity can be deduced by making suitable assumptions on 
the data (on f in particular). Specifically, when the region of flow is three- 
dimensional, we shall prove that if f enjoys certain summability conditions, 
every generalized solution corresponding to suitable f and v. #0 obeys the 
energy equation. If v.. = 0, however, we are able to show the same result 
only for small Reynolds number R. Thus, if vo. = 0 the validity of (X.2.1) for 
arbitrary R remains open. If the region of flow is two-dimensional the picture 
is even less clear and will be treated in detail in Chapter XI. Specifically, for 
plane flows one shows that, if f is suitable and v. 4 0, every generalized so- 
lution satisfying a mild extra property obeys (X.2.1) (even though existence 
is only known for small R) while, if v. = 0, the question remains entirely 
open. 

Before performing the above investigation, however, there is a formal as- 
pect that must be fixed. If vu #0 and v merely belongs to W,)7(Qp) for all 
R > 6(Q°), as prescribed by Definition X.1.1, the second integral in (X.2.1) 
need not be meaningful. Thus, in such a case, we have to introduce a suitable 
generalization of (X.2.1). Let us denote by a any vector field in 2 verifying 


(i) ae o™(Q); 
(ii) V-a=0; (X.2.7) 
(iii) a =0 in Qg anda+vq =0 in 274 for some d > 6(2°). 


For instance, we may take a as in (V.2.5). If v.. = 0 we take a = 0. The 
field a will be called an extension of v... We then give the following. 


Definition X.2.1. Let v be a generalized solution to (X.0.8), (X.0.4) corre- 


d 


sponding to v, =0 and let a be an extension of v.. The relation 
lvlio + Rif, v + a] = (Vv, Va) — R(v- Va,v +a) (X.2.8) 


is called generalized energy equation. 


To justify the preceding definition, we notice that, if v. = 0, (X.2.8) 
coincides with (X.2.1), while it reduces to (X.2.1) for vu. 4 0, provided 2, f, 
v, and p are sufficiently smooth. For example, if Q is of class C! and 


v € C'(QR)NC*(Qr), pe C(QR)NC (QR), Ff € C(M), 


multiplying (X.0.8) by @+ Vo, integrating by parts over QR and observing 
that supp (Va) C Qa. it follows that 


[eterke = Rif, atv..]+2(D(v), D(a))—R(v-Va, v—a). (X.2.9) 


Taking into account that4 


* Let wi, uz € D'?(Q), with ui—uz € Dj? (2). Then, the following identity holds 
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lwli.2 — (Vv, Va) = 2[||D(v)||3 — (D(wv), D(a))], 


(X.2.9) along with (X.2.8), implies (X.2.1). 


Exercise X.2.1 The validity of (X.2.9) can be shown under very mild regularity 
assumptions on f. For example, suppose that, for some R > 6(2°), f € L"(Qr), 
where r is arbitrary in (1,00). Assume, further, v. = 0 and 2 is of class C?. Show 
that every generalized solution v corresponding to these data satisfies (X.2.9) with 
p pressure field associated to v by Lemma X.1.1. Hint: Use Theorem X.1.1 and 
Exercise I.4.3. 


Remark X.2.1 In Section X.4 we shall prove that, regardless of the dimen- 
sion n > 2, for any f € Dp '2(() there exists a corresponding generalized 
solution that (for v, = 0) satisfies the generalized energy inequality, that is, re- 
lation (X.2.8) with “=” replaced by “ < ”. However, the case 2 = R? appears 
to be open; see Remark X.4.4 | 


The main results of this section are contained in Theorem X.2.1 and The- 
orem X.2.2, which we are now going to prove. 


Theorem X.2.1 Let v be a generalized solution to the Navier-Stokes prob- 
lem (X.0.8), (X.0.4) in an exterior locally Lipschitz domain of R", n = 2,3, 
corresponding to f € D5 (0), v. = 0 and to some vo € R”. Then if 
Voo = 0, a sufficient condition in order that v satisfies the generalized energy 
equation (X.2.8) with a = 0 is 


v€ L(2) (X.2.10) 


while, if vx # 0, a sufficient condition in order that v satisfies (X.2.8) for any 
extension @ Of Vo is 


V+ Voo € L4(2)N L4(2) 
(M211) 
Vo Vu € LT (22) 
for some q € (1,0), 7 =q/(q-1). 


Proof. Let us first consider the case where v. = 0. By Definition X.1.1 and 
Remark XI.1.1 we have ” 
v € Dy (2) 


and, since 92 is locally Lipschitz, by the results of Section IIL.5, 
v € D5? (2). 
Jualia — (Vea, Vuz) = 2I||D(us)||3 — (D(u1), D(uz))]. 
In fact, let {wi} C D(2) be such that |wx — (wi — u2)|12 — 0 as k — oo. 


Multiplying both sides of the identity 2V - D(wr) = Awkz by w1, integrating by 
parts over 92 and letting k — oo proves the result. 
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Denote by {vx} C D(2) a sequence of functions converging to v in the space 
Do? (2) N L4(Q). In view of (X.2.10) and Theorem III.6.2 this sequence cer- 
tainly exists. Replacing ~ with vz into (X.1.2) furnishes 


(Vv, Voz) + Rv: Vv, vn) = —RIF, vel: (X.2.12) 


Clearly, as k — co, 
(Vu, Vox) > |vlt.2 


(X.2.13) 
[f. vx] — [f,v]. 
Furthermore, by Lemma X.2.1, we have 
|(v- Vv, ve) — (v- Vv, v)| < |lvllaloli alle — vella 
and so, in virtue of (X.2.10), 
(vu. Vv, uz) > (uv: Vv, v). (X.2.14) 
However, it is immediately seen that 
(v- Vv,v) =0. (X.2.15) 


Actually, (X.2.15) is a consequence of Lemma X.2.1 and the fact that, by 
Lemma [X.2.1, 
(vu, Vup, ve) =90, forall keN. 


The proof of the theorem when v.. = 0 then follows from (X.2.12)—(X.2.15). 
Consider next the case where vx. 4 0. To this end, let a be any extension of 
Voo and set 

UuU=v+a. 


Since 92 is locally Lipschitz, by (i)-(iv) of Definition X.1.1, Theorem II.6.3, 
and the results of Section III.5 we obtain, as before, 


u € Dy” (2). (X.2.16) 
Furthermore, from (X.2.11), we also have 
wu € L4(2)NL4(2). (X.2.17) 


In view of (X.2.16) and (X.2.17), Theorem III.6.2 implies the existence of a 
sequence {u,} C D(2) converging to u in the space 


Dy (QA LFA(Q) AL 2), 
Setting ~ = ux into (X.1.2) we thus find 


(Vv, Vu) +R((v + V0): Vv, un) — R(Vo0: Vu, ux) = —R[f, up]. (X-2.18) 
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Taking into account Lemma X.2.1, (X.2.11), and (X.2.17), we recover, in the 
limit k — oo 


(Vv, Vur) > (Vv, Vu) 
((U + Vo): Vv, ur) > ((U + Veo) - Vu, u) (X.2.19) 
(Vo + VU, UK) > (Voo + Vu, wu). 

Moreover, since for all k €¢ N 

((v + Voc): Vux, ux) = 0, 
we have, again by Lemma X.2.1, 

((v + Vo): Vu, u) = 0 

and (X.2.18), (X.2.19) furnish 


vl» +R{f,v—a] = (Vv, Va) -—R(v- Va,v—a)—-R(v—-Vu,u). 
(X.2.20) 
We have now to show that the last term on the right-hand side of (X.2.20) 
vanishes identically. First of all, we observe that it is clearly well-defined since, 
by (X.2.11), and (X.2.17) it follows that 


Vo Vu ue Li(2). (X.2.21) 


Next, taking v. = e1, for p > 6(2°) we let {Cx,,}, k € N, denote a family of 
cylinder-like domains of the form 


Chyp = {a € 2: |a'| < ky |e] <p, 


where x! = (#9,...,%n). For sufficiently large k and p it is Cy, D 2° and, 
correspondingly, we find 


| Vo: Vuru= ous | we | u2,  (X.2.22) 
iy Ce,p O€1 Da (kp) Ea(k,p) 


where 
31 (k,p) ={v ER: a1 =p, |a'| <k}, 


Za(k,p) = {0 ER: 21 =p, |a!| Sh}. 
By (X.2.11),, it is easy to show that, for each fixed k, 
lim wv =0, ¢=1,2. (X.2.23) 
POO LEi(Kp) 


In fact, setting x, = (p,0,...,0), by the boundary inequality (II.4.1), it follows 
that 
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1/2 


/ w | <er (llulle,5.(,) + V4lle,B.(2,)) 
Yi (k,p) 


S C2 (lulls, a.(e,) + IV Ullo,Be(e0)) 
with c; = cj(n,k), and so (X.2.23) with 7 = 1 is recovered. By an analogous 
argument one shows (X.2.23) with i = 2. Putting 


Ch ={x EQ: |2'|<k, 71 ER}, 
from (X.2.22), and (X.2.23) we find 
i Vo: Vu-u=0 (X.2.24) 
Cr 
for all sufficiently large k. On the other hand, by (X.2.21), 
k—-o0o 


lim Woe Vu foe Vuru 
Cr Q 


and so, by (X.2.24), 
(V0. + Vu, u) = 0, 


which completes the proof of the theorem. 


Remark X.2.2 The theorem continues to hold under different assumptions 
on f. In fact, f is required to satisfy 


[f, vx — a] — [f,v — al. 


Therefore, one can take 
fel; (X.2.25) 


or else, if Vo £0, ; 
f € £7 (2). 
o 


Remark X.2.3 If n = 3, Q is of class C?, and f satisfies (X.2.25), then 
condition (X.2.10) alone is enough to ensure the validity of the energy equality 
also in the case vx 4 O. In fact, under the stated assumptions on v and f, 
by the Holder inequality we find [(v + v.)-Vu + f] € £4/3(Q). Therefore, 
from Theorem VII.7.1 and Theorem VII.6.2, it easily follows, in particular, 
that v..- Vu € L4/3(Q), and condition (X.2.11) remains satisfied with q = 4. 

| 


Remark X.2.4 Theorem X.2.1 continues to hold, as it stands, in dimension 
n > 4, the proof remaining completely unchanged. In this respect, it is in- 
teresting to observe that if n = 4, from Theorem II.6.1 it follows that every 
generalized solution corresponding to vx = Voc = 0 satisfies (X.2.10). We may 
then conclude that in dimension 4 any generalized solution corresponding to 
Vx = Vo = 0 satisfies the energy equality. Such a result is not known in 
dimension n = 3. |_| 
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Theorem X.2.1 can be extended, with no essential technical changes, to the 
case when the velocity v, at the boundary is not identically zero. To this end, 
we need a suitable extension of both v, and v.. Following what we already 
did in the proof of Theorem V.2.1, for 2 locally Lipschitz and 


v,. € Wi/22(aQ), 
we may take 
A=V+4VE-a. (X.2.26) 


Here V € W1(2) is an extension of v, — ®VE vanishing in 2° for some 
p > 0(2°), ® is the flux of v, through 02, and @ is an extension of Uo 
in the sense of (X.2.7). Taking into account the elementary properties of the 
fundamental solution of Laplace’s equation, from (X.2.26) it is apparent that 
(i) |A(e) + ¥.0] < 1] |al-"+ in 2, © = e(n); 
(ii) A € D§8(2°) A W12(2,)NC%(Q), for all s > 1: 
(iii) A=v, at ON; 


(iv) V-A=0 in. 


(3927) 


In particular, if 6 = 0, A+ Vv. is of bounded support in 2. Any field A 
satisfying conditions (i)-(iv) in (X.2.27) will be called an extension of v. and 
Voo. Thus, generalizing Definition X.2.1, we give the following definition. 


Definition X.2.2. Let v be a generalized solution to (X.0.8), (X.0.4) and let 
A be an extension of v, and vo. The relation 


lvl7o+ Rif, v — A] = (Vv, VA) — R(v- VA,v— A) (X.2.28) 


is called the generalized energy equation. 


As expected, under suitable regularity assumptions on the data and v, 
identity (X.2.28) reduces to the energy equation in its classical formulation, 
cf. Exercise X.2.2. 


By a procedure completely analogous to that used in the proof of Theorem 
X.2.1, one can show the following result. 


Theorem X.2.2 Let v be a generalized solution to the Navier-Stokes prob- 
lem (X.0.8), (X.0.4) in an exterior locally Lipschitz domain of R", n = 2,3, 
corresponding to 


fe Dy 7(0), ve © W27(AD), veo ER”. 


Then, if Vo. = 0, a sufficient condition in order that v satisfies the generalized 
energy equation (X.2.28) for any extension A of v, and UV is that (X.2.10) 
holds. Likewise, if v.. # 0, a sufficient condition in order that v_ satisfies 
(X.2.28) for any extension A of v, and Vo is that (X.2.11) holds for some 
q>n/(n—1). 
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Remark X.2.5 The restriction on qg (not needed in Theorem X.2.1) is due 
to the fact that, if ® 4 0, the field A belongs to L4(2°) for g > n/(n — 1) 
only. However, if 6 = 0, A can be taken of bounded support and we may 
assume g € (1, 00). o 


Remark X.2.6 Remark X.2.2 equally applies to Theorem X.2.2. The same 
holds for Remark X.2.3, provided we assume v, € W°/*4/3(9Q), Oo 


Remark X.2.7 Theorem X.2.2 continues to hold in dimension n > 4. Oo 


Exercise X.2.2 Let f, v, and 2 satisfy the assumptions of Exercise X.2.1 and 
Theorem X.2.2. Suppose, further, that 


aye We" (892), 


with r as in Exercise X.2.1. Then, if = 0, show the identity 


| n Teeter (Ux + V00)?¥.-n 
aQ 2 Jaa 


= Rif, A +v.] + 2(D(v), D(A)) —R(v-VA,v — A) 


with A an extension of v. and vo. If 6 £ 0, show the validity of the same identity 
under the additional assumption f € Do '°(Q). Thus, since® 


lv|i.2 — (Vv, VA) = 2[||D(v)||2 — (D(v), D(A))] 


under the stated assumptions, in view of Theorem X.2.2, v obeys the energy equation 


2f Div) Dw) f (actus) T— E(w. +0-0)*ve] nt Pleic=t, 
Q OQ Q 
(X.2.29) 


X.3 Some Uniqueness Results 


The aim of this section is to determine conditions under which a weak solu- 
tion v is unique. The problem offers more or less the same type of technical 
difficulties encountered in the preceding section, as we are about to explain. 
Let us denote by C, the class of weak solutions achieving the same data as 
v. Then, as we shall prove, in order for a weak solution to be unique in Cy, 
in addition to the (expected) restriction on the “size” of v in suitable norms 
of the type made in Theorem IX.2.1 for 2 bounded, we have to require on 
v some extra conditions at large spatial distances that a priori do not follow 
directly from Definition X.1.1. Thus, it becomes necessary to ascertain if such 
conditions are met by prescribing the data appropriately. This will be done 
in Section X.7 and Section X.9. It should be also said that, in fact, we are 


° The proof of this identity is similar to that given in footnote 4 in this section. 
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able to prove uniqueness only in the a priori smaller class C/, constituted by 
those elements of C, that satisfy the energy inequality (cf. (X.3.1)) and, if 
Voo # 0, verify further summability conditions at large distances (cf. (X.3.2)). 
Nevertheless, in Section X.4 we will prove that C/, is certainly nonempty. 

To accomplish our objective, however, we need to employ a method that 
is a bit different from that adopted for flows in bounded domains. This is 
because the use of such a method would lead to a uniqueness result that does 
not impose extra conditions directly on v but, rather, on v — w, w € Cy, in 
contrast to what stated previously. To see why this happens, we recall that 
the starting point of the method is the identity ([X.2.5) which, according to 
the nondimensionalization used in the present chapter, now reads 


R-*(Vu, Ve) + (u- Vu, y) + (u- Vv, 9) + (v- Vu, p) = 0. 


The next step is to substitute u for y into this relation and this can be done 
via the usual approximating procedure that employs the continuity of the 
trilinear form (X.2.6). According to Lemma X.2.1, we must then require some 
extra conditions on wu. However, u is the difference of two generalized solutions 
and the method would lead to a uniqueness result different from that stated 
at the beginning of the current section. 

The method we shall adopt here is due to Galdi (1992a, 1992c) and relies 
upon an idea introduced by Leray (1934, §32) in a completely different context, 
namely, that of local regularity of weak solutions to the initial value problem 
for the Navier-Stokes equations, and successively generalized by Serrin and 
Sather; cf. Serrin (1963, Theorem 6), Sather (1963, Theorem 5.1). In the case 
of steady flows in exterior domains with v, = vo = 0, the method was first 
considered by Kozono & Sohr (1993). 

Before proving the main results, we need to define the class C/, properly. 


Definition X.3.1 C!, denotes the subclass of C, constituted by those gener- 
alized solutions w satisfying the generalized energy inequality 


|wl?. + Rif, w — A] < (Vw, VA) — R(w-VA,w— A) (X.3.1) 


with A an extension of v, and vg in the sense of Definition X.2.2. Moreover, 
if Vo # 0, we denote by C;,, the subclass of C{, of functions w such that 


W + Vo € 14(22) 
; (X.3.2) 
Vo: Vw € L! (22) 
for some g > n/(n—1), d =@/(q-1). 


Remark X.3.1 The condition ¢ > n/(n — 1) is required only because, if the 
flux & of v, through 0 is nonzero, A+. is not summable at large distances 
for g <n/(n —1) so that the term 


(w-VA,w-— A) 
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can be meaningless. On the other hand, if 6 = 0 we can take A — v. of 
bounded support in {2 (see Definition X.2.2) so that the restriction g > n/(n— 
1) can be dropped. Oo 


We are now in a position to prove the following. 


Theorem X.3.1 Let 92 be a locally Lipschitz exterior domain of R*. Assume 
v is a generalized solution to the Navier-Stokes problem (X.0.8), (X.0.4) cor- 
responding to data 


f € Dy'?(2), vx € W/?72(A2), vo ER’, 


and such that 
V+ Vo € L7(2). (X.3.3) 


If vs #0, suppose, further, that 
V+ Uo € LQ), Vo: Vu € LY (2) (X.3.4) 


for some q > 3/2, ¢ =q/(q—1). Then, if 
V3 
||v + Vo0|l3 < FR’ (X.3.5) 


v is the unique solution in the class Ci, if Vo = 0 and in the class Ci, , if 
Vo # 0. 


Proof. Let w be any element from Cj, or Ci, ,, according to whether v is zero 
or not. The field w— A has zero trace at the boundary, is divergence-free and 
vanishes at infinity in the sense of Definition X.1.1(iv). Therefore, from the 


results of Theorem III.5.1, it follows that 

w—-AED,(2). (X.3.6) 
Furthermore, if v. 40, from (X.3.2) and (X.2.27) 

w-AeEL(2). (X.3.7) 
By (X.3.6), (X.3.7), and Theorem III.6.2 we may find a sequence {~;,,} C D(2) 
converging to w— A in Dy?(Q)NL4(Q). Replacing vy, for vy into (X.1.2) and 
reasoning as in the proof of Theorem X.2.1 (with slight difference in details) 
we deduce that 


(Vv, Vw) + Ri[f, w — A] — (Vv, VA) + R(v-Vv,w—A)=0.  (X.3.8) 


Likewise, observing that v—A has the same summability properties of w—A 
and that, in addition, by (X.3.3) 


v—-Ae L*(2), 
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one shows with no difficulty that 
(Vw, Vv) + Rif, v — A] — (Vw, VA) + R(w-Vw,v—A)=0. (X%.3.9) 
Finally, noticing that, by Theorem II.6.1, 
V+ Vo € L*(9), 
from (X.3.3) we have by interpolation (cf. (II.2.10)) 
VU + Ue € L4(2), 
and by Theorem X.2.2 we conclude 
|v|7o+ Rif, v — A] = (Vv, VA) — R(v- VA,v — A). (X.3.10) 
Addition of (X.3.8) and (X.3.9) yields 
—2(Vw, Vv) -R(v- Vu,w — A) —- R(w: Vw,v — A) + (Vv, VA) 
+(Vw, VA) —R|f,v— A] — Rif, w — A] = 0. 


(X.3.11) 
Summing side by side (X.3.1), (X.3.10), and (X.3.11) we deduce 


a ul? 5 < (w:-Vw, v—A)+(v-Vv, w—A)—(w-V A, w—A)—(v-VA,v—-A 
Re Uli2 


with wu = w—v. Adding and subtracting to the right-hand side of this relation 
the quantity 
(v-Vw,v— A)+(u-Vv,v— A) 


(notice that each term in the sum is well-defined), we obtain 
1 
qlulie < (u- Vu, vt vo.) — (wu: Vu, Vo + A) 


+(u-Vv,v—A)+(v-Vw,v—A)—(v-VA,v—A) 
—(w-VA,w-— A)+(v-Vv,w— A). 

Since 

—(uw: VU, Vo + A) + (wu: Vu,v— A) = (u- Vv,v +0) — (u: Vw, vo + A), 

it follows that 

alt. < (wu: Vu,v + v5) + (u- Vvu,v + Voc) 

—(u- Vw, vox + A) + (uv: V(w— A), v— A) (X.3.12) 
—(w:-VA,w— A)+(v-Vv,w-— A). 


The following identities hold 
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(w:-Vv,v+ Vo) = 0; 

(v- Vv, w— A) =—(v- V(w — A),v + Vo); 

(w-VA,w— A) =—(w-V(w— A), At v0); 

(iv) (uw: Vw, vo +A) = (u-V(w— A), v0 + A). 


To show (i), we let {u,} C D(Q) be a sequence approximating u in Dj7(). 
Set 
£2, = supp (ux) 


and denote by {v,,} C C§°(Q_) a sequence converging, for each fixed k, to 
UV — Vo in W)?(Q;). Clearly, for all m € N we have 


(ur: VUm;0m) = $(uz, VU) =0 
and so, passing to the limit m — oo, by Lemma X.2.1, 
(uy: Vu,v t+ Vo) = (up: V(U + Voc), UF Vo) = 0, for allk EN. 


This relation, along with Lemma X.2.1, implies (i). In a similar way, one 
proves (ii) and (iii). Finally, consider the identity 


(uw: Vw,vo + A) = (u- V(w — A), vo + A) + (u-V(A+ vx), A+ Vo). 
By a reasoning completely analogous to that used before, one shows 
(u-V(A+V 0), A+ V0) = 0, 
so that also (iv) follows. Replacing (i)-(iv) in (X.3.12) we obtain 
a lul? < (wu: Vu,v + Vo) — (uw: V(w — A), Vo + A) 
~(v-V(w — A), voc + A) + (w-V(w — A), V5 +A) (%3-13) 
= (u-Vu,v+ vq). 


From Lemma X.2.1 it follows that 
\(u-Vu,v + ¥20)| < Salut allv + veolls; 
which, once substituted into (X.3.13), furnishes 
|u|? o(R-* — 2(3)~1/? |v + voll) < 0. (X.3.14) 


Thus, if (X.3.5) holds, (X.3.14) implies u(x) = 0 for a.a. x € 92, and the 
theorem is proved. 


Remark X.3.2 Theorem X.2.1 is easily extended to any space dimension 
n> 4. Actually, it is enough to replace (X.3.3) with 
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V+ Veo € L"(2), (X.3.15) 


(X.3.5) with 

(n 2) 

———_ X.3.16 
and the condition g > 3/2 in (X.3.4) by gq > n/(n — 1). It is interesting to 
observe that if mn = 4, by Theorem II.6.1, every generalized solution satisfies 
(X.3.15) and so, if v. = 0, every generalized solution v satisfying (X.3.16) is 


unique in the class C/. For the case of plane motions, we refer the reader to 
Section XII.2. @ 


lu + Voolln < 


Sometimes, it is convenient to formulate uniqueness theorems with sum- 
mability assumptions replaced by pointwise bounds. Actually, such a type 
of result is of great relevance when investigating the asymptotic structure of 
generalized solutions when v. = 0. Our goal is then to show a uniqueness 
result in such a direction. For the applications we have in mind, it will be 
enough to prove this when v. = vo = 0. Nevertheless, the result admits a 
straightforward extension to the more general case of nonzero vy and Vo, 
which we leave to the reader as an interesting exercise. 


Theorem X.3.2 Let 92 be as in Theorem X.3.1 and let v be a generalized 
solution to the Navier-Stokes problem (X.0.8), (X.0.4) corresponding to the 
data 

fed, "(),. %=o4 =6 


and such that 
|x||v(x)| < M, (X37) 


for a.a. x € 2 and some M > 0. Then, if 
M < (2R)"" (X.3.18) 
v_ is the unique solution in the class C/.. 


Proof. Let w be any element from C/,. By Definition X.1.1 and the regularity 
of 92, 
w € Dy (2). 


It is easy to show the validity of (X.3.8) with A = 0. In fact, let {y,} C D(22) 
be a sequence converging to w in Dy’7(Q) and set y = y, into (X.1.2). 
Evidently, as k — oo, 


(Vv, Ve,) — (Vv, Vw) 
[f, Px] > If, w]. 


Furthermore, from (X.3.17) and Theorem II.6.1 we recover 


(X.3.19) 


I(v Vv, e, — w)| < Moi alle — w)/lellle < cluli2le, — wla.2 
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and so 
(vu- Vv, p,) > (vu: Vv,w). 


Thus, from this latter relation, (X.1.2) with » = y,, and (X.3.19), we then 
arrive at the identity 


(Vv, Vw) + Rf, w] + R(v-Vv,w) =0. (X.3.20) 
We shall next show the following relation: 
(Vw, Vv) + Rif, v] + R(w- Vw,v) =0. (X.3.21) 
To this end we notice that, by Lemma X.1.1, for all w € C§°(2), 
(Vw, Vw)+RIif,~] + Rw: Vw,w) = (p,V- a) (X.3.22) 


where p € L?(Qpr), any R > 6(°), is the pressure field associated to w. By 
this and Lemma IX.1.1, (X.3.22) continues to hold for every w € Wy’?(Qr). 
Let wr(x) be a smooth “cut-off” function such that r(x) = 1 if |z| < R, 
Wr(x) = 0 if |2| > 2R and, furthermore, 


IVer(x)| < CR 
for some positive C’ independent of R and «x. Taking 
w= rv, 
we find 


(prVw, Vv) +(Vw,v®VyR)+R(w- Vw, prv)+R(f, vr] = (p, Vor: v) 

(X.3.23) 
where we have used the condition V -v = 0 in 92. Recalling the properties of 
Wr we have 


(Vw, v @ VeR)| S clwli2.enrall?/|al|l2,0n2n 
If; (Yr — De}| < |fl-asl@e— 1)elr,2 
< el fl-1,2 (Ir — 1)Vvll2 + |lv/|2Ill2,02,22) 
\((w- Vw, (vr — 1)v)| < Ml|(ve — 1)Vwlla||w/la|l2- 


Employing these inequalities along with Theorem II.6.1 into (X.3.23) and then 
letting R — oo furnishes 


(Vw, Vv) + Rif, v] + R(w: Vw, v) (p, Vwr-v). (X.3.24) 


= lim 

R—-o0o 
To show (X.3.21), it remains to show that the limit on the right-hand side 
of (X.3.24) is zero. To this end, we recall that, from Lemma X.1.1 and the 
assumption on f, we have 
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pP=pitp2, pi € L9(2?), pr € LN"), p> dM). (X.3.25) 
Thus, from the Holder inequality and (I1.6.48), (II.6.49) we have 


g(R) — I(p, VUR . v) a P1113, encnllVYR : U||3/2,0R.0R 


+|[pall2,enerllVeR . @|lo Gaon 
2/3 


2R 
0 NPI laGeae, (/ rt) + ||palla,anan) |eli,2: 
R 


However, from (X.3.25) it follows that 


lP1 113, 27,27 + IlP2llo,enor 0 asR—- co 


and so 
lim 9(R) = 0. 


R-0o 


The validity of (X.3.21) is thus established. We next observe that by (X.3.17) 
(and (i) of Definition X.1.1, Lemma II.6.1, and Theorem II.3.4 if Q = R®) it 
follows that 

ve Li(9) (X.3.26) 


so that, in view of Theorem X.2.1, v obeys the energy equality 
loli2=—-RIF, 2]. (X.3.27) 
On the other hand, by assumption, w obeys the energy inequality 
|wlt. <—-R[f, w]. (X.3.28) 


Adding the four displayed equations (X.3.20), (X.3.21), (X.3.27), and (X.3.28) 
yields 

R|ulis < (v- Vv, w) + (w- Vw, v) (X.3.29) 
with u = w — v. The following identities hold: 


(i) (v- Vv,w) = —(v- Vu, v); 

(ii) (B- Vv,v)=0, B=v,w. 
To show (i), let {wx} C D(Q) be a sequence converging to w in Dy7(). 
For fixed k € N, we choose p > 6(.2°) with 2, D supp (wx) and denote by 
{Um} C C§°(Q,) a sequence converging to v in W1?(2,). Clearly, 


(Um VUm, Wk) = —(Um Vw, Um) + (V ‘Um, Wk ° Um): 


Letting m — oo into this identity, with the aid of Lemma IX.1.1 and the fact 
that, asm — co, 
IV - Umll2,e, — 9, 
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we recover 


(v- Vv, w,) = —(v- Vwe, v) (X.3.30) 
for all k € N. Using (X.3.17) and Theorem II.6.1 it follows that 
|(v Vv, wa — w)| < Mo1,2||(we — w)/|2\Il2 < clvli2|we — whi (X-3.31) 
while Lemma X.2.1 furnishes 
I(v- V(we — w), v)| < |lollg]we — wli,2- (X.3.32) 


Recalling (X.3.26), we pass to the limit k — oo in (X.3.30) and use (X.3.31), 
(X.3.32) to show the validity of (i). The proof of (ii) is analogous, and therefore 
it will be omitted. In view of (i) and (ii) from (X.3.29) we have 


Ro" \ulZo < —(v- Vw, v) +(w-Vw,v) + (v- Vv, v) — (w- Vv, v) 
=(u- Vu, v). 
(X.3.33) 
However, by assumption and (II.6.10), 
|(u- Vu, v)| < M|lu/|a|ll|uli2< 2M|ulz.» 
which, once replaced into (X.3.33), furnishes 


Juli o(R~* — 2M) <0. 


By (X.3.18) this inequality implies u(a) = 0 for a.a. x € 92, and the theorem 
is proved. 


Remark X.3.3 Theorem X.3.2 continues to hold in any dimension n > 4, 
provided we replace the bound on M given in (X.3.18) with a suitable one 
depending on n. This generalization has been considered by Miyakawa (1995). 

Oo 


X.4 Existence of Generalized Solutions 


As in the case of a bounded domain, the fundamental contribution to the 
existence of steady-state solutions to the Navier-Stokes problem in exterior 
domains is due to J.Leray (1933, Chapitre III). Again, the leading idea is to 
employ the following a priori estimate for solutions to (X.0.3), (X.0.4) with 
Vv, =0: 


| Vu: Vu<M (X.4.1) 
2 


where M depends only on f, 2 and v. Actually, for any R > 6(2°), Leray 
looked for a solution to (X.0.3), (X.0.4) in Qe with v, = 0 at 02 and v = ve 


X.4 Existence of Generalized Solutions 677 


at OBR and he was able to prove the existence of a solution vr, pr such that 
the Dirichlet integral admits a uniform bound 


Vur: Vur<M (X.4.2) 
Qr 

with M independent of R. Upon taking a suitable sequence, as R — co, a 
solution v, p to (X.0.3), (X.0.4) was found. Because of (X.4.2), this solution 
satisfies (X.4.1). In the case of three-dimensional flow, the estimate (X.4.1) 
is enough to ensure all requirements of a generalized solution, including the 
behavior at infinity. This latter property is in fact a consequence of Lemma 
II.6.2. However, for plane flow the bound (X.4.1) is not enough to control 
the behavior at infinity of the solution. It is this circumstance that renders 
the problem of existence of solutions in a two-dimensional exterior problem a 
very difficult one and, in several respects, it has to be considered still an open 
question; cf. Chapter XII. 

The method we shall employ to show existence is, in fact, different from 
Leray’s and it is the same used for the case of a bounded domain, namely, 
the Galerkin method. Such an approach is due to Fujita (1961). The proofs 
given in Theorem IX.3.1 and Theorem [X.4.1 remain essentially unchanged to 
cover the present case (cf. Remark IX.3.2). The only point that deserves some 
attention is the construction of a suitable extension V of the velocity field at 
the boundary and at infinity. Actually, as in the case where 92 is bounded, 
we have to require that V satisfies an inequality of the type (IX.4.3) for 
all uw € Dy?(Q) and some a < v. The first part of this section is devoted 
to the preceding question. In this regard, we observe that, for such a field 
V to exist, the vanishing of the overall flux @ of the velocity field through 
the bounding walls is not needed; rather, it is enough that & be “sufficiently 
small” in a way that will be made precise later. However, it is not known 
whether an upper bound for @ is in fact necessary and consequently, unlike 
the corresponding linearized Stokes and Oseen approximations, the problem 
of existence of steady Navier-Stokes flow in exterior domains with arbitrary 
flux at the boundary remains open. 

With a view to the rotational case, that will be treated in the following 
chapter, we shall construct the extension field V under more general assump- 
tions on Uo than needed here. 

To begin with, we need to introduce certain quantities. We recall that 
Q = R® — U$_,2;, s > 1, where each Q; is compact and, we assume, with a 
non-empty interior. Furthermore, 2; 2; =, for i 4 7. We thus set 


1 1 ° 
oi(x) = —V | ——], «4, €9;, i=1,...,8, (X.4.3) 
|x — 2; 
and observe that 
a; n= di, UV SAM cts (X.4.4) 
dQ; 
where n denotes the outer normal to 022 at 09);. 
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Lemma X.4.1 Let 2 be a locally Lipschitz domain of R® exterior to s > 1 
compact and disjoint sets 92, ..., 25, and let 


v, € W'/22(8Q), to i= atA-a, 


where a € R® and A is a second order tensor with trace(A) = 0. Then, for 
any n > 0, there exists € = e(n,v«,2) > 0 and V = V(e) : 2 — R? such 
that, for some R > 6(Q°) and all q € (1,00), r € (3/2, 00): 


(i) V+ vo € W!2(Qp) A D'4(2"); 


1 i 
(u-V(V + B20), w)| < {n+ ZY lla —— bul (X.4.5) 
i=1 ‘ 


is the flux of v, through the boundary of 9Q;. Finally, if \|v«||1/2,2.(a2) < M, 
for some M > 0, then 


[Vi + voolli2 < Cillvs|l12,2000 
/2,2(82) (X.4.6) 


IV + vooll,.an +1V + o0l1,¢,08 < C2 ||v«ll1/2,2,(a@) » 
where C = Ci(n, M, 92), and Cy = Co(r,q, R, 22). 


Proof. The procedure is similar to, but simpler than, that used in the proof 
of Lemma IX.4.2. We set 


v1(x) = v,(x) — S° G0;(2) +00, vEdN. 
i=1 
Clearly, because of (X.4.4), 


| 0120; FH 1 358, 
AQ; 


and so, according to Lemma IX.4.1, there is w € W?:?(Q) such that, setting 
U :=Vxwe W'?(2) 


we have 
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U =v, at 0 
U(x) =0, forallae Q®, R>6(N°). 


Given ¢ > 0, we set 
V-=V x (v-w) 


with w- the “cut-off” function defined in Lemma III.6.2. The desired extension 
of v, is then given by 


V =V.+ 5. G0; — 090 = Vet Vo — Yoo - (X.4.7) 


i=l 


Taking into account the properties of the function w given in Lemma IX.4.1, 
with the help of (X.4.3) it is immediate to show that V satisfies (i)-(iv). Let 
us now estimate the trilinear form 


a(u, V + 0.,u) = (u-V(V+0.),u) =a(u,Ve+Vo,u), we Dy(M). 


Fix 7 > 0. By reasoning entirely analogous to that used in the proof of Lemma 
IX.4.2, and which we shall leave to the reader, we have 


la(u,V.,w)| <7 luli ; (X.4.8) 


provided ¢ < n/ (c4||v«|l1/2,2(9@)), for suitable cy = c4(2). Furthermore, 
integrating by parts and recalling (X.4.3), we find 


Ss 


: 1 
Ja(u, Voxu)| <> 04) f Vue —)| < Yo || max 
i=1 fe 


aq zEQ |x = x;| 

(X.4.9) 

Inequality (X.4.5) then follows from (X.4.8) and (X.4.9). It remains to show 

(X.4.6), under the further stated assumptions on v,. By the same argument 

used in the proof of Lemma IX.4.1 (specifically, the argument leading to 
(IX.4.48)), we easily infer 


julie 


|Velli,2 < c1|lv-|]1/2,2(a2) (X.4.10) 
with cy = ci (7, M, 2). Moreover, from (X.4.3) we deduce 


[Voligtl|Vollr < cillvxlliy22¢a2), for all g € (1,00), r € (3/2, 00), 
(X.4.11) 

where cz = C2(2). Then, noticing that V(x) + v.. = Vg for all |z| > R, Qe 
containing the support of w.,' we conclude that (X.4.6) follows from (X.4.10) 
and (X.4.11). 


' Notice that U-sosupp (7-) is bounded. 
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Remark X.4.1 If s = 1, choosing x; = 0, we have 
1 ; 
< 3 ro = dist (0, 022), 


condition (X.4.5) becomes 


@ 
\(u- V(V + ba0),%)| < {n+ al \iulta 


Arro 
Oo 


Remark X.4.2 We would like to discuss the generalization of Lemma X.4.1 
to arbitrary dimension n > 2, n £ 3, in the case 0 = Vo € R”. Ifn > 4, the 
generalization is straightforward, provided we require a little more regularity 
on v, of the type 

v, € W'-1/58(8Q), 3 >n/2. 


The extra regularity is needed to construct the extension field V-, cf. Remark 
IX.4.7. If we assume this, we can prove the existence of a field V satisfying 
(i)-(iv) for all g € (1, 00) and all r € (n/(n—1), co). Furthermore, the following 
inequality holds 

|(u “VV, u)| < (1 + P(ny)|Ul7 2 


where 
(n) = 2; oo 
Ms =3 I ral |v — x; <a 2 
and c = c(n). In the two-dimensional case, the starting point is, again, (X.4.7), 
with i 
o;(x) = ay (log |a — x;]) . (X.4.12) 
7 
By following exactly the same arguments used for the proof of Lemma X.4.1, 
we thus show that V satisfies (i)-(iv) with q € (1,00) and r € (2,00), as 


well as the inequalities in (X.4.6), under the stated further assumption on v,. 
Moreover, we have 


1 s 
J(u VV, w)| < (n+ <-> Gil) luli.2. 
i=l 


Given the properties of V-, the proof of this latter is, as in Lemma X.4.1, 
reduced to show the estimate 


1 s 
\(u-VVo,u)| < Fl illuli.s (X.4.13) 
i=l 


However, (X.4.13) can not be obtained by a procedure similar to that used 
to obtain (X.4.9), and we have to argue differently. The following argument 
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is due to A. Russo (2010b, Lemma 3). By integration by parts, the proof of 
(X.4.13) reduces to show (4 = 1,..., 5) 


[weve 
Q 


We introduce a system of polar coordinates (r,@) with the origin at x;, and 
set 


FL, = 20 


< luli. (X.4.14) 


= 1 27 
f= — f(r, 0)dé. 


~ On Jo 


Extending u to 0 in 2°, we find 


x ae fe _. Oug __, Ouy4 
[uve oe | =f un (ug —) a 


where we used 


IF, =r 


Employing the Schwarz inequality, along with the Wirtinger inequality (II.5.17) 
and Exercise II.5.12, we deduce 
| 1/2 


27 Ous [ 27 
u, —™)—| < u — apf 
| (ur — M7) 0 ; |u1 — %7| f 
< [ Ou, ra aes 
~ \ Jo 0 


Oug 
“00 


Oug 


00| Jo | 00 


and, likewise, 


Qn Qn 2 p2Qr an 172 
Ou, Ou Ou 
(wx— tm) |< - — — (X.4.17) 
i 00 9 | 00} Jo | 00 
Therefore, observing that el <r|Vu|, we find that (X.4.14) follows from 
(X.4.15)-(X.4.17). a 


Theorem X.4.1 Let 2 be a locally Lipschitz domain of R®, exterior to com- 
pact and disjoint domains Q,,...,Qs, s > 1. Moreover, let 


f €Dp°7(2), v.» € W282) 


Voo € R?, 


d 


| Vs n , 
02; 


? The theorem continues to hold in the case where 22 = R®. 


and set 
s 


1 1 
6 := — a 
Ar a |x — 24| 


The following properties hold. 
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(i) Existence. If ® < 1/R, there exists at least one generalized solution v to 
the Navier-Stokes problem (X.0.8), (X.0.4). Such a solution verifies the 
conditions: 


[le@) + vol = O0/ VIRD 28 | + 00 


Plo apn/e < C(lelt2 + Rilvlii2on + RiFli2) 


(X.4.18) 


for all R > 6(Q°). In (X.4.18) p is the pressure field associated to v by 
Lemma X.1.1, while c = c(Q,R) with c > co as R = ov. Furthermore, 
v obeys the generalized energy inequality 


lvifo+ RIf,v—V] < (Vv, VV)-R(v-VV,v—-V) = (X.4.19) 


where V is the extension of v, and V4. constructed in Lemma X.4.1. 
Estimate by the data. If v. € 994)?"(02) (defined in (IX.4.52)) and 
® <1/(2R), then the generalized solution determined in (i) satisfies the 


following estimate: 


an 
me 
wa 


|vla.2 <4R|f|_-1,2+C |lv«l]1/2,2(02) [1 +R (1 + ||v«ll1/2,2(02) + |Yool)] , 
(X.4.20) 
where C = C(22,R,M). 


Proof. We shall employ the Galerkin method. We look for a solution of the 
form 
v=u-+V, 


where V is the extension of v, and v. constructed in Lemma X.4.1 and 
corresponding to some 7 > 0 that will be fixed successively. Let {w,} C 
D(Q) be the basis of Dj’7(Q), introduced in Lemma VII.2.1. A sequence of 
approximating solutions {w,,} is then sought of the form 


Um = SS“ femBe 


k=1 


7o(Vtim, Veh) + (thm Vln; By) + (tm > VV, hy) + (V Vt, Bx) 


=—[f. di] — (VV, Vay) —(V VV, ,), b= 1,2,-..5m. 
(X.4.21) 
For each m € N we may establish existence to (X.4.21) in the same way as 
in Theorem IX.3.1, provided we show a suitable uniform bound for |um|1,2 in 
terms of the data. Thus, multiplying (X.4.21)2 by €km, summing over k from 
1 to m and recalling that, for all m €N, 


CV eV ting th) = (tin? Ving tin) = 0, (X.4.22) 


(cf. Lemma IX.2.1), we obtain 
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1 
= RivV, Vum) —(V- VV, Um). 
(X.4.23) 
Recalling the properties of V given in Lemma X.4.1, we have, by the Schwarz 
inequality, 


1 
FlUmlis + (Um: VV,Um) = —[f, Um] 


(VV, Vum)| < \tm|12|V 1,2, (X.4.24) 
and, by the Holder and Sobolev inequalities 


(V- VV, um)| < 


V-VV tn] + 


| (V +50) VV thn 
QR 


| Vo * VV: Um 
QR 


2 
© [éi||V lige + ere + Veo|l3,02|V]1,2 


Fi 


+ |00||W|1,6/5)]|tém|1,2 


QR 


+ 


(X.4.25) 
Furthermore, again from Lemma X.4.1, 


|(um-VV,uUm)| < (9+ &)|Um|7,2- (X.4.26) 


Collecting (X.4.23)— (X.4.26), we find 
1 
(1/R —79 -®) |tm|12 < |Ffl-1,2 + Vita + ¢1||V]|l1,2,02 


2 
"a (Vi + vooll3,02|V]1,2 + |vo0| |W]1,6/5) - 


ve 

(X.4.27) 
Thus, if ® < 1/R, we may choose 7 € (0,1/R — &) to obtain the following 
uniform estimate 


|umli2 <C, (X.4.28) 


with C = C(f, vx, U0, R). By (X.4.28) and Lemma IX.3.2 we may show exis- 
tence of solutions to (X.4.21) for all m. Moreover, we can select a subsequence, 
denoted again by {u,,}, such that as m— oo 


Um > u in Do (@). (X.4.29) 


Also, by Exercise II.5.8 and the Cantor diagonalization argument, we may 
select another subsequence, that we still call {u,,}, such that, as m — oo, 


Um —>u in L(Qr), @€ (1,6), (X.4.30) 


for any R > 6(.2°). By (X.4.28) and Theorem II.1.3 it follows that the limiting 
field wu also obeys inequality (X.4.28). Let us now pass to the limit m — oo 
into (X.4.21),. Observe that, setting 
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2, = supp (W,), 
we have 
(Dj Vi) dx, Viwy, € L(g): 
and so, from (X.4.29) and (X.4.30) we obtain 
(Vtm, V;,) > (Vu, Vox) 
(um VV, thy) > (u VV by) (X.4.31) 
(V . Vum, Wx) = (V . Vu, ~,)- 


Furthermore, reasoning as in the proof of Theorem IX.3.1° we have 
(Um ° VUm, Wr) = (u . Vu, Wr) (X.4.32) 
Employing (X.4.31) and (X.4.32) into (X.4.21), yields 


1 


Vu Voy) Hu Vu, by) + (u- VV, by) +(V Vu, de) 
(X.4.33) 


= —[f,v,] -— (VV, Vy,) — (V- VV, #,). 


1 
R 
It is now immediately verified that the field 
veE=u+V 


is a generalized solution to the problem, in the sense of Definition X.1.1. 
Actually, issues (i)-(iii) of that definition are at once established. Also, from 
Lemma X.4.1 and Lemma II.6.2 it follows, as || — oo, that 


[w@tents [ lel+ f IV) +el=O0/Ve) (4.34) 
S2 S2 S2 


and so (X.4.18); is proved. Finally, from (X.4.33) we obtain 


ib 


QV VPx) + (v- Vv, de) = —[F, del - (X.4.35) 


We have 
v-Vo=u-Vu+(V+vq):Vu-—vo0: Vu. 


Thus, recalling that u,(V +v.) € L°(), by the Hélder inequality it follows 
that 
v- Vue L/2(Q) + L?(2). 


3 Specifically, one has to follow the part of the proof that goes from ([X.3.15) 
to (IX.3.20). In these formulas, for the case at hand, the integration has to be 
performed over the bounded domain 2x. 
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Since any function y € D() can be approximated in the W!:*-norm by linear 
combinations of ~,, for all s > 2, the issue (v) follows from this latter property 
and (X.4.35). Let us next show the estimate for the pressure field p, whose 
existence is guaranteed by Lemma X.1.1. In particular, by this lemma, 


pe L?,(2). (X.4.36) 

Fix R > 6(Q°) and add to p the constant 
1 
C=C(R) =-— D, 

mf |r| Jor 

so that 
| (p+C) =0. (X.4.37) 
QR 


Successively, choose y such that 
V-p=p+C in QR 
wh € Wo?(QR) (X.4.38) 
| ll1,2 < es|lp + Cllo,n8- 


Because of (X.4.36) and (X.4.37), Theorem III.3.1 guarantees the existence of 
w and it is clear that we can replace this function into identity (X.1.3). Thus, 
from (X.1.3), and the Schwarz and Holder inequalities, we find 


IP + Clla.en < col(loli2 + RIF I-12) /¥li2 + Rilolls.onlls2,cnllPllacnl- 
(X.4.39) 
Recalling that W1?(Qr) — L4(Qr), and using (X.4.38)3, from the above 
relation we prove (X.4.18),. To show the theorem completely, we have to prove 
the generalized energy inequality (X.4.19). To this end, we observe that, by 
(i) and (ii) of Lemma X.4.1, we have 


VsVV €1°"(0), (X.4.40) 
and since, by the Sobolev inequality (II.3.7), 
||¢mll6 SY [tm|1,2 <M (X.4.41) 
we deduce (along a subsequence, at least) 


lim (V-VV,um) =(V-VV,u). (X.4.42) 


Moreover, for fixed R > 6(2°), by the Holder inequality, 
|(tm > VV, Um)—(u- VV, u)| 
< |(Um — wu): VV,um)| + |(u- VV, um — u)| 
(X.4.43) 
< (llUm|l4.er + |lullaen) Um — Uulla,on|VI1,2 


+([lUmlle + Ilelle)/V 11,372.08. 
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Again by (i) of Lemma X.4.1, for a given ¢ > 0 we may choose R so that 
IV |13/2,08 <6, 
while, by (X.4.30) (possibly along a new subsequence), 
tm. |[tm — Ull4,on = 9 


and so from (X.4.43) and (X.4.41), it follows that 


lim sup |(tm > VV, Um) — (u- VV, u)| < 4M 


m—-co 


which, in turn, by the arbitrariness of ¢ furnishes 


lim (Um:-VV,uUm) = (uw: VV, wu). (X.4.44) 
Since, clearly, 
lim (VV, Vum) = (VV, Vu) (X.4.45) 


from (X.4.22), (X.4.23), (X.4.42), (X.4.44), (X.4.45), and Theorem II.1.3 we 
conclude 


iL Ls 
luli < R lim |tm|7,2 


m—- co 


1 
— R(VV, Vu) -(V-VV,u) —[f,u]. 


= —(u- VV, u) 
Recalling that v = u+ V, we then recover (X.4.19) and the proof of part 


(i) is complete. In order to show part (ii), we notice that from (X.4.27) for 
@® <1/(2R) and n = 1/(4R), we deduce 


\tm|1,2 < 4R|f|-1,2 +4|V]1.2 + 4Rei||V]l12,.07 


8R (X.4.46) 
Va (IV + voll3,02|/V]1,2 + [Vol |V|1,6/5) - 


Passing to the limit m — oo in (X.4.46) and employing Theorem II.1.3 and 
the estimates (X.4.6) for V, we infer the validity of (X.4.20), which concludes 
the proof of the theorem. 


a 


Remark X.4.3 If the number s of compact regions (2; is one, existence is 
proved under the following condition on @: 


1 
Sa 
4mrn OR 


cf. Remark X.4.1. |_| 
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Remark X.4.4 We would like to make some comments about the extension 
of Theorem X.4.1 to the two-dimensional case. Taking into account Remark 
X.4.2, we verify at once that, for Q C R?, with Q 4 R?, under the assumption 
that the flux of v, through O? satisfies the following restriction 


- 2a 
Soil < =, (X.4.47) 
t=1 R 


there is at least one field v satisfying conditions (i)—(iii) and (v) of Definition 
X.1.1.4 Nevertheless, with the information derived so far, we are not able to 
draw any conclusion about the behavior at infinity of v. This is because, unlike 
the three-dimensional case, we have no Soboley-like (or weighted) inequality 
which ensures some type of decay for v + Uo, as |a| — oo. A fundamental 
problem is then to analyze what is the behavior at infinity of vector fields 
satisfying merely (i)-(iii) and (v) of Definition X.1.1, when 2 is a planar 
domain. This will be the object of Section XII.3. Let us now consider the 
case 2 = R?. In such a circumstance the procedure adopted in Theorem 
X.4.1 does not produce any kind of existence. Actually, we can still construct 
an approximating sequence {wu,,,} and show that it satisfies estimate (X.4.28). 
Therefore, we can find a field w € Do’? (IR?) for which (X.4.29) holds. However, 
we can not establish (X.4.30) and, as a consequence, (X.4.32). In fact, in view 
of the example given in Exercise II.7.3, we know that condition (X.4.28) alone 
is not sufficient to ensure any kind of convergence of {w,,,} to u in any space 
L"(Br), ¢>1, R> 0. Because of this, we are not able to show (X.4.32) and, 
as a consequence, we can not prove that the field u (= v) satisfies the identity 
(X.1.2) o 


Remark X.4.5 In dimension n > 4, existence of generalized solutions to 
(X.0.8), (X.0.4) can be proved along the same lines of Theorem X.4.1 provided 


vs. €WI-V88(9N), Gn) < 1/R, 


where #,,,) is defined in Remark X.4.2. In such a case, the asymptotic estimate 
(X.4.18), becomes 


J... lee) + vo] = OC1/lel"”?-) as [a + 00. 
Sn-1 


Remark X.4.6 If v. = ve = 0, Theorem X.4.1, with the exception of 
(X.4.18)3, holds without requiring any regularity of the domain. This is be- 
cause, the only point in the proof where regularity is needed is in the con- 
struction of the extension V which, in this case, can be taken as identically 
Zero. a 


4 The first proof of this result is due to Russo (2009). 
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X.5 On the Asymptotic Behavior of Generalized 
Solutions: Preliminary Results and Representation 
Formulas 


In the present section we begin to study the asymptotic behavior of a gener- 
alized solution v to the Navier-Stokes equation in a three-dimensional exte- 
rior domain (we postpone the analogous two-dimensional case until Chapter 
XII). Specifically, we shall prove that if the body force has a certain degree 
of summability at infinity, then v behaves essentially as the corresponding 
solution of the linearized approximations (cf. Theorem V.3.1 and Theorem 
VII.6.1), that is, we have 


lim |v(x) + vo| = 0 


|a|—+00 


lim |D°v(x)|=0, 1<|lal<s, 
||—o0 
uniformly, where s is related to the degree of summability of the derivatives 
of f. An analogous property is shown for the pressure field p associated to v 
by Lemma X.1.1. Successively, we prove that, as in the linear problem, v and 
p admit an integral representation valid for almost all points in 2. We have 
the following theorem. 


Theorem X.5.1 Let v be a generalized solution to the Navier-Stokes prob- 
lem in an exterior three-dimensional domain 92. Assume that for some R > 
6(Q°) and some q € (3/2, 00), 


fe 11(2*). (X.5.1) 
Then 
| = |v(x) + V0| =0 (X.5.2) 
uniformly. Furthermore, if form > 0 and some r € (3,00), ¢ € (3/2, 2] 
few™' (2) 010%), (X.5.3) 
then 
| ae |D°v(x)| =0, 1<lal<m+1, (X.5.4) 


uniformly. Finally, under assumption (X.5.3) there is p; € R such that 


lim |D°(p(x) —p1)| =0, 0< jal <m, (X.5.5) 


uniformly, where p is the pressure field associated to v by Lemma X.1.1. 


Proof. We shall consider throughout the case v4. = 0, since the case vx 4 0 
is treated in a completely analogous way. Moreover, to simplify notation, we 
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shall put R = 1 throughout the proof. From Lemma V.3.1 we have for a.a. 
x € Q® with dist (z,OQr) >d 


(d) X.5.6 
[HP e-woway oe 
B(x) 
= [,(x) + Io(x) + In(a). 
As in the proof of Theorem V.3.1 we show, for g > 3/2, 
[fi(x)] < call fille, Ba(a)- (X.5.7) 
Furthermore, recalling that 
[WP (e@—y)| <eale—yl", y € Bale), 
we find 
[2(x)| < ¢a||v/|2 — yllla,B4(2)||1,2,B4(e): 
On the other hand, by Theorem II.6.1, 
I|v/|x — ylll2, Bae) S Calvi 
and therefore 
|I2(x)| < ¢5|v|1,2,Ba(x)- (X.5.8) 
Finally, as in the proof of Theorem V.3.1, 
|I3(@)| < c6llvll6,Ba(x) (X.5.9) 
and so, recalling that, by Theorem II.6.1, 
v € L9(2") (X.5.10) 


the property (X.5.2) follows from (X.5.1) and (X.5.6)—(X.5.10). Let us now 
show (X.5.4). We begin to notice that, by the regularity Theorem X.1.1, we 
have 

VE L™°(Qr. rR, ) for all Ry > R, 


which, because of (X.5.1), implies 
ee L(2*), (X.5.11) 
As a consequence, from the inequality 
|v: Volle < llellaeyea-olvli2, 1<t< 2, 


with a view at (X.5.10), (X.5.11) we obtain 


690 X Three-Dimensional Flow in Exterior Domains. Irrotational Case 
v- Vue L5(2*), for all s € [3/2, 2]. (X.5,12) 
The assumption on f and (X.5.12) lead to 
(f +v-Vv) € 192"), for some q € [3/2, 2], 
and thus, by Theorem V.5.2, it follows that 
v € D*4(9%), pe D4(Q%), Ry > R. (X.5.13) 
Using (X.5.13) and Theorem II.6.1 yields 
v € Di 34/(8-9)(QR1) (X.5.14) 
and from (X.5.11), (X.5.14) we conclude that 
v- Vu € L3V/8-9 (QF), (X.5.15) 
Next, recalling that I; € C°°(R°), from (X.5.6) with F = f + v- Vv we find 


Dyv;(x) = Dr | UO («@—y)Fi(ydy— | DpH (a — y)vily)dy. 


Ba(x) B(x) 
(X.5.16) 
Using the definition of generalized differentiation we easily show that 


Df oP@-yRwa =f Dw Pe-WROdy (%5.17) 
Ba(2) Ba (x) 
and so, bearing in mind that 


|DeU (w@ —y)| < erle— yl", -y € Ba(z), 


we recover, by (X.5.17) and the Holder inequality, 


(x)= Dp. [ Ue (@ — Fu) dy 


< ea(ll|@ — ylllr Bae) Flr. Ba (wy 


Ile — yl" Ilsq/(4q—3),Ba(a) lv - Vellsq/(3—a), Bala) )- 


Since both r’ and 3q/(4q — 3) are strictly less than 3/2, from (X.5.15) and 
(X.5.2) we obtain 
I(x) 0 as |a| > c. (X.5.18) 


Since 


d 
[ 9 DEED Ce westway} < colt. 
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from this inequality, and from (X.5.16) and (X.5.18) we infer (X.5.4) for ja] = 
1. Let us now pass to higher-order derivatives. To this end, we begin to show 


v- Vue Wi (2®) (X.5.19) 


for all sufficiently large R.‘ By (X.5.11) and the fact that v is a generalized 
solution, we find 
v- Vue L5(2") for all s > 2 (X.5.20) 


and therefore 
ftvu- Vue 1 (2%). 


From Theorem V.5.3 we then deduce 
v € D*"(2") pe D'"(2*) (X.5.21) 
and so, since 
D,(v-Vv) = (Dv): Vu+vu-DpVvu (X.5.22) 


from (X.5.20), (X.5.11), and (X.5.21) we prove, in particular, (X.5.19). With 
the help of Lemma V.3.1 we then have 


DyDy0v; (2) = Dr ip UO (w — y) Delfi) + uDreily)lay 
Ba (x) 


~ Dy DpH (w — y)D* vi(y)dy, 
B(e) 


and since 
D.[f +v- Vu] € L7(Q") r > 3, 


we reason as in the case where |a| = 1 and conclude that 


lim |D%v(x)|=0 |a|=2 (X.5.23) 


|x| +00 
uniformly. Relation (X.5.23) implies 
Dy € L(Q*). (X.5.24) 


On the other hand, from (X.5.19), (X.5.21), and Lemma V.4.3, it follows that 
in particular 


v € D*"(Q*) (X.5.25) 


and so, differentiating one more time (X.5.22) and employing (X.5.19), (X.5.21), 
(X.5.24), and (X.5.25) we obtain 


' In the remaining part of the proof the number R need not be the same for all 
formulas. However, it is understood that the indicated property holds for “suffi- 
ciently large” R. 
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v- Vue W2"(2"), r>3. 


Consequently, by the same reasoning previously used, we prove (X.5.2) with 
|a| = 3. Iterating this procedure as many times as needed, we then show 
(X.5.4) in the general case. Let us now turn to the pressure p. Collecting 
(X.5.13) and (X.5.21) under assumption (X.5.3) we obtain 


pe D0”) DD) (X.5.26) 


where, we recall, r > 3 and 2 > q. Theorem II.9.1 then implies (X.5.5) with 
a = 0. The proof of the general case (for m > 1) is a direct consequence of 
the momentum equation, that is, 


Vp=—-f+Av+u-Vv. (X.5.27) 


In fact, if (X.5.3) holds with some m > 1, then from the embedding Theorem 
II.3.4, it follows that 


D° f(x) +0 as |x| — co, for all Jal € [0,m — 1]. (X.5.28) 


By means of (X.5.2), (X.5.4), (X.5.27), and (X.5.28) we thus conclude that as 
|x| > co 

D°|—f (x) + Av(2) + v(x): Vvu(x)] > 0 
uniformly for all multi-index @ with |a| = m— 1. The theorem is therefore 
proved. 


Remark X.5.1 The arguments used in the proof of the preceding theorem 
fail in dimension n > 4. In fact, they do not ensure pointwise decay even for 
v itself. The reason is that, in such a case, we cannot increase the term J2() 
by a function vanishing at large distances. However, it is probably true that 
results of the type presented in Theorem X.5.1 continue to hold, at least, for 
n=A4, |_| 


We shall now derive representation formulas for v and p analogous to those 
derived in the linear case. Specifically, we have the following theorem. 


Theorem X.5.2 Let v be a generalized solution to the Navier-Stokes prob- 
lem (X.0.8), (X.0.4) in an exterior three-dimensional domain Q of class C? 
with 

v € W2"(2), rE (1,00). 


loc 
Then if for some R > 6(92°) 


FELON), (X.5.29) 


loc 


with q € (1,3/2) and s € (1,0), the following representations hold for all 
TED: ifvy. =0 
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(x w(@) = Rf Uyle (2 —y)fily y+ Rf Wyle ig(@ — y)ur(y) Divily)dy 
+f [vi(y)Tia (uy, 4)(@ — y) 
OQ 


— Vig (a — y)Ti (v, p)(y)|midoy, 
and 


2) =Rf U5 ig(@ — y)fi(y)dy — Rf wy (y) Di Ui; (a — y)dy 


+ | [vi (y) Tan (ty, a5) (@ — y) — Uig(@ — y) (Tae, P)(y) 
AQ 
— Rui(y)vi(y))ridoy; 
if Voo FO (Vo = (1,0,0)), setting w= vt Veo 


n= Rf By Bij (a — y) fily (way + Rf BK Bij (x — y)ui(y)Drui(y)dy 


+ | [es (4)) Tz (a0, ;)(a2 — y) — Bag(e — v) Tuts, p)(y) 
O02 
— Rui(y) Bi; (x — y)oulnidey 
and 


u; (a) =R i Bxj(0~y)filg)dy ~R ; stu(y)ue(o) Dis (@ — v)dy 


if | _ lesa) Tia wy. es) @ — w) 
— Eij(a — y) (Tau, p)(y) — Rui(y)ui(y)) 


— Rui (y) Ei; (a — y)dujmidoy; 


(X.5.30) 


(X.5.31) 


(X.5.32) 


(X.5.33) 


where U, q and E, e are Stokes and Oseen fundamental solutions, respectively, 
while u; and w, are defined in (IV.8.11); and (VII.6.3). All volume integrals 


n (X.5.30)-(X.5.33) are absolutely convergent. 
Furthermore, if 
f € LT (Q*) N Lise 2), 


for some r € (1,3/2) and t € (3,00), then, denoting by p the pressure field 


associated to v by Lemma X.1.1, we have for a.a.x € 2: ifux% =0 
p(x) = po — Rf ale — y)fily)dy — Rf ale — y)ui(y)Divily)dy 


+ | _lasee — v) Talo, \(v) - 2os(y)areante = y)]rudoy: 


(X.5.34) 
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if Vso # 0 


p(a) = 2, -—R i ex(e — 9) fily)dy —R i secle — y)uily) Dres(y)dy 


7 [fe ~— y)Tia(u, p)(y) — duly) zee —y) (X.5.35) 


— Rler(x — y)ui(y) — ui(yei(x — y)dui|nidoy, 


where po and pp are constants. All volume integrals in (X.5.34), (X.5.35) are 
absolutely convergent. 


Proof. We show (X.5.30), (X.5.31) and (X.5.34), since the proof of (X.5.32), 
(X.5.33) and (X.5.35) is somehow similar and, therefore, left to the reader as 
an exercise. From the assumptions made and (V.3.6) with a = 0, we obtain 
for R > 5(2°) 


wa) =R f UP we —yRtydy— | HYP we —yoily)dy + ile), (X-5.36) 
Q 2 


where 
F=ft+vu-Vv 


and s(x) is the surface integral in (X.5.30). We recall that 
|U(@-y)|, UP@-y| <ee—yl, zyeR’, c#y 


and so, taking into account (V.3.2), (V.3.3) we have 


R Fly 
[|e e-» -to@-nAway) <e f 7 wry 
Qr2,r(e) 1% —Y 
with 
Qpjen(e) = {y € 2: R/2< |x —y| < R}. 
Since 
IF) 7 
———dy < |||z — | lla a NFllq.2 . 
sass |e— y| q',2n/2,R(2) 4:2 R/2,R(@) 


+ ||v/|2 — Wh2,2n/2,n(@)lP11,2,0n/2,n(2)> 


from Theorem II.6.1 and the assumption made on f we derive for all x € 2 


fim, [of @-MFWdy= f Use WRwdy — (5.37) 


in the sense of absolute convergence. Furthermore, bearing in mind that 
HY (x — y) is identically vanishing outside QR/2,r(x), from (V.3.5) and The- 
orem IT.6.1 we recover in the limit R — oo 
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a He (oe — ives) < cllvll6,en/o.n — 0: (X.5.38) 


Formula (X.5.30) then follows from (X.5.36)—(X.5.38). To prove (X.5.31) we 
notice that 


[Oe @- vou) Drey udu =f. (y)v; (y DU” (« ieide 
, ° (X.5.39) 
a [ (x — y)ur(y)vi(y)ridoy. 


Since 
|VU(x@—y)|, |VU (a@—y)| <ea—yl?, 2, y ER, 


we find 


vi(y)v; (y)(DUY (x — y) — DiVij (a — i) Sellv/|z— yl lz, onon 
and so 


lim f w(v)oj(y) DUS (a - y)dy = | ie QDIReSiay 
Q 2 


R-o0o 
in the sense of absolute convergence. This latter relation, together with 
(X.5.39) and (X.5.30), proves (X.5.31). Let us now consider representation 


(X.5.34) for the pressure field. Setting p = p — p; with p; given in Theorem 
X.5.1, from (IV.8.19) it follows, for all sufficiently large R, that 


Be) =por- Rf ale—w)Fody+ [laste w)Tale,r\(w) 
Qr(a) dBr(x) 
=204(y) HEP Imi(y)doy + 010), 


(X.5.40) 
where Qp(x) = 2N Br(x), a(x) is the surface integral in (X.5.34) and por is 
a constant, possibly depending on R. Recalling that 


late =) |< |e—y|-? 
|Digi(x — y)| < ela — y|~* 


from Theorem X.5.1 and the assumption on f we immediately deduce for all 
x € 22 that 


jim [gi(x—y) Tu (v, p)(y) —2vi(y) Digi(x —y)]u (y)doy = 0. (X.5.41) 
0 JaBR(x) 


Furthermore, for d < dist (x, 02), setting Q4¢(x) = 2 — Ba(x) we have 
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gi(x (y)ldy < e (lz — yl 7 le Baw lFlle.Bace 
i ee atun nae (X.5.42) 


= | |x ~ Yl |r 22a) IF llr24(e)) 
and, by Theorem II.6.1, 
[ae — y)or(y) Divily)(y)ldy < (Ile — yl lle Baaylle + Vole, Baw) 


+||v/|x — yllle,e4(2)|Ul1,2,04(2)) 
< ex(llu- Velle.Ba(e) + |vl1,2,0¢(2))- 
X.5.43) 
By the hypothesis on f and Theorem X.1.1, 
ve W?*(Ba(x)), t>3 
and so, the embedding Theorem II.3.4 yields 
v, Vu € L*(Ba(2)). (X.5.44) 


From (X.5.42)—(X.5.44) we conclude that the integral 
| ale- Bey 
Q 
is absolutely convergent and therefore 


jim q(x — y)Fi(y)dy = | qi(x — y) Fi(y)dy. (X.5.45) 
ne QR(x) QQ 


Combining (X.5.40), (X.5.41), and (X.5.45) furnishes for a.a. x € Q 


= Po — Rf at q(x — (y)dy + a(x) (X.5.46) 


lim = 
R POR = Po, 


and (X.5.34) is proved. 


Employing the same type of arguments used to show the asymptotic for- 
mulas (V.3.19), (V.3.20) and (VII.6.18), (VII.6.19) (see also Exercise VII.6.3), 
from Theorem X.5.2 we obtain the following result whose proof is left to the 
reader as an exercise. 


Theorem X.5.3 Let v be a generalized solution to the Navier-Stokes equa- 
tions in a domain 2 of class C?, with 


v €W?"(Qr), for some R > 6(Q°) andr € (1,00), 
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and let p be the associated pressure field. Then if f is of bounded support 
and 
f € L*(2) for some s € (1,00), 


the following asymptotic representation formulas hold as |x| — 00. If vg, = 0: 


v3 (x) = T,U;;(x) + Rf Us (a — y)ui(y) Divi (y)dy + o) (x) 


vu; (x) = T/Uij(“) —R piu rrulu) Pt Ui;(a — y)dy + o) (x) (X.5.47) 


iS m= th [ale — y)un(y) Divi y)dy + (2) 


where po € R, 


T= -| Ti(v, p)r +R/ fi 
id 2 (X.5.48) 
1 -[ (Ty(v,p) — Rojv)ny + R | fi 
an Q 
and, for all |a| > 0, 


Deo! (#) = O(|2\-?-!), k= 1,2 


(X.5.49) 
D(x) = O(\2|-3!*!). 


Ifv. #0 (vo = (1,0,0)), setting w= v—v 5: 
uj (v2) = M;Eji;(2) + Rf Byte — y)ur(y)Diui(y)dy + s\) (x) 
use) = im, By(e)— kh pile ualy) Pr Bis a —y)dyt+ s?) (x) (X.5.50) 
P(x) = pp — Miei(x) — R | ex(a — y)ui(y)Diua(y)dy + h(x) 
Q 
where py € R 
Mi; = -| Ty(u, p)ry + Rd yu4]ry + R | fi 
aa Q 
m= -[ (Ti(u, p) + Rds — usur)ra + R | fi (X.5.51) 
aa Q 


Mi = -[ {Ti(u, p)ni + R[Oiius — iu] }ra + R | fi 
aa Q 


and, for all |a| > 0, all g € (3/2, co] and j = 1,2, 
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a k = a 
D*s\ (x) = O(|e|-G+leb/2), 
s\*) € £9(9) (X.5.52) 
D¢h(x) = O(a|-3-!e!). 


Global Summability of Generalized Solutions when 
Vos 0 


A fundamental step in deriving the asymptotic structure of generalized solu- 
tions is to establish “good” summability properties at large distances, that 
is, in a domain 2", for sufficiently large R. In this direction, in the three- 
dimensional case, the only information that we have at the outset is that the 
velocity field v satisfies (v + Vo.) € Db?(2)M L°(2). 

The objective of the present section is to show that if vu. 4 0 and if, for 
some go > 3, it is assumed that 


f € £2), for all ¢ € (1, 0] 


(X.6.1) 
vx € W2-1/ 40549 (9.2) 
then 
V+Vo € L"(2) for all r > 2 (X.6.2) 
and, likewise,! 
Ov 
— €L14(2), foralls>1 
Ox, 
(X.6.3) 


v € D'*(2), for allt > 4/3 
pe L(Q), for allo > 3/2. 


Conditions (X.6.2) and (X.6.3) tell us, in particular, that under the assump- 
tion (X.6.1) on the data, any corresponding generalized solution and associ- 
ated pressure field have at large distances the same summability properties of 
the Oseen fundamental solution FE, e, or, what amounts to the same thing, of 
the solution of the Oseen problem with the same data f and v,. Moreover, 
as in the linearized theory, if f =v. = 0 and vx 4 0, we show that 


V+tV6 ¢ L"(2), for all r € (1, 2]. (X.6.4) 


Taking into account that for our model of liquid the density is a constant, 
relation (X.6.4) with r = 2 shows that the kinetic energy in a steady motion 
of a liquid in which a body moves with a constant velocity is, in general, 
infinite, a fact first pointed out by Finn (1960). 


' » is possibly modified by addition of a constant. 
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In order to show all the above, we introduce the following function space 
X,(Q)= {(u, ¢) €Lj,.(Q) : we D®1(2) 0 D4/ 4-9 (Q) Nn L74/2-9(Q); 


SY € L(2):6 € DEUQ)N L34/8-9(q)} g€ (1,2). 
al 


(X.6.5) 
It is readily checked that X, becomes a Banach space when endowed with the 
“natural” norm 


Ou 
Ila, 4) lx, = lana + lla] >| +|ulg+|l¢llsq/3—¢) +14l1,¢- 
q 


(X.6.6) 
The following result holds 


Lemma X.6.1 Let Q be a C?-smooth exterior three-dimensional domain, 
and assume, for some q € (1,2), that 


FeL(DoL(),. a €Wwe-/ 60) nw). OC67) 


Then, every generalized solution v to the Navier-Stokes problem correspond- 
ing to f, v. and to v4 # 0, and the associated pressure field p? satisfy 
(U + Vcc, p) € Xq (2). 


Proof. Without loss, we assume vx = e,. Also, since the actual value of 
R is irrelevant in the proof, we set R = 1, for simplicity. Recalling that 
v € D'?(Q), we may find a sequence of second-order tensors {G,} with 
components in C§°(2) such that G, — Vv in L?(2). Consider now the 
problem 


Dig ey hy Se ee 
Or, in 


V-n=0 (X.6.8) 


U = Uy = Uz +E, at ON, 


where A; := Vu— Gy, F, :=v-G, +f, while the integer k will be specified 
successively. Clearly, (v + €1,p) is a solution to (X.6.8), for all k € N. Our 
plan is to show the existence of a solution to (X.6.8) in the class X,({), 
and then prove that such a solution coincides with (vw + e1,p). To this end, 
we begin to observe that, in view of the assumption on f and the fact that 
(v + e1) € L°(9), it follows that F, € L9(2) 9 L3/?(Q), for all k € N. We 
now set, X4.3/2(§2) = Xq(Q) 1 X3/2(2), endowed with the norm || - ||.x 
Il - Ix, + Il - Ilx,,2, and consider the map 


q,3/2° 


M: (w,T) € Xq,3/2(22) =? (u, d) = M(w,T) 
where (u, @) satisfies: 


? Possibly modified by the addition of a constant. 
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a 
Age a9: Ape Vee F, 
Ox in (2 


ee (X.6.9) 
w=u, at on. 
Observing that, by the Hélder inequality and the fact that v € D!7(), 

l|w - Aglls < |lwll2s/—s)ll Alla <0o, s€ (1,2), (X.6.10) 


with the help of Theorem VII.7.1 we deduce, on the one hand, that the map 
M is well-defined and, on the other hand, that there exists a (unique) solution 
(u,b) © Xq,3/2(Q) to (X.6.9) obeying the estimate (with q. = q, q2 = 3/2) 


gi + ||t«l|2-2/9:(02)) 


2 
I(t, P)ILx, 9/2 S oD || Axll2ll2Il 29. (2-41 


2 
<e (isle 7,7 +0 (Fellas + en) 


i=l 
(X.6.11) 
Thus, if we choose k such that 


|| Ax|l2 < 1/(2e) (X.6.12) 
and define 


2 
5:=2c)> ( gi t |\u«ll2-2/4:(0.2)) » 
i=1 

from (X.6.11) it follows at once that I maps the closed ball {(u,@) € 
Xq,3/2(2) + ||(u, )||x,.5,2 < oO} into itself. Moreover, in view of the fingar: 
ity of the map M and of (X.6.12), from (X.6.11) with ||F'x||g, = 0,7 = 1,2, 
we deduce that M is a contraction and, therefore, there exists one and only 
one (u, @) € Xq3/2 solution to (X.6.8). Next, set (w,7) := (u—v—e1,¢—p). 
We thus find 


Bini he Os iy Wie hg 
Ox, in Q 
(X.6.13) 


w=0 aton. 


Recalling that, by the assumption on v and (X.6.10), it is g := w- Ap, € 
L3/2(Q), with the help of Theorem VII.7.1 we infer that the problem 
~ Ow 
Aw+——=g94+ VT 
Ox) : in 2 
os4 (X.6.14) 


w=0 at don. 
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has a (unique) solution (w,7) in the class X3/2((2). We claim that (w,T) = 
(w,7). In fact, the fields z := w—w and y := 7 —7 solve the homogeneous 
Oseen problem (X.6.14) with g = 0. Furthermore, z € L°(22), because w,u € 
X3/2(2), while v + e, € L®(Q2) by assumption. Therefore, from Theorem 
VII.6.2 and Exercise VII.6.2 we obtain z = Vy = O. Consequently, w € 
X3/2({2), and so, again by Theorem VII.7.1 applied to (X.6.13), we obtain 


I[(w, P) [x32 S €llw- Axllsy2 < €l|Axllell(w, 6) Il x22 - 


Thus, by using (X.6.12) into this latter inequality, we deduce w = Vr = 0, 
that is (w, d) = (vw +e1,p+C), for some C € R, and the proof of the lemma 
is complete. 


Combining the result of the previous lemma with those of Theorem X.5.1 
we prove the following. 


Theorem X.6.4 Let Q be a C?-smooth, exterior three-dimensional domain 
and assume that 


f € LQ), vy € W2-1/%:1/9 (GQ), vo #0, 


for some gg > 3, and all q € (1,qo]. Then every corresponding generalized 
solution v to the Navier-Stokes problem (X.0.8), (X.0.4) satisfies the following 
summability properties 
r Ov s 1,t o 
(U+ tog) €-L"(2), aa (Q), ve D"*(Q), pe L7(M), 

for allr € (2, x], 5 € (1, oo], t € (4/3, 00] and a € (3/2, 0] where p is (up to 
a constant) the pressure field associated to v by Lemma X.1.1. If in addition, 
2 is of class C?, and f € W1(Q), vz € W3-1/%-1/9 (GQ), then we have 
also 

v € D®7(2), pe D7 (N), (X.6.15) 


for all T € (1, oo]. 
Proof. The stated summability properties, in the domain Q”, follow at once 


from Lemma X.6.1 and Theorem X.5.1. On the other hand, in the domain 
Qp, they are a consequence of Theorem IV.5.1. 


Remark X.6.2 It is worth emphasizing that Theorem X.6.4 does not require 
the vanishing of the flux of v. through the boundary 02. a 


Remark X.6.3 Summability properties at large distances for higher order 
derivatives can be likewise obtained by using Theorem VII.7.1, with f re- 
placed by f + (v+v.)- Vv. To show this, let us assume, for simplicity, f 
of bounded support in 2. Observing that, by Theorem X.6.4 and by (X.6.15) 
for sufficiently large R > 6(2°), we have 
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N =(v+v~):- Vv € W'7(2"), 
from Theorem VII.7.1, it follows that 
ee DPT O"), pe D*" (2), 


for allt > 1. Then 
N € W?7(2) 


for all 7 > 1, and so on. Therefore, we can conclude, by iteration, 
VE Berri”), pe peer, 
for allm > 0 and all 7 > 1. | 


The remaining part of this section is devoted to investigate the finiteness 
of the kinetic energy of the liquid. To this end, we begin to observe that, from 
Theorem X.5.3, it follows that for f € L°(2), s > 1, of bounded support in 
2, the field u=U+U.oo (Voo = €1) admits the following representation: 


uj(@) = Eij(x)mi — R , wi (y)us(y)DiEij(a — y)dy + 8;)(@) — (X.6.16) 


where 
m = -| [Ti(u,p) +R (du; — uui)|rt+R | fi (X.6.17) 
an 2 


and 
s€L7(Q*), for ally > 3/2, (X.6.18) 


see Exercise VII.6.3. Observing that, by (VII.3.21) and (VII.3.33), 
VE € L’(R®) for all r € (4/3, 3/2), 
and that, by Theorem X.6.4, 
uju, € L°(2) for alls > 1, 


from Young’s theorem on convolutions it follows that 
[retusa Dito —y)dy € EMO), for all €> 4/3. (X.6.19) 
In view of (X.6.16)—(X.6.19), we then conclude that, for sufficiently large R, 
ue L4(Q®), qe (3/2,2| (X.6.20) 


if and only if 
Exyym; € L9(Q*), qe (3/2, 2]. (X.6.21) 
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Consider now the quadratic form 
Q= Ej; (x) Ej; (x)mime. 


Starting from (VII.3.20) and using the symmetry properties of the tensor field 
E;;(x), it is not hard to show that, for any p > 0, 


Ey;(x) Eix(x) = 0,9 4, 
dB, 


and so, the integrability of Q is reduced to that of 


Q’ = mE, + m3 E3, + m3 E3, + (mi + m3) E?, (x 6 22) 
+(m? + m3) E2, + (m3 + m3) E33. — 


However, as we know from (VII.3.30), for m; 4 0, no term in the sum (X.6.22) 
is integrable over 2” and so (X.6.21) with g = 2 can not hold unless m; = 0. 
In fact, we can say more. Actually, since E(x) tends to zero as |a| — oo, 
(X.6.21) cannot hold for any of the specified values of g, unless m; = 0. We 
thus conclude that property (X.6.20) can hold if and only if some restrictions 
are imposed on the motion itself and which are described by the conditions 


m= -{ [Ti1(t, p) + Rui a ujus)| mtR i =O; = 172,35 
02 2 


(X.6.23) 
From the physical point of view, (X.6.23) means that there is no net external 
force applied to the “body” 2°. This circumstance occurs in the case of steady 
flow around a body which, for instance, propels itself either by maintaining a 
momentum flux across portion of its boundary or by moving tangentially por- 
tions of its boundary (as by belts). However, the existence theory related to 
problems of this kind may be completely different than that developed so far 
for the “classical” problem (X.0.3)—(X.0.4), in that the solution must obey the 
extra conditions expressed by (X.6.23). As a consequence, one has to introduce 
another unknown into the problem which, as suggested by physics, can be ei- 
ther the velocity at the boundary, or the (nonzero) velocity at infinity. This 
type of questions has been considered by several authors. Among others, we 
refer to Sennitskii (1978, 1984) for flow around symmetric self-propelled bod- 
ies, and to Galdi (1999a, 2002) for a general existence and uniqueness theory. 
The asymptotic behavior of velocity and pressure fields has been investigated 
in full detail by Pukhnacev (1989). 

Another worth of mentioning circumstance where (X.6.23) occurs is the 
case when 2 = R® and f has zero average on 2. In such a situation we 
thus obtain, in particular, that the kinetic energy of the liquid is finite. For 
this type of problems we refer to the papers of Bjorland & Schonbek (2009), 
Bjorland, Brandolese, Iftimie & Schonbek (2011), and Silvestre (2009), this 
latter also considering a more general choice of Uo. 
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However, there is also a very significant case where (X.6.23) can not hold 
and, as a consequence, the total kinetic energy of the liquid is infinite. Specif- 
ically, consider the situation when 2 is exterior to just one compact body B 
(say)? and that v, = f = 0. Physically, this means that B is steadily moving 
into the liquid with velocity v... In such a case (X.6.23) is equivalent to 


T(u,p)-n=0. (X.6.24) 
02 


On the other hand, in Theorem X.7.1 of the following section it will be proved 
that v and p obey the energy equation 


Vu: Vu=v—q° T(u,p)-n, (X.6.25) 
Q AQ 


and, being vx. # 0, from (X.6.24) and (X.6.25) it follows v = 0 in 2, which 
gives an absurd conclusion. Therefore, (X.6.24) cannot hold and, consequently, 
u (= v+v..) cannot satisfy (X.6.20) for any of the specified values of g, which 
proves, in particular, that the kinetic energy of the liquid is infinite. 

The above considerations are collected in the following. 


Theorem X.6.5 Let v be a generalized solution to the Navier-Stokes prob- 
lem (X.0.8), (X.0.4) in a three-dimensional exterior domain of class C? with 
Vo #0 (Vx = €1). Assume that, for some r, s > 1 


veWye(Q) f <L*(Q), 
with f of bounded support and let Qe D supp (f). Then, 
w=vtve € 112"), for some q € (3/2, 2] (X.6.26) 


if and only if 
mM = -| [Ti(u,p) +R (du; — uzus)| mtR fi =0, 1=1,2,3. 
OQ 2 


Moreover, if f = vs = 0, it follows that m; 4 0, and therefore (X.6.26) can 
not hold. Thus, in particular, under these latter conditions on the data, the 
total kinetic energy of the liquid is infinite. 


Exercise X.6.1 Under the assumptions of Theorem X.6.5, prove that if 
V+V6 € L1(2), for some q € (1, 2], (X.6.27) 
then m; = 0. Thus, if f = vs. = 0, (X.6.27) can not hold. 


Exercise X.6.2 Let the assumptions of Theorem X.6.5 be satisfied. Suppose, also, 
that f = 0, vs = vo =const. Show that (X.6.27) holds if and only if v = vo = e1. 


3 This restriction is, of course, unnecessary. As assumed so far, 2 can be exterior 
to s > 1 compact bodies. 
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X.7 The Energy Equation and Uniqueness for 
Generalized Solutions when v. 4 0 


Our objective here is two-fold. On one hand, we show that, under suitable 
regularity assumption on the data, weak solutions corresponding to v. 4 0 
satisfy the energy equation, and, on the other hand, that if the data are 
“sufficiently small”, they are unique in their own class. 


We begin to give a sufficient condition for the validity of the energy equal- 
ity. 
Theorem X.7.1 Let Q be a C?-smooth exterior three-dimensional domain, 


and let v be a generalized solution to the Navier-Stokes problem (X.0.8), 
(X.0.4) corresponding to the data 


Fe LQ) NL(Q), v1. EWN), vo #0. (KT) 


Then v verifies the energy equation (X.2.29), where p is the pressure field 
associated to v by Lemma X.1.1. 


Proof. Under the assumption (X.7.1), from Lemma X.6.1 we have, in partic- 
ular, 
V+ V0 €14(2), Vo: Vv E L4/3(2), 


so that (X.2.11) holds with q = 4. Thus, the result follows from Remark X.2.6 
and Exercise X.2.2. 


An important corollary to Theorem X.7.1 is the following result of Liouville- 
type. 


Theorem X.7.2 Let v be a generalized solution to the Navier-Stokes prob- 
lem (X.0.8), (X.0.4) in R? corresponding to f = 0 and v. # 0. Then 
v(x) = —Vo for all x € R?. 


Remark X.7.1 Theorem X.7.2 necessitates the condition v. £ 0. It is not 
known if the result continues to be valid when v. = 0. In this respect, 
cf. Remark X.9.4. BD 


We shall now investigate the uniqueness problem. To this end, we begin 
to show that if f (at large distances) and v, have some property in addition 
to those required in Theorem X.7.1, and if the data are suitably “small,” the 
corresponding generalized solution satisfies conditions (X.3.3) and (X.3.5). 


Lemma X.7.1 Let the assumptions of Theorem X.7.1 be satisfied and as- 
sume, in addition, that 


f € L8°(Q) 


a. 
R Floss + llvx + Vooll7/6,6/5(0.2) < — min 


1 (75) 
R 


4c’ 4c 
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where 


c=c(2,B) for all R € (0, Bl 


and 
a, = min{1,R!/*}. 


Then any generalized solution corresponding to f,v., and UV. satisfies (v + 
Voo) € L3(2)! along with the inequality 


V3 
|v + Vooll3 < oR” (X.7.3) 


Proof. We begin to show that under hypothesis (X.7.2) there exists a gener- 
alized solution w’, say, verifying the condition 


V3 

/ 

w+v <= X.7.4 
Jw! + ells < (X.7.4) 
To this end, we may employ, for example, the method of successive approxima- 
tions. We introduce a sequence of approximating solutions {w,, 7}, defined 
by wo = 7 =0 and, for k > 1, 


Ow, 
Aw ee = Ra 4 Va 4S Vie ERG 

Ox in 2 
V-: Wr = 0 


(X.7.5) 
lim w;(x) = 0, 


|z|—-co 


Wh = Vet Vo at OM. 


By Theorem VII.7.1 with m = 0 and q = 6/5, we know that, for k = 1, there 
is a solution w 1,71 such that 


wy € 13(2)N Db/7(2) n D?6/5(Q), 
m7 € D'8/5(2)), 
and obeying the estimate 
ay||wr||3 + @2|w1|1,12/7+ |Wrl2,6/5 + |7111,6/5 
<1 (RilFlle/s + |lv« — Voollz/6,6/5(aa)) — (X.7.6) 
=¢,D, 
where cy = ci(q, 2) is independent of R for R € (0, B] and 


' Observe that this property follows from the assumptions on the data and Lemma 
X.6.1. 
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a, = min{1, Ry, a2 = min{1, R™4}. 
Since, by Theorem II.6.1, 
|wili2 < colwilo6/s, (X.7.7) 
(X.7.6) furnishes, in particular, 
ai|/wi|[s + |wili,2 + |wie,6/5 + |T1l1,6/5 < cD, (X.7.8) 


with c = c(2, B) independent of R € (0, B]. We next show, by induction, that 
the following inequality is verified for all k € N 


ay||we||3 + |welr.2 + |wele.e/5 + |tel1,6/5 < 2eD, (X.7.9) 


provided D is “small enough.” Thus, assuming w,, 7% obey (X.7.9), by The- 
orem VII.7.1 we recover 


ay ||We41|13 + |wWeoalt,2 + |We+1l2,6/5+ |Te41|1,6/5 


(X.7.10) 
<e¢ (D+ Rllwe - Vwelle/s) - 
Now we have 
wr - Vwalless < ||wel|ls|wels2 
and, by induction hypothesis, 
lle - Vwxlless < 4c°D? /ar, 
so that (X.7.10) shows that if 
D <a1/4C°R, (X.7.11) 


then inequality (X.7.9) is satisfied for all k € N. It is now easy to prove that 
{w,z, 7} is a Cauchy sequence in the space 


S = (19(2) 0 DY(@) 9 B6/°(9)) x DM6/9(9). 
In fact, from (X.7.5) we deduce that 
ay ||we41 — Wells + |weo1 — Walia + |weei — Wwe|2,6/5 + |TRp1 — Tk|1,6/5 
<cR|lwe: Vw, — we-1* Vwe-ille/s, 
and since 
||, - Vg — we_-1- Vwr-alle/s < ||we — we-ill3|wels,2 
+||we|l3|we — We—1|1,2, 


in view of (X.7.9) we conclude, for all k > 1, 
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a1|/Wr41 — Welz + \wWe41 — Weli,2 


+ |wr+i — Welo,6/5 + |te41 — TI1,6/5 
< (4P°RD/a1)(a1||we — We—1ll3 + \we — WK—1|1,2)- 


From this inequality we receive, for all k > 1, 


1 ||Wey1 — Wells + |WerI — Wel1,2 


+|wrya — We |2,6/5 + |tR41- Tk|1,6/5 < (4c?RD/a,)**1, 


which, by (X.7.11) and virtue of a standard argument, implies that the se- 
quence {w,z,7} is a Cauchy sequence in the space S. Denoting by w,7 the 
limiting field, we then have 


w € L3(2)N D?(Q) N D?:9/5(Q) 
ge D¥8/5(Q) 
and, moreover, w,7 obey the estimate (X.7.9). In addition, setting 
w' =wtvo, (X.7.12) 


and recalling that, in particular, w is a generalized solution, from Lemma 
X.6.1 we find 
w' + Vo € L4(Q), v.o+ Vw! € L4/3(2) nig) 


and, if the data satisfy (X.7.2),, we also have that w’ obeys (X.7.4). Now 
let v denote any generalized solution corresponding to f, vs, and v4. From 


Lemma X.6.1 we find 
V+ Voo € E4(2) 


(X.7.14) 
Vo Vu € L4/3(2) 
and, by Theorem X.7.1, we obtain that 
v verifies the generalized energy equality (X.2.28) (X.7.15) 


for any extension A of v, and V..2 Observing that f € L°/5(Q) implies f € 
Do *'*(Q) (as a consequence of Sobolev inequality (II.3.11)), the uniqueness 
Theorem X.3.1, together with (X.7.12)-(X.7.15)? and (X.7.4), furnishes w = v 
a.e. in 92. The lemma is proved. 


From Lemma X.7.1 and Theorem X.7.1 we immediately obtain the follow- 
ing uniqueness theorem for generalized solutions corresponding to Vx. # 0. 


? Actually, v satisfies the energy equation (X.2.29) in its classical form. 
3 See footnote 1 in this section. 
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Theorem X.7.3 Let 2 be a three-dimensional exterior domain of class C?. 
Further, let 


f c £8/5(Q) AL (2), VU, € w/44/3(aQ), Voo # 0. 


Then if (X.7.2), is satisfied, v is the only generalized solution achieving these 
data. 


X.8 The Asymptotic Structure of Generalized Solutions 
when ve 4 0 


In this section we conclude the study of the asymptotic behavior of generalized 
solutions with v. 4 0, by showing that they have the same structure as the 
corresponding solutions to the Oseen problem. In particular, they exhibit a 
“downstream” paraboloidal wake region and the rate of convergence of the 
velocity field v to —v. is more rapid outside the wake than inside. 

For the reader’s convenience, we collect the estimates on the tensor field E 
derived in (VII.3.24), (VII.3.32), and Exercise VII.3.1, which will be frequently 
used in the sequel: 


|Eij(@ — y)| < ela —y|7" 
|VEij(a — y)| < cle — y|-3/? 


| |\VEi(a2 — y)| < eR-V?2. 
aBulz) 


(8.1) 


Our first objective is to recover an appropriate uniform estimate for u(a) = 
v(@)+Vo0, for large values of ||, where, as usual and without loss of generality, 
we take Ux. = e1. For simplicity, we shall assume that the body force f is of 
bounded support. Let (2 denote, temporarily, the exterior of B,, where p is 
taken large enough to satisfy B, > supp (f). By Theorem X.1.1 we then have 
that v, p € C™%(22) and that v, p enjoy the summability properties proved in 
Theorem X.6.4. From the asymptotic formulas (X.5.50)—(X.5.52) we have 


u(x) = N[u(x)] + O(1/|2|) as |a| > co (X.8.2) 
where 


Nj = (N[u(e))), = ; Bye s)uly)Dreuluy)ay 


We wish to give a uniform estimate for N. To this end, setting |x| = 2R, we 
may write 


N, =f. Bea Daatare d. Eig(e — y)ua(y) Drie (y) dy 


=N, 4+ No. 
(X.8.3) 
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Recalling (X.8.1),, it follows that 


c 2c 
IM| < Fllulls.cxllt3/2,.0n < ja Ullslels.sy2- 
This inequality and Theorem X.6.4 yield 
IMa| < ca[a|7?. (X.8.4) 


Furthermore, from Theorem II.6.1 (cf. (II.6.20)) and (X.8.1), we also have 


wu? 1/2 1/2 
INo| < (/ = ( Vu: vu) <ce Vu: Vu (X.8.5) 
Q QR QR 


r |e — yl? 
with cg independent of u and R. Setting 
G(R) = Vu: Vu (X.8.6) 
QR 


from (X.8.2)—(X.8.5) we deduce that estimating the nonlinear term N/u(x)] 
is reduced to estimating the functions G(R), R = |x|/2. This latter question 
will be analyzed in the next two lemmas. We begin with a simple but very 
useful result. 


Lemma X.8.1 Suppose that for allt > a > 0, 


(i) ye C' (a, t}), 
(ii) y(t) 2 0, 
(iii) y'(t) < 0, 


and that, for some 3 € [0,1), 


/ y(s)s-P ds < co. 


Then, for allt > a, 


y(t? < (1-8) i: y(s)s-P ds +y(a)al-, 


a 
Proof. The assertion is an immediate consequence of the identity 


yee? = fF iy(s)s'P|ds-+ yaa? 


and of the assumptions made on y. 


Lemma X.8.1 allows us to prove the following estimate for G(R). 
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Lemma X.8.2 Let v be a generalized solution to the Navier-Stokes problem 
in Q = R°—B, corresponding to f = 0 andv # 0. Then, setting u = V+V.0, 
for all R > p, it holds that 

G(R) < cRN (X.8.7) 


where G is defined in (X.8.6), € is an arbitrary positive number and c is 
independent of R. 


Proof. As usual, we assume Vo = e€1. We recall that v and the corresponding 


pressure p are in C'°({2). Multiplying (X.0.8) by u and integrating over Qr R-, 
(R* > R), it follows that 


| Vu: Vu= [ {ue Se Bite n—plu-n)h (X.8.8) 
nak ABRUOB px On 2 


From Theorem X.6.4 we derive, in particular, 
DW = Jul? + |Vul?/? + Jeel®/? + |pl5/3 © £49). (X.8.9) 


Therefore, there exists a sequence {R,} tending to infinity as & tends to 
infinity, such that 


| W (Ry, w)dw = o(R;"). (X.8.10) 
Br, 


Using Young’s inequality several times and the Holder inequality, we deduce 
(with r denoting either R or R*) 


1/q 
ae | [ud + |Veel3/? + u5/? + p/3] 4 12/a (/ wr) 
dB, dB, 


(X.8.11) 
where g is an arbitrary number greater than one. Taking in (X.8.11) r = R* = 
Ry, = 3/2 and using (X.8.9), (X.8.10), it follows that 


Jim F(Rx) = 0, 


and(X.8.8) furnishes 
G(R) = F(R). (X.8.12) 


For any € € (0,1), by Young’s inequality, 


1/q 
H(R) = RERIY (/ 2) <e ee +f 2) 
dBr OBR 
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and so, taking g < 3/(3—e), and recalling that, by Theorem X.6.4, u € L*(Q2) 
for all s > 2, we have 


H € L*(p, 00). (X.8.13) 
Collecting (X.8.9), (X.8.11), and (X.8.13) yields 
R-£F(R) € L'(p, 00) (X.8.14) 
and, since 
G'(R) = —- Vu: Vu<0, (X.8.15) 
aBr 


from (X.8.12), (X.8.14), and (X.8.15), with the help of Lemma X.8.1, we 
obtain (X.8.7), and the proof is complete. 


Using (X.8.3)—(X.8.5), together with the results of Lemma X.8.2, we then 
have the following uniform estimate for the nonlinear term: 


|N[u(x)]| < claz|~'t*, for any  € (0, 1], (X.8.16) 


for some c = c(e) (c > oo as € > 0). From (X.8.2) and (X.8.16) we thus 
obtain the following. 


Lemma X.8.3 Let v be a generalized solution to the Navier-Stokes problem 
in a three-dimensional exterior domain §2 with f of bounded support and 
Vo. # 0. Then, for all sufficiently large |x|, the following uniform estimate 
holds: 

v(t) + Vo = O(1/|z|'~*), for any « € (0,1). 


With this result in hand, we can now show the following theorem which 
furnishes the asymptotic structure of any generalized solution corresponding 
to a body force of bounded support. 


Theorem X.8.1 Let v be a generalized solution to the Navier-Stokes prob- 
lem (X.0.8)-(X.0.4) in a three-dimensional exterior domain of class C?, cor- 
responding to VU. #0, f of bounded support in 22, and, moreover, with 


f €LUQ), v_ € W2-1/90:1/40 (QQ), 


for some qo > 3 and all gq € (1, qo]. Then for all sufficiently large |x|, v admits 
the following representation: 


v(z) F}¥— =m- E(x) + V(x) (X.8.17) 
where E is the Oseen fundamental tensor, 


mm = -{ [Ti(u, p) + R (divu; — uzue)|nry + R | fi, (X.8.18) 
an Q 


with u := v + Vo, and V(x) satisfies the estimate 


V(«) = O(\a|~3/?+*) for any 6 > 0. (X.8.19) 
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Proof. In view of Theorem X.5.3, formula (X.5.50)2, it suffices to show the 
uniform estimate 


J ratauslan DiBs(e — yay] = O(|2\-°*. (X.8.20) 


Setting |z| = R sufficiently large, we divide the region 2 into three parts: 
QR, Qrjasr, 2" 


and denote the corresponding integrals over these regions by [,, Jz, and I3, 
respectively. Using (X.8.1), and the Hélder inequality, we find 


G , 
|Z, | = aa | ue < c R3QA/4 1/2)! ay||2 
R3/2 CMe 2q 


and so, choosing g = 3/(3 — 6), from Theorem X.6.4 it follows that 
[Ei] < e2|a|-3/?*. (X.8.21) 


Furthermore, recalling Lemma X.8.3, we have 


ll’ <an-?re | |E(a — y)| dy < c3R7?4?*| Eli, Ban(2) 


2R/2,3R 


and so, in view of (X.8.1),, choosing « = 6/2, we recover 
|Ia| < e4|a|-3/2+?, (X.8.22) 


Finally, from Lemma X.8.3 and an obvious majoration it follows that 
sl ses f Wu |V Be —wldy ses fly P19 EC — lay, 
QR B2R (x) 


where we have used the fact that |a| = R. Now, for any y € B?”(a) we find 
jx —y| < |y| + R < 2|y|, so that the above inequality leads to the following 
one 


Wal soo fe — yl (VE (e— lay, 
BR (x) 
which, in turn, by (X.8.1)3 furnishes 
|I3| < cr | preteen 1/2 gp Z Behl 8s te 
2R 
This latter, with the choice « = 6/2, implies 


|| < e9|a|—3/24°. (X.8.23) 


The validity of (X.8.20) is a consequence of (X.8.21)—(X.8.23) and the theorem 
is proved. 
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Remark X.8.1 From (X.8.17) and the properties of the tensor field E 
(cf. (VII.3.24)—(VII.3.26)), we deduce, in particular, that any generalized so- 
lution of Theorem X.8.1 exhibits a paraboloidal wake region in the direction 
of Vso (= e1). Specifically, for all sufficiently large |a| we have the uniform 
estimate 

V(L) + Vo = O(1/|a]). (X.8.24) 


On the other hand, denoting by y the angle made by a ray starting from the 
origin (in 2°, say) with the negatively directed x 1-axis, for all x satisfying! 


|z|(1 + cosy) > |a|??, o € (0, 1/2], (X.8.25) 
we have 
V(£) + Voq = O(1/|z|'**) (X.8.26) 
where 
a = min(20, 1/2 — 4). (X.8.27) 


Relations (X.8.24)—(X.8.27) then show the mentioned behavior of v. Compar- 
ing (X.8.26) with the analogous estimate for E given in (VII.3.26) or, what 
amounts to the same thing, with the estimate for the velocity field of the cor- 
responding Oseen linearized problem given by (VII.6.18), we recognize that 
(X.8.26) is apparently weaker, because we cannot take a = 20, for 0 > 1/4. 
This latter circumstance is due to the fact that, in the proof of Theorem X.8.1, 
we have given a uniform bound for the nonlinear term 


N(x) = : tu(u)ue(y) Dis (0 — wd 


However, also for N, we can prove estimates whose decay order is faster than 
(X.8.21) if z belongs to the region R, described by (X.8.25). This will, in turn, 
furnish more accurate estimates for the remainder V(x), defined in (X.8.17), 
for a € R,. For example, Finn (1959b, Theorem 8) has shown the following 
asymptotic bound for V(x): 


V(x) =O (ea , for allz € Ry. 


Sharper estimates for V(a) can be found in the work of Finn (1965a, Theo- 
rem 5.1) and Vasil’ev (1973) and, under suitable restriction on m, in that of 
Babenko & Vasil’ev (1973). a 


An immediate consequence of Theorem X.8.1 is that the uniform estimate 
(X.8.24) is sharp in the sense specified by the following result, whose first 
formulation traces back to the work of Udeschini (1941), Berker (1952), and 
Finn (1959b).? 


™ See Remark [X.3.1. 
? See also Exercise X.8.1. 
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Corollary X.8.1 Let the assumptions of Theorem X.8.1 be satisfied for some 
Voo #0. Then 

V+tVo = 0(1/|2]) 
if and only if the vector m defined in (X.8.18) is zero.? 
Proof. We can take, as usual, vo. = e1. By Theorem X.8.1 we have at once 
that, if m is zero, then v+v satisfies the stated property. Conversely, assume 
that such a property holds. On the ray x2 = x3 = 0, 21 > 0, from (VII.3.20), 


E(x) = E31(x) = 0 |E11(x)| > ela|~1 


and so, by Theorem X.8.1 it follows that m, = 0. A similar argument proves, 
in turn, mz = m3 = 0, and the corollary follows. 


Exercise X.8.1 Let the assumptions of Corollary X.8.1 hold. Suppose, further, 
that f = 0 and v. = vo =const. Show that v + v6. = o(1/|z|) if and only if 


Vv = V0 = —-Vo. 


Let us now turn our attention to the behavior at infinity of the first 
derivatives of the velocity field. Our starting point is again the representa- 
tion (X.5.50)2. However, we cannot differentiate this formula under the sign 
of integration because of the singularity of the term D, E;;(x—y). Nevertheless, 
observing that 


fu (y)Diui(y) Dp Eij(x — y)dy 
- -[ ur(y)ui(y) Di Dy Eig (x — y)dy 
Q-By (2x) 


+ Dy Ei; (x — yui(y)Diui(y)dy 
By(a) 


+/ D, Ei; (« = y)u (y)us(y)ni (y)doy 
OB (a) 


+f De Fig(x — y)ur(y)uily)r(y)doy 
[oh@) 


we may use this identity in (X.5.50), to find 


Dyttj(x) = m;Dx Eig (x) + Dys\? (w) — R(Nj(x) +; (x) —2;(2)) (X.8.28) 
where 


3 Compare this result with that of Theorem X.6.5. 
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Nile) = fo lve o) Px Dib — vey 


(a) = | Dy Eag(ae — y)en(y)ue(y)ra(u)ay 
dBi (x) 


and s(?) satisfies (X.5.52)1,2. Clearly, in view of (VII.3.32) and (X.5.52); we 
need to estimate only the term in brackets in (X.8.28). To this end, we recall 
the following bounds (cf. (VII.3.35) and Exercise VII.3.1), 


|D.Di E(x — y)| < e|x — y|~? 


X.8.29 
| |D, Di E(x — y)| < cR7}. ( ) 


Setting |x| = R and splitting N; as the sum of three integrals, ni, n2, and 
ng, over Qr/2, Qr/2,2R — Bi(x), and 27”, respectively, from (X.8.29), and 
Theorem X.6.4 we deduce 


1 v 
|ni| < z I u? < cR3/4 ~* llull3o <q \g|-7" (X.8.30) 
: R/2 


where ¢€ is a positive number that can be taken arbitrarily close to zero (at 
the cost, of course, of increasing the value of c,). The other two terms, nz and 
ng, are estimated exactly as the integrals Iz and Jz introduced in the proof of 
Theorem X.8.1 (cf. (X.8.22), (X.8.23)) using, this time, (X.8.29), in place of 
(X.8.1),. We then obtain 


|n2| + |ngl < cg|a|-?**. (X.8.31) 


Moreover, bearing in mind that v satisfies the uniform estimate (X.8.24), from 
(X.8.1), we recover 
l25| < cs|a|7?. (X.8.32) 


It remains to give an upper bound to Z;(x). To this purpose, we notice that 
from Lemma VII.6.3 it follows for all sufficiently large |a| 


Dyus(o) = — f ltl Dread De BY Ce — 9) uly) DIE — v)) 


(X.8.33) 
and since, by Theorem X.5.1, 


[Vu(z)| <M 


for sufficiently large |v] and with M independent of x, we recover 
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|Vu(ar)| < c4|a|7*. (X.8.34) 
Thus, from (X.8.1),, (X.8.24), and (X.8.34) we conclude that 
Ze) Sexe. (X.8.35) 


Therefore, identity (X.8.28) along with (VIL3.32), (X.5.52)1, (X.8.30)-(X.8.32), 
and (X.8.35), allows us to deduce the following theorem. 


Theorem X.8.2 Let the assumptions of Theorem X.8.1 hold. Then for all 
sufficiently large |x|, Dpv(a), k = 1,2,3, admits the following representation: 


where E is the Oseen fundamental tensor, m is given in (X.8.18) and D;,() 
satisfies the estimate 


Die) =O0(\2\-*"*), (X.8.37) 
where the positive number ¢ can be taken arbitrarily close to zero. 


Remark X.8.2 Taking into account the asymptotic properties of D, E(x), 
cf. (VII.3.31), (VII.3.32), from (X.8.28) it is possible to derive sharper esti- 
mates for the gradient of the velocity, according to whether we are or are not 
in the paraboloidal wake region. In this regard, it should be observed that the 
uniform estimate (X.8.37) can also be slightly improved. For example, Finn 
(1959b, Theorem 9) has proved the following bound 


C |x|~?, uniformly in « € 2 
[Di.(z)| < _ (X.8.38) 
c|r|~?-47, x in the region (X.8.25), 


for all @ < o. For more accurate bounds, we refer the reader to Finn (1965a, 
Theorem 5.3) and to Babenko & Vasil’ev (1973, Section 3.3). Oo 


Remark X.8.3 It should be emphasized that the method adopted in the 
proof of Theorem X.8.2 does not apply to higher-order derivatives in the 
sense that it does not furnish for such derivatives improved bounds at large 
distances. For example, consider D?v(x). We would expect that as |x| — 00 


D?v(2) = m- D?E(x) + O(|2|-2-%), 
for some a > 0. Now, differentiating twice (X.5.50); and suitably manipulat- 


ing the volume integral as we did in the proof of Theorem X.8.2, we obtain 
the following relation 
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Dy Dsuj(x) =m:D, Ds Ei (2) + DpDss” 


aR | tin(y)tis() Di Dy De Base — v)dy 
Q-By(x) 


+R u(y) Diui(y) Ds Bi; (x — y)nk(y)doy 


— (X.8.39) 
+R Dz (u(y) Diuily))Ds Eig (x — y)dy 

By (x) 
=k, u(y)ui(y)DeDs Eis (x — y)nri(y)doy. 

OB, (x) 


Using Lemma VII.6.3 and the estimate 
|Vu(x)| = O(\x|-*/”), (X.8.40) 


we can show 
|D?u(x)| = O(|x|-8/?). (X.8.41) 


Employing (X.8.40), (X.8.41) into (X.8.39) together with the asymptotic 
bounds for E and s°), and recalling that 


V+ Vo = O(|z|~), (X.8.42) 


we can show 


D,Dgsu;(x) = mDgDs Ej; (x) + O(|x|-5/2+2) 


—R ur(y)ui(y) De Ds Eig (x — y)nily)doy, 
OB, (2) 


where ¢€ is a positive number arbitrarily close to zero. However, for the last 
term on the right-hand side of this relation we can only say that it behaves as 
|z|~? for large |x|, and so no improved bound can be deduced on the second 
derivatives of v. 

The problem of the asymptotic structure of the second derivatives of a 
generalized solution has been taken up and sharply solved by Deuring (2005). 
In particular, this author proves that, similarly to v and Vv, also Dy D,v 
behaves “almost” like the corresponding quantities calculated for the Oseen 
tensor E. More precisely, he shows the following estimate as |x| — oo 


DzD,v(«) = @- (DD, E(x)) + O (ie)? In? i2|) 


where a € R® is suitable. In the same paper, an estimate of the asymptotic 
behavior of Vp is also provided. | 
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Our next objective is to obtain an asymptotic formula for the pressure 
field p associated to the generalized solution v. The starting point is the 
representation (X.5.50)3, which can be written as 


3 
p(x) = pp — M* - e(x) + RY P(x) + h(x) (X.8.43) 
i=1 
with M®* and h(x) given by (X.5.51)3 and (X.5.52)3, respectively, and 


P(x) =—-R ei(x — y)ur(y) Diui(y)dy 
ins 


Po(x) = —R ex(a — y)ur(y)Dius(y)dy 


QR/2,2R 


Psa) =—R fee ~ y)uuly)Drns(u)a 


where R = |x|. From the inequality 
ler(e —y)| Sela — yl? 


(cf. (VII.3.17)), from (X.8.42) and the uniform bound on the gradient of v 
given by (X.8.36), (X.8.38), we easily obtain 


Cc a 
|Pi(z)| < ype ullslela.ar2 <eie)° 
C2 —s 
|Po(x)| < 3 le(x — y)|dy < c3|a|~? (X.8.44) 
|x| QR/2,2R 


CoO 
IPale)| Sea f p-dp < eslal-?, 
2R 


where we have employed the summability properties of u, Vu as established 
in Theorem X.6.4. Collecting (X.8.43), (X.8.44) and recalling the asymptotic 
properties of e and h we then have the following. 


Theorem X.8.3 Let the assumptions of Theorem X.8.1 hold and let p be the 
pressure field associated to v by Lemma X.1.1. Then there exists a constant p} 
such that, for all sufficiently large |x|, p(x) admits the following representation: 


p(x) = pp - M* - e(x) + P(z) (X.8.45) 


where e is the Oseen fundamental pressure field (V1I.3.14), M™* is defined in 
(X.5.51)3 and P(x) satisfies the estimate 


P(x) = O(le|~?). 
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Remark X.8.4 Also for the pressure field one can give an asymptotic esti- 
mate that is sharper than (X.8.45). For example, Finn (1959b, Theorem 10) 
has shown that, provided M* is modified by adding to it a suitable (constant) 
vector, one has 


c|z|~? uniformly in x € Q 
|P(x)| < . 
cla|~?-27 x in the region (X.8.25) 


for all o < o. Further asymptotic estimates on the pressure can be found in 
Finn (1965a, Theorem 5.4). Oo 


We end this section by describing the asymptotic structure of the vorticity 
field w = V xv associated to a solution v to (X.0.8), (X.0.4) with vu. #4 0. This 
problem has been studied in full detail by several authors; cf. Clark (1971), 
and Babenko & Vasil’ev (1973, §4). The main result states, essentially, that 
if f is of bounded support and v satisfies an estimate of the form 


v(£) + Veo = O(\a|~1/2-*) (X.8.46) 


for some € > 0, then the principal term in the representation of w at large 
distances is the curl of the principal term of the representation (X.8.17) for v. 
However, as we know from Theorem X.8.1, every generalized solution obeys 
(X.8.46) and so the vorticity field of every generalized solution satisfies the 
preceding property. Thus, in particular, combining Theorem X.8.1 and a the- 
orem of Clark (1971, Theorem 3.5) one can show the following result, whose 
rather long proof will be omitted. 


Theorem X.8.4 Let the assumptions of Theorem X.8.1 be satisfied. Then 
the vorticity field w = V x v obeys the following representation for all suffi- 
ciently large |x| 

w(x) = VG(x) x m+ H(c), 


where 


m is defined in (X.5.51), and 


H(x) = O(e~?|a|~* log |=). 


From this theorem it follows, in particular, that the vorticity field of any 
generalized solution decays exponentially fast in the region (X.8.25) with o = 
1/2, i.e., outside any semi-infinite straight cone of finite aperture having the 
axis coincident with the negative x1-axis. 
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X.9 On the Asymptotic Structure of Generalized 
Solutions when v,, = 0 


The methods we used to investigate the asymptotic structure of a generalized 
solution corresponding to v.. 4 0, no longer apply when v. = 0. The reason 
is basically due to the different properties possessed at infinity by solutions 
to the Oseen and Stokes problems, respectively. More specifically, what we 
cannot do when v. = 0 is to show (under suitable assumptions on the body 
force) an analog of Lemma X.6.1 that would ensure that the velocity field v 
belongs to L4(Q") for some q < 6. As a matter of fact, existence of solutions 
corresponding to vx = 0 and to data of arbitrary “size”, in the class LY ina 
neighborhood of infinity, with g € (1,6), is, to date, an open question. 

Nevertheless, by using a completely different approach due to Galdi 
(1992c), we can still draw some interesting conclusion on the asymptotic 
structure of generalized solutions corresponding to vs. = 0 which, further, 
satisfy the energy inequality (X.4.19). (As we know from the existence Theo- 
rem X.4.1, this class of solutions is certainly not empty.) Specifically, we shall 
show that, provided a certain norm of the data is sufficiently small compared 
to R~? (namely, to the square of the kinematic viscosity), every corresponding 
generalized solution v satisfying the energy inequality behaves for large |2| as 
|a|—!. Moreover, employing a simple scaling argument due to Sverak & Tsai 
(2000), we can prove that, if f is of bounded support,! the derivatives D°v, 
behave like |2|~!°!~1, while the derivatives, D“p, of the corresponding pres- 
sure field p, decay like |a|~!*!-?. In other words, v,p possess the asymptotic 
properties of the fundamental Stokes tensor U,e. The question of whether 
such a result continues to hold for large data also remains open. 

It must be also emphasized that, as shown by Deuring & Galdi (2000), 
even though v behaves, for large ||, like U, it does not admit an asymptotic 
expansion where the leading term is of the form m-U, for some (constant) 
non-zero vector m. This issue has been taken up by Nazarov & Pileckas (2000) 
and, successively, by Korolev & Sverdk (2007, 2011). In particular, the latter 
authors have demonstrated that the leading term coincides with a suitable 
exact (and singular) solution of the full nonlinear problem obtained by Landau 
(1944); see Remark X.9.3. 

The proof of the main result is based on a certain number of steps. To 
render the presentation simpler, we shall restrict ourselves to the case where 
v, = 0 and shall suppose that the body force f can be written in divergence 
form, namely, f = V -F, with F a second-order tensor field.? For G a vector 
or second order tensor field, we recall the notation: 


1G lpi sup [1+ |zl*)|G(@)|]. 


' Concerning this assumption, see footnote 4. 
? This latter condition is not, in fact, a restriction, provided we give some regularity 
on f; cf. Exercise III.3.1. See also Lemma VIII.5.1. 
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We begin with the following. 


Lemma X.9.1 Let 2 C R® be an exterior domain of class C?. Suppose that 
the second order tensor field F' in 92 satisfies 


(1+ |2|?)F € £2). 
Then there exists a positive constant A = A(Q2,q) such that if 
[Fle < A/R? (X.9.1) 


there is at least one generalized solution v to the Navier-Stokes problem 
(X.0.8), (X.0.4) with v. =v. =0 and f = V-F 3 such that 


ve Dj (2), pe L4(Q) for each q > 3/2, 
vi <a. 
Moreover, for any q > 3/2, this solution satisfies the following estimate 
lela + elt¢+ Iplla < BRIF Io, (X.9.2) 
with B = B(2,q). 


Proof. The solution can be determined (for instance) by the successive approx- 
imation method. Thus, we look for a sequence of solutions to the sequence of 
problems, m €N, 


(Vem, Vw) + (Um-1° VUm—-1; 0) — (pm, Vw) — (F, Vy) =0 


Um € Dy'(2), Pm € L4(2) 


(X.9.3) 


where vp = 0 and @ is arbitrary from C§°({2). By the existence theory for the 
Stokes problem of Theorem V.8.1, we know that (X.9.3) with m = 1 admits 
a unique solution {v1,p1} such that for all g > 3/2 


Jord + lili + Iiplla < 2cRIF le (X.9.4) 


where c = c(q, 2) is the constant entering the estimate (V.8.25). Let us show, 
by induction, the existence of {vm, Pm} satisfying (X.9.4) for all n € N. Thus, 
assume {Um—1,Pm—1} obeys (X.9.4). Since 


Um-1° VUm-1 =V> (Um—1 & Um—1) 
[v7.12 < |vm—i]i < 00, 


from Theorem V.8.1 we establish the existence of Um,Dm obeying (X.9.3) 
along with the estimate 


3 In the weak sense. 
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lombi + lomlt.g + llPmlla < eR (LF 2 + Joma) - (X.9.5) 
However, by the induction hypothesis, 
Jem—at < 4° R? | FG, 
and from (X.9.5) we find 
lomfi + lOmlijq + llPmlla < CRIF [2 (1+ 47R? | F 2) - (X.9.6) 


Therefore, if (X.9.1) holds with A = 1/4c?, the approximating solution satis- 
fies, for all m € N, the following inequality 


[@mlla + |Omla.g + llPmlla S 2cR]Fl2- (X.9.7) 


Notice that this inequality coincides with (X.9.2) with v,, in place of v and 
B = 2c. It is now a standard procedure, which we already employed several 
times, and which we therefore omit here (see, for instance, the proof of Theo- 
rem I[X.5.3), to show that if (X.9.7) is verified then um, Pm converges strongly 
in Dy"(Q) x L4(Q) to functions v, p such that 


vEDj(Q), pe LQ). 


Moreover, 
| Vv | 1< ow 


and (X.9.2) is satisfied. The theorem is thus proved. 


Remark X.9.1 Lemma X.9.1, under the same assumptions, remains valid in 
any number of dimensions n > 4, the only change in its statement being that 
the restriction from below on g becomes gq > n/2. | 


Exercise X.9.1 (Finn (1965a)) Show that, for sufficiently small R, the solution 
constructed in Lemma X.9.1 can be expanded as a power in R: 


v(x) = vo() +) R* vx (2), 2 EQ, (X.9.8) 


where vo(z) is a solution to the following Stokes problem 
Avo = Vpo + RF 
in Q 
Vv: Vo = 0 
vo = 0 at 02 


lim vo(x) = 0. 


|z|—-co 


Hint: A solution of the form (X.9.8) can be constructed by recurrence, that is, 
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Avm+1 = ino Um—5 V5 + VPm4i 
in 22 
Vv: Um4+1 = 0 
Um+1 =O at ON 


lim Um41(x) = 0 


|z|—co 
m = 0,1,2,.... This sequence of problems can then be solved with the help of 
Theorem V.8.1. Moreover, 
Vasey Va (X.9.9) 


j=0 
where c = c(2) and Vn = Jumli + lumi. By (X.9.9) and the Cauchy product 
formula for the series, the series 

RN 

k=0 


is converging whenever R < 1/4cVo, that is, since Vo < CRI] F'J2, whenever FR satisfies 
a restriction of the type (X.9.1). Finally, the uniqueness Theorem X.3.2 implies that 
(X.9.8) coincides with the solution constructed in Lemma X.9.1. 


Lemma X.9.2 Let v be a generalized solution to the Navier-Stokes problem 
(X.0.8), (X.0.4) corresponding to vs = Vso =0 and f of bounded support. If 
v(x) = O(|z|~4), as || — 00, then 


D*v(x) = O(\2|7!e"7), 
D* (p(x) — po) = O(|x|~!*!-?) 


for some po € R and for all |a| EN. 


Proof. To show the decay of the velocity field, we follow the scaling argument 
of Sverdk & Tsai (2000).4 Fix 2 € Q, set R = |x|/3 sufficiently large so that 
supp (f) C Qr, and define 


vp(y) = Ro(Ry+2), pry) := R?p(Ry+2), (X.9.10) 


where p is the pressure field associated to v by Lemma I[X.1.2. Since, by 
Theorem X.1.1, v,p € C%(Q*®), and satisfy in Q” (X.0.8)1,2 with f = 0, it 
easily follows that vr,pr is a smooth solution to the following system 
Avr =Rver:-Vur+VprR 
in Bo. (X.9.11) 
V “UR= 0 


We now apply to (X.9.11) the interior estimate for the Stokes problem given 
in (IV.4.20) to obtain, in particular, 


* Actually, the result of Sverdk & Tsai only requires that f decays sufficiently 
rapidly (depending on |a|) as |2| — co. 
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llvalli sa, S¢ (llvRlls,b2 + llvrll3s2,) - (X.9.12) 


In view of the assumption on v, we may take s is arbitrary in (1, 00), and thus 
obtain 
lVrllisa <M, (X.9.13) 


for all s € (1,00) for a constant M independent of R. We then use (IV.4.4), 
Remark IV.4.1 along with the embedding Theorem II.3.4 to find 


llrll2,s,Bo S¢ (l!Palli,s,2: + |leRlli.s.z,) » 
where a < 1. This inequality combined with (X.9.13) yields 
|vrllos,B, < Mi (X.9.14) 
with MM, independent of R, and then by the embedding Theorem II.3.4, 


< M. 
max |Vur(y)| < Mp 


with Mz independent of R. Therefore, from (X.9.10) it follows that 
R?|Vvu(x)| < Mz 


which shows the result for k = 1. The estimate of the higher order deriva- 
tives is obtained by a simple boot-strap argument. Thus, for example, from 
(IV.4.4), Remark IV.4.1, the embedding Theorem II.3.4, and (X.9.14) we de- 
duce ||vr|ls,s,B, < M3, 6 < a, which, by (X.9.10), and Theorem II.3.4 in turn 
implies R3|D?vu(x)| < Mg, and so forth. We next come to the estimate for the 
pressure. For |a| > 1 they immediately follow from the estimate just proved 
for v and from (X.0.8); (with f = 0). In order to show the stated decay for 
|a| = 0, we notice that from (X.5.47)3, (VII.3.14) and (X.5.47)2 we find, for 
some po € R, and all sufficiently large |a|:= 3R 


pla) = po- Rf ale — yulu)Drestu)dy + O(1/leP) 


=—-R qi(x — y)ui(y)Divily)dy — Rf — ai(x — y)ui(y) Divi(y)dy 


Onan QR 
+O(1/|z|?) 


= RIh(R)+Rh(R) + O(1/|z|"). 
(X.9.15) 
Recalling that |q(€)| < c|€|~?, the asymptotic estimates for v, and that || = 
3R we at once obtain 


iG Cc G 
|A(B)| < = lv Vol < S|Orarl < 5 

Sonar . ial (X.9.16) 
[R(R)| < & dy a 


|x| Jas le —yllyl? ~ al?’ 
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where, in the last inequality, we have used Lemma II.9.2. The desired estimate 
for the pressure then follows from (X.9.15), (X.9.16), which completes the 
proof of the lemma. 


Collecting the results of Lemma X.9.1 and Lemma X.9.2, we prove the 
following result that provides, at least for “small” data, the asymptotic be- 
havior of a weak solution corresponding to vo, = 0 and verifying the energy 
inequality. 


Theorem X.9.1 Let 2 be as in Lemma X.9.1 and let v be a generalized 
solution to the Navier-Stokes problem (X.0.8), (X.0.4) corresponding to v. = 
Vo =O and f =V-F° with 


(1+ |z|?)F € L(2). 
Assume, further, that v obeys the energy inequality 
lu[?.) < RUF, V0). 
Then: 
(i) If 
[Fo < a min{ A, 1/2B} (X.9.17) 
with A and B given in (X.9.1) and (X.9.2), respectively, we have 
v € Dj (2), pe L4(Q) for each q > 3/2, 
(1+ |a|)v € D9 (22). 
(ii) If, in addition to (X.9.17), f is of bounded support then 
ee (X.9.18) 
D*p(x) = O(|x|-!*!-) 
for all |al EN. 


Proof. In view of (X.9.17), by Lemma X.9.1 we can construct a generalized 
solution w (say) that, together with the associate pressure field 7, satisfies 


We Det), mE L4(Q) for each q > 3/2, 
Jw] <0, 


and 
Jews + lwe|ig + Ilr I]o < BRIF Io. 


However, again by (X.9.17), with the help of the uniqueness Theorem X.3.2 
and Lemma X.1.1, we conclude that v = w, p = 7 and the first part of the 
theorem follows. The second part is an obvious consequence of Lemma X.9.2. 


5 In the weak sense. 
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Remark X.9.2 By the same argument employed in the proof of Theorem 
X.9.1, in view of Remark X.9.1 we can show that in dimension n > 4 ev- 
ery generalized solution satisfying the energy inequality and corresponding to 
“small” f, behaves at large distances as 1/|2|. Oo 


Let us point out two important consequences of Theorem X.9.1. Observing 
that the generalized solution v of Theorem X.9.1 satisfies 


ve L*(9), 


from Theorem X.2.1 we at once obtain the following theorem.® 


Theorem X.9.2 Let the assumptions of Theorem X.9.1(i) be satisfied. Then 
v obeys the energy equation 


kee =R(F,Vv). 


Likewise, from Theorem X.3.2, it follows. 


Theorem X.9.3 Let the assumptions of Theorem X.9.1(i) be verified. Then 
v is the only generalized solution corresponding to f and satisfying the energy 
inequality. 


The results of Theorem X.9.1(i) show that every generalized solution obey- 
ing the energy inequality and corresponding to “small” data of bounded sup- 
port has the same asymptotic behavior as the Stokes fundamental solution 
(U, e). It is then natural to wonder whether, in analogy with the case v., #0 
(see (X.8.17)), the velocity field v admits an asymptotic expansion of the type 


v(x) = a- U(x) + O(1/|x|'*9)_ as |x| > 00, (X.9.19) 


for some a € R? and { > 0. This problem has been considered by Deuring & 
Galdi (2000), who showed that, in fact, an expansion like (X.9.19) is possible 
only if a = 0. More precisely, we have the following result for whose proof we 
refer to Theorem 3.1 of the paper by Deuring & Galdi. 


Theorem X.9.4 Let v be a generalized solution to the Navier-Stokes prob- 
lem (X.0.8), (X.0.4) corresponding to vx. = 0 and f € L7,.(Q). Assume there 


loc 


is R > 6(Q°) such that for all 2 € Q® the following conditions hold: 


(i) |f (x)| < C1 /|2|7 for some y > 3, and C) > 0; 
(ii) |v(x)| < Co/|x| for some Cz > 0. 


Then, if there is a constant M > 0 such that 
le|+8 jo(2) —a-U(2)| <M, 
for some a € R®, some 3 > 0 and all x € Q", necessarily a = 0. 


® See also Exercise X.9.2. 
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Remark X.9.3 Theorem X.9.4 leaves open the intriguing question of whether 
a generalized solution satisfying the assumption (ii) of Theorem X.9.4 can still 
admit an asymptotic expansion of the type (X.9.19), but with a-U(x) replaced 
by some other vector field that behaves like 1/|x| as |x| > oo. 

Such a question finds an answer in the work of Nazarov & Pileckas (2000, 
Theorem 3.2 and Remark 3.3) who proved the following result.’ Under the 
assumptions that 2, v., f are sufficiently smooth with v, and f sufficiently 
small in suitable norms, and f of bounded support, there exists a (unique) 
corresponding (smooth) solution (v, p) to the Navier-Stokes problem (X.0.8), 
(X.0.4) with vo = 0, such that the following asymptotic representation holds: 


v(x) = = + O(1/|a|'*%), 
Z (X.9.20) 
pe) = y+ O(1/lel***), 


where V and P are functions defined on the unit sphere S?, and 3 € (0,1). 

This interesting result has been further clarified by Sverdk (2006) and, 
successively, its proof simplified by Korolev & Sverdk (2007, 2011). Specif- 
ically, these authors show that the terms of order |z|~! in the expansion 
(X.9.20) must coincide with a specific velocity and pressure field of the family 
of solutions to the Navier-Stokes equations obtained by Landau (1944) and, 
independently, by Squire (1951); see (X.9.21). More precisely, let b € R?—{0}, 
and let (r,6,¢) be a system of polar coordinates, with polar axis oriented in 
the direction b/|b| which, without loss, we may take coinciding with the pos- 
itive x1—direction. The Landau solution (U’, P®) corresponding to b is then 
defined as follows 


2f A’-1 

= i} 

a: la — cos 0)? | 
i 2 sind . 

r(A — cos @) (X.9.21) 

b 
us =0, 
p= 4(A cos 0 — 1) 


r?(A —cos6)? ’ 
where A € (1,00) is a parameter chosen in such a way that 


” As a matter of fact, the time line of the events goes as follows. I learned the main 
ideas of the proof of Nazarov & Pileckas result in April 1996, after a conversation 
I had with Professor Serguei Nazarov, while he was visiting Professor Padula 
and me at the University of Ferrara. I then got the feeling of the invalidity of 
(X.9.19) with a # 0 and discussed the matter with Professor Paul Deuring, at 
an Oberwolfach meeting in August 1997. However, both papers of Nazarov & 
Pileckas and Deuring & Galdi were published only later on, in the year 2000. 
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1 A-1l 4A 
16x { A+ =A? log ——— + ——_,—__ ] =D X.9.22 
on ( +5 C675 +o) (X.9.22) 
By direct inspection, we find that the function on the left-hand side is mono- 
tonically decreasing in A € (1, co) and that its range covers the entire positive 
line (0,00). Therefore, for any given b (> 0) we find one and only one A sat- 
isfying (X.9.22), namely, one and only one Landau solution (U®, P®). 

Suppose now (v, ) is a regular solution to (X.0.8)1,2 with sufficiently 
smooth, and set 

b:=- T(v,p)-n, 
an 

Then in Theorem 1 of Korolev & Sverdk (2007, 2011) it is proved that for 
each 3 € (0,1) there exists ¢ > 0 such that, if v satisfies the assumption of 
Theorem X.9.4(ii) with a (sufficiently small) C2 = C2(e), necessarily v and p 
have the following asymptotic behavior as |x| — oo 


v(x) = U(x) + O(1/|2|¥%), 
p(x) = P*(x) + O(1/|2/?*"). 


Whether or not in these formulas (or in (X.9.20)) we may take 3 = 0 is open. 
oO 


Remark X.9.4 The following Liouville problem is open: Are there noniden- 
tically vanishing smooth solutions v,p to the Navier-Stokes problem® 


Av=v-Vuv4+Vp 
in R3 


vert (X.9.23) 
, rue v(x“) = 
such that 
Vu: Vu < 0.9 (X.9.24) 
R3 


Even though an answer to this question is not yet available, we can look for 
conditions on v under which (X.9.23) admits the null solution only. In this 
respect, we have the following theorem. 


Theorem X.9.5 Suppose v is a smooth solution’? to (X.9.23) such that | 


® Temporarily, we set R = 1. 

° We recall that the analogous question when the limiting velocity at infinity is 
nonzero is solved in Theorem X.7.2. 

10 We may equivalently require v € L?,.(IR?). Actually, by Theorem X.1.1 this would 
imply v, p € C®(R?) as required. Notice that condition (X.9.24) is not needed. 

" In view of (X.9.23), and the regularity of v, we may equally assume 


v € L1(R*) for some q € [1,9/2]. 
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v € L9/?(R°) (X.9.25) 
then v = 0. 


Proof. For R > 0, let wr be a real nonincreasing smooth function defined in 
R? such that wp(x) = 0 for |z| > 2R, vr(x) = 1 for |x| < R and satisfying 


|\Vor(x)| < M/R, 


for some (positive) constant M independent of x € R° and R. Setting B(R) = 
Bor\Br, from this latter inequality it follows that 


v= | Vor? <C 
B(R) 


for some C' independent of R. Multiplying (X.9.23), by ~rv, integrating by 
parts over R? and taking into account (X.9.23), yields 


1 
ueve: Vo = | {-Vue:Vo-v+ 5%: Vun+ po: Vu} 
R3 R3 2 


Hht+l,+I3. 
(X.9.26) 
We have 
| < Y/3|o|1,9/4,8 2) llllo2,5¢R) 
[Ja| w3|l0|3 2, 5¢R) (X.9.27) 


[Is] < W/3 |[p\lo 4,82) ||Ull9/2,5(2)- 


Observing that 
v- Vue D,/4(R3), 


from Theorem IV.2.2, Theorem V.3.2, and Theorem V.3.5, it follows that 
Vu € L9/4(R3), pe L9/4(R9), 
and so from inequality (X.9.27) we find 


jim i =0, 1=1,2,3. (X.9.28) 
Relations (X.9.26) and (X.9.28) imply, by the monotone convergence theorem, 
Vv = 0. Since v satisfies (X.9.25), this latter condition delivers v = 0 and the 
proof of the theorem is complete. 


It is worth noticing that, in view of the Sobolev inequality (11.3.7), a 
generalized solution v to (X.9.23) (in dimension 3) satisfies only 


v € L°(R®) 
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which, in the sense of the behavior at large distances, is weaker than (X.9.25). 
Theorem X.9.5 can be extended, with formal changes in the proof, to the 
n-dimensional case, n > 4, provided we replace (X.9.25) with the assumption 

that 
ee TPO) (R*), (X.9.29) 


Now if v satisfies (X.9.24), from the Sobolev inequality (II.3.7) we deduce 
v € LPr/(m—2)(Rr), (X.9.30) 


and since v is smooth and obeys the vanishing condition (X.9.23),, it follows 
that (X.9.30) implies (X.9.29) and we may conclude that every smooth so- 
lution to (X.9.23) in R” with n > 4, satisfying (X.9.24) is identically zero.'” 
As we shall see in Chapter XII (cf. Theorem XII.3.1), this property continues 
to hold also for n = 2 (plane flows), so that the three-dimensional case is the 
only one that remains open. | 


Exercise X.9.2 (Kozono, Sohr & Yamazaki 1997) Let v be a generalized solution 
to (X.0.8), (X.0.4) corresponding to vs» = Uo = 0 and f € Dj'?(Q). Show that 
if, in addition, v € L°/?(Q), then v satisfies the energy equality (X.2.4). Hint: Use 
Theorem V.5.1, along with the argument adopted in the proof of Theorem X.9.5. 


X.10 Limit of Vanishing Reynolds Number: Transition 
to the Stokes Problem 


The aim of this section is to show that every generalized solution v to the 
Navier-Stokes problem (X.0.8)—(X.0.4), corresponding to sufficiently smooth 
data, tends in an appropriate sense, as the Reynolds number R — 0, to the 
solution vo of the linearized Stokes system corresponding to the same data. 

If the limiting velocity v. is zero, such a problem has been already con- 
sidered in Exercise X.9.1. Actually, from the results of this exercise, it follows 
that any generalized solution can be expressed (for small #2) as a perturbation 
series in R around vo, that is, 


v(x) = vo(z) + S_ Rv4 (2). (X.10.1) 
k=1 


We shall, therefore, turn our attention to the more involved case where vx 4 
0. As a matter of fact, in such a situation an expansion of the type (X.10.1) is 
no longer expected, as we are going to show. Actually, assume that we try to 
express v in the form (X.10.1), with vo solving the following Stokes problem! 


© Tn dimension n = 4, this also follows from Remark X.2.4. 
' For the sake of simplicity, we assume that there are no body forces acting on the 
liquid. 
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Avo = VPo 
in (2 


V+ v9 = 0 (X.10.2) 
Vo =v, at ON, | ae Vo(xz) = 1. 
Then, at first order in R, we should have 
Av, = v9: Vvuo + Vp 
in 2 
V-v,=0 (X.10.3) 
v, =0 at 02 
and 
im_vi(z) =0. (X.10.4) 


In view of the asymptotic properties established in Theorem V.3.2 (cf. also 
Exercise V.3.4), we have 


v9: V9 € L2(2), for ¢ > 3/2, 


whereas 
vo: Vu9 ¢ L9(2), for ¢q < 3/2. 


Thus, from Theorem V.4.7 we infer the existence of a solution v1, p; to the 
system (X.10.3) such that 


v1 € D*9(2), for q> 3/2. 


However, this property is not enough to control the behavior of v; at large dis- 
tances and, consequently, we cannot prove the validity of (X.10.4). The situa- 
tion just described is a form of the so-called Whitehead paradoz; cf. Whitehead 
(1888) and Oseen (1927, p. 163). 

In view of all this, we expect that vo, pp should approximate v, p as R — 0 
in a form weaker than that required by the expansion (X.10.1). We shall, in 
fact, prove that this approximation holds in the sense of uniform convergence; 
cf. Theorem X.10.1. 

In order to reach our objective, we need several preliminary results. For the 
sake of formal simplicity, we assume that there are no body forces acting on the 
liquid. For the same reason, the assumption we shall make on the regularity 
of 2 and v, will be somewhat stronger than that actually needed. Weakening 
of these hypotheses will be left to the interested reader as an exercise. 


Lemma X.10.1 Let Q be an exterior domain of R® of class C* and let v be 
a generalized solution to (X.0.8), (X.0.4) corresponding to vx. = e1, f =0 
and R € (0, Bl, for some B > 0. Then, if 


v, € W/22(/a0), 
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there exists C = C(2,v.,B,R) > 0 such that 
IIpll2,.en + |Pl1,2 + lloll2,00 < C (X.10.5) 
for all R > 6(2°). 


Proof. Throughout the proof, by the letter C we mean any positive constant 
depending on 92,v.,B, and R, but otherwise independent of ?. The value 
of C may, however, change within the same context. By Theorem X.4.1 and 
Theorem X.7.3, we know that there is a B > 0 such that 


lM ll1,2,22 + |[pll2,en + lvl <C (X.10.6) 


where p has been modified by the addition of a suitable constant. From The- 
orem IV.5.1 we easily derive, for all R > r > 6(2°), 


I|P||m+2,4,2, < C(lv- Vollm42¢.0n + llUllta2% + llPllaen + Y) 
with m = 0,1,2,q > 1 and so, by (X.10.6), it follows that 
[|e l]m+2,4,.0, < C(|lv- VUllm+2,4,0n + 1). (X.10.7) 
Since 
|v - Vellm+2.q0n < II(¥ — Poo) + Vollm42.q0n + IlPoo « Vellms2,a,0005 
with the aid of the Holder inequality and the inequality 
|v — Voolle < yalvli,e (X.10.8) 
(cf. Theorem II.6.1), we obtain 
|v Volls/2,0n < ||v — Voollelvli.2 < C, 


where use has been made of (X.10.6). Inserting this information into (X.10.7) 
with m = 0, ¢g = 3/2, and r = R, furnishes 


IlPll2,3/2,2n, <C. 
With the help of the embedding Theorem II.5.2, we then easily prove 


lv Vull2,0n, <0 


and (X.10.7) implies 
lv llo2,07n, <¢, 
for Ro < Ry. Again using Theorem II.5.2, together with this latter relation, 


we show 
|v - Vvlla20n, $C 
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and (X.10.7) then yields 
lV |l3,2,.0R, <C, 


for Rg < Rg. Iterating this procedure one more time, we finally arrive at 


Ilvll42,0n SC; 
for all R > 6(2°). This condition with the aid of Theorem II.3.4 then furnishes 
Il? l]2,00,2n < C. (X.10.9) 


Now, from Theorem X.5.1 we have, for sufficiently large R, 


Il ll2,00,08 SC, (X.10.10) 


and the lemma is thus a consequence of (X.10.6), (X.10.9), and (X.10.10). 


Lemma X.10.2 Let the assumptions of Lemma X.10.1 be satisfied. Then for 
all R € (0, B] and all q € [3/2, 2] we have 


I|(v — Vo) Vlog SC, 
where C = C(q, 22, v., B). 


Proof. Throughout the proof, by the letter C we mean any positive constant 
depending, at most, on g, 92, vx, and B. Set 


U=V—Vo.- 
From Lemma V.4.3 it follows, in particular, with m = 0,1, 2, that 
|Y|m+2,2 < C(|lu- Vollm+2,2 + |lell2,0n + |lpll2en + 1). 
Using Lemma X.10.1 in this inequality we find 
|V|m+2,2 < C(\lu-Vv||m+zo,2 + 1). (X.10.11) 
Again employing Lemma X.10.1 we find 
[u-Vvll2<C 


so that (X.10.11) furnishes 
|v|2.9 = C. (X.10.12) 


Using this inequality, together with Lemma X.10.1, we infer that 
|| : Vo li.2 < C 
and, therefore, (X.10.11) implies 


lvls2 < C. (X.10.13) 
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With the help of this estimate and Lemma X.10.1, we derive 
lu: Vello2<C. (X.10.14) 
From (X.10.8) and Lemma X.10.1, we find 
ju: Vol[s/o < |lullelvli2 < C. (X.10.15) 
Moreover, by Theorem II.6.1 and (X.10.11), it follows that 
lvli6 < yilvlee<C (X.10.16) 
and so, by Lemma X.10.1 and interpolation, we derive 
lvjia<C. 


Consequently, 
ju - Vvlis2 < |vltst llullelvle2 < C. (X.10.17) 


In addition, from (X.10.8), (X.10.12), (X.10.13), and (X.10.16) we obtain 
Ju- Vvlo3/2 < 3/v|1,6|v|2,2 + ||wllelvl3.2 < C. (X.10.18) 
Collecting (X.10.15)—-(X.10.17) we find 
ju - Volloss2 < C, 


and the lemma becomes a consequence of this inequality, (X.10.14), and the 
elementary L? convexity inequality (II.2.7). 


Lemma X.10.3 Let the assumptions of Lemma X.10.1 be satisfied. Denote 
by uo, To the solution to the following Oseen problem 


Aug — Rowe = V0 
Ox) in (2 
V - uo =0 
a (X.10.19) 


lim uo(x) = 0 


|az|—+00 
Uo = Vy, —€, =u, at ON. 


Then, there exists B > 0 such that for any R € (0, 8B), all q € [3/2, 2], all 
t € [12/5,3), and all s € (2,3) we have 


|v — Uol1,39/(3—4) + ||D?(v — uo)Il2,¢+ Ilp — Toll3q/(3—a) 
+ ||[Vip— To) |l2q SCR 
I|v — uo — e1||3t/(3-4) < CR?-3/* (X.10.20) 


|to|1,39/(3—-q) + ||D? uoll2,q + IV toll2,q < C 
llztolle < CRI", 
where C = C(2, vx, B,q,t, 8). 
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Proof. Setting u = v — e1, w = u— Uo, and 7 = p — 7 we deduce 


Ow 


Aw —-R— =R(u-Vv)+Vr 
Ox, ( ) in 
V-w=0 
rae w(x) =0 
w=0 at on. 


Thus, (X.10.20), follows directly from Theorem I.6.1, Theorem VII.7.1, and 
Lemma X.10.2. Since from Lemma X.10.2 we have 


u- Vv € L/2(), 
Theorem VII.7.1 in turn furnishes 
|wli12/5 < Cre, 


Thus, by (X.10.20), and the interpolation inequality (II.2.7), we deduce with 
6 = 4(3—t)/t 
Jwhie < [rltaslwly”” < OR?8/ 

As a consequence, the estimate (X.10.20), follows from this inequality and 
Theorem II.6.1. Moreover, (X.10.20), is an immediate consequence of Theo- 
rem IT.6.1 and Theorem VII.7.1. In the rest of the proof the letter C will have 
the same meaning as in Lemma X.10.2. Let us denote by E(x; R) the Oseen 
tensor corresponding to the Reynolds number . From Exercise VII.3.5 we 
know that E obeys the homogeneity condition 


E(x;R) = RE(Rz;1). (X.10.21) 


We next notice that, in view of Theorem VII.6.2, we have 
wos(2) =f fuaiTa(wj.€3)(@— 9) ~ Buje — Tato, 70)(0) 


+ Rusj(y) Eig (@ — y)du|ni(y)doy. 
Therefore, assuming, without loss, that Q° C By 2, it follows that 


|uo(x)| << CD{ sup |E(x—y;R)| + sup [le(x—y)| +|VcE (x — y; R)|]}- 
YEQ/2 YER /2 
(X.10.22) 
where 


D = ||uolli1,a0e + ||7oll1,00. 


From (X.10.21) and (X.10.22) we deduce 
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Iwollm SCDR f sup {|B(y- 211)I + Relle(y ~ 2)! 
lyl>Rlz|<R/2 
+|VyB(y — 251)|*| }dy. 
(X.10.23) 


To estimate the first integral on the right-hand side of this inequality, we 
observe that 


/ sup |E(y— 2;1)*dy < | sup |E(y— 2;1)l*dy 
lylJZR |z|<R/2 2>|y|>R |2|<B/2 


+f sup |E(y — 2;1)|*dy. 
ly 


|>2 |z|<B/2 
(X.10.24) 
From (VII.3.21) we have 
JEy — 2D <e(ly—2' +1), ly lel <2 
and since 
Jz] < R/2, |yl>R implies |y—z| > slyl, (X.10.25) 
recalling that s < 3, we find 
1 [ sup |E(y— 2;1)||°dy <C. (X.10.26) 
2>|yl|>R |z|<R/2 


Furthermore, by the mean value theorem, 
) 
(Bj (y — z) — Eig(y))| = aay Bialy — Bz)|, Be (0,1), 


and so, from (VII.3.32) it follows for all |y| sufficiently large (> |yo|, say) that 


[se leu-anitaysc f (emai + tel?) ay 
lyl2lyol |zi<B/2 lyl2lyol 
(10:27) 


Taking into account that s > 2, from (X.10.27), the local regularity of E, and 
(VII.3.28), we have 


i sup |E(y— z;1)/fdy < C. (X.10.28) 
lyl>=2 |2z|<B/2 
In addition, from (VII.3.14) and (X.10.25) we infer that 
Ref sup lew -aitaysor {fyb dy 
lyl>Rlzl<R/2 22|y|2R 
+f sup |y—z{-28} (%-10.29) 
lyl>2|2|<B/2 


<C(1+ R*-5). 
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Likewise, 
fe By aarays [sup Vy By— 2 1)Fdy 
ly|=>Rlz|SR/2 2>|y|>R|z|<B/2 
+/ sup |V,E(y — z;1)|*dy. 
lyl2=2|z|<B/2 
(X.10.30) 
Since, from (VII.3.21), 
IVEYy—211<Cly—2\-7, yl lel <2, 
by virtue of (X.10.25), it follows that 
fo sw By -slasc fly dy<ca+R™). 
2>|y|>R |2|SR/2 22|y|2R 
(X.10.31) 


Also, we use the asymptotic properties of VE(y;1), cf. (VII.3.31), together 
with the following ones on the second derivatives 


|D? E(y)| < ely|~?, 


cf. (VII.3.35), to establish, as we did for (X.10.28), the following estimate: 


/ sup |V,E(y— 2;1)/Pdy < C. (X.10.32) 
lyl>2 |z|<B/2 


Thus, from (X.10.30)—(X.10.32) we recover 


R | sup |VyE(y — 2;1)|§dy < C1 +R**). (X.10.33) 
lyl>R l2I<R/2 


Collecting (X.10.23), (X.10.26), (X.10.28), (X.10.29), and (X.10.33) we find 
I|uolls,ar < DRI8/*. (X.10.34) 


On the other hand, by Theorem VII.2.1 and Theorem VII.6.2, and with the 
help of the embedding Theorem II.3.4, we find 


I oll1,2,.22 + ||t#olls,22 + |toli2 < C (X.10.35) 


where 7 has been modified by the addition of a suitable constant. Moreover, 
from Theorem IV.4.1 and Theorem IV.5.1 we obtain, in particular, 


I|uol]2,2,.0, < C (||Uol|1,2,.22 + ||70ll1,2,22) - (X.10.36) 


Use of the trace Theorem II.4.4 yields 
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D=||uolli,ae + ||70ll1,ae < C (||voll2,2,0, + ||7oll1,2,.0,) 
and so this inequality, together with (X.10.35), (X.10.36), implies 
D<C. 


Estimate (X.10.20), then follows from this relation and (X.10.34), (X.10.35), 
and the lemma is proved. 


Lemma X.10.4 Let the assumptions of Lemma X.10.1 be satisfied. Denote 
by vg, po the solution to the following Stokes problem 


Avo = Vpo 
in 22 
V-v9 =0 


(X.10.37) 
Vo = vy at OL 
lim U0(2) =e, 


|xz|—+0o 


and by uo, 7 the solution to (X.10.19). Then there exists B > 0 such that 
for any R € (0, B], all q € [8/2, 2] and all s € (2,3) we have 


||t40 — Vo + €1||35/(3—8) + ||70 — Polls + |to — Vol1,3¢/(3—4) 
+||D? (uo — vo)|l2.q + || V(m0 — Po) |l2q < CR?-8/* 
where C = C(2, vx, B,q, 8). 


Proof. Setting 
Z= Uo — Vo +t €1, T=T0— Po, 


we find ; 
Apo eae” 
Ox 4 in 
V-z=0 
Hie z(x) =0 
z=0 at On. 


By Lemma X.10.3 we have, in particular, for all s € (2,3) 


| muell  < oRi-¥, 


Oxy 


—l,s 
Therefore, with the help of Theorem V.5.1, we obtain 


ll2Ilss/(3—s) + |Zl1,6 + l[7lls < CR?-3”*. (X.10.38) 


In addition, from Lemma V.4.3 and Lemma X.10.3, we have 
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[Z11,3¢/(3-¢) + ||D?Zllaq+ IIVTlloq < C(R + ll2llo,en + Iltllz,2n) » 


and the proof becomes a consequence of this latter inequality and (X.10.38). 


We are now in a position to prove the following main result. 


Theorem X.10.1 Let Q be an exterior domain of R® of class C* and let v 
be a generalized solution to (X.0.8), (X.0.4) corresponding to Vo. = e; and 
to f = 0. Moreover, let vo, po be the solution to the Stokes problem (X.10.1). 
Then, if 

v, © WH/22(/a0), 


there exist B > 0 and C = C(2, v,, B,c) > 0 such that 
I|v — vollo2(a) + Ilp — Polloray < CR 


where p is the pressure field associated to v and € is a positive number that 
can be taken arbitrarily close to zero.”. 


Proof. Set 
Z=uU0— vo + €1, T=70-— Po 


with uo, 7 and vo, po solving (X.10.19) and (X.10.37). Then, by Lemma 
X.10.4 and a repeated use of Theorem II.6.1 we have 


|Vzll1,3q/(s-q) < CR? */* 


and so, being 3q/(3 — q) > 3, by the embedding Theorem II.3.4 and taking s 
arbitrarily close to 3, we deduce 


Vzllouny < CRI, X.10.39 
(2) 


where € satisfies the property stated in the lemma. Likewise, again by Lemma 
X.10.4 and Theorem II.3.4, we have 


IVrllocay < CR. (X.10.40) 
Next, in view of (X.10.39) and Lemma X.10.4, it follows that 
|Z||1,38/(3—s) < Ck. 


for all s arbitrarily close to 3. Therefore, with the help of Lemma X.10.4 and 
Theorem I.3.4, we find 
lZllo~ay < CR. (X.10.41) 


Likewise, we prove 
IIT loca) < CR. (X.10.42) 


2>Csowase 0. 
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In a similar way, making use of the results of Lemma X.10.3, we have 
|v — wo — e1||c2(@) + lp — Tollex~a) < CR. (X.10.43) 
Since 
I|v — volloz(a) < [|v — Uo — e1|]c2(a) + ||Uo — vo + e1||c2(@) 
lp — Pollor(a2) S Ip — Tolle1(a) + |l70 — Poller.) 
the result follows from (X.10.39)—(X.10.43). 


Remark X.10.1 If Q@ is the complement of a bounded domain, Fischer, 
Hsiao, & Wendland (1985, Theorem 1) have performed a more detailed anal- 
ysis than that of Theorem X.10.1 of the way in which v approaches vo. Such 
an analysis is based on boundary integrals and pseudo-differential operators 
and leads to the following main result. 

Theorem X.10.1’. Let Q be a smooth exterior domain in R® bounded by a 
simple closed surface and let v, p and vo, po be solutions to (X.0.8), (X.0.4) 
and (X.10.2), respectively, corresponding to v. = f =0. Then, 


v(x) = vo(x) + (2; R), 
where 
q(a;R) = O(R), as R— 0, uniformly in 2. 
Moreover, there exists w = w(x) defined in 2 such that, for any given compact 
subset K of 22, 
u(r) = ¥o(x) + Rw(z) +O(R? NR"), asR 0, 
holds uniformly on K. a 


Theorem X.10.1 allows us to draw some interesting conclusions of the way 
in which the force D exerted by the liquid on the boundary O02 of the region 
of flow in the nonlinear motion described by (X.0.8), (X.0.4) approaches the 
same quantity Do calculated in the Stokes approximation (X.10.1). To show 
this, we observe that since 


D=- T(v,p)-n, D)=- | T(vo0, po): 7, 
aan aQ 


with T the Cauchy stress tensor (IV.8.6) and n outer unit normal at 0, 
under the assumptions of Theorem X.10.1, it follows at once that 


|\D—Do| < CR, (X.10.44) 
where C = C(Q,v., B) and R € (0, B). 


Remark X.10.2 Under the same assumptions of Theorem X.10.1’, one can 
show more detailed versions of (X.10.44), cf. Babenko (1976, eq. (6.7)), Fis- 
cher, Hsiao, & Wendland (1985, Theorem 2). Oo 
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X.11 Notes for the Chapter 


Section X.1. The variational formulation of the exterior problem in the way 
used here has been introduced by Ladyzhenskaya (1959b). 

The introduction of the pressure field p associated to a generalized solution 
in the first part of Lemma X.1.1, as a member of L?,,, can be deduced from 
the paper of Solonnikov & Séadilov (1973). Nevertheless, from this paper 
no summability properties for p in a neighborhood of infinity are directly 
obtainable. In fact, the second part of Lemma X.1.1 is due to me. 

The special case g = 2 and vx = 0 of the results stated in Exercise X.1.1 
can be found in Kozono & Sohr (1992a, Theorem 3(i)). Their proof, different 
than that indicated in Exercise X.1.1, employs an interpolation theorem of 
Aronszajn-Gagliardo. 

Differentiability properties of generalized solutions were first determined 
by Ladyzhenskaya (1959b, Chapter II). 


Section X.2. The validity of the energy equation in exterior domains was 
established by Finn (1959b, §III). However, the assumptions made there on the 
body force and on the asymptotic behavior of solutions are a priori stronger 
than those stated in Theorem X.2.1 and Theorem X.2.2. In particular, the 
latter refer to the so-called physically reasonable solutions we mentioned in 
the Introduction to this chapter. For general properties of these solutions, 
we refer the reader to the review articles of Finn (1965b, 1973); cf. also Finn 
(1961b, 1963, 1970). 


Section X.3. The connection between generalized solutions satisfying the 
energy inequality and their uniqueness was first pointed out by H. Kozono 
and H. Sohr in a preprint in 1991, published later as their paper (1993). 
However, Theorem X.3.1 and Theorem X.3.2 are placed in a different context 
and have been independently obtained by Galdi (1992a, 1992c). 


Section X.4. The first existence result for the Navier-Stokes problem in 
exterior domains is due to Leray (1933). 

Lemma X.4.1 is based on an idea of Finn (1961a, §2c) and it is due to me. 
The proof of existence of generalized solutions satisfying the energy inequality 
(X.4.19) is also due to me; cf. Theorem X.4.1. 

Existence in weighted Sobolev spaces has been investigated by Farwig 
(1990, 1992a, 1992b) and, successively, by Farwig and Sohr (1995, 1998), in 
the case where v. #0. A similar approach when v. = 0 is not known. 

An interesting question, that has been addresses by several authors, is 
the existence of q-weak solutions for q 4 2 and v.. = 0;' see Galdi & Padula 
(1991), Kozono & Sohr (1993), Borchers & Miyakawa (1995), Miyakawa (1995, 
1999), Kozono, Sohr, & Yamazaki (1997), Kozono & Yamazaki (1998). Now, 
if q > 2, the answer is positive and quite trivial, in the light of the asymp- 
totic results of Theorem X.5.1, and provided f satisfies suitable summability 


‘If vx. = 0, we know that generalized solutions are, in fact, q-solutions as well, 
under suitable assumptions on the data; see Section X.5. 
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properties at large distances. On the other hand, if g € (1,2) the situation is 
more involved, as we are going to explain. Take v, = 0 (for simplicity) and 
assume f € Do Q)n Do '4(Q). By a simple argument one shows that, due 
to the structure of the nonlinear term, in order to prove existence by a fixed 
point approach we have to choose q = 3/2, in the three-dimensional case;? see 
Kozono & Yamazaki (1998). However, existence of such a (3/2)-weak solution 
means v € Dj’*/?(Q) MN Di?(Q), and, therefore, p € L3/2(Q) N L?(Q).3 In 
turn, this implies, at once, that the solution (v,p), if exists, must obey the 
following nonlocal compatibility condition 


; (T(v,p) + F)-n=0, («) 
OQ 


where T' is the Cauchy stress tensor, and, without loss of generality, we have 
written f = V-F in the weak sense, where F € L?/?(Q)N.L?(Q); see Theorem 
II.8.2.4 Condition (*) is immediately formally obtained by integrating (X.0.8); 
(with f = V- F) over Qp, then letting R — co, and showing that, due to 
the summability properties of v and p the surface integrals converge to zero, 
along a sequence of surfaces, at least. From the physical viewpoint, (*) means 
that the total net force exerted on the “obstacle”, 2°, must vanish. Clearly, 
if Q = R®, («*) is automatically satisfied and, in fact, one shows existence 
(and uniqueness) for small data; Kozono & Nakao (1996) and also Maremonti 
(1991). On the other hand, if Q° 4 @ and sufficiently smooth, one can show 
that such solutions can exist only for f in a subset of Dy '**(Q) n Dp," (a) 
with empty interior; see Galdi (2009). In other words, for a generic F' with 
the specified summability properties, the above (3/2)-weak solution does not 
exist. Finally, we wish to observe that, as shown by Kozono & Yamazaki 
(1998), if the space pel *(Q) is restricted to a suitable larger homogencous 
Sobolev space of Lorenz type, the compatibility condition («) is no longer 
necessary, and existence of corresponding solutions, with velocity field in this 
latter space, can be still recovered. 


Section X.5. In his paper of 1933, Leray left out the question of whether 
a generalized solution tends, uniformly and pointwise, to the prescribed vec- 
tor Ugo, in the case when vo # 0; cf. Leray (1933, pp. 57-58). The general 
case was successively proved by Finn (1959a, Theorem 2) and, independently, 
by M. D. Faddeyev in his thesis published at Leningrad University in 1959; 
cf. Ladyzhenskaya (1969, Chapter 5, Theorem 8). Convergence of higher-order 
derivatives for the velocity field and for the pressure field was first investigated 
by Finn (1959b). In the same paper, Finn shows representation formulas of 


? In general, q = n/2 for n > 3. 

3 This property for p can be easily established by the same argument used in the 
proof of Lemma X.1.1. 

* Of course, (*) has to be understood in the trace sense, according to Theorem 
IIL.2.2. 
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the type derived in Theorem X.5.2, for solutions having suitable behavior at 
large distances. 


Section X.6. The first study of the global summability properties of a gener- 
alized solution, v, when v4. 4 0, goes back to Babenko (1973). In this paper, 
the crucial step is to show that 


V+ Vo € L*-*(2) (x) 


for some small positive ¢. Actually, once this condition is established, it is 
relatively simple to prove that v enjoys the same summability properties (and 
hence has the same asymptotic structure) of the Oseen fundamental solution; 
see Babenko (1973, pp. 11-21). I regret that some steps of Babenko’s proof 
remain obscure to me. 

The proof of global summability properties of generalized solutions devel- 
oped in Lemma X.6.1 and Theorem X.6.4 is due to me, and is inspired by the 
paper of Galdi & Sohr (1995). 

Theorem X.6.5 with gq = 2 is due to Finn (1960). 


Section X.8. Employing the key property (**), Babenko (1973) showed that 
every generalized solution corresponding to v4. 4 0 is “physically reason- 
able” in the sense of Finn, that is, it behaves asymptotically as the Oseen 
fundamental solution; cf. also the Introduction to this chapter. As remarked 
previously, however, some steps of Babenko’s proof of (*) remain unclear to 
me. The proof given here, cf. Theorem X.8.1, is completely independent of 
Babenko’s and is taken from the work of Galdi (1992b). Another proof has 
been successively provided by Farwig & Sohr (1998) 

The proofs of Theorem X.8.2 and Theorem X.8.3 rely on ideas of Finn 
(1959b). 


Section X.9. Lemma X.9.1 is due to Galdi & Simader (1994). Theorem 
X.9.1, Theorem X.9.2(i), and Theorem X.9.3 are due to Galdi (1992a, 1992c). 
Theorem X.9.5 is due to me. In this connection, see also Novotny & Padula 
(1995) 


Section X.10. The relation between Navier-Stokes and Stokes problems in 
exterior domains, in the limit of vanishing Reynolds number, was first inves- 
tigated by Finn (1961a). The approach followed in this section is due to me. 
For related questions, see also Arai (1995). 
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Steady Navier-Stokes Flow in 
Three-Dimensional Exterior Domains. 
Rotational Case 
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F.F. CHOPIN, Polonaise op. 53, bars 1-2. 


Introduction 


This chapter is devoted to the study of the mathematical properties of so- 
lutions to the exterior boundary-value problem (X.0.1)—(X.0.2), in the case 
w # 0, so that in general, v. = Vo + w x a. As we observed in the In- 
troduction to Chapter VIII, this study has an important bearing on those 
applied fields involving the free motion of rigid bodies in viscous liquids, such 
as sedimentation and self-propulsion phenomena. 

Without loss of generality, we take w = we, (w > 0), whereas vp = v0 €, 
with e a unit vector (unrelated, in principle, to e;) and vp > 0. Then, we 
may use the Mozzi-Chasles transformation (VIII.0.5)—(VIII.0.6) in (X.0.1)— 
(X.0.2), so that our task reduces to the study of the following boundary-value 
problem: 


vAv =v-Vu+ 2Qwe; xv +Vp+f 
in 2 
V-v=0 (X1.0.1) 
v=v, at ON, 


G.P. Galdi, An Introduction to the Mathematical Theory of the Navier-Stokes Equations: 745 
Steady-State Problems, Springer Monographs in Mathematics, 
DOI 10.1007/978-0-387-09620-9_11, © Springer Science+Business Media, LLC 2011 
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along with the side condition 


| ne (u(@) + Uo) =0, Voo := Vo(e-e1)e, twee, X a. (XI.0.2) 
zw} co 

Our investigation of problem (X1.0.1)—(XI.0.2) will be limited to the three- 
dimensional case only, in that no general results are available, to date, for a 
two-dimensional domain, with the exception of very special cases.! Further- 


more, for the sake of simplicity, we assume that Qe is connected . 

The fundamental challenge with (XI.0.1)—(XI.0.2) consists in the fact that 
the velocity field becomes unbounded at large distances from 02. An immedi- 
ate consequence of this circumstance is that problem (XI.0.1)—(XI.0.2) cannot 
by any means be viewed as a perturbation to the analogous problem with 
w = 0, which we analyzed in the previous chapter. 

Notwithstanding this difficulty, thanks to the remarkable fact that the 
total power of the “rotational term” Jalen x a: Vu-e, X u)-u vanishes 
identically along differentiable vector functions u compactly supported in 22, 
one can prove that all solutions (in a suitable class) to problem (XI.0.1)— 
(X1.0.2) satisfy an a priori estimate analogous to (X.0.5), that is, 


| V(vtvo): Vuwtve.) <M, (XI.0.3) 
Q 


with M depending only on the data. As a consequence, by appropriately 
modifying the procedure used for the proof of Theorem X.4.1, we can prove the 
existence of a generalized solution, that is, D-solutions, for data of arbitrary 
“size,” also in the case w # 0. This fact was first pointed out by Leray (1933, 
Chapter III); see also Borchers (1992, Korollar 4.1). 

Now, though it is a simple job to show that to every generalized solution v 
one can associate a locally integrable pressure field p and that the pair (v, p) 
is smooth (for as long as the data and the domain may allow), the question 
whether a generalized solution is also physically reasonable appears to be a 
much more challenging task. In accordance to what we discussed in the In- 
troduction to the previous chapter, by “physically reasonable” (PR) we mean 
a solution that satisfies the energy equation (X.0.6), that for “small” data 
is unique, and that moreover, under suitable circumstances, shows a “wake- 
like” behavior, namely, a region outside which the velocity field converges to 
its asymptotic value much more rapidly than inside. As we know from the 
study of the case w = 0, the proof of all these properties can be achieved if 
a solution has “good” behavior at large distances. However, for a D-solution, 
in addition to (XI.0.3), the only other information we have at the outset on 
its asymptotic behavior is 


| |v + V0|/® <M, (X1.0.4) 
2 


' For example, if Q is the exterior of a rotating circle, the solution assumes the 
very simple form given in (V.0.8)1, (V.0.9). 
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as a consequence of (XI.0.3) and Theorem II.6.1. 

The question of existence of PR solutions was initiated by Galdi (2003) 
for the case R’ = 0 (rotation without translation, that is), and continued and, 
to some extent, completed in the general case, by Galdi & Silvestre (2007a, 
2007b). Specifically, by an entirely different approach from that one adopted 
by Finn (1965a) for the case w = 0, in those papers it is proved that if the 
data f and v, are “small” in a suitable sense, then problem (XI.0.1)—(X1.0.2) 
possesses one (and, in fact, only one) PR solution. As in the case w = 0, while 
it is immediate to show that these solutions are also D-solutions, the converse 
property is in no way obvious, even for “small” data. 

The problem of whether a D-solution is also physically reasonable has 
been recently investigated by Galdi & Kyed (2010, 2011a). Their main results 
heavily rely on the analysis of the generalized Oseen problem performed in 
Chapter VIII, and can be summarized as follows. 

Suppose, at first, v9 4 0 and e- e, #0, namely, 


vo: w #0, (XI.0.5) 


and let (v,p) be a solution to (XI.0.1) with f mildly regular and of bounded 
support,” and v satisfying (XI.0.3), (XI.0.4). Then, there exists a semi-infinite 
cone, C, whose axis is directed along the te ;-direction according to whether 


vo: w SO, and such that for all sufficiently large |x| and 6 > 0, 


O(|z|~") uniformly , 
v(2) + Vaal) a tes ‘Pa dC, 
(X1.0.6) 
V (v(x) + Vo0(x)) = O(|a|~9/?) uniformly , 
ee Lola) ite ec. 


Furthermore, there is po € R, such that 
Ble) — po = O(le|-2 In |e), (X1.0.7) 


where p(x) = p(a) + (a2 + #2). ? Notice that the asymptotic properties 
given in (XI.0.6) coincide with those of the same quantity in the case w = 0 
and vp # 0, given in Theorem X.8.1 and Theorem X.8.2. However, the main, 
and in principle substantial, difference between the cases w = 0 andw 40 
relies on the fact that in the rotational case it is not known, to date, whether 
there existence a leading term in the asymptotic behavior of the velocity 
field, while in absence of rotation we proved that such a term exists and 
coincides with the Oseen fundamental tensor EF, in the sense specified in 
Theorem X.8.1 and Theorem X.8.2. As a consequence, it is not known whether 


? This latter assumption can be fairly weakened, by imposing only that f decays 
“sufficiently fast” at large distances. 
3 Observe that the field j is, in fact, the real pressure of the liquid; see Section I.2. 
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the asymptotic estimates given in (XI.0.6) are optimal. In particular, it is not 
known whether the kinetic energy of the liquid when v, = f = 0 is infinite,* 
as in the irrotational case, or else is finite. 

It is interesting to give an interpretation of the above results and of condi- 
tion (XI.0.5), in the case in which vo is the translational velocity of the center 
of mass G and w is the angular velocity of the “body” B = 2°, moving in a 
viscous liquid that is quiescent at spatial infinity. In such a case, we recall 
that condition (XI.0.5) ensures that with respect to an inertial frame Z, the 
velocity 7 of G has a nonzero component 7; in the direction e; of w. On 
physical grounds, we thus expect the formation of a wake region behind the 
body in the direction opposite to 7,. The cone C is then exactly representative 
of this wake region. We also would like to emphasize that, again on physical 
grounds, condition (XI.0.5) is necessary for the formation of the wake. In fact, 
if vo -w = 0, then the motion of B in Z reduces to a pure rotation® where, of 
course, no wake region is expected. 

In the process of proving the estimates (XI.0.6) and (XI.0.7) we also find,” 
on the one hand, that every D-solution is unique in its own class if the data 
are “sufficiently small,” and on the other hand, that every D-solution satisfies 
the energy equation. 

If vp = 0 or e- e; = 0, namely, 


Vo: w=0, (XI.0.8) 


the picture is less clear, and the corresponding results resemble those found 
in the previous chapter when v. = 0. More precisely, following Galdi & 
Kyed (2010), we show that every D-solution satisfying the energy inequality, 
that is, (X.0.6) with “=” replaced by “<”,® and corresponding to “sufficiently 
small” data, has asymptotic behavior similar to that of the fundamental Stokes 
solution. More precisely, 


D*(v(z)+w xa) = O(a"), D*(B(z)—po) = O(z|"'*'-7),_ |a| = 0,1, 
(XI.0.9) 
for some po € R. The proof of (XI.0.9) is similar, in principle, to that of 
Theorem X.9.1 in the case w = 0. However, unlike this latter, the proof of 
the appropriate summability properties of the pressure field associated to a 
D-solution is quite elaborate. 
The question whether the above results continue to hold for data of “ar- 
bitrary” size, as in the case vp -w = 0, remains open. However, on the bright 


“ This happens, for example, in the very important situation of a rigid body B 
translating and rotating in a viscous liquid when the walls of 6 are fixed and 
impermeable; see also the comments in the next paragraph. 

° See footnote 14 of Chapter I. 

® See footnote 14 of Chapter I. 

” Under more general assumptions on the body force f; see Theorem XI.5.1 and 
Theorem X1.5.3. 

8 This class is proved to be not empty. 
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side, unlike the case vo: w # 0, for the case at hand, Farwig, Galdi & Kyed 
(2010), relying on the previous work of Galdi (2003) and Farwig and Hishida 
(2009), were able to show, for small data at least, the existence of a leading 
term in the pointwise asymptotic behavior of a generalized solution. In par- 
ticular, regarding the velocity, one shows that it coincides with the velocity 
field of a suitable Landau solution.? 

We conclude this introductory section by rewriting (XI.0.1), (XI.0.2) in a 
suitable nondimensional form. If vg-w 4 0, we scale the velocity by vge-e; and 
the length by d := 6(2°), so that by a simple computation, (XI.0.1) becomes 


Av=Rv-Vvu+2Te,xv+Vot+f 
in (2 


V-v=0 (XI.0.10) 


v=v, at on, 


where R and T are defined in (VIII.0.6)4 and (VIII.0.3)2, respectively. If, on 
the other hand, v9-w = 0, then we scale the velocity with wd, which amounts 
to setting (formally) in (XI.0.10) R = 7. As far as (XI.0.2) is concerned, we 
have 


etdexa, ifvp-wHF0, 


|z|—-co 


lim (v(@) + ¥o(r)) =O, Vo(x) = 
e, xa, ifvo-w=0. 
(X1.0.11) 
Throughout this chapter, we will focus on the study of the boundary-value 


problem (XI.0.10)-(XI.0.11). 


XI.1 Generalized Solutions. Existence of the Pressure 
and Regularity Properties 


The weak formulation of the boundary-value problem (XI.0.10), (X1.0.11) is 
given with a by now standard procedure that is the natural generalization of 
its irrotational counterpart. Specifically, if we formally multiply (XI.0.10), by 
y € D(2) and integrate by parts over 2, we obtain 


[voverR | overex fve=-f to. (XI.1.1) 
Q Q Q Q 


As usual, we shall consider the more general situation in which the right- 
hand side of (XI.1.1) is defined by a linear functional f € Dj ‘?(). 

Thus, in complete analogy with Definition X.1.1 (and Definition VIII.1.1) 
we give the following. 
Definition XI.1.1. Let Q be an exterior domain of R°.1 A vector field v : 
Q — R? is called a weak (or generalized) solution to the Navier-Stokes problem 
(XI.0.10), (X1.0.11) if 


o] 


° See Remark X.9.3 for the definition of a Landau solution. 
' We recall that we will assume throughout that (2° is connected. 
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(i) ve DIA(A); 

(ii) v is (weakly) divergence-free in 92; 

(iii) v satisfies the boundary condition (XI.0.10), (in the trace sense) or, if 
v. =0, then Jv € Dy’*(Q), where J € Ch(), and V(x) = 1if r € QR» 
and 0(r) =Oifze 2%, R> 26(2°); 

(iv) | ue i |v(%) + Voo| = 0; 
zwi|— co S2 


(v) v satisfies the identity 
(Vv, Vy) + Rv: Vv, p) + 2T(e1 x vp) = —[f, 9] (XI.1.2) 
for all gp € D(). 


Remark XI.1.1 Remark V.1.1 with g = 2, and Remark IX.1.1 equally apply 
to generalized solutions of Definition XI.1.1. Oo 


We shall next investigate the existence and the properties of the pressure 
field associated to a generalized solution. While existence is a simple task, 
the proof of global summability properties requires more effort, and heavily 
relies on the properties of weak solutions to the generalized Oseen problem 
established in Section VIII.2. We begin with the following. 


Lemma XI.1.1 Let v be a generalized solution to (XI.0.10), (X1.0.11). Then, 
if 

few, (2 (X1.1.3) 
for every bounded domain 2’ with 2 C Q, there exists 


p € Li,.(2) 
such that 
(Vv, Vw) ae R(v . Vv, wp) ar 2T (e1 xv, w) = (p, Vv: w) a (f.w] (X1.1.4) 


for all  € C§°(2). Furthermore, if 2 is locally Lipschitz and for some R > 
6(Q°), 
f © Wo (OR); 


then we have 
p € L?(Qp). 


Proof. The proof of the lemma is completely analogous to that given in 
Lemma X.1.1 and will be therefore left to the reader. 


Lemma XI.1.2 Let v and f be as in Lemma XI.1.1. Suppose, in addition, 
f € 1?(2°). for some p > 6(2°), 


Then v € D?:?(Q"), for all r > p. 
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Proof. Under the stated assumptions on f, in the following Theorem XI.1.2 it 
is shown that (v,p) € W772(°) x W,7?(Q°). Therefore, setting wu := Vv + U., 
from (XI.1.4), we obtain 


O = 
Aut R— ¥T le xav-Vu-—e, xX u)=Ru:Vu+Vp+f 
Ox, a.e. in (2? , 
V-u=0 
(XI.1.5) 
where? 
+ Z (a2 +22), if vp -w 40 
ee ad gmat ale te Dee (XI.1.6) 
p+ 4(x2 + 23), ifvg-w=0. 
We have to show that 
D?u (= D?v) € £?(2°). (XI.1.7) 


Let wr be the “cut-off” function used in the proof of Lemma VIII.2.1. By 
dot-multiplying both sides of (X1.1.5); by —V x (wrV x w), integrating over 
°, and taking into account (VIII.2.4), we derive? 


| VORAul3 = (REY + fovedu+ (V xu) x Vor) 
—3((V x u) x V(Ver), VorAu) 
+T(e, x u,V x (WrV X uw) — (er x @- Vu, V x (WrV Xx w)) 


+R(u- Vu, vrAu + (V x wu) x Vip). 


With the help of (VIII.2.6), (VIII.2.7), (VII.2.9) and (VIII.2.11), from this 
relation we deduce 


I brAulls < c(IF3+luli2)+R(u-Vu, vrAut(V xu)xVvpR), (XL1.8) 


with c independent of R. We now estimate the last two terms on the right-hand 
side of (X1.1.8). To this end, we begin by observing that since u belongs to 
D*?(Q) and satisfies condition (iv) in Definition XI.1.1, by Theorem II.6.1(i) 
it follows that w € L°(Q) and 


lull < colulie, (X1.1.9) 
where co = co(2). By the Holder inequality and (XI.1.9), we have 
? See footnote 3 in the Introduction to this chapter. 
3 This formal calculation can be easily made rigorous by a simple approximation 


procedure and by the use of the results of Exercise I].4.3. For simplicity, through- 
out the proof, we set || - ||2,.07 = || - |l2, and (-,-)ee = (-,°). 
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(u- Vu, ~RAu) < ||\VorVu4lls|lullell Vor Aull2 
= ||V(vru) —u® VV¥Rlls|lulle|| VPrAulle 
<e(||V(VeRu)||3 + lu ® VVFals) [ul 2llVPRAulle. 
(XI.1.1 


0) 


From Nirenberg’s Lemma II.3.3 and Exercise II.7.4, we also obtain 


IV (VPRu)||3 < cll VV Pru) ||37||D2(VoRw)|I/7 


— ie XL. 
= ey||V(/FRu)|Y1A(V Tau). ae) 


We next observe that by the properties of the function Wp, (XI.1.9), and again 
the Holder inequality, we easily obtain 


|A(Vbru)|l2 < ||WWrAulle + 2||\Vu-VVerll2 + |luAv dalle 


1/2 
2 
u 
< || VUrAull2 + cal|uli.2 + ¢3 ‘ |u|? +f | | 
Peo Br2R R 
< || VWRAull2 + ca(|uli,2 + | elle) 


< ||VYRAull2 + c5|uli2, 
(XI.1.12) 
with cs; independent of R. By a similar argument, we also obtain 


9\ 1/2 
jul? +f Be lilies 
oe (XI.1.13) 


S c7 (lulle + luli2) < cgluliie, 


IV(VvFRu)||2 <c6 (/ 


por 


with cg independent of R. Thus, inserting the above inequalities into (XI.1.11), 
we deduce 


IV(V/bru)lls < co (luli ZIV Aully/? + luli) - 


Since by an argument similar to that leading to (XI.1.13) we get 


jul) 
jul+ f Sr) <eullulle <erzlul 2, 
Br2R 


jue VVdrlls < cro (/ 


from (XI.1.10) we deduce 


pr 


(u- Vu, prAu) < ci3 (lea? prAul|s’? + jul 2) Juli oll /vrAulle. 
If we use Young’s inequality (II.2.5) in this relation, we finally conclude that 


(u- Vu, brAu) < crs (lulSatlults) +ell/PrAulls, — (XLL.14) 
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where € > 0 is arbitrary and c,;4 depends on ¢, but is otherwise independent 
of R. It remains to estimate the last term on the right-hand side of (XI.1.8). 
Using one more time the Hélder inequality, (XI.1.9), and Nirenberg’s Lemma 
II.3.3, we deduce 


(u- Vu, (V x u) x Vue) < c12||ulle|t]1,2|| Ver Vulls 
< c13|t|? oll VORV ull! V(V/eRrV 4) lla! 
hi 1/2: 
< cyalul2? (|D2(VTRu)|lo + |UD? Vala)” - 


Thus, by (X1.1.12), (X1.1.9), the properties of wr, and Young’s inequality, 
from the previous inequality we obtain 


(u- Vu, (V xu) x Vibe) < crs (luli? VonAully/? + ful? 2) 


< cis (luli'd? + lel? 2) + ellVRAul3, 

(XI.1.15) 

where € > 0 is arbitrary and cg depends on ¢, but is otherwise independent 
of R. Collecting (X1.1.8), (X1.1.14), and (X1.1.15), and choosing ¢ sufficiently 
small, we conclude that ||\/#pAull2 <M, with a constant M independent of 
R. This inequality formally coincides with (VIII.2.12), so that, arguing as in 
the proof of Lemma VIII.2.1, we prove (XI.1.7). 


The previous lemma has the following interesting consequence. 


Corollary XI.1.1 Let v be a generalized solution to (XI.0.10), (XI.0.11) 
corresponding to f that satisfies the assumption of Lemma XI.1.2. Then, 
v € L~(Q2"), r > p, and moreover, 


lim (v(#) + ¥o(#)) =0, uniformly. (X1.1.16) 


|a|—+0o 


Proof. Under the given assumptions on f, in Theorem XI.1.2 below it will be 
proved that v € W??(Q,.p), for all R > r, and so by the embedding Theorem 
11.3.4, v+Vo0 € L*(2,;,p), for all R > r. Consequently, in order to prove the 
corollary, it is enough to prove (XI.1.16). Since v is a generalized solution (see 
(XI.1.9)), we know that 


we L5(0") AD (2"), (X1.1.17) 


where u := U+V.0. Moreover, from Lemma XI.1.2 we also have u € D?:?(Q"), 
which, in turn, by (XI.1.17) and Theorem II.6.1, implies w € D1®(9"). 
The property (X1.1.16) then follows from this latter, (XI.1.17), and Theorem 
IL.9.1. 
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We are now in a position to prove the global summability properties of 
the pressure. 


Theorem XI.1.1 Let v be a generalized solution to (XI.0.10), (X1.0.11), and 
let f satisfy (X1.1.4) and, in addition, 


f € L7(2°)NL4(2?), some q € (1,00) and p > 6(°). 


Let p be the pressure field associated to v by Lemma XI.1.1, with p defined 
in (X1.1.6). Then p, possibly modified by the addition of a constant, admits 
the following decomposition: 


P=pitPe, (X1.1.18) 
where 
pi € £§(27) 0 DY?(27) 0 DPQ"), po € E3(2"), r>p. (X11.19) 
Moreover, if q € (1,3), we also have 
pr € L3V/B-9(Qr), (XI.1.20) 
Thus, in particular, if g € (1,3/2), we conclude that 
pe L3(2"). (X1.1.21) 
Proof. We set u := V+, and recall that, by Theorem XI.1.2, stated below, 


and the assumptions on f, we can take (u,p) € W7(Q?) x W,?(2?), so 
that in particular, (wu, p) satisfies (XI.1.5). Therefore, we obtain 


O as 
Au+R— +T(er xav-Vu-—e.xX u)=Vp+f+V:(uSu) 
Oxy a.e. in 2". 


V-u=0 
(XI.1.22) 
We next notice that by (X1.1.9), 


u@ue L(2"). 


This latter property, along with the assumption on f, allows us to conclude, by 
Lemma VIII.2.2, the validity of (XI.1.18)—(X1.1.21). The proof of the theorem 
is complete. 


Remark XI.1.2 We notice that in view of Remark VIII.2.1, Theorem XI.1.1 
continues to hold if T = 0. | 


We conclude this section by summarizing, in the next theorem, the differ- 
entiability properties of generalized solutions. Their proof is entirely analogous 
(and simpler, since we are in three dimensions) to that of Theorem X.1.1, and 
we leave it to the reader. 
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Theorem XI.1.2 Let v be a generalized solution to (XI.0.10), (XI.0.11). 
Then, if 
fe wr), m>0, (X1.1.23) 
where q € (1,00) ifm = 0, while q € [3/2, 00) ifm > 0, it follows that 
ve Wiet*t(2), pe Wirth), 


loc loc 
where p is the pressure associated to v by Lemma XI.1.1. Thus, in particular, 
if 
fe c™°(2), 
then 
v,peE C™(2). 


Assume further that Q is of class C™+? and 
v. EW? 1/4992), f eW™ (2p), 


for some R > 6(2°) and with the values of m and q specified earlier. Then, 
we have 
vew™t4( Or), pEewnttt(Qr). 


Therefore, in particular, if 2 is of class C°° and 
vx €C%(IQ), fe Cn), 


it follows that _ 
v, pE CC? (Op). 


XI.2 On the Energy Equation and the Uniqueness of 
Generalized Solutions 


In this section we shall investigate two important properties of generalized 
solutions that, as shown in Sections X.2 and X.3 in the irrotational case, 
may be somewhat related. We will begin by giving sufficient conditions for a 
generalized solution to satisfy the energy equation: 


2] D(v): D(v) -f [(Voo + Vx): F(v, p) —E (vx + vVo0)? v4] + 
2 aa 


+f f (0+ v0) =0, 
Q 

(XI.2.1) 
where VU. is defined in (XI.0.11), p in (X1.1.6), and T is the Cauchy stress 
tensor (IV.8.6). This relation is formally obtained by dot-multiplying both 
sides of (X1.0.10) by v + vq, integrating over Qpr, and assuming that all the 
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surface integrals on OBr converge to zero as R — oo. We also notice that, 
up to the pressure term, (XI.2.1) coincides with the energy equality (X.2.29) 
proved for the irrotational case. The reason is that the total power of the 
rotational contribution vanishes identically. 

We shall deal directly with the validity of (XI.2.1), leaving the analogous 
proof of the “generalized energy equality” (in the sense of Definition X.2.2) as 
an exercise to the interested reader. We recall that this latter coincides with 
(X1.2.1) for sufficiently smooth domains (for example, of class C?) and data. 


We thus have the following. 
Theorem XI.2.1 Let Q be of class C?, and assume 


FeLi, mew * (0), (X1.2.2) 


Then, any generalized solution corresponding to the above data that in addi- 
tion satisfies 
(v + Veo) € E4(2) (X1.2.3) 


satisfies the energy equality (X1.2.1). 


Proof. Set w := v + Vg. From (IV.8.9), (X1.2.2), and Theorem XI.1.2 we 
obtain 


ACR eee eee x: Vu-—e,x u)=r.u:-Vu+f 
Ox, ae. in 2, 
V-u=0 
(X1.2.4) 
with p defined in (XI.1.6), and where Aj = Ap = Rif vp-w £0 (with va as in 
(X1.0.11)1), while Ay = 0 and A2 = T if v9-w = 0 (with vq as in (XI.0.11)2). 
Since v is a weak solution, we have (see (XI.1.9)) 


u€ D'?(2)N LQ). (X0.2.5) 


We analyze first the case vp -w # 0 (see (XI.0.11);), and notice that in 
particular, by (XI.2.2), (X1.2.3), and the Holder inequality, 


u-Vu+ fe L*/(9). (X1.2.6) 


Consequently, from this property, (XI.2.2), (X1I.2.5), and Theorem VIII.8.1, it 


follows that P 
6 14/8(9), Fe L/5(Q). (XI.2.7) 
Ox 
Let wr be the “cut-off” function used in the proof of Theorem X.3.2, and let us 
dot-multiply both sides of (XI.2.4) by wru. By an easily justified integration 
by parts on the resulting equation, and taking into account that u = v.+V. 
at O02 (in the trace sense), we obtain 
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2(D(u), Dwru)) — i [(Voo + Vx)» T(v, p) — B(vx + V0)? vs] +0 
LR (= vn) +1R(\ul?Ver, u) — Gu, Ver) + F,eru) = 0, 


Or, , 
(X1.2.8) 
where we have used Vip: (e1 X 2) = 0. We now recall the following properties 
of the function wr: 


lim wr(a)=1, forallae, 
R00 (X1.2.9) 
supp (Wr) C Qrear, |Ver|<C/R 


for a constant C’ independent of x and R. Thus, using this latter along with 
(X1.2.3), (X1.2.5), and (X1.2.7), the reader will have no difficulty in proving 
the following: 


jim (D(u), Dine) = (D(a), D(u)), lim (fre) = (fu), 
O 
Jim (lu?Ver,u) =0, kim (=. bru) - (=. u) : 
(XI.2.10) 
However, as shown in the proof of Theorem X.2.1, we obtain 
(*.u) =), (XI.2.11) 
Ox 
Finally, by the Holder inequality and by (XI.2.7), we have 
|(pu, Vir)! < |IPll12/5,en2nllUll4,enonll VVRl|3,0n,2n 
aC lPll12/5,Qn2rllUll4,enon ’ 
where in the last inequality, we have used (X1.2.9)3. Thus, 
jim (Pu, Vor) = 0. (X1.2.12) 


Consequently, letting R — oo in (X1.2.8) and employing (XI.2.10)—(XI.2.12), 
we recover (XI.2.1), which is therefore proved in the case (XI.0.11)1. The proof 
in the case (XI.0.11)2 is entirely analogous. (We recall that in this situation, 
in (XI.2.4) we must take Ay = 0 and Az = T.) It suffices to observe that from 
(X1.2.3), (X1.2.6), and Theorem VIII.7.2, it follows that p (up to an inessential 
constant) satisfies (XI.2.7). Consequently, following step by step the argument 
previously used for the case (XI.0.11)1, we prove the desired property also in 
case (XI.0.11)2. The theorem is completely proved. 


Our next objective is to furnish sufficient conditions for uniqueness of 
generalized solutions. We have the following. 
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Theorem XIJ.2.2 Let 2, f, and v, satisfy the assumptions of Theorem 
XI1.2.1, and let v, v; be two corresponding generalized solutions satisfying, 
in addition, (X1.2.3).1 Then, if (v +v.) € L°(Q) with 


e| 
|v + Vooll3 < we (X1.2.13) 


necessarily v(x) = v1(«), a.e. in 2. 


Proof. We shall give the proof when vo: w ¥ 0, so that vo. is given in 
(XI.0.11)1. In fact, as the reader will immediately realize, it remains basically 
unchanged in the case v9 -w = 0. Set uw := v1 —v, 6:= pi —P, W:=V+AVE, 
W 1 := V1 +Vo0, where p and p; are the (modified, according to (XI.1.6)) pres- 
sure fields associated to v and v; by Lemma XI.1.1. From (IV.8.9), (XI.2.2), 
and Theorem XI.1.2 we thus obtain 


0 
V-T(u, 9d) +R— +T (e, xX w-Vu-—e) x w) 
Ty 
=R(u-Vu+w-Vu+u-Vw) a.e. in (2, 
V-u=0 
u=O0 aton. 
(X1.2.14) 


We now follow exactly the same procedure used in the proof of Theorem 
X1.2.1, that is, after dot-multiplying both sides of (X1.2.14); by wru, inte- 
grating by parts over 2, and taking into account the boundary conditions, we 
let R — oo. Using the fact that both v and v, satisfy (XI.2.3) we then show 
that u obeys the following “perturbed” energy equality: 


juli. = R(u- Vu, w), (X1.2.15) 


where we have used the relation |u|;,2 = V2||D(u)|l2.? By (XI.2.15), the 
Holder inequality, and the Sobolev inequality (II.3.11), we thus obtain 


2 
lu)2 (1-R= ula) <0, 


which, in turn, proves the result under the assumption (XI.2.13). 


For future use, we need another uniqueness result that generalizes to the 
rotational case the one proved in Theorem X.3.2. We shall limit ourselves to 
the case vp-w = 0, namely, when v., satisfies (XI.0.11)2, in that it will suffice 
for our purposes. 

Thus, let € be the class of generalized solutions v to (XI.0.10), (XI.0.11) 
with vo: w =0 satisfying the energy inequality 


| The assumption on vi can be somehow weakened. See Exercise X1.2.1. 
? See Footnote 4 in Chapter X. 


XI.2 On the Energy Equation and the Uniqueness of Generalized Solutions 759 


2] D(v): Div) -f [(Voo + Vx) T(v,p) —F(vs + Voo)?v.] +n 
2 an 


+] f-(vtv.0) <0. 
Q 


(X1.2.16) 
As we shall prove in the following section, under suitable regularity assump- 
tions on 2, f, and v,, the class € is not empty. 
We have the following. 


Theorem XI.2.3 Let 92 be of class C?, and let 
fe DPQ L87(2), v. € W7/??7(8N), vow =0. 


Suppose v is a corresponding generalized solution such that for all x € 22, 


1 
(1+ |x)|ve) + v0] $M, M< 5p. (XI.2.17) 


Then v is unique in the class €. 


Proof. Let v1 be any element in € corresponding to the given data, let p, be 
the associated pressure, and set w := v1 + Voc. From (IV.8.9), (X1.2.2), and 
Theorem XI.1.2 we deduce that w satisfies 


V-T(w,pi)+T (ey x a-Vw-—e, x w)=Tw-Vws+ f 
a.e. in 2, 
V-w=0 
W = U4 +VU— =d, at OM, 
(XI.2.18) 


with p; the modified pressure as in (X1.1.6). Dot-multiplying both sides of 
(X1.2.18); by u:=v+v and integrating by parts over Qe, we obtain 


—2 a D(w) : D(u) taf 


n-D(w)-u-f py(u-n) 


OBR 


al w:-Vw-ut+T (e, xX w7-Vw—e, x w)-u (X1.2.19) 
Qr Qr 


--| n-T(w, pi): dy + fou. 
an Qn 


Likewise, interchanging the roles of wu and w, we get 


= Dw): D(u) +2f n-D(u)-w— o(w +n) 
QR OBR OBR 


-T/ u-Vu-w+T] (e,xa-Vu-e,xu)-w (XI.2.20) 
QR QR 


02 


QR 
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where ¢ is the modified pressure, according to (XI.1.6), associated to v. Our 
next task is to show that all integrals on OBr in (XI.2.19) and (X1.2.20) 
converge to zero as R — oo, along a sequence at least. To this end, we notice 
that in (X1.2.18), written with w = u and p; = 4, its right-hand side can be 
put in the form T V-(u®wu)+f. Since u decays pointwise in the way specified 
in (X1.2.17), and wu € D'?(), it follows that u@u € L?(2) and V-(u® 
u) € L?(Q2). Moreover, by assumption, f € L°/>(Q). As a consequence, from 
Lemma VIII.2.2 we deduce ¢ € L?(Q*), for sufficiently large R. Moreover, by 
Theorem XI.1.2, p; € L3(Q"”). Thus, recalling also that w € L°(Q), we can 
find an unbounded sequence {R;,} such that 


jim rf (loi? + [Veol? + [eo/® + |bl? + |Vul? 4 iu?) =0. (X1L2.21) 
TOO OBR 


k 


Using this property, we shall now show that all surface integrals over OBp in 
(XI1.2.19), (X1.2.20) tend to zero as R — oo, at least along the sequence {R,}. 
In fact, setting 


Jui <= sup(1 + |2})\u(x)|, 
2EeQ 


we have, as k > cw, 
|Vw| 


<e1 ful —— < celui ||Vwlleab,, 9, 
R k 
aBr, Pk 


Ri, 


P. i 
<3 jul: f Pal < ca) uli RG ||Pills,oB,, > 9, 
oBr, 


[mem 


| n-D(u)-w 


| Bw «n) 
dBr, 
(XI.2.22) 


We next investigate the convergence of the volume integrals in (XI.2.19), 
(X1.2.20). To this end, we begin by observing that in view of the assumptions 
made on u and Theorem II.6.1(i), we obtain 


2 
<o5R; ||Vulle.aze, |lwlleobe, 9, 


Oy 
< c6 RZ ||9ll2,0Be, |lwlleobe, > 9- 


Jw -Vw- u <c7Juli |wlis, 
2 


so that 


lim w-Vw-u= | w-Vw-u. (XI.2.23) 
ko Jn, Q 


By the same token, 
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lim u-Vu-w= | u-Vu-w. (XI.2.24) 
ko Jp, Q 


Likewise, since f € L°/5(Q) and u,w € L°(Q), we deduce 


tim, | f-w=]fs-w, lim fous [few (X1.2.25) 
k—o00 Qn, Q k—-o00 QR, Q 

We now observe that by an integration by parts, we can show for all R > 6(2°) 
that 


| (er x@-Vw- ex w)-u+ f (e; xXv-Vu-—e,xXu)-w 
QR QR 


= (1 x2)-nw-u+t | (e, x a)-nd’ 
OBR 


an 
=) (e, x x) -nd?2, 
aa 
(X1.2.26) 


where in the last step, we have taken into account that on OBr, n and x 
are parallel. Adding side by side (XI.2.18) and (XI.2.19), using (XI.2.26), and 
then passing to the limit k — oo, with the help of (XI.2.23)—(X1.2.25) we 
recover 


—4]/ D(w): Diu) =T (w-Vw-utuVu-w)+ | (few fiw) 
Q Q Q 


+f (n-T(w, pi) +n-T(u, 6) d. 


-T] (e,xa)-nd?. 
a2 
(X1.2.27) 


However, by (XI.2.17) and Theorem XI1.2.1, (uw, ¢) satisfies the energy equality 
(X1.2.1), while by assumption, (w, p1) satisfies the energy inequality (XI.2.16). 
Thus adding, side by side, these two relations and (XI.2.27), and observing 
that 

|| D(w — w) 2 = | D(w) | + | D(w) |B — 2D ew), D(w)), 


we easily deduce 
|| D(z)|I5 < T ((w- Vw, u) + (u- Vu, w)) —T d2d,-n, — (X1.2.28) 
AQ 


with z := w — u. However, by a slight modification of the reasoning used in 
the proof of Theorem X.3.2? we show that 


3 Specifically, see the proof of properties (i) and (ii) after (X.3.29) and the argument 
that follows. 
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(w-Vw,u)+ (u- Vu, w) = (2-Vz,u)+ f d7d,-n, 
02 
and so, placing this latter into (XI.2.27), we conclude that 
2|| D(z)|Ip < T(z-Vz,u). 


Using in this relation the assumption (XI.2.17) along with the Schwarz in- 
equality, we obtain 


|z|? 1/2 
2||D(z)||2 < TM (| ) [Z|1,2- (XI.2.29) 
2 


|e? 
We now observe that for py € D(2), by dot-multiplying both sides of the 
identity Ay = 2V - D(y) by ¢ and integrating by parts, we have 
2||D(¥)|I3 = |¢lt,2- (X1.2.30) 
Moreover, by (I1.6.10), we also have that 


lel? 2 

i Salil». (X1.2.31) 
2 |x| 

Now, z € D!?(2), with V-z = 0. Furthermore, z has zero trace at the 

boundary, and so by Theorem III.5.1, z € D7). Then, by a simple density 

argument we prove that (X1.2.30) and (XI.2.31) continue to hold for z too. 

Thus, placing (XI.2.30) and (XI.2.31) (with » = z) into (X1.2.29), we obtain 


JzZli2(1-2TM) <0, 


from which, if 1 < 1/(2T), uniqueness follows. 


Exercise XI.2.1 Show that in the uniqueness Theorem XI.2.2 the hypothesis vi € 
L*(Q) can be replaced by the assumption that v; and the associated pressure pi 
satisfy the energy inequality (XI.2.16). As shown in the next section, the class of 
such solutions is not empty. 


XI1.3 Existence of Generalized Solutions 


The objective of this section is to prove the existence of a generalized so- 
lution to problem (XI.0.10), (XI.0.11). This will be achieved by a suitable 
generalization of the arguments used in the proof of Theorem X.4.1. 

We begin with the following result. 


Lemma XI.3.1 Let 2 be locally Lipschitz and let 


v, € W'/*:?(8Q), Veo be given in (XI.0.11). 
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Then, for any n > 0 there exist € = e(n, vs, 2) > 0 and V = V(e): 2 — R? 
satisfying properties (i)—(iv) of Lemma X.4.1 with to. = Veo. The field V can 
be written as follows: 


V(x) = V.(x) + a(x) — v—(2), (X1.3.1) 


where V(x) is of bounded support in 92, and 


D | (x) ~v ( : ) (XI.3.2) 
— v.-n, o(x) = —V(——]}], 3 
aa dn |x — xo| 


with x9 €2°. Moreover, for all u € Dy7(Q), we have 


P 
(u VV +enjwl (n+ Ze) luis, O33) 
TO 


where rp = dist (%o, O22). Finally, if ||v«||1/2,2(a9@) < M, for some M > 0, then 
V satisfies the inequalities given in (X.4.6), with 0o5 = Vo. 


Proof. The proof is a direct consequence of that of Lemma X.4.1 (with bo. = 
Voo), and Remark X.4.1.1 


We are now in a position to prove the main result of this section. 


Theorem XI.3.1 Let Q be a locally Lipschitz domain of R°, with a con- 
nected boundary. Moreover, let 


f € Dy'?(Q), vx € W782), vo be given in (X1.0.11). 


The following properties hold, with ® defined in (X1.3.2). 


(i) Existence. If |6| < 4rro/R, there is at least one generalized solution v to 
the Navier-Stokes problem (XI.0.10), (XI.0.11). Such a solution satisfies 
the conditions: 


[\e@)+ ¥001 = O(1/-V Fa) a8 fe] 00, 


IPlloon/e < C(lelt2.0n + Rilolli zon + Tllvll,en + |Fli2); 
(X1.3.4) 
for all R > 6(92°), where p is the pressure field associated to v by Lemma 
XL1.1, while c = c(Q2, R) with c— co as R= ow. 
Furthermore, if Q is of class C?, f € L?(Q), and v, € W?/?:?(aQ), 
then v and the corresponding pressure field p (see Theorem X1.1.2) satisfy 
the energy inequality 


fe} 
' We recall that throughout this chapter, we are assuming for simplicity that ° 
is connected. 
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2] D(v): D(v) -{f [(Voo + Vx) -F(v,p) — (vs + Yoo)? vx] 0 
Q AQ 
+f, 8 +5] <0, 
(X1.3.5) 
where p is defined in (X1.1.6), and T the Cauchy stress tensor (IV.8.6). 
(ii) Estimate by the data. If v. € 9\/??(02) (defined in (IX.4.52)) and 
|P| < 2rro/R, then the generalized solution determined in (i) satisfies 
the following estimate: 


|v + Voolie < 4|fl-1.2+C I|v«l]1/2,2;09 [1 +R(1 + Ilex ll1/2,2(a22)) +T] ’ 
(X1.3.6) 
where C = C(22,R,M). 


Proof. We look for a solution of the form v = u+V, where V is the extension 
constructed in Lemma XI.3.1. Placing this latter into (X1.1.2), after a simple 
manipulation we obtain, for all g € D(), 


(Vu, Ve) H(V(V + v0), Ve) +R [(u- Vu, y) + (u- V(V + 00), Y) 
—(U- V0, p) + ((V + Veo) Vu, p) — (Yoo » Vu, ) 
+(V + 0.0) > V(V + Voc), Y) — (V + V0): VU, ¥) 
—(Voo V(V + Voc), P)] + 2T [(e1 x u, %) + (€1 x (V + Vo0), ¥)] 


= =lF, | ’ 

(X1L.3.7) 
where we have used (Vv., V~) = (€1 X Voc, Y) = 0. Taking into account the 
identity Ra: Vvx = Tei X a, and that by a calculation entirely analogous 
to that leading to (VIII.1.8), 


e,xa-Vo-—e,xa0=0, (X1.3.8) 
with the help of (X1.3.1) we deduce that (XI.3.7) reduces to 


(Vu, Ve) +(V(V + v0), Ve) + R[(u- Vu, vp) + (u- V(V + v.00), ¥) 
+ ((V + Voc)» Vu, ~) — (Veo » Vu, e) + ((V + Yoo) V(V + Veo); 9) 
— (e1-V(V + Voc), )] + T [(e1 x u, yp) + (er. X Ve —€1 X @- VV, y)] 


(X1.3.9) 
It is clear that if we find u € Do’?() satisfying (XI.3.9) for all y € D(), 
then v := u+ V is a generalized solution to (XI.0.10), (XI.0.11). In order 
to construct such a u we use the Galerkin method. Let {y,} C D(2) be the 
basis of Dy GR), introduced in Lemma VII.2.1. A sequence of approximating 
solutions {t,,} is then sought of the form 
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Um >= S bem, 


k=1 
(Vm, Vex) = —(V(V + Veo), VOR) — R[(Um > Vim; Yx) 
+(Um + V(V + Voo); Px) + ((V + Voo) + Vim; Px) — (Yoo Vum; Px) 
+H((V + Veo) + V(V + Vo0), Px) — (€1° V(V + Veo), #)] 
—T [(e1 x uy) + (e1 X Ve — 1 x B- VV, )| — [F, Px] = Fe(E), 


(X1.3.10) 
k = 1,...,m. For each m € N, we may establish existence of a solution 
€ = (&1,...,&m) to (X1.3.10) by means of Lemma IX.3.2. In fact, since V-v. = 
V-(V + v0) =0 and u, € D(M), by Lemma IX.2.1 we obtain 


(tn + Vm; Um) = (Vos Vum, Um) = ((V + Vo): VUm; Um) = 9. 


We thus deduce 
F.€=—-(V(V + v—), Vum) — R[(Um > V(V + Voc), Um) 
+((V + v0): V(V + Voc), Um) — (€1: V(V + Voc), Um)}| (X1.3.11) 
—T [(e1 x Ve —e1 X &©:- VVe,Um)] — [f, Um] - 


Using the inequalities of Schwarz, Hélder, and Sobolev (see (II.3.11)), and 
recalling that V is of bounded support, we deduce 


—(V(V + V.0), Vu) < |W + Vo0|1,2|/tUm|1,2 
—((V + U0) : V(V ve Voo), Um) < |V + Voolls V + Vool|1,2||Umlle 
< e1||V + Voolla|V + Vool1,2/Um|1,2 


(e1: V(V + V0), Um) < c2|V + Vo0|1,6/5||Umlle 


Sc3 |V + Voo 1,6/5|Um|1,2 


—(e1 X Ve, Um) < ||Welle/sllumlle < cal|Velle/s|tm|1,2 


(e. xX -VVe,Um) < ¢5|Wel1,6/51 Umlle < €6|Wel1,6/5|/Um|1,2 
—[f, Um] < | f|—1,2|tm|1,2 : 
(X1.3.12) 
Furthermore, by Lemma XI.3.1, for any given 7 > 0 we can choose V such 
that 


@ 
— (tm + V(V + Veo), Um)| < (n+ “) ete le aa (XI.3.13) 
Arro ; 


Therefore, if 
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we may choose 77 such that 7+ Jel 22 1/R, and from (X1.3.11)—(X1.3.13) and 


Arr 
Lemma [X.3.2 we may conclude that the algebraic system (XI.3.10) has at 
least one solution for every m € N. Moreover, from (X1.3.10)—(X1.3.13) it also 


follows that 


[1-2 (n+ PY) heinlre < CIV + veclsall + RIV + dol) 
TO 
+R|V + Vool1,6/5 + T||Velli.e/s + |Fl-1,2] , 
(X1.3.15) 
which shows that under the condition (XI.3.14), the sequence {wu} is (uni- 
formly) bounded in Di? (2); Thus, we can select a subsequence, denoted again 
by {wm}, such that as m — oo, 


Um > uw in Dg*(2). (X1.3.16) 


This property along with Theorem II.1.3(i) and (X1.3.15) implies 


TO 
+R|V + Vo0|1,6/5 + T||Velli6/5 + |Fl-1,21 , 
(X1.3.17) 
where C = C(). Furthermore, since Dj7(Q) — W!?(Qg) for all R > 
6(2°) (see Lemma II.6.1), from Exercise II.5.8 and the Cantor diagonalization 
argument we secure the existence of another subsequence, still called {u,, }, 
such that as m — oo, 


Um > u in L4(Qpe), @é€ (1,6), (XI.3.18) 


for any R > 6(2°). At this point, we may employ arguments analogous to 
those used in the proof of Theorem X.4.1 (in particular, the argument follow- 
ing (X.4.29)) to show that the field wu satisfies (XI.3.10) with u,, = u, for all 
k € N. The final step is to replace, in this resulting equation, y,, with an arbi- 
trary py € D(Q). This goal is again achieved by the same procedure employed 
in the proof of Theorem X.4.1, thanks to the properties of the linear hull of 
the basis {~;,}; see Lemma VII.2.1. The only term that deserves a little more 
attention is the “rotational term” (e; xx-Vu, y;,)—(e1 XU, y;). However, the 
replacement of y, with y € D(2) in this latter is carried out exactly as de- 
scribed in the proof of Theorem VIII.1.2, after equation (VIII.1.19). We may 
then safely conclude that wu satisfies (XI.3.9), for all yp € D(2), that is, the 
field v := u + V is a generalized solution to (XI.0.10), (XI.0.11). Moreover, 
we prove (see (X.4.34)) that v + v. satisfies (XI.3.4). Finally, choosing in 
(X1.1.4) the function w introduced in (X.4.38) and proceeding as in (X.4.39), 
we easily establish the validity of (X1.3.4). We shall next establish the validity 
of the energy inequality (X1.3.5). We begin by observing that from (XI.3.10) 
and (X1.3.11) it follows that 
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|tmli2 = —(V(V + v.00), Vm) — R[(tm » V(V + Voo), Um) 
+(V + Vo0) - V(V + V0), Um) — (€1° V(V + Vo0), Um)| 


—-T(e1 xX Ve —e€1 X &©-VVe, Um) — [f, Um] - 
(X1.3.19) 
We would like to let m — oo in this relation (along a subsequence if necessary). 
Obviously, in view of (XI.3.16) and (X1.3.18), and the assumption on f, and 
recalling that V. is of bounded support, we obtain 


lim {T(e, x V-—e1 X ©: VVe,Um) — [f,Um]} 
=T(e.x V.—e1 x @- VV-~,u) — [f, ul (X1.3.20) 
lim (V(V + v2), Vum) = (V(V + v0), Vu). 
Furthermore, by exactly the same procedure used in the proof of Theorem 


X.4.1 to prove the validity of the generalized energy inequality in the irrota- 
tional case (see the argument following (X.4.40)), we obtain 


fm {(Um + V(V + V.0), Um) + ((V + Voo): V(V + V0), Um) } 
=(u-V(V + ¥x),u) + ((V + U0) > V(V + Voc), U) 
_ im (et -V(V + Voc), Um) = (e1:V(V + Voc), 4). 
(X1.3.21) 


Thus, passing to the limit m — oo in (X1.3.19), from (XI.3.20)—(X1.3.21) and 
Theorem IT.1.3(i), we conclude that 


Julto +(V(V + v0), Vu) + R[(u- V(V + v0), u) 
+(V + V0) > V(V + U00),u) — (e1: V(V 4+ Veo), ¥)] (X1.3.22) 
+T(e, x V-—e, X @-VVe,u)+[f,u] <0. 
We next observe that since u= v—V, 
jul? y + (V(V + v.00), Vu) = |v + e012 9— (V(V + 00), V(v + W20)) 


= 2[||D(w)||3 — (D(v), D(V))] , 
(X1.3.23) 
where in the last step, we have used the identity given in footnote 4 of Section 
X.2. Moreover, 


(uV(V+0.0), U)+((V+%o0)'V(V+V00), U) = ((V+V0)'V(V +00), v-V) 
(X1.3.24) 
Thus, collecting (X1.3.22)—(X1.3.24), we deduce that 


2\|D(v)||3 —2(D(v), D(V)) + R[((v + V0) - V(V + Yoo), ¥ — V) 
—(e,:-V(V+vx),u—-V)]}+T(e1 x Ve—e1 X &@- VVe,u—V) 


+[f,v-V] <0. 
(XI.3.25) 
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We now notice that in view of the assumptions made on f and v.., by Theorem 
XI.1.2 we have, on the one hand, that (w := v + U.0,p) € W*?(2,) x 
W!(Q,), for all p > 6(2°), and, on the other hand, that (w,p), with p given 
in (X1.1.6), satisfies (XI.2.4), that is, 
V-T(w,p)+ Rv. -—w):Vw-Te, x w= f 
a.e. in 
V-w=0 (X1.3.26) 
Ulan = Ve+ Veo. 


Let wr = Wr(|x|) be a smooth, nonincreasing “cut-off” function that is 0 for 
|x| < Rand is 1 for |x| > 2R, R > 6(2°), with |Vwr(x)| < M/R, where M 
is a constant independent of R and x. If we then dot-multiply both sides of 
(X1.3.26)1 by Yr(V + v0) and integrate by parts over 2, we obtain 


I. nr: T(w,p) : (vs a Vo) — 2(D(v), Dbr(V =e Voo))) ~~ (pVvr, V+ Voo) 


OR 
Ox, 


—R | wretw Vw, V + ¥a0)+( w,V + 0s.) +(UndaV(V + Us) 1) 


+T(wrer X(Vt+v.6), w)tR] (vet V0)*Vo:-n=([f,Vt vo], 
oe (X1.3.27) 
where we used e; X «:-Vwr(x) = 0 for all x € 92. In (X1.3.27) we now employ 
the form (X1.3.1) of the extension V along with its summability properties 
and the identity (XI.3.8) for o, and recall that, by Theorem XI.1.1 and the 
assumption on f, p € L°(Q) + L3(Q). Thus, letting R — oo, it is not hard to 
show that (XI.3.27) leads to 


2 i _m T(w,3) (0. + Yo) + 2AD(0), DV) 
+Ri{(w:-Vw,V + v0) + (e1: VV + v0), w)] 


—T(eyxVe-e,X2-VVe,w)—-R] (vat Vo0)?2Vo0 +1 
AQ 
+([f,Vt+v.] =0. 
(X1.3.28) 
Summing side by side (XI.3.25) and (X1.3.28), and recalling that w = v+v., 
we obtain 


2|D(W)|3 — | m-T(w,7)- (ve +¥.)— Rf (ve + W)*¥o0 0 
aa an 
+[f,v + v0) + Ri(w-V(V + v0), w) + (w- Vw, V+ v0) 
+(e, :-V(V + v0),V + Vx)] 
—-T(e. xX V.-—e, X @-VV.2,V+0q) <0. 
(XI.3.29) 
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By an easily justified integration by parts that uses the summability properties 
of w and V + v4, we obtain 


(w-V(V + ¥.o0),W) + (w:- Vw,V + v6) = >| (U4 + Voo)?(UVs + Voo) 1. 
an 


2 |. 
(X1.3.30) 
Likewise, 


1 
(e, -V(V + ¥0),V + Vo) = >| (Vx + Uo0)"e1°n. (X1.3.31) 
aa 
Finally, recalling that V+ vu. = V- +o (see (X1.3.1)), we obtain 
—(e, x Vz —e, X @-VVe,V + V0) 
=(e, x -VV.,V-) + P(e, x 7: Vo-—e, x o,V_) 


+0 f WP ideas (X1.3.32) 
02 


1 
=o (Ve-o)ey xenss/ |\V.|"e1 x ven. 
an 2Jaa 
We next observe that for any fixed r > 6(Q°), we have 
| lo/?e, Xa-n= V-(loPe: x 2) =2/ e,xa-Vo-o=0, 
AQ Q, Q, 
because e; xX «-Vo(x)- a(x) = 0, for all x € 2. Therefore, (X1.3.32) delivers 


—(e.xV--—e,x@-VV2,V+0q) = 


Nl rR 


fe (Us+V0)7e1 Xa-n. (XI1.3.33) 
an 


Placing (X1.3.30), (X1.3.31), and (X1.3.33) into (XI.3.29), we then conclude 
that 


2|D()IB— f [r-T(w,B)- (0+ 0.0) (0. +00) ve-n] +[f, 040] <0, 


namely, the validity of the energy inequality. It remains to show the estimate of 
the solution in terms of the data. Thus, assuming |®| < 277ro/R, and choosing 


(for example) 7 = 1/(4R), (X1.3.17) furnishes 
Julie <4[C|V + vool1,2(1 + RIV + vols) 
(X1.3.34) 
+R|V + Vo0/1,6/5 + T||Vellie/5 + |Fl-1,2] - 


If we now use in (X1.3.34) the inequalities (X.4.6) (with 0.5 = Vo), and recall 
that wu = (vt+v—)—-(V +), we obtain (X1.3.6), which completes the proof 
of the theorem. 


Remark XI.3.1 For future reference, we observe that in the energy inequal- 
ity (X1.3.5), if, in addition, f € L°/°(Q),we can then replace [f, v+v.0] with 
(Ff, + Vo0): = 
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XI.4 Global Summability of Generalized Solutions when 
Vo: w #0 


As in the irrotational case, the fundamental step in deriving the asymptotic 
structure of generalized solutions is to prove suitable summability properties 
at large distances for the velocity field v and the pressure p, much more 
detailed than those available at the outset, namely, (v + uv.) € Dt?(2)M 
L°(Q), with p satisfying the conditions given in Theorem XI.1.2. 

The proof of the desired properties will be achieved by following the same 
arguments used in the irrotational case, with only the foresight to replace 
Theorem VII.7.1 with Theorem VIII.8.1. As a matter of fact, once this basic 
replacement is made, the proof is essentially the same. 


Specifically, we have the following result 


Theorem XI.4.1 Let Q be a C?-smooth exterior three-dimensional domain, 
and assume, for some q € (1,2), that 


Ff € LQ) NL7/7(Q), vy € W2- 99/82) Nn W4/33/2(09). — (XI.4.1) 


Then, every generalized solution v to the Navier-Stokes problem (X1.0.10)-— 
(XI.0.11) corresponding to f , v, and to vp:w # 0, and the associated pressure 
field’ p, satisfy (v + Voc, p) € Xq(2), with Xq(Q) defined in (X.6.5). 


Proof. Since their actual value is completely irrelevant, throughout the proof 
we set, for simplicity, R = T = 1. Moreover, we set u = v + Vo. Since 
u € D'?(2), we may find a sequence of second-order tensors {G;} with 
components in C§°(2) such that G; — Vu in L?(2). Then, from (X1.0.10) 
and Theorem XI.1.2, it follows that w satisfies the problem 


0 ee 
Aut tex e:Vure; eae us Age Vor; 
Ox, a.e. in 2 


V-u=0 
U = Ux = Ue $VoQq at ON, 

(X1.4.2) 
where Ay := Vu— Ga, Fx, := v- Gy +f, and p is defined in (X1.1.6). We 
next observe that by the assumption on f and the fact that u € L°(2), we 
have F;, € L4(Q)N L3/?(Q), for all k € N. Set Xq,3/2(92) = Xq(Q)NX3/2(2), 


endowed with the norm || - |x, 5/2 >= ll - lx, + ll - llx,,2:7 and let 


M : (w,r) € Xq,3/2(2) — (2,6) = M(w,r), 
where (z, ) satisfies 


' Possibly modified by the addition of a constant. 
? See (X.6.6). 
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O 
Ae po hey MRE ey X= Ws Ay EVE 4 Fy 


Ox, in §2:, 
V-u=0 
u=u, aton. 
(XI.4.3) 
In view of the Hélder inequality and the fact that w<€ D?(Q), 
20 - Anlle < llellza/c2-0 [1 Anll2 < 00, # € (1,2), (X1.4.4) 


with the help of Theorem VII.8.1 we deduce, on the one hand, that the map 
M is well-defined and, on the other hand, that there exists a (unique) solution 
(z,) € Xq,3/2(Q2) to (X1.4.3) satisfying the estimate (with q = q, q2 = 3/2) 


2 
II(z, PIlxy2 S¢>, (lArllellewlleg. (2a) + Fella: + Ile ll2—2/a:(0.22)) 
i=1 
2 
ae (sells 7, +> (Pella: + lusll2-2/q(02)) } - 
i=1 
(X1.4.5) 
Thus, choosing k such that 
|| Agll2 < 1/(2c) (X1.4.6) 


and putting 


2 
6:= 2cS > (Falla: + llull2-2/a:(02)) » 
i=1 

from (XI.4.5) it follows at once that M maps the closed ball {(u,é) € 
Xq,3/2(2) : ||(u, &)||x, 5/2 < 5} into itself. Moreover, in view of the linearity of 
the map M and of (XI.4.6), from (XI.4.5) with ||F'x||q, = ||U«||2-2/¢,(a2)9, 7 = 
1,2, we infer that M is a contraction, and therefore there exists one and only 
one solution (2, @) € Xq,3/2 to (X1.4.3). Next, setting (w,7) := (z—u, @—p), 
we obtain 


eae, xa-Vw-—eyxw=w:-A,tVr 
Ox, in 

C—t (X1.4.7) 
w=0 at on. 

Recalling that by the assumption on v and (XI.4.6), g := w- Ax € L3/?(Q), 

with the help of Theorem VIII.8.1 we infer that the problem 

Ne ie, xa2-Vw-—e,xw=gt+VT 

Ox, 


as (XI.4.8) 


w=0 at on, 
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has a (unique) solution (w,T) in the class X3/2(2). It is easy to see that 
(w,T7) = (w,7). Actually, the fields Z := w—w and x := 7 —T solve the 
homogeneous problem (XI.4.8) with g = 0. Furthermore, Z € L°(), because 
w,u € X3/2(2), while u € L®(Q2) by assumption. Therefore, from Theorem 
VIIL.8.1 we obtain Z = Vx = 0. Consequently, w € X3/2(2), and so, again 
by Theorem VIII.8.1 applied to (X1.4.7), we obtain 


II(w, P)Ilx32 S €llw- Axlls/2 < €||Axllell(w, O)Ilx2/2 - 


Thus, using (XI.4.6) in this latter inequality, we deduce w = Vr = 0, that is, 
(u, 6) = (v + v—,p+C), for some C € R, and the proof of the theorem is 
complete. 


Remark XI.4.1 Note that Theorem XI.4.1 does not require the vanishing 
of the flux of v. through the boundary O22. Oo 


Remark XI.4.2 From Theorem XI.4.1 and (X1.0.10), it follows that the “ro- 
tational term” e; x w-V(vu +0) — €1 X (U+ Veo) belongs to L4(2). There- 
fore, in particular, the results of Exercise VIII.7.1 apply to the component 
(v+¥o):e1 =U +1. | 


Remark XI.4.3 If T = 0 (irrotational case), we know that the summability 
properties established in Theorem X.6.4 in the significant circumstance when 


v,=f =0 (X1.4.9) 


(rigid body translating with constant velocity in a viscous liquid) are sharp. 
More precisely, under the assumption (X1.4.9), we have (u+v.) ¢ L°(2) for 
alls € (1, 2] (see Exercise X.6.1), implying, in particular, that the total kinetic 
energy of the liquid is infinite. It is probable that if (X1.4.9) holds, the same 
conclusion can be drawn also when T 4 0 (rigid body translating and rotating 
with constant velocity in a viscous liquid), that is, the summability properties 
established in Theorem XI.4.1 cannot be improved, and consequently, the total 
kinetic energy of the liquid is still infinite. However, no proof (or disproof) of 
this statement is available to date. a 


XI.5 The Energy Equation and Uniqueness for 
Generalized Solutions when vo - w 4 0 


An immediate consequence of Theorem XI.4.1 is stated in the following the- 
orem. 


Theorem XI.5.1 Let Q be a C?-smooth exterior three-dimensional domain, 
and let v be a generalized solution to the Navier-Stokes problem (XI.0.10), 
(XI.0.11) corresponding to the data 


fe LR(Q)N1F7(Q), v. €WH77/7(AN), vow AO. — (XL5.1) 
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Then v and the corresponding pressure field associated to v by Lemma XI.1.1 
satisfy the energy equation (XI.2.1). 


Proof. Under the assumption (X1.5.1), from Theorem XI.4.1 we have, in par- 
ticular, 


V+ Vo € L*(2) 


d 


so that the result follows at once from Theorem XI.2.1. 


A significant consequence to Theorem XI.5.1 is the following result of 
Liouville type. 


Theorem XI.5.2 Let v be a generalized solution to the Navier-Stokes prob- 
lem (X1.0.10), (XI.0.11) in R® corresponding to f = 0 and vo: w #0. Then 
v(x) = —Vo0 for all x € R?. 


Remark XI.5.1 It is not known whether the result of Theorem XI.5.3 con- 
tinues to hold if vg -w = 0. DB 


We shall next furnish sufficient conditions on the data for a corresponding 
solution to be unique in the class of generalized solutions. The procedure will 
be similar to that adopted in Theorem X.7.3 for the irrotational case. To this 
end, we begin by proving the following preliminary result. 


Lemma XI.5.1 Let the assumption of Theorem XI.5.1 be satisfied and sup- 
pose, in addition, that 


f € L8/5(Q), 
1 3 (X1.5.2) 


Il... 
IF lle/s + |lv» + Vooll7/6,6/5(a2) < Je qe! ae 


with c = c(2,T,B) for R € [0,B]. Then, any generalized solution v to 
(XI.0.10), (X1.0.11) corresponding to f, vx, and Vg satisfies (VU + Vso) € 
L3(Q), along with the inequality 


3 
|v + Vooll3 < - ; (X1.5.3) 


Proof. In view of Theorem XI.4.1 and the assumption on f, we have only to 
prove (XI.5.3). To this end, let 
M : (w, $) € X6/5(2) > (u,7) € Xe/s(2), 


where X¢/5({2) is defined in (X.6.5) and (u, 7) solves 
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0 
Au+R—+Te, xX Vu-e, X= Rw: Vor Vr +h 
Ox ae. in 2, 


V-u=0 
U=VUsz~+VU5 at ON. 


(XI.5.4) 
It is convenient to endow the Banach space X¢/5({2) with the “scaled” norm 


II(w, 4) lI xo/5(2) = Ri? ||wlls + RY 4 |whir2/7 + |wle,6/5 + llbllo + |Pli,675- 


Since by Theorem II.6.1, |wl|1,2 < ¢1|wl2,6/5, and by the Holder inequality, 


|[w-Vwlless < |lwlls|wli2 
the assumption w € X¢/5((2) implies w- Vw € L°/>(Q), and also 
ew - Vevlloys < xR? Iw, 4) a (XI5.5) 


Consequently, from Theorem VIII.8.1, one deduces, on the one hand, that the 
map M is well defined, and on the other hand, that the following inequality 
holds: 


Il(u, 7) |Lx6)5(@) S c2 (RVII(w, PM 35 5(2) + ||Flless + |lv« + Vooll7/6,6/5(00)) , 

(XL5.6) 
where cz = ¢2(2,B,T). By the same token, for (w,, d;) € X6/5(2), i = 1,2, 
we find that the corresponding (w;,7;) satisfy 


||(t1 — Ue, T1 — 72) || x6 /5(@) 
2 
< Ri? ||(w1 — wa, b1 — 2) Il X65(2) (S2iem. Alissa) 
i=1 
(XL5.7) 
From (X1.5.6) it follows that M maps B,, the ball of X¢/5({2) centered at the 


origin and of radius 6 = 1/(2coVR), into itself, provided 


1 
IF lle/s + llvx + Voollz/6,6/5(02) S 42VR’ 


and therefore a fortiori, if 


(a 


+, — 
Ac? Aco 


| eae 
IF lless + llusx + Vooll7/6,6/5(a2) < Te min . (X1.5.8) 


Furthermore, with the help of (XI.5.7), we conclude that M is a contraction 
in Bs. Thus, under the assumption (XI.5.8), we may take w = u in (X1.5.4), 
and deduce that v’ := u—v. is a generalized solution to (XI.0.10)—(XI.0.11) 
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corresponding to the same data as v. Also, from (X1.5.6) with wu = w, (X1.5.8) 
and the fact that u € Bs, we obtain, in particular, 


v3 
2V/R- 
Since both v’ + v.. and v + vx are in L*(Q), as a consequence of Theorem 


XI.4.1 and the assumption on f, we infer v = v’ a.e. in 2, and the proof of 
the lemma is complete. 


Ri? |Iy! + Vooll3 < 2c2 (If lleys + |lu. + Vool|7/6,6/5(02)) < 


From Lemma XI.5.1 and Theorem XI.2.2 we immediately obtain the fol- 
lowing uniqueness theorem for generalized solutions when vg: w # 0. 


Theorem XI.5.3 Let Q be a three-dimensional exterior domain of class C?. 
Further, let 


f € L97(2) 0 L4(0), v. € W9/4*4(82), v9 -w £0. 


Then if the data satisfy (X1.5.2),, v is the only generalized solution satisfying 
these data. 


XI.6 On the Asymptotic Structure of Generalized 
Solutions When vo -w 4 0 


This section is devoted to the study of the pointwise behavior of generalized 
solutions to (XI.0.10)—(XI.0.11) when vp -w 4 0. Our main achievement is to 
show that under the assumption of body force possessing mild regularity and 
of bounded support,! every such solution v is pointwise bounded above by a 
function that, roughly speaking, behaves like the Oseen fundamental solution 
and consequently, exhibits a wake-like behavior. Analogous estimates are given 
for Vv and for the “modified” pressure p. However, it is worth emphasizing 
that our analysis is not able to establish the existence of a leading term in the 
asymptotic behavior, which therefore is left as an open question. 
We need some preparatory results, which begin with the following. 


Lemma XI.6.1 Let v be a generalized solution to (XI.0.10)—(XI.0.11) in 
Q := RB- B,/2, corresponding to f = 0 and v9: w # 0. Then, setting 
U := V+ Vo, we have, for alle > 0, 

jultopr <cR'*, all R> p/2, 
with c = (c,R,T, v,p). 


' This latter assumption can be weakened to that f decays “sufficiently fast” at 
large distances. However, we will not state these more general conditions here. 
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Proof. By the results of Theorem XI.1.2, we know that v and the associ- 
ated pressure p are in C®(2). Thus, u and p satisfy (XI.1.5)—(X1.1.6). Dot- 
multiplying both sides of (X1.1.5); by wu, and integrating over Br px, R* > R, 
we obtain 


| Vu: Vu= / T(e, x «-Vu)-u 
Bror Brie 
+ | [n-Vu-u+5Rlul?ni — $Riul?u-n—p(u-n)] . 
OBRUOB px 
We observe that on OBr UOBpR- we have n := iw and thus 


| ex Vu-u=$ | |u|?(e1 x z)-n =0. 
Br, r* OB RUOB px 


We thus conclude that 
i Vu:Vu 
Brir 
=| [n-Vu-u+$Rlul?ni — $Riul?u-n—p(u-n)] . 
OBRUOB px 


The rest of the proof follows precisely that of Lemma X.8.2, and will be 
therefore omitted. 


Lemma XI.6.2 Let the assumptions of Lemma XI.6.1 be satisfied. Then, 
setting U:= V+ Ugo, the following properties hold: 


(a) Vue L®(B?); 
(b) ey x - Vue L4(BP), for all g € (2,00). 


Proof. By Theorem XI.1.2 we know that v,p are in C™(B?). Thus, by The- 
orem XI.4.1 (after possibly adding a constant to p), we obtain 


(u,p) € X_(B’), for all qe (1,2), (XI.6.1) 


with p defined in (X1.1.6). Let ~, be a smooth, nonincreasing function that 
is 0 in B, and is 1 in 27°. We set 


w:=U,p(ut+Poa)—Z, b:=UpP, (X1.6.2) 


o- | v-n, 
aBo, 


and o, we recall, is given by (see (XI.3.2)) 


where 


a(x) = —VE(x— 20), (XI.6.3) 


XI.6 On the Asymptotic Structure of Generalized Solutions When vo-w 4 0 777 


with € the fundamental solution to Laplace’s equation. Moreover, Z € 
C§° (Bop) satisfies V- Z = Vy,-(v +a). Since 


Vip (vt oa) = | (v+@o)-n=0, 


Bap OBap 


the existence of the function Z is secured by Theorem III.3.3. Using (XI.3.8) 
and (XI.6.3), we see that (w,@) satisfies the following problem: 


Aw +RSY 4 T(e1 x @- Vw er x w) ~ Va 
XY 


= RV -[(vpu) ® (vpu)| +F inR®, — (X1.6.4) 


V-w=0 


with d = d(x) := ¢(x) — ¥,(x)DiE(x — xo), and F € C§°(R3). In view 
of (XI.6.1) and the mentioned regularity properties, it is easy to check that 
V - [(upu) ® (bpu)] € L7(IR%), for all ¢g € (1,00). Thus, by Lemma VIIL.8.2, 
the uniqueness Lemma VIII.7.1, and the fact that w, = 1 in B??, we conclude 
that 


D?u € L4(B?) 


for all g € (1,0). (XI1.6.5) 
(e, xX ©-Vu-—e, x wu) € L1(B?) 


However, by (XI.6.1), we have also Vu € L*(B?) for all s € (4/3, 00), so that 
property (a) follows from (X1.6.5); and Theorem II.9.1. Furthermore, again 
by (X1.6.1), we have e; x wu € L"(BP), for all r € (2,00), which, by virtue 
of (X1.6.5)2, implies e; x «- Vu € L4(B?), for all g € (2,00). This proves 
property (b) and concludes the proof of the lemma. 


With the help of the previous lemma, we prove the following. 


Lemma XI.6.3 Let the assumptions of Lemma XI.6.1 be satisfied, and let 
Q = Q(t) be the one-parameter family of proper orthogonal matrices defined 
in (VIII.5.10)-(VH1.5.11). Then, setting wu := v+V.0, the following properties 
hold: 


(a) For all q € (2,00), 


| (sup |u(Q ' (s) -2)|)"dax < oo. 
Q 


s>0 


(b) For alle > 0, 


J (sap lu(Q" ()-@)))"de < eR, 
QR 


s>0 


where c is independent of R (c > co ase — 0). 
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Proof. Property (b) is an immediate consequence of property (a). In fact, by 
the Holder inequality, for any q € (2, 00), we obtain 


apo 


2 (q=2) q 
[, aviu(@™ (8) -2)))*de < [nl ( [, uvinca"(s) 2) a) 


R 820 R 820 


2 


cer“ ( [ (oupiu(Q7(s)-2)/)"ar) 


s>0 


and property (b) follows from (a). In order to establish (a), we observe that 
since Q is periodic of period T := 27/T (see (VIII.5.12)), it is enough to prove 
the result by restricting s to the interval [0,7]. Set w(a,t) := u(Q'(t)- a). 
Taking into account that (see also (VIII.5.15)) 


0 
- = Tle: x (Q’ -«)-Vul, 


and that Q(0) = I, we obtain, for all s € [0,7], 


i 
w(x, s)| <|u(e)-+ f° |FPI ae 
T 
=|u(a)|+ fer x (Q™()-2)- VulQ"(t)-@)lat 


which implies, by (II.3.3) and Hélder inequality, 


qd 
( sup |u(Q* (s) -2)|) 
s€[0,T] 
ae 
< 20-1 (Iu(x)l +7 fer x (Q™ 2) VuQT -2))tat) | 
0 
(XI.6.6) 
Recalling that Q(t) is proper orthogonal for all t > 0, we have 
i ler x (QT (t)-#) -Vu(Q™ (t)-#)|¢dx = i lex x a Vuula) [de 
Q QQ 


so that from (X1.6.6) we get 


qd 
/ ( a ju(Q" (8) 2)]) de <2 (ful. g + Tiller x 2-Vulo). 
2 


s€[0,T] 
(XI.6.7) 
From the stated assumptions, Theorem XI.4.1, and Lemma XI.6.2, we know 
that u,e1, x#x- Vu € L4(2) for all g € (2,00), so that claimed property (a) 
follows from (X1.6.7). 


We are now ready to give pointwise estimates for the velocity field of a 
generalized solution. 
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Theorem XI.6.1 Let v be a generalized solution to (X1I.0.10)—(XI.0.11), cor- 
responding to f of bounded support and to vg: w #0. Then, for any 6 > 0 
and all sufficiently large |x|, 


v(@) + Voo(#) = (sia ake R s(x))~* ae epee 


and where, we recall, s(x) := |#|+ 21. 


Proof. Choose p so large that supp (f) C B,. By Theorem XI.1.2, we know 
that v,p are in C(2°) 1 C™(Q2,,r), r > p. Moreover, setting u:= vu + Vo, 
by Theorem XI.4.1 (after possibly adding a constant to p), we find that (uw, p) 
satisfies (X1.6.1). Proceeding exactly as in the proof of Lemma XI.6.2, we 
then establish that the functions w,, w, and d there defined satisfy problem 
(X1.6.4). Let Q = Q(t) be the one-parameter family of proper orthogonal 
matrices defined in (VIII.5.10)—(VIII.5.11), and set 


y:=Q(t)- 2, 
S(y,t) = Q(t) w(Q'(t)-y), my, t) :=d(Q'()-y), 
V(y,t) = Q(t) [Wpul(Q'(t)-y), Hy, t) := Q(t): F(Q'(t)-y). 


(X1.6.8) 
From (XI.6.1) and (X1.6.3) we obtain 
wéL"(R*), for allr > 2, (X1.6.9) 
and hence we have 
Os Os 
— = AS+R—-—Vr-RV-|VOV|-HA 
aI Bui PONTE | cp 
V-S=0 (X1.6.10) 


lim ||S(-,t) — wl], =0, all r € (2,00). 
t—0+ 


Utilizing (XI.6.1), we deduce, in particular, 
V-[V@V]eL@"(R3.), for allr € (1,4). 
Moreover, 
supp (H(-,t)) C Bap, He L®©"(R%,), for all r € (1,00). 


In view of all the above, from Theorem VIII.4.1, Theorem VIII.4.2, and The- 
orem VIII.4.3 we can find a solution (.S,7) to (X1.6.10) such that 


(S,0) € £"(R? x (e,T)), Se L"(R3,) 
(0,7) € £"(R3), for all r € (2,4), alle > 0, and allT > e, 
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having the following representation:? 


S(y,t) = (4nt)-9?? | ely z+Rte1|?/4tay(z) dz 
R3 


-f ge eT) ; (RV : [V @ V](z,r) + H(z,7)) tod. 


(XI.6.11) 
Clearly, we have (for example) 
SS DS, }, Vo Le((0,T] x RY) 


and, recalling (X1.6.9), also S € L"(R#), for all r € (2,00). Thus, by Lemma 
VIII.4.2, we conclude, in particular, that S = S. From (XI.6.11) we can 
therefore, derive the following representation for S: 


S=S,+$24+S3, (X1.6.12) 


where 


t 
suv) =Rf f Dilij(y — 2,t-— T)V;3(z,7)Vilz,7) dzdr, 1=1,2,38, 
o JR3 


(XI.6.13) 
t 
So(y,t) = -[ I(y—2z,t—7)-H(z,7)dzdr, (XI.6.14) 
0 JRE 
S3(y,t) = (ant)-9?? | ely 2 FREE!" /Atayy(z) dz, (XI.6.15) 
R3 


We shall now give pointwise estimates of the functions S;, i = 1,2,3. Since 
the numerical values of R and T are irrelevant in the proof (provided they 
are both positive, of course), in what follows we shall put, for simplicity, 
R=T =1. By Lemma VIL.3.2, we have 


t 
Siv.di<ef f (7+ |y— 24+ 7e1|7)~2|V(z, t — 7)|? dzdr 
0 J RS 


t 
= tt |y—2z4+7e1|7)~2|V(z,t — 7)? dzdr 
off, | 12)2|V(z,t—7)] an 


t 

tof f (7+ |y— 24+ 7e1|7)~?2|V(z, t — 7)|? dzdr 
0 JBR 

:=h+l, 


where R = |y|/3 > 2p. Using the Holder inequality, for any r € (2,00) and 
with rp :=r/(r — 2) we obtain 


? For simplicity, throughout the proof we shall omit, the label R in the notation of 
the fundamental tensor I’. 
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fore) 1/ro 
i <a (/ (r+ ly—24+7e,|7)- az) |Vit—7)||2 dr. 
0 Br 


From the definition of V given in (X1.6.8), we obtain ||[V(t—7) ||? < lull? 9», 


and so 
foe) 1/ro 
hr < csltul? of (/ (r+ ly 2+ 7e1)?)2 de) die, 
0 Br 


Furthermore, putting 2’ = z — Te, we have |z’| < 2R for r € [0, R] and 
z © Br. Thus 


R 1/ro 
| (| (7+ |y— z+ 7e,|7)~?7 az) dr 
0 Br 
R 1/ro 
x | (| (r + ly — 2'|?)—27° az) dt. 
0 Br 


Also, for |z’| < 2R we have |y — z’| > 3R—2R= R, and hence 


R 1/ro 
[ (/ (r+ |y— 2+ re,|2)-2 iz) = 
0 Br 


R 1/ro R R3/r0 a 
< | (| (7 + R2)-?70 az) dt < af —sav dt < cs R7?t r0 . 
0 Bor 0 (r +R ) 


fore 1/ro fore 1/ro 
/ (/ (7 + |y— 2+ 7e4|7)~?79 az) dt < | (| gone iz) dt 
R Br R Br 


ee 
<coR +70 , 


we infer, for sufficiently large |y], 


aS 44 8(r=2) 
I, <c7R +9 =c7R 1 


where c7 = c7(r). Thus, recalling that r is arbitrary in (2,00), we conclude 
that 
Ty <egly|-'t*, foralle >0, (X1.6.17) 


with cg — oo as € — O. We shall next estimate Ig. To this end, we set 


0(€) = /& + &, € € R®, and write 


I. 


t 
z=f (7 + |y —z+7e1|7)-2|V(z,t —7)|? dz dr 
C2 0 J BRA{5(y—z)<1} 


t 
+f f (7+ |y — 24+ 7e1|7)—?|V(z, t — 7)? dz dr 
0 JBRN{d(y—z)>1} 


>= Io, + Io2. 
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By Holder’s inequality, we obtain for an arbitrary go > 6 and with q := 
qo/ (go — 2) € (1, 3/2): 


t de 1/qi 
fn | at aS LPT V(t—7)||2, prdr, 
_ i dl ecses G+ lyo2e+ — Iv Mao 


from which, using the result of Exercise VIII.3.2 and the definition of V, we 


deduce 
~6) 2(6—a0) 


2(40 
In1 <collulla, pe S collttllc,o lulle gr (X1.6.18) 


We shall now use in the above relation the inequality 
l¢\l6,.n2 < crolUli,BR , (X1.6.19) 


where, as we know from Exercise II.6.5, the constant cio is independent of R. 
Combining (XI1.6.19) with Lemma XI.6.1 and placing this information back 
into (X1.6.18), it follows that 


Ip4 < c11R71 te = eraly| tt, for alle > 0, (X1.6.20) 


where cjg — co as € — 0. In order to estimate Ig2 we choose arbitrary 
go € (2,6) and set g2 := go/(qo — 2) € (3/2, 00). We thus obtain 


t ae 1/q2 
rome ———— V(t—T)\2. pedr, 
22. | (a (7 aie ly _ as] | ( T) hoo, BR T 


from which, using again the result of Exercise VII.3.2, the definition of V, 
and the interpolation inequality (II.2.7) we deduce 


2 
ae < crs|lull2, pa < cs (ellgpellells) (X1.6.21) 


where @ — 0 and c13 — 00 as qo > 6. Combining (XI.6.21), (X1.6.19) and 
Lemma XI.6.1, we deduce that 


Iho < cia =cig|y|-*"* ,. for alle > 0, (X1.6.22) 


where cj5 — oo as € > 0. Thus, (X1.6.16), (X1.6.17), (X1.6.20), and (X1.6.22) 
allow us to conclude that 


|Si(y,t)| <ciely| 1%, for alle >0, (X1.6.23) 


with cig — oo as € — 0. Concerning we, from Theorem VIII.4.4 (see 
(VIII.4.48)) and the definition of H, we immediately deduce for all s > 3 


F ||, 
ISo(y,t)| < C__#l 


<$ Capa pay’ (X1.6.24) 
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so that in particular, 
|S2(y,t)| < crz|yl*. (X1.6.25) 


We also notice that from Theorem VIII.4.3 (see (VIII.4.42)), it follows that 
|S3(y,t)| < cist? |lwlle. (X1.6.26) 


Combining (XI.6.2), (XI.6.8), and (XI.6.12) together with (XI.6.24)—(X1.6.26), 
we thus conclude, for sufficiently large |x|, that 


|u(x)| < |w(x)| + |Pllo(x)| < |S(Q(t) - x)| + cailz|-? 
; (XI.6.27) 
< 29 (|e|-**+t-4 wll) , for all e > 0 and allt > 0, 


where C22 depends on ¢, but not on t. Thus, letting t — oo, from this last 
inequality we obtain 
|ze(x)| < cog|a|~*** (X1.6.28) 


With the estimate (X1.6.28) in hand, we will give an improved bound on the 
term S$; given in (XI.6.13). We begin by observing that, clearly, from the 
definition of V and (X1.6.28), it follows that 


|V (z, t)] < eaa(1 + Jz|)“*, 


sup |V(z, s)| < sup |u(Q '(s) - z)|. (X1.6.29) 
s>0 s>0 


We next partition R? into three regions: 
Bey Baar, B; 
and denote the corresponding contributions of S; over these spatial re- 


gions by 41, -%2, and -¥s, respectively. Thus, employing Lemma VIII.3.3 and 
(X1.6.29)2, we may increase -%, as follows 


2 fore) 
Lil cos | (supiv, 5) (/ Vly — =, 0)\at) dz 
Br \s> 0 
2 
(supluQr(s)- ai), 
< ox f ye < aE I (suplu(a"(s 2!) ’ 


Using the result of Lemma XI.6.3 in this latter, we then conclude that 


| Ail < carlyl PPA RP = cng ly 8 (XI.6.30) 


for arbitrary 6 > 0. In a similar fashion, we establish 
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2 lore) 
also f (suiv(eail) (for - sold) ae 
BAR \s>0 0 


(swplu(a"(s , |) 


< C30 dz. 


Qar ly — 2|9/? 


Therefore, since for z € 24” we have |y — z| > $|z| +3R—|y| = F\z|, with 
the help of the Holder inequality we obtain for arbitrary r € (1,2) 


27 2 oo —o 
Aeon (/ (supia(@" (s) 2) i) ¢ pan *ap) , 
4k \s>0 2R 


which, in turn, by Lemma XI1.6.3, furnishes 
|.%3| < cga |R[-8/?+? = egg |y| 8/7, (X1.6.31) 


where 6 := 3(r — 1)/r is positive and arbitrarily close to zero, since r can be 
chosen arbitrarily close to 1. In order to increase -%2, we notice that 


n= f “i wre, tlat 


0 


satisfies the following property: 
| I\(z — 29) < Mp7”, (X1.6.32) 
OB,(xo) 


for all zo € R® and p > 0. The proof of (XI.6.32) is entirely analogous to the 
analogous property proved in Exercise VII.3.1 for the fundamental tensor E, 
once we take into account the estimate for J furnished in Lemma VIII.3.3. 
Taking into account (X1.6.29)1, we derive 


|. Po] < cx | (1 + |z|)~2*2" (/ IVI (y — «tlat) dz 
Briar 0 


= cag? | Pp Sees Gp ho 2 i meatii 


Briar 
Consequently, by (X1.6.32), 
| ¥2| < c36|R|~2*2° RY? = e37 |y|~3/2+8 (X1.6.33) 


for arbitrary 5 > 0. Recalling that Sy = S7°_, .%, from (XI.6.30), (XI.6.31), 
and (X1.6.33) we deduce 


|Si(y, t)| < eggly|~3/24*, for all 6 > 0. (X1.6.34) 
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Putting together (XI.6.9), (XI.6.12), (XI.6.25), (XI.6.26), and (XI.6.34), ar- 
guing as in (X1I.6.27), and letting t — oo, we conclude, for sufficiently large 
|x|, that 


|es(ar)| < egg [(1 + |x|)~1(1 + s(x)? + [2|-9/?*9] , for all 5 > 0, 


which completes the proof of the theorem. 


Our next result concerns the asymptotic behavior of Vv. 


Theorem XI.6.2 Let the assumptions of Theorem XI.6.1 be satisfied. Then, 
for any 7 > 0 and all sufficiently large |x|, 


V(v(x) + v.0(x)) = (el + Ras(x))-2/2 + jer) . 


Proof. As in the proof of the previous theorem, we set u := V+ VU... We begin 
by recalling that, by Lemma XI.6.2, Vu is bounded for all large ||. From the 
definition (X1.6.8) of V, we thus obtain 


IVV(y,t)| <a (X1.6.35) 


with c, independent of y and t. We also recall that by the same token, from 
Theorem XI.6.1 we have, for all large |y]|, 


|V(y, t)| < ely" (X1.6.36) 


with cg independent of y and t. Our next step is to prove that |Vu(a)| decays 
at least like |x|~!. Our starting point is again (XI.6.12)—(X1.6.15) for large 
values of |y|, which, as immediately proved, yields for k,i = 1, 2,3, 


t 
Dz Siily, t) = R | | D,Dij(y — 2,t — 7) Di [Vi (z, T)Vi(z, 7)] dzdr , 
0 JR3 
t 


D;,S2(y,t) = -[ D,I(y — 2,t-—7)-H(z,7)dzdr, 
0 JR3 


Dy S3(y, t) = (4nt)—3/2 Dy ff e7ly-2+Rte1 |? /4tay(z) dz 
R3 
(XI.6.37) 
As done previously, we set, for simplicity, R = JT = 1. We notice that from 
Theorem VIII.4.4 (see, in particular, the argument after (VIII.4.66)), we get 


|D.Sa(y, t)| < 3 yl-/7(1 + 8(y))°”” , (X1.6.38) 
while from Theorem VIII.4.3 it follows that 


|DyS3(y, t)| < cat-3/4|/wll6. (X1.6.39) 
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It remains to estimate D;w,. To this end, we split the integral in (X1.6.37)1 
into two contributions as follows: 


t 
Dy Siily, t) = | | D,Dij(y — 2,t — 7) Di[Vj(z, 7) Vi(z, 7)] dzdr, 
0 JR5\Bi(y) 


t 
+f D,Tij(y — 2,t — 7)[Vilz, 7) DiVj(z, 7)] dz dr, 
0 J Bi(y) 


=Hht+th, 
(XI.6.40) 
where we have used the condition V - V(z,t) = 0 for sufficiently large |z]. 
Thanks to (XI.6.35) and (X1.6.36), we obtain 


elses ff wry—2olatae, 
Bi(y) 40 
so that by Lemma VIII.3.3, we deduce 
Mal <colyl-?. (X1.6.41) 


We next notice that by an integration by parts, 


t 
= -| | D,DiTij(y — 2,7)[Vj(z,t — T)Vi(z,t — 7)| dzdr, 
0 JR8\Bi(y) 


t 
+/ | Dy Tij(y — 2,7) Vj(z,t — 7) Vi(z, t — 7) dz dr 
0 OBi(y) 


z= 70) 4 72), 
(X1.6.42) 
Employing (X1.6.36) and (X1.6.32), we obtain 


| < er ly? | -_ i |VE(y—z,t|dt<cslyl?. — (X1.6.43) 
i(y) YO 


In order to estimate I GO) we split it as sum of three integrals, 4%, .%, and 


3, over Brj2, Bor,rj2 — Bily), and B®, respectively, where R := |y|, is 
sufficiently large. We have 


2 lore) 
alse (suplvies)) ( [wera =0lar)ae, 
Brj2 \ 820 0 


and consequently, using Lemma VIII.3.3, (XI.6.29), and Lemma XI.6.3, we 
get 


s>0 


2 
|-Ai| < cw | (sup IV(e9)) ly — 2|-2(1 + s(y — z))~? dz 
Bree 


s>0 


2 
<euslyl? | (sup Iu(Q™(s) 2) < c1a |yl-2R”, 
QR2 
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for arbitrary positive 7. Thus we conclude that 
|-71| Sera yl". (XI.6.44) 


Likewise, we show 


|Fs| < cra i: (sup |V(z, s)|)"Iy — 21-201 + 9(y — 2))-2 ae 


2R 820 


< asf (sup |u(Q ' (s) -z)l)"ly- z|-* dz. 


eR 820 


Therefore, observing that for z € 2?” we have |y—2| > 4|z| + R—|y| = $|zl, 
by the Holder inequality we deduce, for arbitrary r € (1,3), 


i 
2r r CO pou 
|M] <c16 ( i: (sup CMOR 2) i) ( i pap) | 
2R \s>0 2R 
which, in turn, by Lemma XI.6.3, delivers 
|a| Sepp ||P" ere gO (X1.6.45) 


with 7 := 3(r — 1)/r positive and arbitrarily close to zero, since r may be 
taken arbitrarily close to 1. Finally, from (X1.6.36) and Lemma VIII.3.3, we 
obtain 


dz 
|.2| <aslyl-? | _$§|_— 
Bry2,2r\Bily) ly — z\?(1 + s(y = zy 


dz 


(XI.6.46) 
< cig wl? | —_ 
Bi 3r(y) ly — z\?(1 + s(y = z))° 


Since by a simple and direct calculation one shows that 


dz 
——————_—_————, < cig InR 
-_ ly — 2|°(1 + s(y — z))? 


with c19 independent of R, from (X1.6.46) we get 


|.%a| < c20 ly|~? InR < e209 |y|-2*" (X1.6.47) 


for arbitrarily small positive 7. Thus, recalling that I @) = = ¥; and col- 
lecting (XI.6.40)—(X1.6.47), we conclude that 


|[VS1(y)| < car(lyl7* + |yl77*”) , (X1.6.48) 


where we would like to emphasize that the term |y|~' comes from estimating 
the integral I{°) occurring in (XI.6.40). If we combine (XI.6.2), (XI.6.8), and 
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(XI.6.12) together with (X1.6.38), (X1.6.39), and (XI.6.48), we obtain, for 
sufficiently large |x|, 
|Vu(x)| < |Vw(x)| + |9||Vo(x)| < |VS(Q(t) -x)| + c2al2|~° 
< c93(|x|7+ + |x|-3/2(1 + s(x) ~3/? + |x|? + t-3/4 ew lI6) , 
for all 7 > 0 and all t > 0. Thus, letting t — oo in this relation furnishes 
|Vu(x)| < c23(\2|7* + |2|~9/2(1 + s(x) 73/2 + |z|-?**) . (X1.6.49) 


This inequality provides, in particular, Vu(x) = O(|z|~'), which translates 
into |VV(y, t)| < c|y|~+ with c independent of y and t. Plugging this informa- 


tion back into the estimate for [ (2) allows us to deduce the improved bound 


1°?) = O(|y|-?), and so, recalling that the term |a|~! in (XI.6.49) is due only 
to the contribution from I (2) we may now replace that term with |z|~?, and 


the proof of the theorem is complete. 


We conclude this section with the following result regarding the asymptotic 
behavior of the pressure. 


Theorem XI.6.3 Let the assumptions of Theorem XI.6.1 be satisfied. Then, 
for all sufficiently large |x|, 


T a 
Pla) + sa (03 +23) + po = O(n? In |x), 
for some po € R. 
Proof. As usual, we set u := UV +U., and take the divergence of both sides 
of (X1.1.5) (with f = 0). Recalling that V- (e, x w- Vu —e; x u) = 0, we 


obtain 
Ap=V-G in, 


_ (XI.6.50) 
ap =g on ON, 
On 
where p is defined in (X1.1.6) and 
G:=Ru-Vu, 
g:= [Au+R(Diu-u-Vu)+T(e, x «-Vu-—e, xX u)]-niane . 
(X1.6.51) 


From Lemma II.9.1 we establish the following representation of p(a), for all 
xe 2,7, and all r > p: 


Ba) = | Gly) VE(w—y)dy + | E(e — Gy) -ndoy 
Qpsr IQ,,r 
= ae — y)gly) doy — [& — Wz, (y) doy (XI.6.52) 
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where € is the Laplace fundamental solution (II.9.1). Using the property 
ID°E(E)| Sa lél-*'"!, lal >0, €€R*— {0}, (X1.6.53) 


and (XI.6.1), we readily prove the existence of an unbounded sequence {rz} € 
R, such that (after a possible modification of p by the addition of a constant) 
: Op OE eS 
tim [fete (@w)-n— Bw) + Flew) doy =o. 


k— oo OB 
Tk 


Consequently, (XI.6.52) furnishes the following representation, for all x € 0°: 


p(x) = [| Gly)-VE(a—y)dy + E(x — y)G(y) -ndoy 
Qo dB, 
ae (X1.6.54) 
—]f E(a—y)gly) doy + ant — y)Ply) doy, 
aB, dB, @n 


where we have used the fact that 02, = 0OB,. Observing that 


E(x — y) [G(y)-n— gly)] doy 
aB, 


with 


mis : [G(y) -n—o()] , 
aB, 


with the help of (X1.6.53) and the mean-value theorem, from (XI.6.54) we 
deduce that 


p(a) = P(x) +mE(a) + O(|z|~*) , (X1.6.55) 
where 
P(a):= . Gly) -VE(x— y)dy. 
We write 
Poa) = | Wie) Vel = ahd + ‘L ve oag hilt VEC th 


+f Gly): VE(x — y)dy 
Q2Rr 
:= P, (x) + Po(a) + P3(x), 

(XI.6.56) 
where |z| = R, sufficiently large. From (X1.6.51) and (XI.6.1), we readily 
establish, with the help of Hélder’s inequality, G € L+(°), and consequently, 
employing the properties (XI.6.53) for €, we at once show that 
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P,(x) + P3(x) = O(|2|~?). (X1.6.57) 


Furthermore, setting Br. := Brj22Rr — Bi(x), we have 


P2(x)/R = Z D/Dr€ (x — y)ui(y)ur(y) dy 


rte DE (x — y)ui(y)Diux(y) dy 
Bi(z) (X1.6.58) 


+f Die(e— yal un(y)m doy 
OB Rx 
= P(x) + P 2(x) + P 3(x) F 
By Theorem XI1.6.1, Theorem X1.6.2, and, again, (XI.6.53), we easily show 


that 


3R 
\Poa(2)| < e1 |2l-2 i IVVE(u)|dy < c2 [a|-? i: rldp < ¢3|e|-? Inet, 
1 


Bi,3r(«) 


|Pao()| < es |a|-? | [VE(a— y)| doy <¢s|2|-?, 
) 


(a 


[Paa(a)| < ea e|-? [ VE(a— y)| doy < cs|zl-?. 
OB, (#)UOBR/2U0Bor 
(X1.6.59) 
From (X1.6.55)—(X1.6.59) we then deduce 
p(x) = mE(x) + O(|x|~? In |a]). (XI.6.60) 


However, from (XI.6.1), we obtain p € L3/?+*(2°), for all € positive and close 
to zero. Thus, in (X1.6.60) we must have m = 0, and the proof of the theorem 
is complete. 


Remark XI.6.1 The establishment of the asymptotic behavior of second- 
order derivatives of v, as well as the (related) behavior of Vp, requires, ap- 
parently, a more complicated effort, and we leave it unsettled. Oo 


XI.7 On the Asymptotic Structure of Generalized 
Solutions When vp -w = 0 


Similarly to the irrotational case, the methods we used to investigate the 
asymptotic structure of a generalized solution corresponding to vg -w £ 0, 
no longer work if vg -w = 0. The fundamental reason resides in the fact that 
we are not able to prove (under suitable assumptions on the body force) an 
analogue of Theorem XI.4.1, that would ensure that the velocity field v + vo. 
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is in a space L4(Q") for some q < 6. Actually, the existence of solutions that 
correspond to v9: w = 0 and to data of arbitrary “size” and that are in L% in 
a neighborhood of infinity for some q € (1,6) remains an open question. 

Notwithstanding this difficulty, we can still draw some interesting conclu- 
sions on the asymptotic structure of generalized solutions corresponding to 
vo -w = 0 that, in addition, satisfies the energy inequality (XI.2.16). (As we 
know from the existence Theorem XI.3.1, this class of solutions is certainly 
not empty.) Specifically, following the work of Galdi & Kyed (2010), we shall 
show that provided a certain norm of the data is sufficiently small compared to 
T~!, every corresponding generalized solution v satisfying the energy inequal- 
ity behaves for large |z| like |z|~1. Combining this result with those of Galdi 
(2003), one can also deduce Vu(x), p(x) = O(|x|~2), and Vp(x) = O(|z|~3). 

However, an important feature that one is able to clarify when vp -w = 0 
and that, as we previously commented, is still obscure in the case vg -w 4 0 
is the question of the leading terms in the asymptotic expansions of velocity 
and pressure fields, at least when f = v, = 0, and T is sufficiently small.! 
In particular, as shown by Farwig, Galdi, & Kyed (2011), in such a case the 
leading term of the velocity field is the velocity field of a suitable representative 
of Landau solutions, whose class we have recalled in Section X.9; see Theorem 
X1.7.4. 

In order to present all the above, we begin by proving the following 
preparatory result. 
Lemma XI.7.1 Let Q be an exterior domain of class C?, and suppose that 
the second-order tensor field F, and the boundary data v, satisfy the condi- 
tions 

V- FEL (Q), |Fl2<o,? v. € Wan). 
Then, there exists a constant C = C(,q, B) if T € (0, B] such that if 
IV: Flle + [Fle + llesllsy2.2.00 $ sare 

there is at least one generalized solution (v,p) to the Navier-Stokes problem 
(XI.0.10)-(XI.0.11) with? vo -w =0 and f =V- F such that 


wu € W2?(2) ND) (Q) NM D??(Q), Juli < oo, 


loc 
p€ D'?(Q) LB (2) L#(2°) for all q € (3/2, 6] and all qo € (6,00), 
where U := UV + Vo, Pp is defined in (XI.1.6), and p is an arbitrary number 
greater than 6(2°). Moreover, this solution satisfies the estimate 
|uloo + |ulio+ elit leli2+ llPlla + WlPlla.2° 


< Ci (|V - Filla + [Fl2 + |lv« + voolls/2,2,02) » 
C7 


' This means that the “body” °, is rotating with “small” angular velocity. 
? See the notation in (VIII.4.46). 
3 In this connection, see Remark VIII.5.1. 
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where C1 = C71(22, M1, 92, B). 


Proof. The proof of this lemma will be obtained by a simple contraction ar- 
gument based on the results of Theorem VIII.6.1. Set 


X = X(Q) := {we D!°(Q): Juli < ow}. 


Clearly, X becomes a Banach space endowed with the norm ||w]|x := |w|1,2+ 
|w]1. Let X 5 be the ball in X of radius 6 centered at the origin, and consider 
the map 

M:X;3u=M(w)e X, 


where u solves, for suitable 7, the following generalized Oseen problem: 


Au+T(e.xx-Vu-—e,xu)=Tw-VwtVr+f) . 
i 
V-u=0 


(X1.7.2) 
U=Vsz~+V—_ at ON. 


It is clear that if we show that the map M has a fixed point in X5, for some 
6 > 0, then the existence of the desired solution (v,p) will be acquired by 
setting v := u—e; x and p:= 7— 4(23 +23). If we let F:=Twow+ F, 
by assumption and the fact that w € X, we obtain V-F € L?(Q) with 
|Fl2 < co. Thus, from Theorem VIII.6.1 there exists a solution (u,7) to 
(XI.7.2) such that 

wu € W27(2) N D1(2) N D??(2), Jul < co 


mw € Dt?(2) NL" (2) L2 (2°) for all qi € (3/2, 6], and all gz € (6,00), 
(X1L7.3) 
where p is an arbitrary number greater than 5(2°). This shows in particular, 
that u € X, so that M is well defined. Furthermore, from (VIII.6.4) in the 
same theorem we find that w satisfies the inequality 


lula + fulia+ [elit (at + Walla + Mitllas.c° 


<Ci(|V > Flo + JF ]2 + |lv« + vooll3/2,2,02); 
where Cy = C)(2,qm, q2, B) whenever T € (0, B]. Therefore, observing that 


|V-Fll2+ IF l2 < T(llwlloolwli2 + [wlt) + IV - Fle +1 Fle 
< 2T|lwl|k + |V-Flle+ IF, 


we infer that in particular, wu satisfies the following estimate: 
llullx < C (T |lw||X + |V > Filla + [Fl + |lvs + voolls/2,2,@)-  (X1.-7.4) 


Thus, if we choose 
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6 = 20 (||V- Fillo + [Fz + [lve + ¥0ll3/2,2,02) 


and require 
IV - Fp + Flt lv + v2lls/22.00 $ 
. Va + Vo <—, 
2 2 3/2,2,02 S Soar 
from (X1.7.4) it follows that M maps X;5 into itself. Furthermore, setting 


u; = M(w;), wi € X5, i = 1,2, after a simple calculation that uses again 
(VIII.6.4), we deduce 


lui — wallx < CT (l[wallx + ||wel]x)|]wi — wallx . (XL.7.5) 


Consequently, since w; € X5, 7 = 1,2, and 6 < 1/(4C'T), from (X1.7.5) it 
follows that 


1 
||e1 — wallx < 5 ||w1 — wallx , 


which completes the proof that M is a contraction and, as a consequence, 
with the help of (XI.7.3), the proof of the lemma. 


Remark XI.7.1 Sharper and more detailed asymptotic estimates than those 
stated in the previous lemma can be obtained if, in the contraction-mapping 
argument used in its proof, we use Theorem VIII.6.2 instead of Theorem 
VIII.6.1. More precisely, one can show that under the additional assumption 


[DiFize;l, + [D;DiFisls < co (X1.7.6) 


on F = {F,,;}, the corresponding generalized solution constructed in Lemma 
X1.7.1 satisfies the further asymptotic properties 


Vu =O(\z|"’), p=O(\2|~*), Vep=O(\2|~*), as |x] > 00. 
We leave the details of the proof to the interested reader. | 


From the previous result in combination with Theorem XI.2.3 we immedi- 
ately obtain the following theorem, which furnishes the pointwise asymptotic 
behavior of a generalized solution satisfying the energy inequality, at least for 
small data. 


Theorem XI.7.1 Let 2 be as in Lemma XI.7.1 and let v be a generalized 
solution corresponding to vg -w =0 and to data 


fELP(Q1L87(2),  v. € W/*?(2). 


Suppose also that f = V-F, where F is a second-order tensor field in 22 with 
[Fl]. < oo.* Finally, assume that v and the associated pressure p satisfy the 


“ In this connection, see Remark VIII.5.1. 
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energy inequality (XI.2.16), and that T € (0, B] for some B > 0. Then, there 
exists a positive constant c = c(§2,B) such that if 


c 
IV- Fll2 + [Fle + [lvslls/2,2,00 5 (XL.7.7) 
the fields u = V+. and p = p+ 4(x3 +73) satisfy all the properties stated 


in Lemma XI.7.1. In particular, 


V+ Vo = O(|2|~*) as |x| — 00. 


Proof. Let c = min{1/(8C?),2M}, where C and M are defined in Lemma 
XI1.7.1 and Theorem XI1.2.3, respectively. Then, in view of (XI.7.7), by Lemma 
X1.7.1 there exists a corresponding generalized solution v; that by (XI.7.1), 
satisfies in particular the estimate 

c 


(la + Der(z) + v.0(a)1 < 


Thus, from Theorem XI.2.3 we infer v = v1, and the desired result follows. 


Remark XI.7.2 If the tensor field F' satisfies also condition (XI.7.6), then 
the generalized solution v of Theorem XI.7.1 and the associated pressure field 
p satisfy, in addition the asymptotic properties: 


V(v(z) + Voo(x)) = O(|2|~7), 
p+ F(03 + 23) = O(|2|-?), V(p+ 4(23 + 23)) = O(|2|-9); 
see Remark XI.7.1. | 


Theorem XI.7.1 along with Theorem XI.2.1 and Theorem XI.2.3, furnishes 
the following two results whose simple proof is left to the reader. 


Theorem XI.7.2 Let the assumptions of Theorem XI1.7.1 be satisfied. Then 
v and the corresponding pressure p satisfy the energy equality (XI.2.1) 


Theorem XI.7.3 Let the assumptions of Theorem XI1.7.1 be satisfied. Then 
v is the only generalized solution corresponding to the given data. 


As a matter of fact, the pointwise estimates of Theorem XI.7.1, as well as 
those of Remark XI.7.1, can be further refined in the case that f = v, = 0 
and 7 is below a certain constant depending on 2. Actually, as shown by 
Farwig, Galdi, & Kyed (2011), in such a case one is able to produce the 
leading terms of the asymptotic expansions of v and p. In order to describe 
this result, let 2 be of class C?, and denote by v be the generalized solution 
constructed in Theorem XI.3.1 corresponding to the above data, and by p the 
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associated pressure field (see Theorem XI.1.2). Further, let (U°, P®) be the 
Landau solution (X.9.21) corresponding to the parameter b = be,, where 


b:= ( Ee) n) C4, (XI.7.8) 


and, we recall, p is defined in (XI.1.6), while T’ is the Cauchy stress tensor 
(IV.8.6). 
The following theorem holds. 


Theorem XI.7.4 Let Q be an exterior domain of class C? and let a € (0,1). 
Then there exists C = C(a,2) > 0 such that if T € (0,C], then any gen- 
eralized solution (v,p) to (X1.0.10)-(XI.0.11) corresponding to v9 -w = 0, 
f =v, = 0 and satisfying the energy inequality (X1.2.16) satisfies the asymp- 
totic expansion 


ite) Lost = Ua) O(a) ww lel ede 


; (X1.7.9) 
V (v(x) + vo0o(x)) = VU"(x) + O(a) as |x| 00, 


and 


d- x 1 
pe) + F034.) = Pe) +m 72 +0( as |x| > co, 


where (U°, P®) is the Landau solution (X.9.21), with b = be; and b given in 
(XL7.8), while 


mi=(F-e,@e1)-f [(w.3)- (ex 2) @(e1 x2) n, 


with I the identity matrix. 


We shall not give a proof of this result, referring the interested reader to the 
quoted paper of Farwig, Galdi, & Kyed. We shall limit ourselves to observing 
that one of the key points in the proof is the fact that due to its symmetry 
properties, the Landau solution of Theorem XI.7.4 solves (X1.0.10)1,2 with 
R =0and f =0 at each x € R® — {0}. This property was first recognized by 
Farwig & Hishida (2009). 


XI.8 Notes for the Chapter 
Section XI.1. A proof of Corollary XI.1.1 was first given by Galdi (2002, 


Theorem 4.6). However, his proof is more complicated and less direct than the 
one provided here. Furthermore, the assumptions on f are more stringent. In 
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this connection, we would like to recall also the contribution of Silvestre (2004, 
Theorem 3.1). Unlike Corollary XI.1.1, valid for any generalized solution, this 
latter author proves the existence of at least one generalized solution satisfying 
the pointwise property (XI.1.16). 


Section XI.2. All results in this section are due to me. 


Section XI.3. A proof of existence of generalized solutions under the as- 
sumption that the boundary datum v, (is sufficiently smooth and) has zero 
total flux through 02 is due to Leray (1933, Chapter III). If v, reduces to 
a rigid motion, namely, v, = v1, + v2 X &, V1, V2 € R°, a simpler proof is 
given in Borchers (1992, Korollar 4.1). However, a similar result and under 
the same boundary conditions can be easily deduced also from earlier work of 
Weinberger (1973) and Serre (1987). 

The existence theory in its full generality, as presented in Theorem XI1.3.1, 
is due to me. 


Section XJ.4. The main result, Theorem XI.4.1, is taken from Galdi & Kyed 
(2011a, Theorem 4.4). As already pointed out in Remark XI.4.3, we would like 
to emphasize one more time the interesting open question whether v + UV. 
is square-summable in a neighborhood of infinity (that is, whether the liquid 
possesses a finite kinetic energy), in the case that v. = f =O and vp-w £0. 


Section XI.5. All results in this section are due to me. Similar results, under 
more stringent assumptions on the data, can be found in Galdi & Kyed (2010, 
2011a). 


Section XI.6. The main results presented in Theorem XI.6.1—Theorem XI1.6.3 
are due to Galdi & Kyed (2011a). However, the proof of Theorem XI.6.1 given 
here differs in some significant details from the analogous one furnished by 
the above authors. 

The significant problem that is left open is the determination of leading 
terms (if any) in the asymptotic expansion of the velocity and pressure fields. 

Another interesting problem that deserves attention is the asymptotic be- 
havior of the vorticity field. It is very likely that outside the “wake region” 
the vorticity decays exponentially fast. Nevertheless, a proof of this property 
is far from being obvious. 


Section XI.7. Theorem XI.7.1 is basically due to Galdi (2003) and Galdi & 
Kyed (2010). 

The fact that a suitable Landau solution is the leading term in the asymp- 
totic expansion of the velocity field was first discovered by Farwig & Hishida 
(2009). In fact, the main result of these authors, under assumptions slightly 
different from those of Theorem XI.7.4, consists in the proof of a representa- 
tion for v similar to (XI.7.9), where, however, the quantity v + Vso — Us is 
estimated in Lebesgue spaces rather than pointwise. 
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Steady Navier—Stokes Flow in 
Two-Dimensional Exterior Domains 
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F.F. CHOPIN, Scherzo op.31, bars 1-3. 


Introduction 


In this chapter we shall study plane steady flow occurring in the complement 
of a compact region. Specifically, we shall investigate existence, uniqueness 
and asymptotic behavior of solutions v, p to the Navier-Stokes system:! 


Av=Rv:-Vv+Vp+Rf 
in 22 


V-v=0 (XII.0.1) 
v=v, at ON 


where 2 is an exterior domain of R?. As in the previous chapter, (XII.0.1) is in 
a nondimensional form, with R representing the Reynolds number. To system 
(XII.0.1) we must append the condition at infinity on the velocity field, that 
we choose to be of the form 


‘As we mentioned previously in several occasions, the steady-state, two- 
dimensional exterior problem in a rotating frame still lacks of significant results. 
For this reason, it will not be treated in this monograph. 


G.P. Galdi, An Introduction to the Mathematical Theory of the Navier-Stokes Equations: 797 
Steady-State Problems, Springer Monographs in Mathematics, 
DOI 10.1007/978-0-387-09620-9_12, © Springer Science+Business Media, LLC 2011 
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lim v(x) = —Vo0, (XII.0.2) 


|x|—+00 


with vx a prescribed (constant) vector of R?. As already pointed out, a 
significant application of problem (XII.0.1)—(XII.0.2) occurs when f = v, =0 
and v.. # 0, and regards the steady-state motion of a viscous liquid around a 
long, straight cylinder C with axis a, assuming that the liquid is at rest at large 
distances from C, and that C moves with (constant) translational velocity vo 
orthogonal to a. Actually, in a region of flow sufficiently far from the two ends 
of C and including C, one may expect that the velocity field of the liquid is 
independent of the coordinate parallel to a and, moreover, that there is no 
motion in the direction of a. Therefore, the relevant region of flow can be 
reasonably approximated by a two-dimensional domain placed in a suitable 
plane orthogonal to a and exterior to the cross-section of C. 

Using the methods of Section X.4 (cf. Remark X.4.4), we show that if 2 is 
locally Lipschitz with 02 4 Q, and if the flux of v, through 012 is sufficiently 
“small” in the sense of (X.4.47), then (XII.0.1) admits at least one solution 
v, p, without further restrictions on the size of the data. Such a solution is 
also smooth if 2 and the data are likewise smooth. Concerning the behavior 
at large distances, the only information one can obtain is that v has a finite 
Dirichlet integral, that is, 


Vu: Vu <M, (XII.0.3) 
Q 


with M = M(Q, f,v.,R). However, (XII.0.3) alone is not enough to ensure 
that v tends (even in a generalized sense) to a constant vector to infinity, as 
is shown by simple counterexamples; see Section XII.1.? Therefore, we don’t 
know if these solutions verify condition (XII.0.2). Furthermore, if v. = f = 0, 
we do not know, in general, if this solution is nontrivial. ? A separate consid- 
eration deserves the case 2 = R?. Actually, in such a case, even the existence 
of solutions to the system (XII.0.1) is not known, in general.* Technically, this 
is due to the fact that a sequence of functions obeying the bound (XII.0.3) 
with 2 = R?, need not be convergent in any of the spaces L7(Br), ¢g > 1, 
R > 0 (cf. Exercise II.7.3), and this in turn implies that one can not show 
the convergence of the nonlinear term along the sequence of approximating 
solutions; see Remark X.4.4. 

The investigation of whether solutions to (XII.0.1) satisfying (XII.0.3) may 
also obey (XII.0.2) has attracted the attention of many writers; see Section 
XIL.3. Specifically, Gilbarg & Weinberger (1974, 1978) have shown that if f is 


? A sharp estimate at large distances of functions satisfying condition (XII.0.3) has 
been given in Theorem IJ.9.1. 

3 If Q° is symmetric around some direction, then one can construct nontrivial, 
suitably symmetric solutions; see the Notes for this Chapter. 

* Existence can be established if the data satisfy suitable symmetry requirements; 
see the Notes for this Chapter. 
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of bounded support, every v satisfying (XII.0.1) for a suitable pressure p, and 
(XII.0.3), either converges at large distances, in a well-defined sense, to some 
constant vector vg, or that the L?-norm of v over the unit circle approaches 


infinity at large distances. However, they can not show that vg = —Voo. If 
v, = f =0, Amick (1988) has proved that v € L°(2). Nevertheless, also in 
such a case, one cannot infer that v9 = —Vo if vu. # 0 and, what perhaps 


is more surprising, if vp = 0, one is able to conclude that v = 0 only in the 
special situation where 2 = R?. 

At this point we may wonder if we could prove existence by means of 
different techniques, such as a fixed point argument. This problem, which was 
first considered by Finn & Smith (1967b), is in fact solvable when the velocity 
field vo. is not zero and the data are sufficiently small, see Section XII.5. It 
is interesting to observe that the corresponding solutions obey, in particular, 
condition (XII.0.3). It should also be emphasized that if vu. = 0, the above 
techniques do not work and so it is not known whether (XII.0.1), (XII.0.2) 
with v., = 0 is resoluble, even for small data.° The reason for this unequal 
result is essentially due to the fact that the approach followed is based on 
fixed point arguments that rely on linearized versions of (XII.0.1), (XII.0.2). 
As we know from Chapters V and VII, the linearization when v. 4 0 (Oseen 
system) produces solutions that, in the neighborhood of infinity, are more 
regular than those corresponding to the linearization when v. = 0 (Stokes 
system). In this respect, we recall that a similar circumstance occurs also for 
three-dimensional flows. 

In view of all the above, it is natural to ask whether (XII.0.1)—(XII.0.2) 
may indeed admit a solution for data of arbitrary size. This question has 
been investigated by Galdi (1999b) for the physically relevant problem where 
v, = f = 0, which, as we noted previously, describes the motion of the liquid 
past a sufficiently long cylinder. In such a case the data are represented by 
the translational velocity of the cylinder that, in dimensionless form, is given 
by Re, (assuming v|| 1). Let us call Y this particular problem. “Arbitrary 
data” for Y means then “arbitrary speed” of the cylinder, namely, any R > 0. 
Galdi has shown that if 2 possesses an axis of symmetry (e.g., 2 is the exterior 
of a circle) then, if there exists R > 0 such that for all R > R problem FY 
has no solution in a very general regularity class, the homogeneous problem 
obtained by setting in (XII.0.1)—-(X11.0.2) v, = f = v— = 0, and R = 1 
must admit a non-zero solution, a fact that is very questionable on physical 
grounds; see Section XII.6. 

Another question that arises is the asymptotic structure of a field v satis- 
fying (XII.0.1)—(XI1.0.3), for suitable p. One may expect that v can be rep- 
resented asymptotically by an expansion in “reasonable” functions of r = |z| 
with coefficients independent of r. However, if uv. = 0, not every such solution 
can be represented in this way, for one can exhibit examples, due to Hamel, 
of solutions to (XII.0.1), (XII.0.2) with vu. = 0 that obey (XII.0.3) and decay 


® See, however, the Notes for this Chapter for some partial results. 
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more slowly than any negative power of r; see Section XII.6. If vu. 4 0, how- 
ever, we have a result completely analogous to the three-dimensional case, 
namely, if v satisfies (XII.0.1)—(XII.0.3), for a suitable pressure p, and, in 
addition, f is (sufficiently smooth and) of bounded support, then v has the 
same asymptotic structure of the Oseen fundamental solution. The proof of 
this result, based on the papers of Galdi & Sohr (1995) and Sazonov (1999), 
is due to Sazonov; see Section XII.6 and Section XIL.8. 

In the last section of the chapter we shall study the behavior of solutions 
to (XII.0.1), (XII.0.2) in the limit of vanishing Reynolds number for the case 
f =0.° This problem is considered in the class € of solutions whose existence 
has been determined in Section XII.5. We show that the solutions from € 
tend (in an appropriate sense) to solutions of the Stokes problem obtained 
by formally taking R = 0 into (XII.0.1), (XII.0.2). The interesting feature of 
this study is that, as expected from the linear theory (cf. Section VII.8), the 
limit process is singular in that it does not preserve the condition at infinity 
(XII.0.2). In fact, following the work of Galdi (1993), we show that the limit 
solution satisfies (XII.0.2) if and only if wv, verifies a suitable condition. In 
the case when 2 is the exterior of a unit circle, this condition reads: 


| (Ux + Vo) = 0. 
an 


Notation. Throughout this chapter Cartesian coordinates of a point x, are 
denoted either (as usual) by x1, 22, or (more simply) by x,y. When using the 
latter notation, the components of a vector w are written as wz, wy. We shall 
also frequently employ polar coordinates, 7,0. In such a case, the components 
of w, are denoted, as customary, by w,, we. 


XII.1 Generalized Solutions and D-Solutions 


As already observed in Remark X.4.4, if 2 is a locally Lipschitz exterior do- 
main in the plane with 02Q 4 0, and if the flux of v, through O02 satisfies 
(X.4.47), we may use the same method employed in Section X.4 to construct, 
for all R > 0, a vector field satisfying conditions (i)-(iii) and (v) of Definition 
IX.1.1, together with the energy inequality (IX.4.16). Moreover, we can asso- 
ciate to v a pressure field p (cf. Lemma X.1.1) and both v and p are smooth 
provided 2 and the data are smooth; cf. Theorem X.1.1. However, v and p 
solve in principle only problem (XII.0.1) because, unlike the three-dimensional 
case, the property (i), namely, 


Vu: Vu<o, (XII.1.1) 


2 


is not enough a priori to control the behavior at infinity of v. Thus, the limiting 
condition (XII.0.2) or even the weaker condition (iv) of Definition X.1.1 need 


° This assumption is made for the sake of simplicity. 
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not be satisfied. That the problem of proving the convergence at infinity of a 
solution v under the sole information (XII.1.1) is far from being obvious, is 
shown by the fact that there are fields w in 2 having a finite Dirichlet integral 
and that become unbounded at large distances like a power of log |x|. Take, 
for instance, 2 = R? — B(0) and w(x) = (log |z|)*%, 0 < a < 1/2. Therefore, 
in order to prove the convergence of a solution v at infinity, the equations of 
motion must play a fundamental role. 

The situation becomes completely obscure in the case 2 = R?, where the 
methods of Section X.4 do not even furnish existence of a vector field satisfying 
(XII.0.1) for a suitable pressure p; see Remark X.4.4. 

In what follows, we will make a definite distinction between a generalized 
solution v to (XII.0.1), (XII.0.2) in the sense of Definition X.1.1, and a field 
v satisfying only (i)-(iii) and (v) of the same definition. In this latter case, 
the vector field v will be referred to as a D-solution, in spite of the fact that 
the word “solution” is not the most appropriate, since v need not verify the 
condition at infinity. A study on the asymptotic behavior of D-solutions is 
performed in Section XII.3, where it will be shown, among other things, that, 
as |x| — oo, v(x) tends in a suitable sense to some vector vg. Whether this 
vector coincides with the vector —v prescribed in (iv) of Definition X.1.1 
remains, however, a fundamental open question. 

Nevertheless, we may wonder if, by using a different technique, one can 
show existence, at least in the range of small data. As shown in Section XII.5, 
this is indeed possible, provided vg, is not zero. If vo, is zero, the question of 
existence of generalized solutions, even with small data, is open and, probably, 
for “generic” data, it does not admit a positive answer; see also the Notes for 
this Chapter. 


XITI.2 On the Uniqueness of Generalized Solutions 


Maybe uniqueness of generalized solutions is a more complicated question 
than existence itself. Indeed it represents a formidable problem that, for its 
resolution, requires in my opinion the contribution of completely new ideas 
and methods. To test the difficulty, let v1, p, and v2, pg be two generalized 
solutions to problem (XII.0.1), (XII.0.2), which will be assumed smooth for 
simplicity. Letting 
U=V1,—v2Q T= (pi —p2)/R 

we have 


1 
—Au=u-Vut+vy:-Vutu:Vvu+V0r 
R in 
V-u=0 
(XII.2.1) 
u=0 at 02 


lim u(x) =0. 


|x2|—+-00 
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Multiply (XII.2.1), by u, integrate by parts over Qr and use (XII.2.1), to 
obtain 


1 
Rn Vu:Vu= -{ w Vow | Caen Oe ee meen 


Qr 
(XII.2.2) 
Now assume that wu, vi, and 7 behave in such a way that the surface integral 
tends to zero as R — oo. (This is not known if v, = 0, while, if v. 4 0, 
it is true for any generalized solution which satisfies some further condition; 
cf. Section XII.8.) From (XII.2.2) in the limit R — oo we find 


ey vu: vu=— [ u-Vvyz-u. (XII.2.3) 
Q ‘¢) 


This is the classical relation, which we have used several times to show unique- 
ness of generalized solutions, sometimes with the equality sign replaced by the 
inequality one. However, for the case at hand, relation (XII.2.3) is not going 
to produce uniqueness for small R. Actually, we would need an estimate of 
the type 


- u-Vuy-ucc] Vu: Vu (XII.2.4) 
Q Q 


for some c = c(v1, 2) € (0,00), to conclude 
| Vu: Vu=0, forR<c}, 
Q 


and hence uniqueness. However, the validity of (XII.2.4) is very unlikely,+ 
no matter what summability assumptions on w and v; are made and, con- 
sequently, the “traditional” method gives no information whatsoever about 
uniqueness, even at small Reynolds numbers. 

Nevertheless, what is certainly true is that, if R is “sufficiently” large and 
the flux through the wall O22 is not zero, uniqueness of generalized solutions is 
lost, as can be seen by means of simple examples. To show this, let us consider 
an indefinite, circular cylinder C of radius rg immersed in a viscous liquid and 
assume that the radial component of the velocity of the liquid, when evaluated 
at the lateral surface of C, is a constant V. The appropriate Reynolds number 
is then defined by 

R=Vro/v. 


Using V and ro as reference velocity and length, respectively, from (XII.0.1), 
(XII.0.2) we obtain that the two-dimensional motions of the liquid in every 
plane orthogonal to C, when referred to polar coordinates (r,@), must obey 
the following problem 


' From (IL.5.7) it follows that (XII.2.4) holds if Vui(2) = O(|2|7? log~? |2]). 
However, even admitting that v1 at large distances has the same behavior 
as the solution of the corresponding linearized problem, we would have only 
Vvi(x) = O(|x|~+); ef. Section V.3 and Section VIL6. 
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R (oe Be it) ap 2 bre _ 


ar |e OB r 


R yg Oe 5 Se Wit, 2 2a in 2 
Or r 00 r r 


+—+->, =0 


(XII.2.5) 


where v = (v-, v9), 2 is the exterior of the unit circle, v.(0) is prescribed and 


A 10 O " i 
= -— | r— — 
r Or \ Or r? 0G? 
Now, by a simple computation, we show that for any choice of y, w € R and 
R>1, R 4 2, problem (XII.2.5) with 


Vo =0, vs =(—-R,y—w/(R—2)) (XII.2.6) 


admits the elementary solution ? 


R 

Vp = > 
Tr 

ope lo yee XIL.2.7 
R—2 (XII.2.7) 


ldv2 
spy poe =e) 
. / (5 dr i 
The flow (XII.2.6), (XTI.2.7) which was discovered by Hamel (1916, pp. 51-52) 
has a simple physical explanation; cf. Preston (1950). Specifically, it represents 
the motion of a liquid subject to a unit suction in the direction orthogonal to 


the wall of the circular cylinder, while the cylinder rotates with the angular 


velocity 
Ww 


i os 
By the arbitrarity of R, 7, and w, we may choose 
w =7(R —2) (XII.2.8) 
and the solution (XII.2.7) specializes to 


? Notice that (XII.2.7) is not a solution of the corresponding linearized Stokes 
problem, that is, (XII.2.5) with R = 0, since (XII.2.5)5 is violated. 
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R 
Up = —— 
7 
w 1 _R+2 
ee a [1 —r-**?] (XII.2.9) 


Moreover, the data are independent of 7, since with the choice (XII.2.8) and 
for R > 1 and R F 2, conditions (XII.2.6) become 


Voo =0, Vs =(—R,0). (XII.2.10) 


As a consequence, we conclude that if R > 1 and R F 2 the fields (XII.2.9) 
constitute a one-parameter family of solutions to (XII.2.5), parameterized in 
w, and corresponding to the same data (XII.2.10). Furthermore, since the 
gradients of the velocity fields square summable in 2, they are generalized 
solutions. 

The example just given suggests that, in the exterior two-dimensional 
problem, the prescription of the velocity field alone at the boundary and at 
infinity is not in general enough to secure the uniqueness of the solution, and 
other extra conditions may be needed. For instance, in the class (XII.2.9)— 
(XII.2.10) uniqueness is recovered if we prescribe at the boundary r = 1 the 
vorticity w = r—! (rug) /Or. 


XII.3 On the Asymptotic Behavior of D-Solutions 


The aim of this section is to investigate the behavior at large distances 
of D-solutions, namely, of vector fields v satisfying (XII.0.1) and condition 
(XII.1.1). 

Since we are interested only in the regularity at infinity, we shall suppose 
that the D-solutions with which we are dealing are as smooth as required 
by the formal manipulation we shall perform. Of course, to substantiate this 
procedure, it is enough to assume that the data and the domain 92 have a 
sufficient degree of regularity, what degree will be tacitly understood. More- 
over, since the results we shall find are essentially independent of the Reynolds 
number R, we shall put, for simplicity, R = 1. 

We wish now to collect some notation and formulas that will be frequently 
used. The scalar field 


is the vorticity of a vector field w. From (XII.0.1), it follows that the vorticity 
of a D-solution v verifies the equation 


Ofe _ Ofy (XII.3.1) 


Aw—v- = 
w—v-Vw Dy aa 
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Owing to the solenoidality of v, we also have 


Ow Z Ow 


Av; = —, xir32 
Ye = By (XIL3.2) 


The following result is based on ideas of Gilbarg & Weinberger (1978, Lemma 
2.3). 


Lemma XII.3.1 Let v be a D-solution to (XII.0.1) with f € L?(Q?), some 
p > 6(2°). Then, Vw € L?(Q°) and the following identity holds 


al Ou" nw? | Ow, Ww 
[,v- a as, \ On ee Qe ly ay Jem, 


Proof. Let h € C1(R) be a positive function with piecewise differentiable 
first derivatives and let qr be the Sobolev “cut-off” function (II.6.1) with 
exp Vin R > p. Using (XII.3.1), we show the following identity 


V: [wrVh— hVodR — bRhe) = pRrh"|Vol|? —h (Ave t v- Vip) 
XIL.3.3 
+ idn (SE She), ee 


where prime means differentiation. Setting 


* — 
v= ogy l(a) 


we choose 


w if jw] < wo 
= (XIL.3.4) 


wo(2|w| — wo) if Jw| > wo 


for wo > w*. From (XII.3.3) and (XII.3.4) we easily recover 


" 2). ‘ 1 Au? ; ) 
fo brlVeol = [ Mave +e Von+if (= wie 
an! an! 
+ Jon |t ("5") (“GE*)]- 


Taking into account that 


(XII.3.5) 


h < min {w?, 2wo|w|} 


and the properties (II.6.2), (II.6.5), and (II.6.61) of the function =r, we find 
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Cc Cc 
hAdr <4 / w* < |r|? 
I, R? Ga a li 


[i te-Ven < 2a | bello Wiel Sues Allaclto Wallace 
Ne QP 


< cywo(In In R)~1/?|v|1,9. 
(XII.3.6) 
Furthermore, 


On! Oh! 1 i P 
iL WR (al < >|. |weh”|(|Vwl|? + | f|?) (XII.3.7) 


~ 2 Ja 


and so, collecting (XII.3.3) and (XII.3.5)—(XII.3.6) we obtain 


| bri Vul? < = 
{2° |u| <wo} 2 


+ c2lv|1,2[|v]1,2R77 + wo (In In R)~*/?] 


+e [Ifo +f WllVeallsi) 


We then let R — oo into this relation and use the monotone convergence 
criterion along with the assumption on f to deduce, for some positive constant 
c4 independent of wo, 
[Vw|? <c 
{2° ;|w|<wo } 

which, by the arbitrarity of wo, implies Vw € L?(2°). Having established this, 
we come back to (XII.3.5) and let R — oo and then wo — oo, which completes 
the proof. 


An immediate consequence of the result just shown is the following theo- 
rem of the Liouville type. 


Theorem XII.3.1 Let v be a D-solution to (XII.0.1) in the whole of R? 
corresponding to f = 0. Then v = const. 


Proof. From Lemma XII.3.1 it follows that w = const. and then, from 
(XII.3.2), Av = 0 in R?. Since v € D!?(R?), by Exercise II.11.11, we find 
v = const. and the proof is complete. 


The next objective is to find a pointwise estimate on v. To this end, we 
propose the following 


Lemma XII.3.2 Let v and f be as in Lemma XII.3.1. Then, 
v € D'4(9") for all q € [2, 00). 
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Proof. By (XII.3.2) and by Lemma XII.3.1 we have 
Av € L?(°) 
and so, from the scalar version of Theorem V.5.3 (cf. Remark V.5.3), we deduce 
v € D**(2°), 


which implies 
Vv € W'7(2°). 


The result is then a consequence of this latter property and the embedding 
Theorem II.3.4. 


From the result just shown we obtained the desired pointwise bound on 
v. Specifically, we have the following lemma. 


Lemma XII.3.3 Let v and f be as in Lemma XII.3.2. Then 


lim (Iv(2)|/ Vogal) =0 uniformly. 


|x|—-0o 


Proof. It is an immediate consequence of Lemma XII.3.2 and Theorem II.9.1. 


Concerning the summability of higher-order derivatives, we can prove the 
following result. 


Lemma XII.3.4 Let v be as in Lemma XII.3.1. If for some p > 6(2°) and 
m > 0, 
fewnrr(n), 


then we have 
Dev € W™? (2°). 


Proof. The result is already known from Lemma XII.3.2 ifm = 0. Let us 
begin to prove it for m = 1. We operate with D, on both sides of (XII.3.1) to 
obtain 

Aw, =v- Vw, + Dev - Vw + Fy (XII.3.8) 


with 
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Multiplying both sides of (XII.3.8) by wrw,, with wr chosen as in Lemma 
XII.3.1, and integrating by parts over 2° yields 


1 
i Wr|Vwr|? = >| [we(Ave tu: Vor) + 2bRwpDyv - Vol 
= C (XII.3.9) 
+ WRweFR + Bo. 
QP 
In (XI1.3.9), as in the remaining part of the proof, we denote by B, the 
generic contribution of boundary integrals over 0B,, whose explicit value is 
not important to our purposes. By the properties of wr and Lemma XII.3.3 


we have 
|Avrt+u-Vdr| < ca/R. (XII.3.10) 


We also have 


WRwEF 
Q0 


i) 
< 5 I br|Vwrl? + co (Jw|7.2 + If li.2) . (XII.3.11) 
Moreover, using V - v = 0, we find 


1 1 
WRwp Dv Vw = ge [WrDev Vw? —V-: [Fore Div] 


1 
tw? Vor: Dev — 5 DevRDrv Vu 
—wWrwDzv : Vwr 
and so we deduce that 


WRw~Dpv -Vw 
Pe 


1 
< cg|v|2,2|0lt 4 + if, br| Vowel? + |v|t,4+ Bp. 
p 


In view of Lemma XII.3.2, we may conclude, for a constant c4 independent of 
R, that 


WRwy,Dy,v -Vw 
P 


Replacing (XII.3.10)-(XII.3.12) in (XII.3.9) furnishes 


1 
<cat+ ;/ WR|Vwrl?. (X11,3.12) 
me 


| Wr|Vwrl? < es 

ge 

with cs = c5(v, f). Thus, letting R — oo into this inequality, we deduce that 
Dw € L?(N°). (X11.3.13) 


Recalling (XII.3.2) and that Vw € L?(2?), from (XII.3.13), Lemma XII.3.2, 
and Remark V.5.3 we infer that 
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D?v € W*?(2°), (X11.3.14) 


which proves the lemma in the case where m = 1. It is now easy to extend 
the result to arbitrary m > 1. Actually, by (XII.3.14), Theorem II.3.4, and 


Lemma XII.3.2 we have 
D?v € L9(Q°) for all gq € [2, 00) 
(XII.3.15) 
Vu € L& (9°). 


Differentiating (XII.3.8) one more time we find that 


Aws, =v: Vuwsp t+ Dev: Vwp + Dev: Vws + Ds Dpv -Vw + Fr 


=v-Vuwsk + Fsx t+ Psk 
(XII.3.16) 
with 
Wsk = Dwr 


Psy = Ds Fy. 
We multiply both sides of (XII.3.16) by wrws, and integrate over 22°. Then 
we treat the term 


WRWskV + VWks 
Qe 


as we did for the analogous term in the case where m = 1. On the other hand, 
making use of (XII.3.15) we can show directly (without integration by parts) 


that 
| i FskWsk 
Pe 


with cg = ce(v, f). We then conclude that 


Sc, 


Vwesk € L?(°); 
reasoning as before we obtain 

D?v € W?? (2°). 
Then, by Theorem II.3.4, it follows that 


D3v € L1(2°) for all q € [2, 00) 
D2v € L*(2°). 


Iterating such a procedure as many times as needed, we then complete the 
proof of the lemma. 


We are now in a position to show a first result on the pointwise convergence 
on the derivatives of v and p. 
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Theorem XII.3.2 Let v be a D-solution to (XII.0.1). If for some p > 6(2°) 
and some m > 1 
fewer), 


then we have 


(i) lim |D°%v(x)|=0 uniformly, 1< |a| <m. 


|a|—+0o 


If, in addition, 
few™'4(?), some q€ (1,2), 


we also have 


(ii) | are |D“p(x)| =0 uniformly, 1< lal <m. 


Proof. Let va = D%v. By assumption and Lemma XII.3.4, we have 
Vo € W?7(N"), 1< lal <m. 
Thus, by the embedding Theorem II.3.4, it follows that 
Vo € W"'"(2°), for all r € [2, 00), 


so that (i) becomes a consequence of Theorem II.9.1. To show (ii), we observe 
that, taking the divergence of both sides of (XII.0.1); we can deduce that 


Ovz Ov Ovz Ov 
ag (Oy, ety f. XIL.3.1 
oe G Oy Oy me +9 f een 


By hypothesis and Lemma XII.3.2, it follows that 
Ap € L1(2°), (XII.3.18) 


where q is specified in the statement of the theorem. Moreover, since by 
(XII.0.1) 
Op Ow Ovy Ovy 


ae dy Oe ay + 5 
Op Ow Ovy Ovy 
dy Ox car, Oy + Sy 


with the help of Lemma XII.3.1 and Lemma XII.3.3, we immediately obtain 


2 
, Nt 2es (XII.3.20) 
ae log |z| 


(XII.3.19) 


and so, from (XII.3.18), (XII.3.20) we may assert (cf. Exercise XII.3.1) 


D?p € L9(2°). (XII.3.21) 
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Since q < 2, we apply Theorem II.6.1 to Vp to deduce the existence of a 
constant p; such that 


Vp —pi € £°(2?), s=2q/(2—4q), 


. (XII.3.22) 
lim | |\Vp(a) — pi] = 0. 
So 


|x|—+0o 
However, because of (XII.3.20), we must have p; = 0, and (XII.3.22) implies 
Vp € L(2?), s=2q/(2—4). (XII.3.23) 


Operating with D®, 1 < Ja| < m, on both sides of (XII.3.17) and using the 
results of Lemma XII.3.2 and Lemma XII.3.4, we obtain 


Ap € W™9(9?), 


This latter property together, with (XII.3.23) and Remark V.5.3, allows us to 
infer that 
D?p 6 W™9 (2°). (XII.3.24) 


By (XII.3.24) and the embedding Theorem II.3.4 we recover (at least) 
D%p € L8(2?) N D'9(2?), 1< lal <m, (X11.3.25) 


with s given in (XII.3.23). From (XII.3.23), (XII.3.25), and Theorem II.9.1 
we then obtain the pointwise convergence (ii). The theorem is proved. 


Exercise XII.3.1 Let p be a smooth field satisfying (XII.3.18) and (XII.3.20) for 
some q € (1,00). Show that p obeys (XII.3.21). Hint: Let 7 = yp where is a 
“cut-off” function that is zero in Q, and one in (27°. Derive the equation for 7 in 
the whole of R’, and use the results of Exercise II.11.9 and Exercise II.11.11. 


We shall now draw attention to the behavior at infinity of v and p. We 
begin to show that the pressure p has a pointwise limit at infinity. This will 
be achieved through a number of intermediate results due to Gilbarg & Wein- 
berger (1978, 84), which we are now going to derive. For a given (vector or 
scalar) function f in 2 we denote by f = f(r) its average over the unit circle, 


that is, 
1 20 


fi = on , biGe 0)d0. 


Lemma XII.3.5 Let v be a D-solution to (XII.0.1). If for some p > 6(2°) 
fre L* (2°), 
r 

then there is a pp € R such that 


lim D(r) = po. 


T—7oo 
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Proof. Multiplying (XII.3.19), by cos @ and (XII.3.19), by sin@, adding up, 
and using (0.12), we find 


Op _1(0w Ovy Ov 
ean (Gee, ss = FE) + fe (XII.3.26) 


Integrating this equation from 0 to 27, dividing by 27, and observing that 
20 20 
Ovy | Ovy 
Uz ——dd = Uv, —dé = 0, 
: 00 5 "0G 
we deduce that 


op_ 1 f™ (ve — p,) ov 
Or arr Jo * oo 


Ovy 


| a+, 


and so, integrating from r; to rg, squaring, and applying the Schwarz inequal- 
ity, it follows that 


27 2 20 
- 1 
Qn |B(r2) — D(r1)|? < [ ‘| i a —_dr aw | fs — * ara 
2 
+([ | 
( Qeasrgl © 
(XII.3.27) 
By the Wirtinger inequality (II.5.17) and Exercise II.5.12, 
Qqr Qn 2 
i: jw—vpae< | cal) (X11.3.28) 


and since |0v/00| < r|Vv|, from (XII.3.27) we recover 


2m? [B(r2) — B(ra)I? < Olt 2,050 + lle / 2 Seesoy" 


The result is proved. 


Lemma XII.3.6 Let v and f be as in Lemma XII.3.5. Then there exists a 
sequence {Rj} such that 


Ry € (22°, 22°") 
20 


lim |p( Rx, 9) — p(R,)|?d0 =0. 


k—o00 0 


Proof. From the Wirtinger inequality (XII.3.28) applied to p and the integral 
theorem of the mean, for each k € N there is an Rx, as stated in the lemma, 
such that (with pp = 22") 
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Qn Pk+1 p27 B(r)|? 
log 2 6= 0 
02 fIp(R.8) — ROR )Pao= ff PPE aay 
Pk+1 27 2 
<f le 
Pk 0 06 


2 
ai, IVp| . 
Q log |x| 


PkoPk+1 


The result then follows from this inequality and (XII.3.20). 


(r log r)~ ‘ddr 


In the next lemma we shall prove that p converges strongly to some po € R 
in L?(S'). To this end, we need a particular representation of p—D in suitable 
regions. Let {Rj} be the sequence determined in the previous lemma and let 
Akmbe the annulus 


Agm = {x €R?: Ry <|z|<Rm}, k<m. 


It is well known that Green’s function (of the first kind) for the Laplace 
operator in the domain Ax, is given by 


Gr 056) = EO LP os (00-9) 
s=1 oem (XII.3.29) 
_ log(r/ Rm) log(Rx/p) 
27 log(Rz/Rm) 


and with r and p interchanged if r > p, cf. Weinberger (1965, p.140, Prob- 
lem 2 with answer on p.417). (The notation (r, 0; ,) means the pair (x; y) 
expressed in polar coordinates.) Setting 


T= IT(p, 9) = pr, 9) a P(r), 
and observing that for all r € Apm 


=G,+G2, r<op, 


20 20 
Go(r) AIT (r, 0)d0 = | OO ii 0)d0 = 0, 
0 0 Or 


from (III.1.33) we deduce the following representation for IT in Ajm 


Peay Qr 
17,8) = | pp] Gilr, 6; p, p) AT (p, p)dpdy 


Rr 0 
20 Ne 
- / OT ra) ie wii (XIL3.30) 
0 Op 
20 
OG (r, 6; Rr, 
-f DEEN TIN) i sah beaches 
0 Op 


Formula (XII.3.30) allows us to prove the following. 
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Lemma XII.3.7 Let v, f, and po be as in Lemma XII.3.5. Assume, further, 
that for some p > 6(2°) 


fEL(Q*’), Vf el (0). 


Then 
20 


lim | |p(r,0) — pol? = 0. 
0 


T= 


Proof. Squaring both sides of (XII.3.30) and integrating over 6 from 0 to 27, 


we obtain . 
1 Tv 
3 IP? (r,0)d0<+h+t+Ts, 
) 


where 


Rm Rm Qr Qn 
dj i ap. | dpa | av, | dy2{ ATT (p1, p1) AIT (p2, 2) 
Rr Rr 0 0 


20 


x[f Gir, 9 p1, 91) G1(r, 9; p2, p2)dO]} 


0 
Qn Qn 6: 2 Qn 
h= anf wot | So R? dy | |IT(Rm, )|?de 
0 0 Pp ) 
Qn Qn 2 Qn 
OG é;R 
fox an [ wot [ oe ride} | [IT (Rx, y)|?de. 
0 0 p 0 


(XII.3.31) 
By using the following orthogonality conditions holding for all s, s’ € N— {0}, 


20 20 
| cos(s@) cos(s’0)d0 = | sin(s@) sin(s'0)d0 = 7555" 
0 0 
27 
| sin(s0) cos(s’0)d0 = 0 
0 


from (XII.3.29) we find 


27 
Gi (r, 0; Pl; piGr(r, 0; P2; p2)d0 
0 
u Se — RR /r*)* (ot — Rim /pi) (02 — Rim /P3) 


dns?( Re — RB)? cos[s(p1 — £2)], 


s=l 

(XII.3.32) 

when r < p1, 7 < p2, and with similar expression otherwise. By a straightfor- 

ward calculation one shows that the right-hand side of (XII.3.32) attains its 
maximum at p, = p2 = rT = (RmRz)!/? and v1 = 9; therefore 
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20 co (Rs _ Rey 
Gi(r, 9; 91, 01) G1 (", 9; p2, ~2)dO} < a 
| i(7, 9; pi, p1)Gi(7, 8; p2, Y2)dO} < bo Tash + RP 


s=1 


Inserting this information into (XII.3.31), yields 


2 
<q (/ |Am7) ; (XII.3.33) 
Akm 
In addition, since 
OG, Ge? R26) e*) Ree 
= as pe — s18(9 — 9)], 
OD | pte. a> (R25 — R25) 


recalling that R;, € (22°,2?°"") it follows that, for Ry <r < Rm_, 
& 


20 
i 


OGi(r, 0; Rin y)|? (nr? — RB /r? R2? 
ee ee (rt = Re] Ran 
Op — % a — RPP 


[oe} 


Rm of Fea) 
= (Re /Rm 7 a? (XII.3.34) 


1 . 9-2 Ss 
=1 


s=l 


—————— ee 
= q(l= (Refine 
Likewise, we show that if Reza <r < Rm, 
20 2 
aon 
| a Rdg < cz. (XII.3.35) 
0 Pp 


Using (XII.3.34) and (XII.3.35) in (XIL.3.31)2 and (XIL3.31)3, respectively, 
and taking into account (XII.3.33), we conclude for all r € [Rx+2, Rm—2, 
m>k+5, 


1 20 
= IT*(r, 0)d0 < Ci (| 
3 Jo A 


Now, by (XII.3.17) and assumption, 


2 Qr 
\4m7) +2nc2 | Il? (Rm,0)d0 
0 (XII.3.36) 


+213 Jo a 2( Rr, O)d0. 


km 


All € L'(°), (X11.3.37) 


and, therefore, the lemma follows from (XII.3.37) and Lemma XII.3.5 and 
Lemma XII.3.6 by letting m and k to infinity in (XII.3.36). 
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We are now in a position to establish the pointwise convergence of the 
pressure at infinity. 
Theorem XII.3.3 Let v be a D-solution to (XII.0.1). Then, if for some p > 
6(2°) 
Fein), fe D(a), V- fe L(), 
there is a po € R such that 


lim p(x) =po uniformly. 


|z|—+0o 


Proof. We indicate by p;(x) the difference p(x) — po where po is defined in 
Lemma XII.3.5. Clearly, v, pi is still a solution to (XII.0.1) and, in particular, 
py verifies (XII.3.26). Let « = (2R, 0). Denoting by (r’, 6’) a polar coordinate 
system with the origin at x, from (XII.3.26) we have, after integration over r’ 
and 6’, 


pi(z) = By (r’) + =| F,(p)dp 
+e ff | ei = {fol [ve (p, 6’) — U 2(p yee ’) (XII.3.38) 


~[vy(0, 6") — By (o)] —— dpdd’, 


where the average is now meant with respect to the angle 6’. From the 
Wirtinger inequality (XII.3.28) and the Schwarz inequality, it follows for 
r’ < R that 


| “4 | "twa(o.0!) —v(0)) ag’ bay 


R Qr 
< | | Vu(p,6')Ppdpdd! <|012.0,0% on 
(XII.3.39) 


Likewise, one shows 


| " ~{ f eee vo) ao} dp 


Moreover, 
| F(e)dp 


and so, by (XII.3.38)—(XII.3.41), we recover 


<|vlt2open- (XIL3.40) 


< ||fr/rllterar (X11.3.41) 
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2n|pi(x)| < 2m|Py(r’)| + 20/12, onan + lfr/Tll,en.or- 
Multiplying both sides of this latter inequality by r’ and integrating over 

r’ € [0, R] and 6’ € [0, 277) we find that 
An Ri p20 
2 
amare) < Fe ff Woule! Orla! 0 + 22a onan + WMe/rlh.nsn 


Ar 
md : tpi] + 2101? 2.005 on + Ilfe/len.on 
QR 3R 


IA 


27 
16r max f [eal O)|49+ 2012 2,oman + Mfr) "ha.2nsn- 


Passing to the limit R — oo in this estimate and using Lemma XII.3.7, we 
then complete the proof of the theorem. 


It remains to investigate the behavior at infinity of the velocity field v. In 
this respect, Lemma XII.3.3 ensures that v cannot grow too fast at infinity. 
Under the simplifying assumption f = 0 (or, more generally, f of bounded 
support in 92) we shall show that, in fact, v is uniformly bounded. To reach 
the objective, we notice that, defining the total head pressure field ®: 


1 
@:=pt+ sie’, (X11.3.42) 

by a simple calculation based on (XII.0.1) with f = 0 one shows 
AS—v-Vb=w’". (X11.3.43) 


Consider (XII.3.43) in 2p, p., for arbitrary p1, p2 with p2 > p1 > po and some 
fixed po > 6({2°). Since v € LP’.(2?), we may apply to it the classical max- 
imum principle of Hopf (1952) and Oleinik (1952) (cf. Protter & Weinberger 
1967, pp. 61-64) to obtain that ® cannot attain a maximum in 2,, ,, unless 


it is a constant. It also follows that 


max @(r, 0) 
0€[0,27) 


has no maximum in §2,,,», and hence it must be monotonous in (2°, for 
sufficiently large p. Thus, we deduce that 


1 
li Q a Q 2 -—A 
Jie, ERE, [PC 8) + plete. 8) | =A 


implying, by Theorem XII.3.3,! that 


' We can assume, without loss, that po = 0. 
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lim max Be 0)|=V2A=L. (XII.3.44) 


r—oo 9E[0,2 


However, we don’t know if L is finite or infinite. As a consequence, the max- 
imum principle is not enough to obtain the boundedness of v, and we need 
more information about the function @. In the particular case v, = f = 0 this 
is achieved through the following profound result, due to C. J. Amick (1986, 
Theorem 4(a); 1988, Theorem 11), which we shall state without proof. 


Lemma XII.3.8 Let v be a D-solution to (XII.0.1) corresponding to v, = 
f =0. Then there exists a continuous, non-intersecting curve 


y¥:t€ (0,1) 3 7(t) € 2” 


such that 


(i) (0) € 02°; 
(ii) |y(t)| += co ast 1; 


in addition, the function ® is monotonically decreasing along y, namely, 


P(y(t)) < ®(4(s)), for all s,t € [0,1), s <t. (XI1.3.45) 


With this result in hand, we can show the following one (cf. Amick 1986, 
Theorem 4(b) and 1988, Theorem 12). 


Lemma XII.3.9 Let v and f be as in Lemma XII.3.8. Then 
v € L& (N°), 
and there is an L € [0, co) such that 
ts pee |v(x)| = L uniformly. (XII.3.46) 
Proof. Since p(a) tends to zero for large |x|, by (XII.3.45) we deduce that 
|u(y(t))| <c, for all ¢ € [0, 1), (XII.3.47) 
with c independent of t. Since v € D1:?(2), we have 
2kth non 1 


a dédr +0, ask>~, 


Qk 


20 
[ 


implying 


fa) 2 
ca d)—+0, ask—oo, (XII.3.48) 
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for some sequence {r;} with rz € (2*,2**1). Since, by properties (iii) and (ii), 
y is connected and extends to infinity, for any k € N we can find at least one 
ty € [0, 1) such that 

Vth) = (Tr, Ox), 
for some 6; € [0, 27). Thus, in view of (XII.3.47), it follows that 


|v(rx, O%)| <c, for allk EN. (X1I.3.49) 
From the identity 
9 Av(rp, 7) 
0) = O,.) — pa aL 
(rr, 9) = v(rK, Or) | a, oT 
(XII.3.48), and (XII.3.49) we find 
max |v(x)|<c, forallk EN, (XII.3.50) 
xeEOB,, 


with c, independent of k. We next apply the maximum principle to (XII.3.43) 
in the annulus (,.,.,,,,, to find 


1 
P(“2)= max rte) + so(a)P} < max P(x). 
(x) vax | (@)+slo@e}< pmax, oa) 


(XII.3.51) 


mm 
LEQ, psy 


However, by (XII.3.50) and Theorem XII.3.3 we deduce 
P(x) <co, forallk EN 


max 
xeOB,, UOBry 4 


so that, again Theorem XIJI.3.3 and (XII.3.51) deliver 


max |v(z)|?<c3, for allk EN, 


LEQry, pay 


with a constant c3 independent of k. Therefore, v € L%°(2?). Since the second 
part of the lemma is an immediate consequence of the first and (XII.3.44) 
the proof is complete. 


o] 


We shall next investigate if the velocity approaches some vector vo at 
infinity. We have the following two possibilities: 


(i) the number FL in (XII.3.44) is zero; 
(ii) the number L in (XII.3.44) belongs to (0, 00].? 


In case (i) we have 

| a v(x) =0, uniformly, 
and we deduce at once that vg = 0. On the other hand, if LD > 0, using the 
ideas of Gilbarg & Weinberger (1978, §5), we proceed as follows. First of all, 
we need two preliminary lemmas. 


? Of course, by Lemma XII.3.9, if v. = f =0 it follows that L < oo. 
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Lemma XII.3.10 Let v and f be as in Lemma XII.3.8. Then 
20 


(i) lim | |u(r, 0) — v(r)|?d0 = 0, 
(ii) lim |o(r)| = ZL, 
where L is defined in (XII.3.44). 


Proof. By the Wirtinger inequality (XII.3.28) and the Cauchy inequality we 
have 


20 20 
=| o(r.8) — alr) a = bf (wm) Sal 
dr Jo 0 
20 _al2 
< | river + Por] dd 
0 r 


20 
< eh r|Vv|?do; 
0 


therefore, 
27 


lim |u(r, 0) — B(r)|? = £ € [0, 00). 


T= 756. 0 


However, again by (XII.3.28), we have 


[ : ( [ jo(r,8) - (7) dr < 0, 


which implies ¢ = 0, and (i) is proved. To show (ii), we observe that (XII.3.46) 
implies that, given any sequence {rx} C Ry with rz, — ov, there is a corre- 
sponding sequence {6;,} C [0,27) such that 
lim |v(rg, O0)| = L. (XII.3.52) 
Tk—7Coo 


However, as in the proof of Lemma XII.3.8, we show the existence of a sequence 
rp € (2*,2**1) such that (XII.3.48) holds. Since 


dv(rp,7) |? 


ar dt 


9 


20 
|v(rp, A) — v(rr, On)? < an f 
0 


by (XII.3.52) and the triangle inequality we find that 


lim |v(rz,0)| = L, uniformly in 6. (XII.3.53) 
Tk—7O0o 
Moreover, since 


27 
| (v(rx, 9) — B(rx))d0 =0 for all k EN, 
0 
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it follows that 


?* | Av(re, 7) |? 


a7 dt 


|v(r,,4) — B(rz)|? < an | 


0 


which together with (XII.3.48) and (XII.3.53) allows us to conclude that 


Jim [B(rx)| = L. (XII.3.54) 


Now, for r € (rx, R41) we have 


20 
=le/ [3 28 aaa] 
QT Sry 


Tk+1 am 4 . 1 7 
< —, —drdo Vov|~ < — log2\v rk; 
~_ “i | ; [.. es Dae g 2| lr2.0 k 


and so, in view of (XII.3.54), the property (ii) follows by letting k — oo in 
this inequality. 


[U(r) — Bre) | 


Lemma XIJI.3.11 Let v be as in Lemma XII.3.2 and assume that the number 
L in (X11.3.44) is finite. Then, if for some p > 6(°) 


ref e L7(2°), 


it follows that 
rl?Vw € L?(2°), 


Proof. From the identity (XII.3.5) with h = w? and wp replaced by nr = rr, 
we deduce that 


(XII.3.55) 
By the properties (II.7.2) of wr and Lemma XII.3.3, it follows that 


|Vnr| + |v- Vol +|Anr| < c (XII.3.56) 
for some constant c independent of R. Furthermore, 


0 0 1 
{fo 2a) ~1 (SBE) ] =f, rat so oor 


(XII.3.57) 
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so that by (XII.3.56) and (XII.3.57), identity (XII.3.55) gives 


| nR|Vwl? < C, 
Qe 


for a constant C independent of R. Letting R — oo and using the monotone 
convergence theorem completes the proof. 


We are now in a position to prove the following result on the behavior of 
a D-solution at infinity. 


Theorem XII.3.4 Let v be a D-solution to (XII.0.1) with f of bounded 
support in 22 and let L € [0,00] be the number defined in (XII.3.44). Then, 
if L < oo (this certainly happens whenever v, = f = 0), there is a vo € R? 


such that 
20 


lim |u(r, 0) — v9|?d0 = 0. (X11.3.58) 


roo Jy 


Furthermore, if vp = 0, we have 


: i v(x) =0 uniformly. (XII.3.59) 
Finally, if L = oo, 
27 
lim |u(r, @)|?d@ = oo. (X11.3.60) 
T—Cco 0 


Proof. Let w = w(r) be the argument of U(r), that is, 


x(r) = |B(r)| cosY(r) 
wp € [0, 27). (XII.3.61) 
Dy(r) = [B(r)| sin Y(r) 
Clearly, we have 
vi (r) = (XII.3.62) 
|v| 


where the prime means differentiation. Multiplying (XII.3.19), by sin@, 
(XII.3.19), by cos 6, and adding up, for sufficiently large || we find that 


+-— =0. (XII.3.63) 


We take the average over 0 of both sides of (XII.3.63) to deduce that 


Ow __, 1 “{ = 
az + UzV, — UzVyt+ = [ve (r, 0) — Be(r)] 
Or ¢ ee De Io 


Ov, (r, 9) 


Or 
(XII.3.64) 


—[vy(r, 8) — n(n ne} dd = 0. 
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From Lemma XII.3.10 we know that |U(r)| converges to L > 0. Assume, for a 
while, that L > 0. Then we may find — > 6(2°) such that 


[a(r)| > L/2, for allr >7. (XII.3.65) 


We then divide both sides of (X11.3.64) by |v(7)|? and integrate over 6 € [0, 277) 
and over r € (11,72), T2 > 11 > P, to obtain 


Using (XII.3.65) and the Schwarz and the Wirtinger inequalities we see that 


2 
Id(re) — W(r1)| < alle elle, en srs 7 10 |1,2,2n,r0] 


T2 27 dr 1/2 
* [2.0 + {f | =) 
Ti 0 a 


and, therefore, letting r1,7r2 — oo and recalling Lemma XII.3.11, we obtain 


lim u(r) = vo (XII.3.66) 


T— Co 


for some wo € [0,27]. For L > 0 we define the vector 
vo = (Lcos yo, Lsin v9). 


If L € (0,00), from Lemma XII.3.10(ii), (XTI.3.61), and (XII.3.66) we conclude 
that 

Jim U(r) = vo, 
which along with Lemma XII.3.10(i) implies (XII.3.58). If ZL = 0, we have 
vo = 0 and (XII.3.59) follows from (XII.3.44). Finally, if L = oo, (XII.3.60) 
follows directly from Lemma XII.3.10. Notice that, in view of Lemma XII.3.9, 
this circumstance can not occur if v, = f = 0. The theorem is proved. 


Remark XII.3.1 The vector vp determined in Theorem XII.3.4 need not be 
the vector vs prescribed in (XII.0.2). The problem of the coincidence of vo 
and Us. therefore remains open. Furthermore, if v9 = 0 and v, = f = 0, 
we can conclude that v = 0 only in the trivial case Q = R?; see Theorem 
XII.3.1). a 


Remark XII.3.2 Another question that is open is to ascertain if, in the case 
vo # 0, (XII.3.58) holds pointwise: 
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lim v(x) = vo. (XII.3.67) 


|z|—-co 


C.J. Amick has shown the validity of (XII.3.67) in the class of symmetric 
flows. Precisely, let us call a solution v, p to (XII.0.1) symmetric around the 
x-axis, or, more simply, symmetric, if p and vz are even in y and vy is odd 


in y. It can be shown that if the z-axis is of symmetry for Qe, and v, and 
f possess the same symmetry as v does, under suitable regularity conditions 
on the data, the class of symmetric D-solutions is not empty. If, in particular, 
v, = f =0, then such solutions satisfy (XII.3.67) uniformly; cf. Amick (1988, 
Theorem 27). If the flow is not symmetric, the best one can say, so far, is that 
(XII.3.67) holds in suitable large sectors. Namely, taking vp = (1,0), for all 
€ € (0, 7/2), we have 


lim max _ |w(r,@) — vo| = 0; 

roo |6|E[e,7—e] 
provided that v, = f = 0; cf. Amick (1988, Theorem 19). In any case, one can 
show that the modulus of v tends pointwise to the modulus of vo; see Amick 
(1988, Theorem 21).? a 


XII.4 Asymptotic Decay of the Vorticity and its 
Relevant Consequences 


Theorem XII.3.2, Theorem XII.3.3, and Theorem XII.3.4 are all silent about 
the rate of decay of v and p and their derivatives at large distances. As a 
matter of fact, in Section XII.8 we shall show that, if vo # 0 and (XII.3.67) 
holds uniformly, then the fields v and p present the same asymptotic structure 
of the Oseen fundamental tensor.! The key point in assessing this property 
is a detailed study of the pointwise rate of decay of the vorticity, w, in the 
general case and, in particular, when vo 4 0. This investigation will lead to the 
important consequence that, if v9 4 0, then every D-solution corresponding 
to vg and to f of bounded support must satisfy the following property 


2 
v—v 
i et JU for alle > 0, 
oe |a| 


for sufficiently large p. Observe that a priori a D-solution only satisfies the 
weaker property 


3 In Galdi (2004, Theorem 3.4) it is stated that the pointwise limit (XII.3.67) also 
holds for non-symmetric flow. However, the validity of this result is based on 
Lemma 3.10 in the same paper, whose proof is not correct as presented. 

' Notice that, in contrast, if v9 = 0, the example furnished in (XII.2.7) excludes, in 
general, for the corresponding velocity field, a uniform decay in a negative power 
of |z|. 
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‘ |v — v9" 
<0; 

ae |x| In || 

see (1.6.14). 


With this in mind, we begin to establish a simple consequence of the two- 
sided maximum principle, namely, that, if v is bounded (as it happens when 
v, = f =0), then 


lim |«|°/4\w(x)| = 0, uniformly; (XII.4.1) 


|a|—+00 


(cf. Gilbarg & Weinberger 1978, Theorem 5). Actually, using Lemma XII.3.11, 
we find that 


ght 1 27 
~ | (10? + 2r3/? 
ake JO 


which implies the existence of rz, € (2*,2*+") such that 


Ow 


oo 


Ww 


) drd§< co, forallk EN, 


20 
0 
| (ru%(ra, 0) + 209 (rs 0) te) dO + 0, as k > 00. (XIL4.2) 
0 
However, 
P(r, 0) <= [ose \d +t foe || Seer?) g 
Kk >on 5 ky, P)AP ® Jo ky P ay YP 


which, by (XII.4.2), implies 
3/2) 2 : F 
ry |w" (re, 8)| +0, ask — oo, uniformly in 6. 


The decay estimate (XII.4.1) then follows by applying the two-sided maximum 
principle (Protter & Weinberger 1967, pp. 61-64) to (XII.3.1) with f = 0 in 
the annuli Ay = {a € Q: rp < |x| < reqs}. 

A first consequence of (XII.4.1) is the following pointwise decay for the 


gradient of v: 
a | 3/4 


igo loo |\Vv(x)|=0, uniformly. (XII.4.3) 
We shall not prove this property here, since it is irrelevant to our further 
purposes, and refer instead the interested reader to Gilbarg & Weinberger 
(1978, Theorem 7) for a proof.” 

Once (XII.4.1) has been established, it is easy to show, by means of local 
elliptic estimates, that the derivatives of arbitrary order (> 1) of w decay, at 
least, like in (XII.4.1); see Exercise XII.4.1. Moreover, by combining (XII.4.1) 
and (XII.4.3), an analogous property can be proved also for v and p; see 
Exercise XII.4.1. 


? Actually, in this paper a weaker decay for Vv is given, due to the circumstance 
that the authors do not assume v to be bounded but, rather, that it satisfies the 
growth condition of Lemma XII.3.3. 
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Exercise XII.4.1 Let v be a D-solution to (XII.0.1) corresponding to f =v. = 0. 
Show that, as |x| — ov, 


|D%w(x)| = o(|x|~*/4), all jal >1. (XII.4.4) 


Hint: Combining (XII.3.1), Theorem XII.3.2 and the interior estimates for the 
Laplace operator (see Exercise IV.4.4) we have, for sufficiently large |x|, 


|wle42, By (x) < €||H|2, 85 (x) all @ > —1, (X1I.4.5) 


with c depending on @ and v. 
Moreover, show that 


|D*v(x)| = o(|a]~2/4 log |x|), all Jal > 1. (XII.4.6) 
Hint: Equation (XII.0.1)1, with f =0, can be rewritten as follows 
Av=wxv+Ve@, 
where v = (v1, v2), w := wes, and @ is defined in (XII.3.42), so that 
A(Dgv) = (Dew) X u+w x (Dev) + V(Dr®). 


From Theorem IV.4.1, Theorem IV.4.4, Theorem XII.3.2, and Remark IV.4.1 it 
follows that 


|| De? || m+2,2, Bo («) < € (||| m41,2,B (a) + || Dev ||2, B(x) : 
The desired estimate is a consequence of this latter, and of (XII.4.4), (XII.4.3). 
Finally, denoted by p = p(x) the pressure field associated to v, show that 


|D°p(x)| = o(|xz|~°/“ log |x|), all Ja] > 1. (XII.4.7) 


Our next objective is to show that if (XII.3.67) holds uniformly, for some 
vo # O, then the vorticity w and all its derivatives decay exponentially fast 
outside any sector that excludes the line {2 € R? : x = Avo, > O}. To 
this end, assume, without loss of generality, v9 = —e,, and, with the origin 


° 
of coordinates in (2°, set 
QRoe .— {a — (a1 =7rcos0, £2 = rsin@) EN: r>Ro, |\r-O > ao} ' 


where og > 0 and Ro > 6(2°). 
We have the following result, due, basically, to Amick (1988, §2.5). 


Theorem XII.4.1 Let v be a D-solution to (XII.0.1) with f of bounded 
support. Furthermore, suppose that v satisfies (X1II.3.67) uniformly, with vp = 
—e,. Then, for any o > 0 there exist positive numbers Ro, C and y depending 
ono and v, such that? 


3 A much more detailed pointwise decay estimate for the vorticity will be provided 
in Theorem XII.8.4. 
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|w(x)| < C exp(—y|z|), for all € QFo7 , (XII.4.8) 


Therefore, from (XII.4.5), (XII.4.8) and the embedding Theorem II.3.4 it fol- 
lows, in addition, 


|D%w(x)| < Cy exp(—y|2|), for all jal > 0 and alla € Q®07, (XII.4.9) 
where, this time, C' depends also on a. 


Proof. In order to prove (XII.4.8), it is sufficient to prove its validity in the 
following three sector-like regions: 


Si ={rEN: |vg| < 121, x, > My} 
So = {x EN: |x| < K2%2, Lo > Mp2} 
S3= {x EN: |x| < k3(—22), w< —Ms3} 


with «; > 0 arbitrarily large, and M; > 0 sufficiently large, 7 = 1,2,3. We 
begin with the region S$. Consider (XII.3.1) in the domain 2°, with p so large 
that supp (f) C B,. Then, multiplying both sides of (XII.3.1) in 2° by w, we 
find 


(a Vea + ("eves = (v1w”)a, + (vw) x9 a 2|Aw|?, (XII.4.10) 


where we used the notation (-)¢ := O(-)/0E, (Jen := 07(-)/OEOn. Integrating 
the previous relation first over 7; between x7;(> Mj) and oo, then over x2 in 
R, and taking into account Theorem XII.3.2 and Lemma XII.3.9, we get 


d Co 
aoe [2 (er, 2)aery = = f via (er, 0a) + 2f [i4we 
dxiJR R 2, JR 


= — [vu (or, a) . 
R 


In view of the assumptions on v, we can find M; > 0 sufficiently large, such 
that |vi(~)+1| < 1/2, for alla, > M; and all x2 € R. Therefore, the preceding 
inequality furnishes 


d 
— | w? (x1, 22)dre < —$ fu (e1,22)de2, for alla, > M,, 
dx 1 R R 


which, in turn, delivers 
[oP (er22)des <cexp(—a1/2) for alla; > MM, 
R 


where c, = ci(w). Integrating this latter over the interval (#1 — 2,271; + 2), we 
deduce, in particular, 


|W |2,Bo(x) < coexp(—21/2) for alla; > M,, 
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from which, observing that for x € S we have |x| < 21\/«7 + 1, the validity of 
(XII.4.8) in 5; follows with the help of (XII.4.5) and the embedding Theorem 
II.3.4. We shall next prove (XII.4.8) in the region Sz. We begin to observe that, 
in view of the assumption on v, for any ¢ > 0 we can find Mp = Mo(e) > 0 
such that 


|v(x) +e1|<e for alla, CR, r2 > Mp. (XII.4.11) 
For 3 > 0, we introduce the new variables 
f&i=2%2+ Pr, &=%1, 
so that (XII.4.10) furnishes, in particular, 
(1+ 67)(w* Jere, + W* ects + 28(W" eres 2 [(Bvr + v2)w7]e, + (v2w" Jes - 


Integrating both sides of this relation first over £; between (> M2) and 
oo, then over €2 in R, and taking into account Theorem XII.3.2 and Lemma 
XII.3.9, we obtain 


=e Pe [ wr end io i (Bur + 02)u?(Es, &o)dle 


= [ w? (Ex, £2) dee — [ [B(vy +1) + vo]w? (Er, £2)der. 


Using (XII.4.11), we deduce 


d 9 B-Babe fs 
er eg (£1, €2)d&a = fe (£1, €2)d&2, for all &: > M2, 
which, upon integration, allows us to conclude 
—(6+1)e 
[2G Gadte < cgexp(—Yi), Y= ——. 1 > M2 (XII.4.12) 
R 


where c2 = c2(w) > 0 and y > 0 for sufficiently small ¢. Fix x = (41, v2) with 
at > Mz, and, for 6 > 0 small enough, set 


Cs(x) = {y € R?;|ys — 21| < 5, |y2 — 22| < 5}. 


From (XII.4.12) we thus have, with €; = v2 + 321, 


€1+(1+8)6 paitd 
lela.Baca) $ lollacot < f [Penman 
€1—(1+8)d Jai—d 
< c3 exp(—&1) = c3 exp[—y(w2 + Bx1)], to > Mo, 11 ER. 


(XII.4.13) 
We now observe that x2 + G71 > x2 — Bla1|, and since in > it is |a1| < Kare, 
with the choice 3 = 1/(2k2), we infer 
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|x| < vay/1 + 43 < 2(@2 + Br1)\/1 4+ 43, vE So. 


Coupling this information with (XII.4.13), (XII.4.5) and the embedding The- 
orem II.3.4, we conclude the validity of the decay estimate in (XII.4.8) for all 
x € Sy. The proof that the same estimate holds in S3 is completely analo- 
gous to that just furnished for Sy and it is left to the reader. The theorem is 
therefore completely proved. 


An immediate and important consequence of Theorem XII.4.1 is described 
in the following. 


Corollary XII.4.1 Let the assumptions of Theorem XII.4.1 be satisfied. 
Then, the function @ := @ + 4, with ® defined in (XII.3.42) satisfies the 
following pointwise decay 


|B(x)| < Cy exp(—C2|x|) for all x € QR , 
with Ci, i = 1,2, independent of x. 


Proof. By assumption and by Theorem XII.3.3 (with po = 0, for simplicity 
and without loss of generality) we have 


lim &(r)=0, uniformly. (XII.4.14) 


|2|—+00 


Moreover, by an elementary calculation that uses (XII.0.1); and (XII.3.2) we 
find in Q%o _ 
OD 


Ww 
— = = — QW 
O O 
a ee (XII.4.15) 
OD 7 Ow Seah 
Ox2 Ox : 
Consequently, from Theorem XII.4.1 we obtain 
|VP(x)| < cy exp(—co|x|), for all « € QFo7, (XII.4.16) 


with c;, 7 = 1,2, independent of x. Now, for every x = (6,r), and y = (6,11) 
in Qo7, with r; > r, we have 


fae 


aol sie + fo |S 


dp, 


so that, by (XII.4.16), we find 
|D(x)| < |®(y)| + ¢3 exp(—ca|a|), for all « € QRo-”, 


The result then follows by letting |y| — co in this relation and employing 
(XII.4.14). 
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Exercise XIJ.4.2 Let the assumptions of Corollary XII.4.1 hold. Show that 
|D°®(x)| < cr exp(—c2|az|) for all al > 0, 2 € QF? , 


with c; and cz independent of x. Hint: Use (XI11.4.15) along with Theorem XII.3.2 
and Theorem XII.4.1. 


We shall next furnish for the function ® a weighted-L? property holding 
in the whole of Q"°. Precisely, we have the following result due to Sazonov 
(1999, §4). 


Theorem XII.4.2 Let the assumption of Corollary XII.4.1 hold. Then, for 


alle € (0,1),* 
\2 
| HOI eee, (XII.4.17) 
Q 


Ro ja|t+e 


Proof. We begin to observe that, in order to show (XII.4.17), it is enough to 
show the following 


|o/? 
—— < oo, somea< 0. (XII.4.18) 
Q 


Ron{x, <a} jay |t+e 


In fact, since for all 2 in the sector-like region S, := {# € 2: |x| < 
clai|, x1 < a} it is ja| < jay|V1+c?, inequality (XII.4.18) implies 


| oP 
——— <0 
aFons, |z|*t* 


which, in turn, in view of Corollary XII.4.1, secures (XII.4.17). In order to 
prove (XII.4.18), we begin to consider the sequence of problems (N € N, 
N > No > Ro) 


A@®y —v- VOn =v? in 2QN) = QR,N 
i. s _ (XII.4.19) 
®n 505, - loon , vlan, =u 


It is not hard to show that, for each N > No, problem (XII.4.19) has a unique 
solution ® € C'°(Qiy)); see Exercise XII.4.3. Setting dn := & — Oy, from 
(XII.3.43) and (XII.4.19) it follows that 


Adon —v-Von =0 in 2QN) 
i“ (XII.4.20) 
Naan, =0, ?nlosy = 


* Actually, the result holds for all ¢ > 0, but it will be used (and useful) only for ¢ 
in the stated range. 
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Therefore, applying the two-sided maximum principle (Protter & Weinberger 
1967, pp. 61-64) we find 


my, i= min { min &, 0} < ¢n (a) < max { max ®, 0} =m2, LCE Nn). 


(XII.4.21) 
In view of (XII.4.14), for any ¢ > 0, we can find N = N(e) € N such that 
(XII.4.21) holds with m, > —e, mz < ¢, and all N > N. Consequently, 
extending @y to zero outside By, and continuing to denote by ®y such 


extension, we conclude 


IPnllo,a% <M, 
- _ (XII.4.22) 
Nim @n(x) = G(x), uniformly in x € 2°, 


where M > 0 is independent of N. We next write @ N= CN +, where w is a 
smooth “cut-off” function that is 1 for |a| < Ro +6 and is 0 for |a| > Ro +20, 
with 6 sufficiently small. Taking into account that @ satisfies (XII.3.42), we 
may rewrite (XII.4.19) as follows 

AGn —v- Von =g in Qy) 


(XII.4.23) 
(wlan, ~ Cv lazy =0 


where g is a smooth function of compact support independent of N. If we 
multiply through both sides of (XII.4.23); by Cy, integrate by parts over 
Qn), use (XII.4.23)2, and recall that V -v = 0, we at once obtain 


ICvli2 = -(9, cn), 


so that, by (XII.4.22); and by the fact that g € L1(Q"°), we deduce 


Iewlia<C, (XII.4.24) 
with C independent of N. Next, for a < 0, let 
1 
—— ifm>a 
In(—a) 
f(x) = 
——~ ifa< 
In(—21) ei 


Multiplying through both sides of (XII.4.23); by f¢n, integrating by parts 
over §Q(y), and taking into account (XII.4.23)2 and V - v = 0, we easily find 


én|* 
levowll +3 lex eyey, VA) + (9,60) 
pesetaca Vale al 
lew Ju + er| 
+5 a . 
Qewy Mai <a} |r| In* |x1| 


(XII.4.25) 
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By the Cauchy inequality (II.2.5), the properties of f and (XII.4.24) we have 
Ion |? 


ny M{a1<a} |x| In? |r1| 


Cn |? 
cif kl ten 
Quy) Mar <a} |L1| In“ |x| 


with cz independent of N. Moreover, in view of (XII.4.22),, 


(CwVGn, VF) < 2 I 


t cr |Cn 79 


(9, Cn) <3 


with cy independent of N. Finally, by virtue of the assumptions made on v, 
we can choose |a| (and, consequently, ) so large as 


/ Ic Ply + e:| es if In|? 
* Jeonmer<a} [@1| In? |i) ~ 8 egy nfer<a} || In? |x1| 


Employing all the above information into (XII.4.25), we recover 


2 
| lent <4 
Quy N{x1 <a} || In |x1| 


where cq, does not depend on N. Recalling the definition of ¢y,, this latter 
inequality delivers at once 


@ 2 

i; | wt 2% (XII.4.26) 
Quy M{a1 <a} |x| In“ |x| 

with cs independent of N. Fix r > Ro and take N > r. Then (XII.4.26) 

implies 


@x\2 
/ a S65 
QRorMr1<a} |x| ln |x| 


so that, letting N — oo in this relation and using (XII.4.22), by the Lebesgue 
dominated convergence theorem we deduce 


| |5/? 
a ee ee 
Ono Mar <a} |£1| In“ |x| 


which, in turn, by the arbitrariness of r (and the regularity of ®) implies 
(XII.4.18). The proof of the theorem is thus complete. 


Exercise XIJ.4.3 Show that, for each N > No, problem (XII.4.19) has one and 
only one solution 6y € C™(§2(y)). Hint: Use Galerkin method along with the local 
regularity estimates for the Poisson equation given in Exercise [V.4.4 and Exercise 
IV.5.3. 
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The weighted-L? summability property of ® that we have just proved 
allows us to deduce an analogous property for v + e;. Notice that, being v a 
D-solution, we have (cf. (II.6.14)) 


|v + e1|? 
pa Os 
ae |x| In |x| 


where p > 6(.2°). However, we are able to obtain a much stronger summability 
property, as shown in the following theorem due to Sazonov (1999, Lemma 
4). 


Theorem XII.4.3 Let the assumption of Theorem XII.4.1 hold. Then, for 
alle € (0,1),° 


2 
i OPT ee. (XII.4.27) 
QR |x|tt€ 


Proof. The proof is based on a suitable representation of the velocity field v in 
terms of the total head pressure ®. This latter is more simply (and elegantly) 
obtained if we rewrite the linear momentum equation (XII.0.1); in terms of the 
complex variable formalism. Let z = #1 +722, u(z) := v1 (21, 2) +t v2 (a1, £2) 
(i := /—1), and define the operators 


a 1/@ 10) a 4/a 1a 
Oz 7 \ 0a, i Org)? OF 2 \ 0a, ida)” 


Since 2 
U F 

4a aE = Av, +1 Avo 
20% _ a 4; 

OZ - Ox, Bata 

O .% : 
—(u* — 1) = vow —iviw, 
Oz 


from (XII.4.15) and (XII.3.2) we deduce that (XII.0.1); can be rewritten, in 
Qo, as follows 2 

O | Ou Of 

— |4— — (wu? -1)} =2—. XI1.4.2 

Oz | az ] Oz ( 8) 
Pick y = (y1,y2) € Q®°, and set ¢ = y, + iyo. We recall the following 
generalized Cauchy integral formula 

1 wz), 1 f dw 1 


=—-— —dz— — —_— ——= XI1.4.2 
w(¢) on dee Zz a tae I ( 9) 


where A is a bounded subdomain of 2”°, ¢ € A, and w € C!(A). The proof of 
(XII.4.29) is based on the (conjugate form of the) well-known Stokes formula: 


5 See footnote 4. 
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0 

| w(z)dz = 2i |  daxydzy (XII.4.30) 
aA A OZ 

and on the fact that 1/7 is analytic for z 4 0; see, e.g., H6rmander (1966, 

Theorem I.2.1) for details. Choosing in (XII.4.29) w = 40u/0z%—(u? —1) and 

A= Qp,r, we obtain 


1 O,.Ou 5 23 ou 
ai, Oz! OE (u“ — 1) (z) —= dry dxy = (u°(¢) — 1) =o (6) 
“Lf Souler) = (w=) 9p 
271% OQRy,r ze ; 
(XII.4.31) 


Moreover, using (XII.4.30) with A = Qro rn := QR,,r — Bly) and w = 


&(z)/(Z—C¢), we find 


- | EI) dxdx2 = - | 208 zdxidx2 
Cee Q ¢ 


W Z—¢ Tv Ro.r.n (z—- ) 
a 2) ae is Oe) 
20t JaQR rz — § amt J\Z—z\=n 2 — ¢ 
(XII.4.32) 


We would like to let 7 — 0 in this latter relation. We begin to notice that, 
setting € = € + 7&9, it is 


1 2 (@-& pea 
aad =o XII.4.33 
(er leP { lel lé|? \ 


which shows that 1/(€)? is a singular kernel, and, therefore, by Theorem 
II.11.4, we have 


@ @ 
lim al. dx dx = | a dx dx 
0S Pi 2 (EC) Pro, (2 — 6) 


in the P.V. sense, for a.a. ¢ € Qro,r - 
(XII.4.34) 
Furthermore, with the parameterization z = ¢ + ne’, @ € [0, 27], we find, in 
view of the continuity of &, 


A, Qn 
| 28 4 - | &(¢ + net?) edd = o(1) asn 0. 
[C-zl=n7—¢ 0 


From this equation, (XII.4.32) and (XII.4.33) we thus deduce, for a.a. ¢ € 
QRo rs 
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1 (96/82) (z) i (2) ede 
ig, ee a er 


1 @ 
ant BNR, re —S 


where the first integral on the right-hand side of (XII.4.34) is understood in 
the P.V. sense. Combining (XII.4.28), (XII.4.31) and (XII.4.35) we infer 


(XII.4.35) 


u?(¢) -l= 4X (c) + =| Pe) x dxydx2 
Qrgr 


88) * dom EO) 
= 2 Db 
is 40u/0Z(z) — (u — 1)(z) ie. =| (2) 4, 
271 JaQne.r Z-¢ Tt SOQ 2 —G 
(XII.4.36) 


We finally let r — oo in (XII.4.36). Employing the properties 
v(z) +e1, Vu(r), ®(x) +0, uniformly as |2| — oo 
and taking into account that 1/|Z—C¢| = O(|z|~') as |z| — oo for each fixed 


¢ € Qo, by letting r — oo into (XII.4.36) we at once reach the desired 
representation: 


w(¢)-1= =. oats + so) 


7 z-C) Oz 
tg [Sue DO) oy 1 f a0) 5, 
Wri Janno z—¢ TiJaon,Z-C 
2 P(z 
mf eereuea + FO 
(XII.4.37) 


for a.a. ¢ € 2% and where, again, the integral on the right-hand side of 
the last line in (XII.4.37) is interpreted in a suitable sense that will be made 
clear next. In fact, in view of the properties (XII.4.33) of the kernel 1/(€)?, 
Theorem XII.4.2 and Stein’s Theorem IT.11.5, the integral transform 


b) = (2) xrydx 
S(P) = I... Go" 1dx2 


is well-defined (in the P.V. sense) and, for all ¢ € (0,1), it satisfies 


|a|+9/? (8) € L?(Q), (XII.4.38) 


Since, for each fixed z € 02°, 1/|zZz—C¢| = O(|¢|~+) as |¢| — 00, and since v 
is a D-solution, we easily establish 
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jal+e)/2 #(u)e L2(2"), R> Ro, (XII.4.39) 
so that, by (XII.4.37)—(XII.4.39), we conclude 
jar|+2)/2 (42 — 1) € L2(QR). 


Let us denote by L?,(2”) the (weighted) space of functions g with the property 
|a|+2)/2 g € L?(Q®). Observing that u?—1 = v? -1—v242iv,v2, we deduce: 
(i) —ve + (v1 + 1)v2e = g, and (ii) vf —1— v3 =h, with g,h € L?2,(2"). Thus, 
recalling that: (iii) vi(@) + 1 = o(1) as |x| — oo, from (i) it follows, for 
sufficiently large |x|, 


|v2(x)| < |9(@)| + Jvr(x) + 1] |v2(x)| < |g(@)| + Zlve(@)I, 
that is, vg € L?,(Q"°).© Replacing this information back in (ii), we find v? — 


1= f, with f € 17,(Q®). Since 2(u, + 1) = (ur + 1)(v1 +1) — v7 +1, by (iii) 
we recover, for sufficiently large |x|, 


2|er(x) + 1] S |F(@)| + fore) + 1 Jor) + 1] S| F(@)| + loa) + 1 


that is vy + 1 € L?,(Q”°), and the proof of the theorem is completed. 


XII.5 Existence and Uniqueness of Solutions for Small 
Data and ve 4 0 


Objective of this section is to show that the two-dimensional exterior problem 
admits a unique solution —at least when the velocity vo is not zero and the 
data are sufficiently small. 

The leading idea is the same we used in similar circumstances, namely, 
to couple suitably the L%-estimates derived for the linearized approximation 
together with a contraction mapping argument. It is important to empha- 
size, however, that this procedure is not going to work unless v. #4 0 and, 
even in this situation, its success is by no means evident a priori, as we are 
about to illustrate. To begin, let us take first vu. = 0. As we know from the 
linearized Stokes theory of Section V.3 and Section V.5, in such a case only 
two types of existence results with corresponding L%-estimates are available: 
those of Theorem V.4.6 and those of Theorem V.5.1. Now, by those of Theo- 
rem V.4.6 we are not able to control the behavior of the solution at infinity, 
while the results of Theorem V.5.1 require for their validity a (necessary and 
sufficient) compatibility condition on the data, and we cannot use them to 
prove existence unless we show that such a condition is also necessary in the 
nonlinear case. We may then conclude that the L’ theory developed for the 


® Recall that v is C° (Qo). 
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Stokes problem, as it stands, cannot be used to obtain existence for the full 
nonlinear Navier-Stokes problem. In fact, existence of solutions of the exterior 
two-dimensional Navier-Stokes problem corresponding to v4, = 0 remains an 
open question, even for small data.! 

On the other hand, the L% theory for the linearized Oseen problem de- 
rived in Theorem VII.5.1 does not suffer from these drawbacks and can be 
used, at least in principle, to show existence to the nonlinear problem when 
Vo #0, Voo = €1, say. However, employing these estimates, together with a 
contraction-mapping technique, we have to face other problems. Actually, we 
wish to find a fixed point (in a subset X of an appropriate Banach space) of 
the mapping 

L:wexX oL(u)=veEex 


where v solves the problem 


Ai BO ig Tyee kG 


Ox) in (2 
wi % (XIL.5.1) 
Vv =U, +e, at 02 
| Tee v(x) = 0. 


In the limit of small data, i.e.,  — 0, as is usually requested by a contraction 
argument, there will be a competition between the linear term 


Ov 
R— XIT.5.2 
On ( ) 
and the nonlinear one 
Ru:-Vu. (XII.5.3) 


If, in the range of vanishing R, the contribution of the former were negligible 
with respect to that of the latter, it would be very unlikely to prove existence, 
because the linear part in (XII.5.1) would then approach the Stokes system 
for which, as we noticed, the procedure is not working. Fortunately, what 
happens is that (XII.5.2) prevails on (XII.5.3) and the machinery produces 
nonlinear existence. Nevertheless, the proof of this fact is by no means trivial 
and, in fact, it relies on the following two crucial circumstances: 

(a) The validity of suitable, new a priori estimates for solutions to the 
linearized Oseen problem where, unlike those derived in Theorem VII.7.1 
(cf. (VII.7.29)), the constant c entering the estimates themselves does not 
depend on R € (0, 1]; cf. Lemma XII.5.1. Because of the Stokes paradox, the 
new estimates have to be weaker than (VII.7.29); cf. Remark VII.7.2. 


' See the Notes for this Chapter regarding some existence results when vx = 0. 
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(b) The component v2 of the velocity field v in the solution to the Oseen 
problem, presents no “wake region” and, as a consequence, it has at large 
distances a behavior “better” than that exhibited by the component v. 


For simplicity, we shall restrict ourselves to the case when the domain 
92 is exterior to a single “body” (the closure of a bounded, simply-connected 
domain), leaving to the reader the task of considering more general situations. 
In addition, in order to render the notation less heavy, throughout this section 
the Reynolds number R will be denoted by X. 


We next introduce some other notations that will be frequently used in the 
sequel. For q € (1,6/5], we indicate by Cy the class of those vector functions 
u = (ui, U2) defined in 2Q such that: 


ity € LPO 9) n D'4(Q) 
u € 134/829) (2) 9) D*4(Q). 
For wu € C, and \ > 0, we put 


(u)a,q = A(|Ualleq/(2—q) + [uala,q) + A?/9 | el] 3q/(3—2q) + A JUh1,39/(3—a) 
(XII.5.4) 


and, as usual, we write (u)),¢,@ when we need to specify the domain where 
the norm (XII.5.4) is defined. 


Remark XII.5.1 For u € Cg, it holds that 


lim u(#) =0 uniformly. 


|a|—+-00 


Actually, by Theorem II.6.1, uw € D1:24/(2-9(Q). Since 2q/(2 — q) > 2 and 
u € L34/3-29)(Q2), the property follows from Theorem II.9.1. If w has only 
finite norm (XII.5.4), then 
20 
lim |w(|x|, @)|d0 = 0. (XII.5.5) 


|z|—00 Jo 


In fact, if ¢ € (1,6/5) then w € D1"(Q2) for some r < 2 and so from Lemma 
11.6.3 and the condition u € L°4/@—?9(Q) we find (XII.5.5). If gq = 6/5, we 
have wu € Dt:?(Q) L°(Q), and we proceed as follows. Set 


20 
f(r) = f° fur, 0)/2ao, = ft 
0 
Then there exists a sequence {r,} CR; accumulating at infinity such that 


lim f(r,) =0. 


Tn—oo 


For all sufficiently large r we may find n € N such that 
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f(r) =sm+2 ff Su(p.0) A apa 


Applying the Hélder inequality on the right-hand side of this relation, it fol- 
lows that 


1/3 


IFC) < [f€rn)| + 2lltle.o,, Ieela.2,0, ( / do) | 


which again proves (XII.5.5). oO 


We shall now give some preparatory results. Our first objective is to prove 
a fundamental estimate for the linearized Oseen problem corresponding to 
zero body force. 


Lemma XII.5.1 Let 2 C R? be an exterior domain of class C? and let 
u, © W2-V/49(8Q),1 <q < 6/5. 


Then, for any \ > 0 there is a unique solution to the Oseen problem 


Au + soe =Vr 
Oxy 


V-u=0 
u=u, at 022 


in 22 
(XII.5.6) 


lim u(x) =0 


|z|—-0co 


such that u € Cy, 7 € D':4(Q). Moreover, if q € (1,6/5) there is a Xo > 0 
such that for all X € (0, Ao] 


(t)x,q < A24-1/9| log Al [lees |]2—1/4,9(02) (XII.5.7) 
with c = c(2,q, Xo). 


Proof. From Theorem VII.5.1 we know that there is a unique solution to 
problem (XII.5.6) with (u)),_ finite and such that 


ae D419"), we D4(Q*), (XII.5.8) 
On the other hand, from Theorem IV.4.1 and Theorem IV.5.1 we obtain 


||el]2,¢,.0n + [I7Ml1¢,.en <1 (AlDitd]lgcon + [lelli¢.207 (XIL5.9) 
+||7|lq,Q2n + || + |l2-1/¢,q(02)) . 


Since, by Theorem VII.5.1 and (VII.7.14), u and 7 satisfy for all R > 6(2°) 


I[2|l2,0% + |l7Illo,0n + luli2 < co. + A)||UsKl1/2,2(02); (XIL5.10) 
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from (XII.5.9), (XII.5.10) it follows that 


I[Ulloq.2n + It lh1¢.en < C(t ll2-1/4,q(a2) + |!Uell1/2,2¢a@))-  (XIL-5.11) 


However, the trace Theorem II.4.4 implies that 


|| 2+ |]1/2,2(a2) S elles |l2-1/¢,q(a2) 


and from (XII.5.11) we conclude that 


Il24\l2,¢,.2n + WItMl1.¢,.en < Callt«ll2-1/¢,q(02) (XII.5.12) 


with c4 independent of » € (0, 8B], arbitrary B > 0. Thus, in particular, 
(XII.5.9) and (XII.5.13) tell us 


weCy, Ee D4(2), 


completing the proof of the first part of the lemma. We now pass to the proof 
of (XII.5.7). Without loss of generality, we assume that 2° C B,/2, with the 


origin of coordinates taken in 2°. From the embedding Theorem II.3.4, 


I|22||29/(2-¢),.@1 + [Uali,¢,21 + |lUll3q/(3—2q),21 + |Ul1,39/(3-@),21 S C5lUl2,¢,0 

(XII.5.13) 
and so, since 2(1 — 1/q) < 1/3 for q € (1,6/5), from (XII.5.12), (XII.5.13), 
and all \ € (0, 1] we find for some cg independent of A 


(tt) 9,21 < cgA24E-M/OF lan lo —1/q,¢(02) (XIL5.14) 


where ¢ = 1/3 — 2(1 — 1/q) > 0. Let us denote by E(x; A) the Oseen tensor 
corresponding to the Reynolds number 4. From Exercise VII.3.5 we know that 
E obeys the homogeneity condition 


E(a;) = E(Aa; 1). (XII.5.15) 


Moreover, from the representation Theorem VII.6.2 we deduce for 7 = 1,2 
that 


uj = —T(u) - E(x; A) 
+f u,(z)- TLE; (a — z; A), e;(@ — z)] - n(z)do,z 
AQ 
(XIL.5.16) 


—A] u,(z)- Ej (x — 2; A)ni(z)doz 
aQ 


— | [Ej (x — 2) — E,;(;A)]-T(u, 2) - n(z)do,z 
AQ 


with 
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T(u) = T(u,7)-n 
AQ 
and 


Ey = (£11, Fiz) 
E> = (E42, E22). 
Recalling that Q° C By/2 from (XII.5.16) and the mean value theorem applied 
to D*(Ej(x — z;A) — E(x; )), a = 0,1, we derive for all x € 2! 
|uj(x)| < |T(w)||B; (2; A)| 
+D{Xr sup |E;(a— z;A)| 
ZED) /2 
+ sup |le(x — z)|+|V2E;(x — 2; A)|]} 
2621/2 (XII.5.18) 
|Vu;(x)| < |T(w)||VE; (2; A)|+ D{A sup |V2E;(x — z;\)| 


2E21/2 


+ sup [|V2e(x — z)| + |D2E;(# — 2;A)I]} 
zE24/2 


(XII.5.17) 


where 
D=|Vulliae + |ltI|h1,00 + ||Usll1,00- (XI1.5.19) 
Taking into account (XII.5.15), from (XII.5.18); we find, with y = Az, 
a) (2 Cae) AY eee, [y= Aaa) 


ZEN 2 


+ le(y — Az)| + [Vy FE; (y — Az; IT} 


<|T(w Es; | + AD{ sup [|Ej(y— 2; 1)| 
|2|SA/2 


+ ley — 2) + |VyFi(y — 2 DID 


and so 


est cox S 29-74 |Z (w) [1 (5 Il pe 
ly|2r 
+ le(y — 2) + [Vy Bi(y — 25 1)I]}"dy}. 
To estimate the integral on the right-hand side of (XII.5.20) we observe that 


/ sup |B; (y — 2; i'dy < f sup |E,j(y— z;1)|‘dy 
lyl>d lel<a/2 2>|y|>d |z|<A/2 


+ / sup |Ej(y — 231)|*dy. 
|y|>2 |z|<1/2 
(XII.5.21) 
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From (VII.3.36) we have 
|E(y — 2;1)| < e(|log|y — 2|| +1), lyl, lzl <2 
and since 
|z| < A/2,|y| => A implies |y— z| > 5lyl, (XII.5.22) 


it follows that 


| sup |E;(y — 2; 1)|’dy < e7 (XII.5.23) 
2>|y|2A |z|<A/2 


with cz independent of A € (0,1). Furthermore, since by the mean value 
theorem, 


(Byly-2)- Byy))| =a}, ge (1), 


from (VII.3.37) and (VII.3.45) it follows for all |y| sufficiently large (> |yol, 
say) that 


[sap Mey anitdy se f (s(ui al + lula 
lyl>lyo| |zl<1/2 wis Wel 


t wy =7 
r= 
3/2 if j =2. 
From the local regularity of EZ, and from (VII.3.42), (VII.3.43) we conclude 
that 


where 


/ sup |E;(y —2;1)|’dy < cs (X1I.5.24) 
lyl=2 |z|<1/2 


with cg independent of A € (0, 1] for all values of ¢ such that 
Ej(y;1) € L*(\yl = [yol).- (XI1.5.25) 
Collecting (XII.5.21), (XII.5.23), and (XII.5.24), it follows that 
/ sup |Ej(y — 2;1)|'dy < cg (XII.5.26) 
lyl2A |2|SA/2 


with cg independent of  € (0,1] and for all values of ¢ for which (XII.5.25) 
holds. In addition, from (VII.3.17) and (XII.5.22) we infer for all t > 2 that 


/ sup le(y— 2;1)|'dy < ciol f \y|~ ‘dy 
ly 2> 


[DA |z|<A/2 lyl2r 


+{ sup ly 2|-tdy}  (X1L5-27) 
lyl>2 |21<1/2 


< eat Ae * + 1). 
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Likewise, 


i, sup |VyEj(y — 2;1)|*dy < 
ly 


[>Alz|<A/2 
‘ sup |VyEj(y — 2; 1)|'dy + / sup |VyEj(y— 2; 1)|"dy. 
2>|y|2r |z|<A/2 lyl=2 |z|<1/2 
(XII.5.28) 
From (VII.3.36) we have 
|VE(y—21)| <eraly—zl-*, lyl lel <2 
and so, by (XII.5.22), it follows that 
| sup |VyEj(y— 2; 1)|‘dy < a | ly|*dy < era(1 +7). 
2>|ylZa |z1<d/2 2>|y|>0 
(XII.5.29) 


Also, employing the asymptotic properties of VE;(y;1) (cf. (VIL.3.46) and 
(VII.3.47)) together with the following ones on the second derivatives, 


|D? E;(y)| < elyl-* 


where? 
3/2 for j =1 
sj = 
2 forj=2 


we are able to establish, exactly as we did for (XII.5.24), the following esti- 
mate: 


/ sup |V,Ej(x — 2;1)|'dy < cis (XII.5.30) 
lyl=2 |z|<1/2 


for those values of t such that 
VE;(y;1) € L*(ly| = |yol). (XII.5.31) 


Thus, from (XII.5.28)—(XII.5.30) we recover 


; sup |VyE;(y— 2;1)|'dy < c16(1 + 7), (XII.5.32) 
IyI>d |z1Sd/2 


with cig independent of \ and ¢ satisfying (XII.5.31). From (XII.5.20), 
(XII.5.26), (XII.5.27), and (XII.5.32) we find 


Ilusllt.ar S cr7 (?"|7(u))| eye x44) 


? These bounds on D®E; are obtained directly by a formal differentiation of 
(VII.3.37). 
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for all A € (0, 1], for all ¢ for which (XII.5.25) and (XII.5.31) hold, and with 
a constant c;7 independent of X. Since t > 2, from this latter inequality, we 
deduce that 


llujlle,a: < 2erz (A-?/"|T(w))| + D). (XIL.5.33) 
Estimate (XII.5.33) furnishes, in particular, 


Allusllag/(2—.28 + 22/*Iiullag/(a-anar Se (220 |T(u))] + 22/2D) 
(XII.5.34) 
with ¢ independent of X € (0,1].° In a completely analogous way, starting 
with (XII.5.18)2 we show 


leltr,ar S279? {|Z (uw) VEG (Ys DI we 


+p" f { sup [|V,£;(y — z;1)| 
lyl2A |z|<A/2 


+ |Vyely — 2)| + |D2E,(y — 2: I]} ay}. 
Therefore, noting that, by (VII.3.17), 
|Vye(y — 2)| < casly — 2177, 


and that by (VII.3.21), 


i sup |DIE;(y — 2;1)|"dy < cio | ly|~?7 dy 
2>|yl>d l2l<A/2 2>|y|>A 

< ca9(1 + 20-7), 
using the same procedure employed to obtain (XII.5.33), we arrive at 


lebdli sig eda (?/"|T(w)| ‘ D) (XII.5.35) 


for all values of X € (0, 1] and all values of 7 such that 


VE;(y;1) € L7(|y| = |yol), 
D°E; € L"(\y| = |yol)- 


Thus, from (VII.3.46), (VII.3.49) and (XII.5.35), and observing that 7 > 1, 
we derive, in particular, 


Netala,¢,001 +*/3|etl1,39/(8—9),02 < € (20-9 | 7 (u)| 4 AVS) (XII.5.36) 


3 Observe that A < A?/3 for 0 << A <1. 
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for some c = c(2,q) and with q € (1,6/5). The next step is to increase D 
(defined in (XII.5.19)) in terms of the boundary norm ||t.||2~1/¢,q(a.@)- Using 
the trace Theorem II.4.4 we have 


D < 92 (|lull2,¢,01 + [It ll1¢,01 + [le ll2-1/4,0(02)) 
and so this inequality, together with (XII.5.12), implies 
D < €93||U«||2-1/9,q(82)- 


Observing that 1/3 > 2(1 — 1/q) for q € (1,6/5), from (XII.5.14), (XI1.5.34), 
and (XII.5.36) we obtain 


(2) xq < CoaN2A-M/D (|T(e)| + AP || tee ll2—1/4,9(0.0)) (XII.5.37) 


with « = 1/3 — 2(1 — 1/q) > 0. From Theorem VII.8.1 we know that there is 
a Ay > 0 such that 
|Z (w)| < c25| log A|~* || |]2-1/4,q(02) 


for all A € (0, Ai] and with co5 = co5(2,¢, 1). Thus, replacing this estimate 
in (XII.5.37), we recover (XII.5.7) with Ao = min{1, A}, and the lemma is 
proved. 


Remark XII.5.2 By using the same line of proof, one can show that if q = 
6/5, the solutions of the previous lemma satisfy the weaker estimate 


(tb) a,¢ < cO-/9) a, |o—1 /q,q(82) 
for all \ € (0, 1]. E 


The next result shows an estimate for solutions to the Oseen problem 
with zero boundary data. It is somehow weaker than that shown in Theorem 
VIL.7.1, cf. (VIIL.7.29), but with the advantage that, in the present case, the 
constant c that enters the estimate can be rendered independent of \ € (0, 1]. 


Lemma XII.5.2 Let 2 be as in Lemma XII.5.1. Then, given 
f € L (2), 1<q< 6/5, 


there is at least one solution to the Oseen problem: 


Nigga yg 
Ox) in 22 
V-w=0 
(XII.5.38) 
w=0atdon 


lim w(x) =0 


|z|—-co 
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such that 
wey, TE D2). 


This solution satisfies the estimate 
(w)r.q S ll fla (XII.5.39) 


for all X € (0,Ao0] (Ao given in Lemma XII.5.1) and with c = c(,4q, Xo). 
Moreover, if wy , 7 is another solution to (XII.5.38) corresponding to the 
same data and with (w,),q finite,* then w = w1. 


Proof. Extend f to zero outside 2 and continue to denote by f this extension. 
We look for a solution w, 7 of the form 


w=v+t+u, T=p+r (XII.5.40) 
where ; 
v 
Av + A =Vpt+ 
Ox, nee in R? 
V-v=0 
while u, 7 solve problem (XII.5.6) with wu. = —v at 02. From Theorem 


VII.4.1 we know that there is a unique solution v, p satisfying the estimate 
(U)r,q + [tlaq + IPlig S call fla (XII.5.41) 


with c; independent of A € (0, 1]. We need another estimate for a suitable 
norm of v on the unit ball B centered at the origin. To this end, we write v 
as the Oseen volume potential (VII.3.50),° 


v(x) = bs E(x —y;)- fly)dy = a E(X(a — y);1)- f(y)dy 


where the homogeneity property (XII.5.15) has been employed. By the Holder 
inequality we have (with q’ = q/(q—1)) 


loco < (fee — asa) Il 


Since 


[ JE(A(@ — y);1)|" dy < x | |E(z; 1% dz = od, 
R? R2 


it follows that 
Il llqr.B < 2cA22-/9 || Fl, (XIL5.42) 


4 Of course, wi and 7; satisfy (XII.5.38) in the sense of Definition VII.1.1(v). 
° This is easily shown by a standard approximating procedure that starts with 
f € C§° (2) and uses (XII.5.41). 
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which is the inequality we wanted to show. We now pass to the solution u, 7. 
From Lemma XII.5.1 we know that 


weCy, TE D2) 
and that for all A € (0, Ao] 
(U) rq < c2X20-1/9 |lyllo_ 1 /q,q(a2)- (XIL.5.43) 


Our task is to increase the right-hand side of (XII.5.43) in terms of f. To 
this end, we observe that by the trace Theorem II.4.4, the Ehrling inequality 
(II.5.20), and the Holder inequality,® 


I|vll2-1/4,q(0.2) S Callvll2g,a1 < C4 (IlUllq,a1 + |Ul2,¢,21) 
with cs depending only on 9. Since q’ > q, from this latter inequality and 
(XTI.5.41)—(X1I.5.43) we conclude, for all A € (0, Ao], that 
(u)ag <csllflla (XII.5.44) 


with ce = ce(,q, Ao). Estimate (XII.5.39) then becomes a consequence of 
(XTI.5.40), (XTI.5.41), and (XII.5.44). To show the result completely we have 
to prove the uniqueness part. However, this follows from Exercise VII.6.2 once 
we notice that w and wy, are 3q/(3 — q)-generalized solutions to the Oseen 
problem corresponding to the same data (cf. Remark XII.5.1). 


Remark XII.5.3 Lemma XII.5.2 can be extended to the case gq = 6/5. In 
such a situation we may take Ag = 1. 


Combining Lemma XII.5.1 and Lemma XII.5.2, we immediately obtain 
the following result. oO 


Lemma XII.5.3 Let 2 be as in Lemma XII.5.1. Then, given 
f € LQ), us €W2-V998N), 1<q< 6/5, 


there is a unique solution to the Oseen problem 


Ajj Gag 
Ox, 


V:-u=0 
u=u, at 022 


in 22 


lim u(x) = 0 


|x|—-0o 


such that u € Cy, 7 € D'%. Moreover, there is a \o > 0 such that for all 
A € (0, Ao], this solution satisfies 


° We may assume, without loss, that 2° is contained in B, /2: 
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(ut) x,q $ ¢ [XE | log AI tell —1/4.9(00) + II Fla] 


with c = c(92,q, Ao). 


Finally, we need the following result concerning functions having a finite 
(-),q-norm. 


Lemma XII.5.4 Let 2 be an arbitrary domain in R? and let v, w be two 
solenoidal vector functions in 2 for which the norm (XII.5.4), withl<q< 
6/5, is finite. Then the following inequality holds for all A > 0 


|v Vewllg < 447 PO (0) 5.9 (W) r,9- 


Proof. Taking into account that v and w are divergence-free, we obtain 


v:-Vw= adie Seg ey + ip OO hg e2 
v2 Ox Ox, Ox 


and so, by the Hélder inequality and (XII.5.4), 


|v - Vella < (ler llsq/(g—2¢) 21,32 + ||valls|e]1,39/(3-@) 


ie on (XII.5.45) 
< (A798 |walt,3/2(¥)a,q + X73 lvalls(w)a,9) - 


From the interpolation inequality (II.2.10) we find (with gq’ = q/(q—1)) that 


/d 


3 1—3/q' = is 

|wali.s/2 S wala lwalt serfs) SA T/t M3 (w) avg 
6/q' 1—6/q’ =o gl 

llealls < lleallee so llvllsg/(a-2q) SO 78 (@) avg 


and the lemma becomes a consequence of this relation and (XII.5.45). 


We are now in a position to prove an existence and uniqueness result for 
the nonlinear problem. We shall prove it when (2 is an exterior domain, leaving 
to the reader the (much simpler) case where 2 = R? in Exercise XII.5.1. 


Theorem XII.5.1 Let Q C R? be an exterior domain of class C? and let 
fe LQ), vx € W?-V49(A2), Vo = e1 


with q € (1,6/5). There exists a positive constant \o > 0 such that if for some 
At (0, Aol; 


[log A\-?||v« + e1]2-1/q,q(.2) + 7/7 "IF lq < 1/32c?, (XII.5.46) 


with c given in Lemma XIL.5.3, then problem (XII.0.1), (XII.0.2) (with R = X) 
has at least one solution v, p such that 


XII.5 Existence and Uniqueness of Solutions for Small Data and vx 4 0 849 
vg € [79/C-9(2) 7 D"4(2) 
v te, € 134/(3-29)(2) A D134/8-9 (Q) A D2-4(Q) 
pe D'4(Q). 
Furthermore, this solution satisfies the estimate 
(v+ei)raqg oe (etn) log A|~*||v« — €1|]2-1/¢,q002) + Alfila) 
(XII.5.47) 


where (-)y,q is defined in (XII.5.4). Finally, if v1,p, is another solution to 
problem (XII.0.1), (XII.0.2) corresponding to the same data such that 


c\~20-1/9) (yy + €1) yg < 13/64, (XII.5.48) 
then v = v, and p= p; + const. 


Proof. We look for a solution v to (XII.0.1), (XTI.0.2) of the form 


v=utrrt-VOu+e,, p=pyt+r2b-Vdq, (XIL5.49) 
where P 
Attg +5 = Vpo + Af 
at in 2 
V+ up =0 
=e (XII.5.50) 
Up = Vv, +e; at OL 
| ie u(x) =0 
and 


Au+ ou = APG Day .Vu +)201-1/9) 246 -Vuo 


Ox, 
+uo:- Vu+u-Vuol + Va in 92 
V:-u=0 
w=0 at on 
one =0. 
(XIL.5.51) 


A solution to (XII.5.50) is determined by Lemma XII.5.3. For all A € (0, Ao] 
such a solution obeys the estimate 


(uo)ag S$ ¢ (2AM) log Al etell2—1/q.9(00) + Allflla) =D. (XIL5.52) 


A solution to (XII.5.51) is likewise obtained from Lemma XII.5.1 with the 
help of the contraction-mapping theorem. To this end, for » € (0, Ao], set 
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Byg={w: QR: (w)yqg <0; Vi'w=0in 2; w=0at ON}. 
Clearly, By, is a Banach space endowed with the norm (-)),4. For 6 > 0, let 
Xyg6 = {we Byg: (W)rq <5}. 
Consider the mapping 
L:wé Xyq5 > L(w) = ue Bya, (XII.5.53) 


where u solves 
Ou 
(Vu, Ve) = —A(a—, Ve) — (Fw), ¥) (XI1.5.54) 
1 
for all y € D(2), with 


F(w) =X (20-M/Ow Vw + AORN Digs -Vup tuo: Vw+tw- Vuo) : 
(XII.5.55) 
By Lemma XII.5.4 it follows that 


I|F(w)llq < 00, 


and so, by Lemma XII.5.2, we derive that the mapping (XII.5.53) is well 
defined and that the solution wu verifies 


uw € D®1(2), mE DY4(2) (X11.5.56) 


where 7 is the pressure field associated to wu by Lemma VII.1.1. Thus, in 
particular, u(a) tends to zero uniformly as |a| — 00; cf. Remark XII.5.1. We 
next show that, given A € (0, Ao] there is a 6 = d(A) > 0 such that L is 
a contraction in X),4,5, provided the data obey condition (XII.5.46). From 
Lemma XIL.5.4, (XII.5.52), and (XII.5.55) we find 


|F(w)||q <4 ((w)3.4 4. \-4(1=1/4) p2 4 2-20-19) Dw) 9) 
and therefore, in view of Lemma XII.5.3, we obtain that for any w € X)_ 9,5 
there is a unique solution u to (XII.5.54)—(XII.5.55) satisfying (XII.5.56) such 
that 


(u) x9 = (L(w))a.4 < de ((w)3.4 + \740-1/49) p2 ge 2-20-19) Dw) ,) 
(XII.5.57) 
Since (w),.¢ < 6, the preceding inequality yields 


(L(w)) rq < 4e (0° 4+ 74G-1/9) p2 + 2y-2-1/4) D5) (XII.5.58) 


Thus, taking (for instance) 
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eA VOD & Gla), (XII.5.59) 
from (XII.5.57) it follows for all A € (0, Ao] that 


en) 

(L(w))aq S 4e- = = 5, (XII.5.60) 
which furnishes that the mapping (XII.5.53) transforms X)_9,5 into itself, with 
6 given in (XII.5.59). It is now simple to show that, in fact, D is a contraction in 
X),q,6- Actually, performing the same kind of reasoning leading to (XII.5.57), 
for any w 1, W2 € X),q,5 we show 


(L(wi) — L(w2))x,q < 4c[2A-79 “1/9 (tg) 3,q(w1 — We) r.9 


+ ((w1)a,q + (Wa) d,q) (Wi — W2)r,q] 


and so, by (XII.5.52) and (XII.5.59) we deduce that 


(L(w, — L(we))r,.q < 8¢ (a-20-1/) p + 6) (wi — W2)r,q S$ =(wi — We) r,9, 


1 
2 
which proves that L is a contraction in X)\4,5. We may thus conclude that, 
under the assumption (XII.5.59) (that is, (XII.5.46)) on v., f, and A, problem 
(XII.5.51) admits at least one solution uw with (w)),q finite. In fact, in view of 
Lemma XII.5.2, it follows that u, 7 also satisfy condition (XII.5.56) with 
pressure field associated to wu. As a consequence, the fields (XII.5.49) consti- 
tute a solution to (XII.0.1), (XII.0.2). Furthermore, by (XII.5.52), (XII.5.59), 
and (XII.5.60) we find that v also satisfies estimate (XII.5.47). It remains to 
show uniqueness. Setting 


W=U-—V, T=Pp—Ppi, 


we have - 
Ww 
Aw + A— =Vart+ 
Ox a in (2 
V-w=0 
w=0 at don 
| jim w(x) = 0. 
where 


g:=X(w-Vuit+u-Vw). 
From Lemma XII.5.3 and Lemma XII.5.4 it follows that 


(w)y,q < 4cA724-1/9 (apy) yg (ta) aq + (U4) 0,9) « (XII.5.61) 


By a direct computation that makes use of (XII.5.57)—(XII.5.59) we find 
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Ach ?0-1/9) ((a41) aq + (t)a,9) <1 


so that (XII.5.61) implies w = 0, thus completing the proof of the theorem. 


Remark XII.5.4 It is worth observing that Theorem XII.5.1 does not re- 
quire that the datum v, satisfies the zero-outflux condition: 


| vy. n=0. 
Xe) 


Remark XII.5.5 We wish to emphasize that Theorem XII.5.1 furnishes ex- 
istence (and uniqueness) for the physically significant problem obtained by 
setting v. = f = 0, and describing the (plane) steady flow of a viscous liq- 
uid around a cylinder translating with constant speed. Let us denote by F 
this problem. For problem #, the assumption (XII.5.46) reduces, in fact, to 
|logA| > c, for some c = c(22) > 0, which is certainly satisfied by taking 
sufficiently small, which means, small translating speed. It is also interesting 
to observe that the logarithmic factor, that is crucial to prove such a result, 
comes from the estimate of the total force, T = T(A), exerted by the liquid on 
the cylinder in the Oseen approximation, and provided in Theorem VII.8.1. 
As we know, in the class of generalized solutions to the Oseen approximation 
T(A) is not zero for all \ > 0, while it becomes zero in the Stokes approxi- 
mation, that corresponds to A = 0 (Stokes paradox, see Remark V.3.5). So, 
we are expecting T(A) — 0 as A — 0, and Theorem VII.8.1 gives us an esti- 
mate of the rate at which this happens. Consequently, if there were no Stokes 
paradox, we would have not been able to prove existence for probllen Y! 


Remark XII.5.6 Solutions determined in Theorem XII.5.1 are unique in 
the class of those solutions verifying (XII.5.48). This result is much weaker 
than the analogous one proved for the three-dimensional case. In fact, for the 
situation at hand, we must require that both v and v, are small in suitable 
norms, and it is not known if a solution v obeying (XII.5.46) is unique in 
the class of those solutions v; that merely satisfy the condition (v1) \,q < 00; 
cf. also Section XII.2. 


Remark XII.5.7 Since q < 6/5, solutions determined in Theorem XII.5.1 
belong to D1*(Q), for some s < 2. Moreover, they are generalized solutions 
in the sense of Definition IX.1.1. In fact, they obviously satisfy conditions 
(ii)-(v). Furthermore, since v € D?4(Q) 9 Dt34/B-9(Q), 1 < q < 6/5, by 
Theorem II.6.1, it follows that v € D!:?4/@-9(Q) and so, noticing that 


3q/(3 — q) < 2 < 2q/(2—4q) 


we conclude, by interpolation, that v € D1:?() and so also issue (i) of Defi- 
nition X.1.1 is verified. Oo 
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Remark XII.5.8 Solutions determined in Theorem XII.5.1 satisfy the en- 
ergy equality; cf. Corollary XII.7.1. Oo 


Exercise XII.5.1 Let f € L7(R*), 1 <q < 6/5. Show that there is an M > 0 such 
that if 

"1 fla <M, 
problem (XII.0.1), (XII.0.2) in Q = R? with v. = e1 admits at least one solution 
v,p satisfying the following properties: 


(v)y,qR2 < 00, VE D?4(R*), pe D4 (R?). 


Discuss also the uniqueness of these solutions. 


XII.6 A Necessary Condition for Non-Existence with 
Arbitrary Large Data 


In the previous section we have shown existence of solutions corresponding 
tO Ux # 0, provided the size of the data is suitably restricted (depending 
on the Reynolds number). On the other side, we know from Section XII.2 
and Section XII.3 that, for data of arbitrary size (and sufficiently smooth),+ 
we can construct a corresponding pair (v,p) satisfying (XII.0.1). As far as 
the behavior at infinity is concerned, namely, (XII.0.2), at least in the very 
significant physical case v, = f = 0, we know that such a v tends, as |x| > co, 
to a vector Vo, in a suitable sense, and, in the case of symmetric flow, even 
uniformly pointwise; see Theorem XII.3.4 and Remark XII.3.2. However, we 
do not know if v9 = Ve. 

At this point, it appears natural to investigate whether solutions corre- 
sponding to large data do exist. This question has been taken up by Galdi 
(1999b) in the case when v, = f = 0 and 2 possesses an axis of symmetry, 
that we may take coincident with the 7-axis (say). Under such assumption 
on the data and after suitable scaling, we may rewrite the original problem 
(XII.0.1)—(X1I.0.2) as follows 


Av =v-Vv+Vp 
in 


V-v=0 
XII.6.1 
vlag =0 ( ) 
lim (v(#) + Ae1) = 0, 


|x|—+-00 


where, as in the previous section, we have denoted by \ the Reynolds number. 
As we mentioned in the Introduction, (XII.6.1) describes one of the most 
studied problems in fluid dynamics, namely, the plane, steady-state motion of 


' We are thinking of boundary data with zero or even ‘ 


specified in (X.4.47). 


‘small” flux, in the sense 
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a viscous liquid around a cylinder of symmetric cross-section (e.g., a circle), 
that translates with constant speed A in the positive e;-direction orthogonal 
to its axis. The existence problem for arbitrary data is then equivalent, in 
this situation, to finding solutions to (XII.6.1) for any prescribed value of 
\ > 0.7 Since the smoothness of 2 is irrelevant, we may assume 2 of class 
C@™ (e.g., the exterior of a circle), so that any solution (v,p) to (XII.6.1) 
with v € W1?(Qp), for all large R > 0, is C°(Q); see Theorem X.1.1. 
Thus, given A > 0, we denote by @()) the class of solutions to (XII.6.1) with 
v € W7(Qp), all R > 6(2°), and such that 


20 


lim |v(r, 0) — Ae, |d0 =0. 


=. (0) 


The following result holds (Galdi 1999b, Theorem 4.1; Galdi 2004, §4.3). 


Theorem XIT.6.1 Let Q be smooth and symmetric around the x,-axis. Sup- 
pose there exists \ > 0 such that problem (X11.6.1) has no solution in the class 
@(A) for all A> X. Then, the following homogeneous problem 


Au=u:-Vu+Vr 
in 
V-u=0 


XII.6.2 
ulag =0 ( ) 


lim u(x) =0 uniformly pointwise , 


|z|—+-0o 


must have a non-zero solution (u, 7) such that: 


(i) (u,7) is symmetric around the x-axis, in the sense specified in Remark 
XII.3.2; 
(ii) u,r € C™(Q); 
(iii) Vu, Vr © W™ 9(Q2), for allm > 0 and q > 2; 
(iv) For all |a| > 0, | i D°u(“) = 0 a D° r(x) = 0, uniformly point- 


wise. 


We shall not prove this result here and refer the interested reader to Galdi, 
loc. cit.. Instead, we limit ourselves to observe that the proof is given by 
contradiction, namely, if (XII.6.2) has only the zero solution, u = Vr = 0, in 
the class (i)—(iv), then problem (XII.6.1) has at least a solution in the class 
@(A) for all A belonging to a suitable unbounded set. 

We would like to make some comments about the above result. A sufficient 
condition to show that (XII.6.2) has only the zero solution is the existence of 
an unbounded sequence of numbers {Rm}men, such that 


? From Theorem XII.7.2, we know that existence holds for all A € (0, Ao], for some 
Ao > 0. 
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2r 
im (Su? (Rm, 9) + T(Rm;9)) u(Rm; 9) - em = 0, (XII.6.3) 
Lm, OO 0) 
where @p, = (Rm, 0). Actually, multiplying both sides of (XII.6.2); by w and 
integrating by parts over Qpr, we find 


2 8 cigp 
[iva =|. (u aa (su + b)u n). (XII.6.4) 


Since Vu € W17(2), we deduce 


Ou 


lim 
RCS io|=R 


Therefore, from (XII.6.4) and the fact that wu is bounded, we obtain 


|Vu|? = — lim su? + o)u-n, 
is RJ |g|=R (3 ) 


and so, if (XII.6.3) is satisfied, we conclude u = 0, by “classical” uniqueness 
method. 

We also notice that in the case when 2 = R? (an unrealistic assumption 
in our present situation) the uniqueness of the zero solution to (XII.6.2) fol- 
lows from Theorem XII.3.1, and it appears very intriguing the idea that the 
introduction of a compact boundary may derail this property. 

Finally, the possibility that (XII.6.2) may admit a non-zero smooth solu- 
tion is very questionable on physical grounds, and the occurrence of such a 
situation would give less credibility to the Navier-Stokes model, or, at the 
very least, would cast serious doubts on the meaning of the two-dimensional 
assumption. 


XII.7 Global Summability of Generalized Solutions 
when ve 4 0 


In this and the next section we shall analyze the asymptotic properties of 
generalized solutions corresponding to Ug. 4 0. Specifically, we shall prove a 
result analogous to that obtained in Section X.5 for three-dimensional mo- 
tions, namely, that every generalized solution tending at infinity to a nonzero 
velocity field v.. shows asymptotically the same behavior as the Oseen fun- 
damental solution. 

On the other hand, if v. = 0, the structure of a generalized solution at 
large distances is a completely open question. In this regard, it should be 
emphasized that, when v. = 0, generalized solutions that are regular in a 
neighborhood of infinity need not be represented there by an expansion in 
“reasonable” functions of r = |x| with coefficients independent of r. Actually, 
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the fields given in (XII.2.7) for R € (1,2) provide examples of generalized 
solutions that decay more slowly than any negative power of r. 

In the current section we shall prove some preliminary results based on 
the work of Galdi and Sohr (1995) and Sazonov (1999). In particular, we 
deduce that every generalized solution corresponding to v. = (1,0)! has 
the same global summability properties of the Oseen fundamental tensor, 
provided f is of bounded support.? This will imply, in particular, that the 
velocity field and the associated pressure of these generalized solutions satisfy 
the energy equality. Moreover, we obtain representation formulas identical to 
those derived in Section X.5 for the three-dimensional case. 


We begin by showing some existence and uniqueness results for a suitable 
linearization of (XII.0.1), (XTI.0.2). Specifically, let us consider the following 
problem 


Key Og oe Nin i HE 
Oxy Ox, (XII.7.1) 
V-u=q, 


where a, A, G and g are prescribed functions. 
Lemma XII.7.1 Let 
Ge L7(R’), ge W4(R?), qe (1,3/2) 
Ae L?(R?), ae L©(R’). 


Moreover, let u,7 be any solution to (XII.7.1) such that for some @ € (1, 2), 
27/ (2-7) (72 2, Ou T/1R2 
ug € L*4 1 (R*), Diu, s— € Li(R’), 
21 


and 
lim u(x) =0. 
Then, there exists a positive constant c = c(q,q) (cf. (XII.7.4) and (XII.7.11)) 
such that if 
Ilal|o0 + ||All2 < ¢, 


we have for some 7p € R 


u € D?-4(R?) 9 D134/(8—49) (R2) 7) £34/B-29)(R?), 
ug € D'4(R?) n L?4/2-9 (R?) 
(m — m9) € Dh4(R2) 0 L24/2-9(R2), 

' Of course, this choice causes no loss of generality whenever Vo # 0. 


? More generally, we may assume f to satisfy suitable decay properties in a neigh- 
borhood of infinity. 
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Proof. Let Xq, 1< q < 3/2, denote the Banach space of solenoidal functions 
w € Li... (IR?) such that the norm 


loc 
Ow 
llx, = Hllag/ ao + [Vella + | 52 |, + ean e-n 
q 
+|D?wlq + ||wllsq/(3—2) 
is finite. Denote by B®) the ball in X, of radius 6 (> 0) and consider the map 
L:w' € BO swe X;, 


where w solves the problem 


/ 
Kp ago A egree 
Ox, Oxy (X11-7.2) 
V-w=4g. 


Since for all qg € (1,2), by the Holder inequality, we have 


Ow’ 


Ow’ 
< lal [S| + lAllalane-o, CULT) 
q Tillq 


by the hypotheses made on G and g, the map CL is well defined for all q € 
(1, 3/2). Furthermore, by Theorem VII.4.1 and (XII.7.3), for all w’ € Bo we 
find 

Ilwilx, <1 [(lalloo + Alla)’ lx, + Gla + Ilgllaa] 


for some c; = c1(q). Thus, assuming (for instance) 


1 
llalloo + ||All2 < 5; (XII.7.4) 
Cy 


and choosing 6 > 2c¢i(||G||q + |lgll1,q), it follows that £ transforms Bo into 
itself. Moreover, from (XII.7.2) with G = g = 0, and by (XII.7.3), (XII.7.4) 
we obtain 
llwllx, < sllw'llx,, 

and so the existence of a solution w, 7 to (XII.7.1) with w € X, follows from 
the contraction mapping theorem. Moreover, tT € D1*4(R?) and, therefore, by 
Theorem II.6.1, 7 — 7) € L74/(?-9(R2), for some 7) € R. We shall now show 
that w= w, T = 7+const a.e. in R?. To this end, letting 


it follows that 


go 
Or, Oxy (XII.7.5) 
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It is easy to show that 


wm € V2-D pry, S ¢ 7p, 
Oxy 
To this end, it is enough to prove that 
w € L?4/?C-D (R?), a € L7(R?). (XII.7.6) 
Zy1 


Assume q < ¢ (the other case q > 7 can be treated likewise by interchanging 
the role of g and 7). Since w € D?:4(R?), q < 2, by Theorem II.6.1 we have 


wy € D'24/(2-9) (R2) (XII.7.7) 


and so, since wz € L?4/(—-9 (R?), from this, from (XII.7.7), and from Theorem 
II.9.1 we obtain 
w2 € L®(R?), 


which proves the first relation in (XII.7.6). Furthermore, by the properties 


we D24(R2), 2% € 14(R2), 
Ox, 
and Lemma II.3.3 we find that 
) 
oY ¢ L(R?), for alls € [9,2] 
Or, 


and also the second relation in (XII.7.6) follows. From (XII.7.4) with w’ re- 
placed by w we may thus conclude that 


P= pia + AT@2 € L7(R?). 
Oxy 


Therefore, in view of Theorem VII.4.1, the problem 


Aen. © pigs 
Ox 
V-z=0 


admits at least one solution w*, s*, such that 


‘ P Ow* 
|D2w' e+ luileye-nt [S| <eally 
T 


Ow 
< €2([lallc + |All) (|| + Malem) 
gq 


(XIL7.8) 
with cz = c2(q). We shall now show that 
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O(w* — Ww) 
Ox, 


D? (w* —@) = 0, wi = We. (X11.7.9) 


Actually, setting v = w* —W, p = s* — s, it follows that 


Av+ a = Vp 
Ox, 


V-v=0. 


We may now use a local representation for v in terms of the Oseen-Fujita 
truncated fundamental tensor (Section VII.6): 


(XII.7.10) 


where 


HG? (e@-y)| <cR 8? 


for all sufficiently large R and with C independent of R. Recalling the summa- 
bility properties of w*, w and u and using this latter inequality and the Holder 
inequality at the right hand side of (XII.7.10) for various values of a, we can 
easily show the validity of (XII.7.9). For instance, with |a| = 2 we find that 


|D?v;(x)| < Cy [R87 R019 (ola g + |ul2q) + RA? RCD |wlog 


and so, noticing that —3/2 + 2(1 —1/s) < 0 for all s < 4, we prove the 
first relation in (XII.7.9) by letting R — co in this last inequality. The other 
relations in (XII.7.9) follow in a similar manner. From (XII.7.9) and (XII.7.8) 
we then obtain 


= = Ow 
Da (allman | 


' 
Ow 
< €2([lallc + | All) (|| + Ralenia-n) 
qd 


and so, if 
1 
llalloo + |IAll2 < 5—, (XII.7.11) 
C2 
we conclude 
O(w — u) 
Oxy 


and the lemma follows from the properties of w and the fact that u; tends to 
zero as |x| tends to infinity. 


D?(w—u)= =0, we =u 
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Remark XII.7.1 We do not know if the result just shown continues to hold 
under the following conditions on u: 


) 
Du, — € 17(R?), lim u(x) =0. 
Ox, |x|—-0o 
Nevertheless, we can treat the case ¢ = 2 if we suppose A = 0, as shown in 
the following. Oo 
Lemma XII.7.2 Let u,7z be a solution to (XII.7.1) with A =0, such that 


u € D??(R?), ou € 1?(R2). 
1 


Suppose, further, 
G ¢L"(R’), 9 €W"'"(R’), for some r € (1,2). 
Then, there exists a positive constant c = c(r) such that if 
IlAlloo < ¢, 


we have P 
U 

D?u, — € L"(R?). 

te (R*) 


Proof. Reasoning exactly as in the proof of Lemma XII.7.1, we can show the 
existence of a solution w,7 to the problem (XII.7.1) with A = 0, satisfying 


Ow 


w € D?"(R?), + € D'"(R?), — € D'"(R’). 
Ox 
Letting W = w —u, s =7T —7, it follows that 
Ow Ow 
Aw+——=a—-V 
e+ on "am ** 
V-w=0. 


Again as in the proof of Lemma XII.7.1, we may use Lemma II.3.3 to show 
that 


and so, by Theorem VII.4.1, and by means of the same procedure used in 
Lemma XII.7.1, we obtain 
Ow 


Ow 
Dw — |] <cllalloo || — 
|| D’wl2 + I= ' < ¢llal I= 


2 


Therefore, if ||a||,. is sufficiently small, we find that 


and the lemma is proved. 
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We need another preparatory result. 


Lemma XII.7.3 Let v be a D-solution to (XII.0.1) with f of bounded sup- 
port and satisfying (XI1.3.67) uniformly, with vo # 0. Then, for sufficiently 
large p, 

(v — vo) € L°(2°) for alls > 16. 


Proof. Without loss of generality, we take v9 = —e, and set u:=v+e,. We 
take R > Ro with Ro given in Theorem XII.4.3, and pick x with |x| > 2R. 
Taking into account (XII.3.2), we may use the representation formula (V.3.14) 
with u = uy, ug and f = 0w/0x2, —Ow/0x1, respectively. After integrating by 
parts this formula, with the help of (V.3.9) and (V.3.13), we easily deduce the 
following inequality 


lueica (reef ju(yidys f May) caratyy 
Br(a) BE eos 


where Gp(x) := Br(x) — Bry2(x), and n > 0 is arbitrary. From (XII.5.1) we 
know that there exists R > Ro such that |w(y)| < caly|~%/4, for all |y| > R. 
Since for y € Br(2) it is |y| > |x|—R, and since |x| > 2R, by choosing R > R, 
we find 


lo(y)] < ealylP/* < 2ea|a|9/4, y € Bale). 
Replacing this information back into (XII.7.12) we deduce 


R 
|u(x)| < es (zo / |u(y)|dy + jl f i) ; 
BR(x) 0 


=¢3 aa |e(y)|dy + |a2|-3/4R | . 
Br(z) 


Furthermore, by Schwarz inequality, Theorem XII.4.3, and recalling |x| > 2R, 
we obtain 


ju?) 7 
| |u(y)|dy < | a (| lay < oR(t2)/2+1 
Pr(2) 2Ro ly| Br 


<5 ja|t+2)/2R , 


(XII.7.13) 


where ¢ is arbitrary in (0, 1) Substituting this latter into (XII.7.13) and choos- 
ing 7 = €/2 it follows that 


\u(x)| < c6 (eer + l2|-*/4R) el 2, 


so that, minimizing with respect to R, we conclude |u(x)| < cla|(-'+49)/* for 
sufficiently large |x| and arbitrary ¢ € (0,1), which concludes the proof of the 
lemma. 
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With these lemmas in hand, we are now able to establish the main result 
of this section, which is the two-dimensional counterpart of the result given 
in Theorem X.6.4 for the three-dimensional case. 


Theorem XII.7.2 Let v,p be asolution to the Navier-Stokes system (XII.0.1) 
in Q of class C?, with 
f © £1(Q) with bounded support, vs € W2-1/90,90 (9), 


for some qo > 2, all gq € (1, qo], and such that 
(XIL.7.14) 


Then, we have 
(uv +1) € L"(Q2) for all t) > 3, 
vo € L'2(Q) for all tz > 2, 
Ov1 
Ox 
carn 
Ox, 


(p — po) € L**(Q) for all ts > 2, 


€ L'8(Q) for all ts > 3/2, 


, Vue € L'4(Q2) for allt, > 1, 


where po is a constant. 


Proof. From (XII.7.14); and from the regularity results near the boundary 
for the solutions to the Stokes problem (Theorem IV.5.1), we easily deduce 


ve W?(2,), pEew'?(2,), (XII.7.15) 
for all r > 6(2°). Then, by Lemma XII.3.2 it follows that 
Vue W'?(2). (XII.7.16) 
From the assumption, (XII.7.15), (XII.7.16), and (XII.0.1) we also have 
Vp € L7(22). (XII.7.17) 
Now, for R > p, let Wr be a smooth “cut-off” function defined by 


0 if |x| < R/2 
A(x) = ; 
lif |2| > R. 
Setting 
u=r(v—e1) =Urv, 7 = rp, 


from (XII.0.1) we deduce that u,7 satisfy the following system in R? 
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Ou _. Ou Ov 
Au+ ——= (barrio + (vaag™) ug + Vr+Gy 


Ox. (X11.7.18) 
V-u= 9, 
where 
a) a) 
Gi = brf +2VdR- Vv + Avad — OR a ylPR _ Vue 
Ox, Oxy 


g=v-VUR 
Clearly, we have 
G, € L1(R’), g € W'4(R’) for all g € (1, qo]. 


Moreover, we observe that in view of the assumption, by taking R sufficiently 
large, the quantities 


Ov 
Wr/2 Dae 


Ibry2Pilloo, | 
2 


can be made less than any prescribed constant. Setting 


2s 
2+68 


(< 2), 


qd = 
with s given in Lemma XII.7.3, by the Holder inequality and assumption we 
find that 
a = 
ue € L7(R2), 
Ox 


a) 
and so by Lemma XII.7.2 with a = Wp271, G = Gy + we, r =, and by 
2 


(XII.7.16), (XII.7.18), and by the properties of 7p, we deduce 
Ov = 
D’v, =— € L1(2"). 
- Ox : ( ) 
From this and (XII.7.15) we find 


ug € L79/2-9(R?),  D?u € L7(R?). (XII.7.19) 


UL 

; Ox, 
: Ov 

We next apply Lemma XII.7.1 with a = wre, A= DR/25 and G = G,. 
By 


1 
In view of (XII.7.14)2, (XII.7.18), (XII.7.19), and the properties of 7p we find 
that for any given q € (1,3/2) there exists a sufficiently large R such that 
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(oy + 1) e EA S22) 
v2 € Prare-ag ag) 


Ov1 

— € £34/8-9) (QR 
Ane © (2") 
Ov1 R 

——, Vm € 110") 
Ox 


(p= poe PY O (2%) 


These conditions along with (XII.7.15), (XII.7.16)—(XII.7.17), and Theorem 
II.3.4, allow us to conclude the validity of the summability properties stated 
in the theorem. 


Remark XII.7.2 By the same method of proof, we can also show for all 
s € (1,3/2) that 
v € D*8(2), pe D'*(2). 


Therefore, if, in addition to the assumptions of Theorem XII.7.2, we suppose 
2 of class C? and 


v. € W3-'/""(AQ), some r > 2, (XII.7.20) 

from Theorem X.1.1 and Theorem XII.3.3 we obtain 
v € D* (2), pe D'7(Q), for allt >1. (XII.7.21) 
a 


We shall next draw some interesting consequences of Theorem XII.7.2. 
First of all, we have the following theorem. 


Theorem XII.7.3 Let the assumptions of Theorem XII.7.2 be satisfied. 
Then v and the corresponding pressure field p obey the energy equation 
(X.2.29). 


Proof. By Theorem XII.7.2, 


V+ Vo € L4(2)NL1(2), for all q > 3. (XII.7.22) 
In addition, 
Ov 2 Fit), rall'es4 
Ba : T S ; 
and so, in particular, 
Ov , 
— eL (0). RU 23 
te (2) ( ) 


Therefore, the result follows from (XII.7.22), (XII.7.23), Theorem X.2.2 and 
Exercise X.2.2. 
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Theorem XII.7.3 at once gives the following corollary. 


Corollary XII.7.1 The solution v, p determined in Theorem XII.5.1 satisfies 
the energy equality (X.2.29). 


Another consequence of Theorem XII.7.2 is that v and p can be repre- 
sented in a way analogous to that determined for the three-dimensional case. 
Specifically, we have the following. 


Theorem XII.7.4 Let the assumption of Theorem XII.7.2 be satisfied. As- 
sume, further, Q of class C? and 


FELD, 0, €W?-Y" (OQ) te (ye), + © O00). 


Then, setting u = Vv + Vo, the following representations hold for all x € 22 
uj(0) = Rf Basle — y\(filu) + u(y) Drastw) dy 


+f [us(y) Tir (w5, e3)(a@ — y) (XII.7.24) 
an 
—Ej;(x — y)Ti(u, p)(y) — Rui(y) Ei; (a — y)dujriday 


and 


uj(e) = R | Eyj(w — v) filu)dy — Rf eu (y)us(v) Di Bayle — v)dy 
QQ Q 


" | fus(y)Tin(w,, e;)(a0 — y) — Big(a — y)(Ta(u,p)(y) M725) 
OQ 
—Rui(y)ui(y)) — Rui(y) ij (@ — y)oulnidoy 
and 
p(t) = po -R i sex — o)(Fu(u) + waly) Drea) ey 
(XII.7.26) 


é [ _ teste Tau) - 2uily)gomei(o—y) 


—Riei (x — y)ui(y) — ui(y)ei(x — y)oulridoy. 


In these relations E,, e is the Oseen fundamental solution, while w, is defined 
in (VII.6.3) and po is a constant. All volume integrals in (XII.7.24)—(XII.7.26) 
are absolutely convergent. 


Proof. The proof is, in fact, completely analogous to (and, in some steps, even 
simpler than) that given in Theorem X.5.2 for the three-dimensional case; it 
is left to the reader as an exercise. 
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From Theorem XII.7.4 and Theorem VII.6.2 we at once obtain the follow- 
ing. 
Theorem XII.7.5 Let the assumptions of Theorem XII.7.4 be satisfied. 
Then setting u = V+ Uo, the following asymptotic representation formu- 
las hold for all sufficiently large |x| 


uj(0) = MiBy +R f Bylo gualy)Drwsy)ay + 8)? (0) 
2 
uj(0) = miBij(a) ~ Rf wa(yus(y) Diya ~v)dy +30) (xIL7.27) 
Q 


p(x) = po — Miei(x) — R ee — y)ur(y)Diui(y)dy + h(a) 


where po € R, 
M; = -[ [Ty1(u, p) + Roy U4] r4 +Rf fi 
2 


m= -[ [Ti1(u, p) + Rd; - usu) |r + R | fi (XII.7.28) 
OQ Q 


Mj = -| [Ti(u, p) + R(divui — Ouiui)|r +R | fi 
an 2 
i= 1,2, and, for |a| > 0, j = 1,2, and |x| > co, 
a ((k - a 
Das{')(a) = O(|x|-H0/?), 


(XIL.7.29) 
Die) =O(|a|-"- 4h, 


Remark XII.7.3 A proof of (XII.7.24)—(XII.7.26) under the following as- 
sumption on the behavior at infinity of u 


|u|? 
TD < Oo 
2 || 
has been given by Smith (1965, Theorems 2 and 3). However, the volume 
integrals appearing in the representations are to be understood as a limit of 


integrals over the intersection of 2 with concentric discs whose radii tend to 
infinity. Oo 


XII.8 The Asymptotic Structure of Generalized 
Solutions when vq 4 0 


In this section we will prove that the asymptotic behavior of every generalized 
solution satisfying the assumptions of Theorem XII.7.2 is governed by the 
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fundamental solution of Oseen. To reach this goal, we shall follow, more or 
less, the same argument employed for the analogous three-dimensional result. 
In what follows, we shall set, without loss, vu. = e1. 

We need some preliminary lemmas. 


Lemma XII.8.1 Let v satisfy the assumptions of Theorem XII.7.2, and let 
the support of f be contained in §2,. Then, for all R > p, the following 
estimate holds: 


Vu: Vv < cR7/3t 
QR 


where ¢€ is an arbitrary positive number and c is independent of R.' 


Proof. Multiplying (XII.0.1) by uw = v + vo and integrating by parts over 
Qror,,p<R< R,, we find 


| Vu: Vu = F(R) + F(R.) (X11.8.1) 
QR, Re 


F=f {us Gen dete n—ptu-n)}. 


Using the summability properties of u, p, given in Theorem XII.7.2, one can 
show that there exists at least one sequence {Rx },en with Ry — co as k > ov, 
along which F'(R,) goes to zero. Thus, replacing R, by R, in (XII.8.1) and 
letting k — oo we find 


where 


G(R) = F(R) (XII.8.2) 
where 


G(R) = Vu: Vu. 
QR 


Taking into account that, by Theorem XII.7.2, 
u- Vue L'(2°), 
we find 


gil =f adage | (XIL.8.3) 
OBR On 


Furthermore, recalling that v € L°(2°), by Young’s inequality we obtain for 
a>d0 


Ro“ go(R) = a) |u2v-n| < cy ae +f wrt 
aBr aBr 


and so, by Theorem XII.7.2, 


' Of course, the constant c —as all the other constants, given in subsequent proofs, 
that will enter similar estimates— depends on ¢ in such a way that c — oo as 
e—>0. 
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R-@go(R) € L(p,00) for all a > 2/3. (XII.8.4) 


Finally, again by Young’s inequality, 


Roa gs(R) = R* | rum] <q fe" / tut 
OBR OBR 


Since, by Theorem XII.7.2, pu € L°(2?) for all s > 6/5? we deduce 
R~%g3(R) € L'(p,00) for all a > 1/3. (XII.8.5) 
Observing that 
R“G(R) < R-“ (gi (BR) + g2(R) + g3(R)), 
from (XII.8.3)—(XII.8.5) we find 
R~°G(R) € L'(p,00) for all a > 2/3 


and since 


a(R) =~ | Vu: Vu<0, 
OBR 
we conclude from Lemma X.8.1 that 


G(R) < cR-* 


which proves the estimate. 


Using this result we can show the following. 


Lemma XII.8.2 Let v satisfy the assumptions of Lemma XII.8.1. Then, for 
all large |x|, 
v(t) + Vo = O(la|-“/7**), 


where € is a positive number arbitrarily close to zero. 


Proof. We collect some asymptotic properties of the Oseen tensor E which 
will be frequently used during the proof. In fact, from (VII.3.42), (VII.3.43) 
and (VII.3.46) we have 


|E(x)| < ela|-/? 


7 Ba(2)| < cle|~2 for alla € A (XIL.8.6) 
ate) | Sela 


and 


? We may take, without loss, the constant po in Theorem XII.7.2 to be zero. 
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Ex, € L4(R?), for allq >3 
E, € L4(R?), for all g > 2, 


oad € L4(R2) for allq€ (1,2), i=1,2 (XII.8.7) 
Ty 


OE; 
Ox 


where A is the exterior of a ball of sufficiently large radius and Ey, F2 are 
defined in (XII.5.17). We begin to show that 


€ E9(R?) for all q € (3/2,2), 1=1,2, 


? 


v(£) + Vo = O(|x|-1/3+*), (XII.8.8) 
In view of (XII.7.27); and (XII.7.29), to show (XII.8.8) it is enough to prove 
that 
Ny(v) =f Bs(e — y)ualy)Pruluy)dy = O(lel-9-*), 


where, we recall, u = v+.9. To this end, setting |x| = 2R (sufficiently large), 
we split N as follows: 


Nya) =f Byle—wdulDen(y)ay+ [Basle — wucly)Dewtw)dy 


aN an 
(XIL8.9) 
Since for y € Qp it is |x — y| > R= |x|/2, by (XII.8.6) we find 


Cc 
NMS oo rf, lu- Vu. 


Therefore, taking into account that by Theorem XII.7.2 we have u- Vu € 
L*(2), we conclude that 


GC 
NV. Tiss 7 (XII.8.10) 


By the Holder inequality we obtain 
2 
[NI | < || Ella.nellells,nllVull2,0n (XII.8.11) 


where a 

-4i0= , (XII.8.12) 
Choosing, for instance, s = gq = 4 and using Theorem XII.7.2, Lemma XII.8.1, 
and (XII.8.7)1,2 we deduce 


for arbitrary y < 1/6. From this condition, (XII.7.27);, (XII.8.9), and 
(XII.8.10) we then recover 
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\u(x)| < ial” for arbitrary y < 1/6. (XII.8.13) 


We now use (XII.8.13) to improve the uniform bound on N®). To this end, 
we observe that, by (XII.8.7)1,2, we can take the exponent q in (XII.8.12) to 


be any number greater than 3 which, in turn, by Theorem XII.7.2, implies 
that we can choose s arbitrarily in the interval (3,6). Thus, writing 


|ee]® = |es|®-£-? a7, (X11.8.14) 


with arbitrary small positive ¢, and o arbitrarily close to 3 — ¢, from Lemma 
XII.8.1, (XII.8.11) and (XII.8.13) we deduce that 


(2) 2 1 = C2 
IN; | s ara |x|17/8 — |a|V¥te/s) ° 


This condition together with (XTI.7.27);, (XII.8.9) and (XII.8.10) then gives 


C3 


(XII.8.15) 


Using this estimate, we can give a further improvement on the bound for N (2) 
which will eventually lead to (XII.8.8). We again use (XII.8.11), (XII.8.14), 
and (XII.8.15) to deduce that 


2 1 1 - a/st(o/s)? 
INS cary Sapay = call teen) 


? 


which in turn furnishes 
|u(x)| < es|a|— 7 te/st(o/2)"), 


Iterating this procedure as many times as we please, we thus conclude the 
validity of the following bound for wu 


where 


Recalling that o/s and 7 can be taken arbitrarily less then 1/2 and 1/6 respec- 
tively, we deduce y = 1/3 —, which proves (XII.8.8). Next, using (XII.8.8), 
we shall show that ug satisfies the following improved estimate 


ug = O(|x|-1/2+*), (XII.8.16) 


To this end, we observe that from (XII.8.9) and the Hélder inequality, we have 
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2 
IN$(@)| =| J Bee — y)ui(y)Drui(y)dy] < ||Ballav2llells,onl|Velle.0% 


Qn 
(XII.8.17) 
where s and q satisfy (XII.8.12). For 0 < a < s, from (XII.8.8), Lemma 
XII.8.1, and (XII.8.17) we obtain 


c (s—a)/s 


2 
[Ns (a)| < Pp eraraemn (alla lltls— on (XII.8.18) 
for a positive 7, arbitrarily close to zero. If we choose 
3 
< =1-=-m, m>0 (XII.8.19) 


we find s —a > 3, which in turn, by Theorem XII.7.2, implies that the 
right-hand side of (XII.8.18) is finite for all those values of g such that E2 € 
£1(A). As we know from (XII.8.7)2, we may take g = 2+ 3, for a positive 73 
arbitrarily close to zero. Thus, from (XII.8.12) and (XII.8.19) it follows that 


a 1 1 
oa 1-3(5-2)-m=1-m 
s qd 


where 74 is positive and arbitrarily close to zero. Therefore, from (XII.8.17) 
we obtain is a 
2 
Ins (x) = ja |*/2-©" 


which along with (XII.7.27):, (XIL.7.29);, (XIL8.9), and (XIL8.10) proves 
(XII.8.16). Finally, we shall prove that also u; satisfies the following improved 
estimate 

u1(x) = O(|x|~1/?+*), (XII.8.20) 


To reach this goal, we observe that, from (XII.7.27)2, (XII.7.29)2 and (XI1.8.6), 
it is enough to show that 


n(x) = | ui(y)ui(y) Di, Eia(x — y)dy = O(|x|~1/2+*), (XII.8.21) 
Q 
As before, we split into two integrals as follows 
n(v) =f ea(auslaDrBale way 
R 


rs | ui(y)ui(y) Di Biola — y)dy 
QR 
=> n@) + n2), 


where 2R = |x|. Recalling that for y € Qp it is |v — y| > R, from (XI1.8.6)2 
and the Holder inequality we find 
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jn (x)| < cR?/4|[ull5q. 


Since, by Theorem XII.7.2, we may take 2g = 34+ 7, for arbitrary 7, > 0, the 
previous inequality furnishes 


In“ (x)| < elx|-2/3+", arbitrary 7 > 0. (XII.8.22) 
Concerning n2), we notice that 
n@) = on VilY) )Di Eri(x — y) + ui(y)u2(y) (Di Boi (x — y) 


ia — y)) + u3(y)D2 Eo (a — y)} dy (XII.8.23) 
4 
mE 
i=1 


From the Holder inequality we have, for any 7 € (0, 2) 


[fi] < max |u(x)|?-"\\ul|s,en||DiE.illsR2, 
TEQR 


and so, taking s = 3/n+¢, with €, positive and arbitrarily close to zero, from 
(XIL.8.7)3, (XII.8.8) and this latter inequality we find 


|Ly| < cla|-2/3+*, (XII.8.24) 


Likewise, we show that 


|Io| < ela|-2/3+¢, (XII.8.25) 


To estimate I3, we observe that, again from the Holder inequality, for any 
€ (0,1) we have that 


[Is] < max |ua(2)|!"|]uallnge,28 4 [Iq.,08||D2Erillqs,n2+  (XIL8.26) 
where 1 1 1 
ee ee (XII.8.27) 
Cal q2 93 


Since, by Theorem XII.7.2 and (XII.8.7)4, we may choose q; and q2 arbitrarily 
close to 3 and 3/2, respectively, from (XII.8.27) we deduce that, for given 7 > 0 
we may select g2 in such a way that qo7 > 2. Thus, from (XII.8.26), Theorem 
XII.7.2, and (XII.8.15) we find that 


\Z3| < ela|-V/2+e (XII.8.28) 
for a positive € arbitrarily close to zero. In a similar way we show that 
lul<de rr, 


and therefore, from this inequality, (XII.8.22)—(XII.8.25), and (XII.8.28) we 
infer (XII.8.20). The lemma then follows from (XII.8.16) and (XII.8.20). 
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We need another preliminary result. 


Lemma XII.8.3 Let g(y) be a nonnegative function satisfying the estimate 


g(y) < Cy min {1,|y|"'**}, 


for arbitrarily small ¢ > 0 and with a positive constant C; independent of y. 
Then, setting |x| = R, for all sufficiently large R, we have 


| atv) (alu) + Bx(a)))IVEia(@— wldy < Cala“ 
R/2 


where E = {E;;} is the Oseen fundamental tensor and E, = (£11, E42). 
Proof. From (VII.3.45) we have 
|VFur(a — y)| < ela — yl". 


Let R(>1)bea positive number such that the representations (VII.3.37) are 
valid for all |y| > R. Then, for all R > 2R, 


i ,_alu)la(a) + LBW) [JIVE ii(e — wid 
R/2 


< c2|2|~* (/ tay) 
QF R,R/2 2R/2 


swiEyiidy + {| olw)iBao)l + [ 


< ¢3|x|~! ( +f shEr(w)idy +f air) 
aa R/2 


R,R/2 


Now, from (VII.3.371,2) with r = |y| it follows that (for simplicity, we put 
N=R/2=1) 


e 7 (1+cos y) 


7 (1 — cos y) + O(r7*) 


Exi(y) = ca 


Therefore 


R/2 Qqr 
< cs i i seg Ware (| e 7 +0087) (1 — gos ede) dr >. 
1 0 


However, from the inequality given before (VII.3.43) we know that 
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20 
| eT(t+e08 ¥) (1 _ cos p)dy < egr—*/”. 
0 


As a consequence, 


COLAO see 


R,R/2 


Finally, from the Holder inequality, 
[8 slOnpl lala 
Qryo 


and since g € L'(2) for all r > 2, we can take q’ as large as we please to 


conclude that 
fe sealal, 
Qrjo 


and the lemma follows. 


We shall next derive the asymptotic structure of the velocity field. 


Theorem XII.8.1 Let the assumptions of Theorem XII.7.2 be satisfied. 
Then for all sufficiently large |x|, we have 


v(2) + Vo =m- E(x) + V(x) 
where (i = 1, 2) 
me=—f (Lalu) + Run —wullm + Rf fr, (XIL8.29) 
an Q 
E is the Oseen fundamental tensor, u = v+U~ and V(x) verifies the estimate 
V(x) = O(\a|~'*) (XII.8.30) 


for arbitrarily small e > 0. 


Proof. From the representation (XII.7.27),, (XI.7.28)., (XII.7.29), it follows 
that, to show the result, it is enough to prove that the nonlinear term: 


ns{u(x)] = f uy) VEi(e—y)-wly)dy, = 1,2, 
Q 
with E; defined in (XII.5.17), verifies the estimate 
n(x) = O(|2|~***). (X11.8.31) 


Writing down the integrand in components we find 
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ni[u(x)] = - [ui (y) Di Eui(a — y) + ur(y)ue(y) (D2 Fila — y) 


+D, Eoi(x — y)) + u3(y) D2 E2;(x — y)|dy (XIL.8.32) 
4 
= ye 2 
k=1 


We set R = |x| and split each integral J; ;, into the sum of two integrals over 
QR/2 and Q®/2 and denote these latter by Tk, R/2 and i, respectively. We 
begin to estimate J;,,,2/2. From (VII.3.45) we have (at least) 


|D1 Bri(x _ y)| < clx _ y| 3”, YE QR/2; i= 1,2, 
and so, by the Holder inequality, it follows that 
Via,r/al S$ aR Qry2|'/*||Di Eri 3.n2lluall3r0n/2 (XII.8.33) 


with 
1/q4+1/r+1/s=1. (XII.8.34) 


By Theorem XII.7.2, we may take r any number strictly greater than 3/2, 
while (XII.8.7)3 implies 


Di Big € LR"): for all A € (1,2). (XII.8.35) 


Thus, choosing g = 3+ 7, 7 > 0 and arbitrarily small, we can take s as large 
as we please. Consequently, (XII.8.33) furnishes for any positive small ¢ 


Ii1,r/2 = O(|2|-"**), ¢= 1,2. (XIL.8.36) 
Moreover, since by (VII.3.45), 


|D2 Fy i(x _ y)| < clx _ uj\ *, YE QR/2; i= 1,2, (XII.8.37) 


1 ifi=1 
t= 
3/2 if i =2, 


again by the Holder inequality, it follows that 


where 


[Io,2,r/2| < eR" ||D2E12l\2 73 p2llurvalla’ enya (XII.8.38) 
Now, by Theorem XII.7.2, 
uyug € L'(2) for all r > 6/5, (XII.8.39) 
while (XII.8.7)4 implies 


Do Fy; € L7(R?) for all o € (7,2), i= 1,2, (X11.8.40) 
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with 


1 ifi=2. 
Thus, choosing q € (3,6), from (XII.8.38), (XII8.39), and (XII.8.40) we find 


3/2ifi=1 
TF = 


In9,R/2 = O(|z|~*). (XII.8.41) 
Likewise, for all a € (0,1), 
[Li2,r/2| <a Ro" | DoF 1124 .p2l!uvalleen/2 (XII.8.42) 
and so, selecting for arbitrarily small ¢ > 0 
a=1/4+e, 3/2a<q<6, 
in view of (XII.8.39), (XII.8.40) and (XII.8.42) we obtain 
Ty 2,r/2 = O(\2|73/4**). (XIL8.43) 


The estimates for [j,3 r/2 and J;,4,R/2 are somewhat simpler. In fact, from 
(VII.3.45) we have 


|V Foi (a —_ y)| < cla _ y|—3/?, Yy S QR/2; i= 1,2, 
and so, for i = 1,2, 
li,3,n/2l < cR73/?| Qpyal/4 |luruallaon/s 
\Tia,r/2| < cR-9/2|Qp 1/8 Iluallds.on,o° 


By (XII.8.39) we can take q’ arbitrarily less than 6 while, by Theorem XII.7.2, 
s is an arbitrary number greater than 1. Therefore, 


Lene Ol al*). S12 k= 4. (XI1.8.44) 


It remains to estimate the integrals . ie By the Holder inequality and Lemma 


XII.8.2, for arbitrarily small 7 > 0 we have 


R/2 
Tey? | < leer ll2g,2l|Di Biller 


és 1/q 
€1||D1E1il|q- Re | r ott" dr 
R/2 


cgR71+2+)/4|| Dy Eyillg pe 


IA 


IA 


Since, by (XII.8.35), we can take q’ as close to 1 as we please, we deduce 
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P/? = O(\e|-4*), ¢= 1,2. (XII.8.45) 

In a similar way, one shows 
LS O(a), 4212: (XII.8.46) 


To estimate reste i = 1,2, k = 2,4 we argue as follows. For a € (0,1), by 


Lemma XII.8.2 and the Holder inequality we have for arbitrarily small 7 > 0 
Te? | < caR-1°4|| Do Exillq pe [lus ually. (XII.8.47) 


In view of (XII.8.39) and (XII.8.40), for i = 2 we may take a arbitrarily close 
to zero to deduce, for any € > 0, that 


ie = Ole 7). (XII.8.48) 


On the other hand, if 7 = 1, we choose a = 2/5 + 6, arbitrarily small 6 > 0, 
and q € (6/5a,3), so that, again by (XII.8.39) and (XII.8.40), the inequality 
(XII.8.47) delivers 


1 Oe), (XIL.8.49) 
In a completely analogous way we obtain 
iby =O(a*) (XII.8.50) 
and 
i SOU ae), (XIL8.51) 


We shall now show that estimates (XII.8.49), (XII.8.51) can, in fact, be im- 
proved. Actually, from (XII.7.27)—(XII.7.29), (X1I.8.32), (XII.8.36), (XII.8.41), 
(X1I.8.43)—(XI1.8.46), and (XII.8.48)—(X11.8.51) we deduce the following asymp- 
totic uniform bounds for wu: 

u(x) = O(|x|~ 1/2), u2(x) = O(|2|~1**). (XII.8.52) 
Let us now split the integral I i as the sum of two integrals: one over Qp /2,2R 
and the other over 27". Let us denote them by Z, and Z2, respectively. In 
view of (XII.8.52), for arbitrarily small « > 0, we have 


[Z| < cR-8/94° || V Eu ||1,Ban(e) 


and so the estimate of Exercise VII.3.4 implies 


4R 
fikaR er (/ pdr + : j 
1 


which, in turn, gives 


%=O(\a\-**), (X11.8.53) 
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Consider, next, Z2. For |y| > 2R = 2|x|, by the triangle inequality it follows 
that 

2ly| = |z — y| 
and so, with the aid of (XII.8.52) and Exercise VII.3.4, we find for arbitrarily 
small ¢ > 0 that 


tal <e | le — yl 824 (V Bua (@ — y)ldy 
Q2Rk 
<e i le — y|-32*°|V Bu (a — y)ldy 
BR(x) 


< a | p > ‘dp. 
R 
Therefore 
Tz = O(|a|~1**). (XII.8.54) 
From (XII.8.53), (XII.8.54) we infer 


By Ole). (XIL.8.55) 
In an entirely analogous way we show 
iP =O: (XIL.8.56) 


To complete the proof of the theorem we need to improve the estimate on the 
term J) 2 r/2 given in (XII.8.43). From what we have proved so far we know 
that u admits the following asymptotic estimates 


us(x) = m- Ey(x) + m[u(x)] + O(|x|~) 


(XII.8.57) 
Ua(z) = O(|z|-***), 


where 
mt = Th2,r/2 + O(\2|~'**). (X11.8.58) 


Recalling the expression of J,,2,r/2 and using (XII.8.43), (XII.8.57), and 
(XII.8.58) we deduce that 


li,2,r/2| S e1 I g(y) (Ina (y)| + [Fa (y)| + 9(y)) |DoFii(@ — y)Idy, 
R/2 


where g satisfies the assumptions of Lemma XII.8.1. Using this lemma along 
with the Holder inequality, from the preceding inequality we deduce 


[Ti,2,r/2l S af 9(y)|n1(y)||D2E11(a — y)|dy + O(|a|-"**). (XII.8.59) 
QR2 


XIL8 The Asymptotic Structure of Generalized Solutions when vo 4 0 879 


In view of (XII.8.58), again employing Lemma XII.8.1 we have® 
[Ti,2,r/2l S a | 9(y)|Li,2,R/2(y)||D2E11(x — y)|dy + O(\x|-"**). 
QR/2 
Now assume that for some ( € [3/4, 1), 
\Li2,r/2(@)| < cala|-PF*. (XII.8.60) 
Recalling that g satisfies the assumptions of Lemma XII.8.1 we find 


|Ii2,n/2| < ¢sR71+*|| Dp Fii||%,[R-1 942/47 + + 1] + O(|z|-1**). (XIL8.61) 


oq 
We want the quantity in square brackets to be bounded in R and so we require 
1+68-2/q >0. 


Recalling that gq is a number strictly greater than 3/2a@ which can be taken 
arbitrarily close to 3/2a (cf. (XII.8.40), (XII.8.42)), we thus find 


1-8 =4a/3—n, (XII.8.62) 


for arbitrarily small positive 7. With this restriction for a, from (XII.8.61) we 
obtain a new value for (, that is, 


By =1-a, 


for which (XII.8.60) holds. We may iterate this procedure along sequences 
{6x}, {ax} which, by virtue of this last condition, (XII.8.43), and (XII.8.62), 
satisfy 

1— By = 4az%/3—7, Pro1=1—ax, Po = 3/4. 


Solving for 3; we see 
Bear = 1/4+ 36%/4 — 3/4. 


Since {(;} is increasing, by the arbitrariness of 7, from this relation we find 
By > 1 as k > oo, and from (XII.8.60) we conclude 


T2,r/2 = O(|z|~"**), 


which completes the proof of the theorem. 


Remark XII.8.1 As in the three-dimensional situation, from Theorem XII.8.1 
we obtain that the component v; parallel to the velocity at infinity v.. = (1,0) 
exhibits a paraboloidal wake behavior in the direction of v... Actually, for all 
sufficiently large |x| we obtain the uniform estimate 


3 Throughout the rest of the proof, the symbol ¢ in the various formulas need not be 
the same. However, it will denote, as usual, an arbitrarily small positive number. 
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v1(z) +1 = O(|2|-1/?). 


Moreover, let y be the angle made by a ray starting from the origin (in 2°, 
say) with the negatively directed a j-axis, and define the parabolic-like region:* 


Py := {(x,p) € R? x (—2/2, 7/2) : (1+ cosy) < |x|~*t?7, o € (0,1/2]} . 
(XII.8.63) 
Then, in view of (VII.3.40), (VII.3.41), we have the faster decay 


v1(z) +1 = Ol|z|-/?-*%), «ZF, (XII.8.64) 


with a = min(20,1/2 — «), arbitrary small « > 0. Estimate (XII.8.64) can 
be slightly improved, due to the fact that estimate (XII.8.31) is not the best 
possible. A detailed study in this direction has been performed by Smith 
(1965), who shows sharp bounds for the nonlinear term and, therefore, for the 
remainder Y defined in (XII.8.30). In particular, (XII.8.30) can be improved 
to the following: 
V(r) =O (|2|~1 log? |x|) . 
Sharper estimates for VY, can also be obtained in the region (XII.8.63), 
cf. Smith (1965, Theorem 5). Specifically, in this region and for large ||, one 
can prove 
V1 (x) = O (|a|~*~7 log |a|(1 + |a|~7 log |z])) . 
On the other hand, unlike the three-dimensional case, the component v2 of v 
orthogonal to v.. “essentially” exhibits no wake region. In fact, from Theorem 
XII.8.1 we have that for all sufficiently large ||, inside and outside the wake 
region, 
v2(x) = O(|2|~"**). 
It should be observed that this uniform estimate can be slightly improved to 
the following: 
v2(z) = O (|x| log al) 
as shown by Smith (1965, formula (28b)). Sharper estimates for the remainder 
V2 can be proved in the region (XII.8.63), cf. Smith (1965, Theorem 5), where 
we have for |x| large enough, 


Vo(a) = O (|2|~'~7(1 + |x|? log |e) . 


An asymptotic expansion for v up to |x|~3/? has been given by Babenko (1970, 
Theorem 6.1). Oo 


Remark XII.8.2 The uniform estimate 
V(x) + Voo = O(|a|~™) 
is sharp in the sense that the condition 


* See Remark VII.3.1. 
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v(x) + Voo = o(\a|~1/?) (XII.8.65) 


holds if and only if we impose some restriction on the flow. Specifically, we 
have that (XII.8.65) is valid if and only if the first component of the vector 
m defined in (XII.8.29) is vanishing. The proof follows the same lines as that 
given in Corollary X.8.1 for the three-dimensional case and is therefore left to 
the reader as an exercise.” This result differs from the corresponding one in 
three dimensions where v(x) + Vso = 0(|x|~+) if and only if all components 
of m are zero. The fact that in two dimensions only m, needs to be zero is a 
consequence of the property that, in such a case, the component Ej. of the 
Oseen fundamental tensor exhibits no wake. | 


Our next (and final) task in this section is to study the behavior at infinity 
of the first derivatives of v and of the pressure field p. This study is performed 
along the same lines as the proof of Theorem XII.8.1. From the representation 
formulas (XII.7.27);—(XII.7.29) we obtain for i,k = 1,2 and all sufficiently 
large |a| 


Dxvi(x) = M - Dy Bi(x) + RNj4[u(x)] + Des?)(2x), (XII.8.66) 


with E; defined in (XII.5.17) and 
Ni, x[u(x)] = i u(y) - Vu(y) - Dp Ei (x — y)dy. (XII.8.67) 
Q 


As in Theorem XII.8.1, the asymptotic behavior of Vv is determined once 
we establish that for N;,. It is expected that the behavior of D,v will be 
different for different values of k, as a consequence of the unequal behavior at 
large distances of D;,,E, cf. (VII.3.45) and (VII.3.46). However, the method of 
proof is essentially the same for both k = 1,2 and, therefore, we shall restrict 
our attention to k = 1, limiting ourselves to state the result for k = 2 in 
Theorem XII.8.2. Setting |x| = R, we split N; as the sum of two integrals 
T;,r/2 and ie on the domains 2p /2 and QF/?, respectively. By (VII.3.45) 
we have, for 2 = 1,2, 


|DiEi(z—y)| <elx—y|-*”, as |x — y| — 00, 


with £; defined in (XII.5.17). On the other hand, by Theorem XII.7.2 we also 
have 
u-Vue L4(2), for allg>1, (XII.8.68) 


so that we deduce 
Eiz/2l < el2|~8/?|Qpj2|-*/4 lu» Vall < er|2|-8/?| Qpjo|-1/%. 


Taking q’ arbitrarily large, we infer 


° See also Smith (1965, Theorem 11). 
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I,,rj2 = O(\2|-9/?**), 6 =1,2, (XIL.8.69) 


where € > 0 is arbitrarily small. We now pass to estimate b /? Fyom Theorem 
XII.8.1 and with the help of the local representation (IX.8.33) we show 


Dyv(x) = O(|2|-/?), & = 1,2. (XII.8.70) 
We have 


Pes | [ur (g) Dil) «Di Ex(x — 9) 
QR)? 


+u2(y)D2u(y) - Di Ei(x — y)|dy 
= qT + To. 


From Theorem XII.8.1 and (XII.8.69) it follows for gq < 2 that 
eee | ly[-*| D1 B:(e — 9) dy 
QR/2 
Z c3R-142/4' || D1 Eillqre 
Tal < ea | ly|-9/2+©|Dy Bi (2 — y)ldy 
QR/2 


< C5 R73/2+(2+8)/a" || D1 Eil\q.R2- 


In view of (XII.8.35), we may take in these relations q’ arbitrarily large to 


find 
T, = O(|2|-***) 


Ty = O(|x|-3/2+¢). 
From (XII.8.66), (XII.8.67), (XII.8.69), and (XIL8.71) we obtain 


(XII.8.71) 


D,v(z) = O(|2|7'***), k=1,2, 


which improves on (XII.8.69) with k = 1. We may then use this latter estimate 
in bounding the integral Z;. If we do this and proceed as before, we find 


al Sco ful * Di Bs(e— splay 
QR/2 
which, together with the Holder inequality and (XII.8.35), in turn, implies 
Z,= O(je| 3), 


We may then conclude 
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Ni1[ee(x)] = O(\2|-3/2*), 4 = 1,2, (XII.8.72) 

for arbitrary ¢ > 0. In a completely analogous way we show 
Ni,2[u(a)| = O(|e|~***), 1 = 1,2. (XII.8.73) 


We thus have proved the following. 
Theorem XII.8.2 Let v be as in Theorem XII.8.1. Then as |x| — 00, 


D,v(a) =M.- D, E(x) + T(x), S12; 


holds, where (i = 1, 2) 


M; = -| [Ti(u, p) + Royuijn +R f Sis 
an Q 
E is the Oseen fundamental tensor, and 
T(z) = O(|e|-****), 
with a, = 3/2 and ag = 1. 


Remark XII.8.3 Slightly improved uniform estimates can be given for the 
remainder T;(x); see Smith (1965). Specifically, for large |x|, one has the 


uniform estimate 
Tio(x) = O(|2|~1 log? |z|) 


Ti1(z), Ta,2 = O(|2|~3/? log? |z|) 
Taa(0) = O(|a|-2”), 


Outside the wake region (XII.8.63), one can prove the following sharper esti- 


mates 
Ti2(x) = O(|2|~1~?? log? |r|) 


Tir (x), To,2 = O(|2|~?/?-@ log? |x|) 
Tai (x) = O(|z|-9/?-7). 
For details, we refer the interested reader to Theorem 6 of Smith (1965). I 


Our next objective is to derive an asymptotic formula for the pressure 
field. To this end, we start with the representation (XH.7.27),, which can be 
written as 


3 
p(x) = po — Mjei(x) — RY Pe(a) + h(a) (XII.8.74) 
k=1 


where 
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P(e) = [exe wuily)Drnw(andy 

R/2 

P(x) = | ex(x — y)ur(y) Diu; (y)dy (XII.8.75) 
2R/22R 


Pyle) = f exe y)u(w)Druuy)dy 


and R = |x|. Furthermore, the quantities M”, h are defined in (XII.7.23) and 
(XII.7.24). Using the uniform estimate 


lex —y)| Sela— yl 


together with (XII.8.68), Theorem XII.8.1, Theorem XII.8.2, and Lemma 
II.9.1, we deduce, with ¢ meaning an arbitrary positive number, that 


|Pi(z)| < a R-|Qpa|/% |lw- Vullg < cala|-t 


|Po(x)| < | (Jus (y) Di (y)| + |u2(y).D2(y)D2u(y)]) le(@ — y)|dy 
R/2,2R 


< ealal?-* f le(x — y)ldy < cale|-1¥* 
QR/2,2R 


Pall Ses f Iyl?-* | — yl—2dy < calo|—2+¢, 
Q2k 


(XIL.8.76) 
Collecting (XII.7.24),, and (XII.8.74)—(XII.8.76) furnishes the following. 


Theorem XIJI.8.3 Let v be as in Theorem XII.8.1. Then there is apo € R 
such that as |x| > co, 


p(x) = po — Mjei(x) + P(x), 


where (i = 1, 2) 
Mi = -| {Ti (u, p) + R[divus — d1¢ui] }ra + R| f, 
aQ - 


e(x) is the pressure associated to the Oseen fundamental tensor E, and 
P(x) = O(|a|~***) 
for arbitrary € > 0. 


Remark XII.8.4 A minor improvement on the behavior of the term P(x) 
can be obtained starting with a representation formula slightly different from 
(XIL.8.74); cf. Smith (1965, Theorem 7). Oo 
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Finally, we wish to mention some properties regarding the asymptotic 
structure of the vorticity field: 


Se (XII.8.77) 


associated to a solution v to (XII.0.1), (XIL.0.2) in the case vu. 4 0. This 
problem has been studied in full detail by Babenko (1970) and Clark (1971). 
The main result states, essentially, that if f is of bounded support and if v 
satisfies an estimate of the form 


V(£) + Voo = O(|x|71/4-*) (XII.8.78) 


for some € > 0, then w decays exponentially fast in the region outside the 
paraboloidal wake region. Now, as we obtain from Lemma XII.8.2, every gen- 
eralized solution that tends pointwise and uniformly to v.o(¢ 0) at infinity 
obeys (XII.8.78), and so the vorticity field of every such generalized solution 
corresponding satisfies the above mentioned property. In particular, this holds 
for solutions determined in Theorem XII.5.1. Thus from Lemma XII.8.2 and a 
theorem of Babenko (1970, Theorem 8.1) (cf. also Clark 1971, Theorem 3.5’), 
one can show the following result, whose proof will be omitted. 


Theorem XII.8.4 Let the assumptions of Theorem XII.8.1 be satisfied. 
Then the vorticity field (XII.8.77) obeys the following representation for all 
sufficiently large |x|° 


w(x) = VW(x) x m+ B(x), 


where 


W(x) = e®*1/2 ky (R\x|/2), 


Ko is the modified Bessel function of the second type of order zero (cf. (VII.3.10), 
and (VII.3.15)), m is defined in (XII.8.29), and 


B(x) = O(c |x|? log |x|), (a) == (|2| + 21). 


XII.9 Limit of Vanishing Reynolds Number: Transition 
to the Stokes Problem 


In this section we shall investigate the behavior of solutions constructed in 
Theorem XII.5.1, in the limit of vanishing Reynolds number. We shall prove, in 
particular, that they converge to a uniquely determined solution of a suitable 


° As usual, if a = (a1,a2) and b = (bi, b2), by the notation a x b we mean the 
quantity aib2 — a2b. 
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Stokes problem. However, similarly to what we proved for the linear case in 
Section VII.8, this limiting process need not preserve the condition at infinity 
on the velocity field and, in fact, this condition is preserved if and only if the 
data are prescribed in a certain way. 

For the sake of simplicity, we assume throughout that the body force f is 
identically vanishing. Furthermore, as in Section XII.5, we shall denote by 
the Reynolds number R. 

The first step is to show a uniform bound (independent of A) for solutions 
determined in Theorem XII.5.1. This will be established in the following. 


Lemma XII.9.1 Let the assumptions of Theorem XII.5.1 be satisfied and 
let f =0. Then, there is a c = c(2,q, Us, 0) > 0 such that 


Vu: Vu<e. 
Q 


Proof. We suppose, as usual, the origin of coordinates in 2°. Set 


o = &V log |x| 


[i ns 


In view of this latter property, by the results of Exercise III.3.5, there is a 
field V_ satisfying 


(Gi) V-V=0 ing, 
(ii) V=v,.-—o0 at OX, 
(iii) Vc W17(9), 
(iv) V=0 in Q®, for some R > 6(2°). 


with m such that 


Setting 
v=w-e;to+V, (XII.9.1) 


from the property of v, 0, and V, and with the help of the embedding The- 
orem II.3.4, we deduce that the field w verifies the following properties 


(w)r,4 < oO 
w=0 at 02 (XII.9.2) 


lim w(x) = 0. 


|z|—+co 


By Corollary XII.7.1, v_ satisfies the energy equality (X.2.7) and so, by virtue 
of (XII.9.1), (XII.9.2), and by an integration by parts that uses the relation 
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we find 


jwlta = | {Vw VV—Xw-Vw(o+V)+V-V0-V4V-2)}, (XII.9.3) 
Q 


Ty 
By the properties of V and Theorem II.3.4, we have 
||V|,,< oo for all r € [1, 00). 


Therefore, by using the Schwarz inequality along with inequality (11.2.5) in 
(XII.9.3), we show 


jwlis <A / w:-Vw-(¢+V)\+e (XIL.9.4) 
Q 


where c; depends on V , 92, and Ag but not on A. We now observe that, by 
the Holder inequality, it follows that 


 w: Var (o + V)] < [lai ca-2p tel ay ee-nll + Vay 


and so, since q/(2q — 2) > 2, from (XII.9.4) and (XII.5.4) we recover 
|wlto < c2(w)i +e (XII.9.5) 


with cp independent of A € (0, Ao]. From the estimate (XII.5.47) and (XII.9.1) 
we then obtain, at once, 
(W)r,q Ss 


with cs independent of A € (0, Ao]. As a consequence, the lemma follows from 
this latter inequality, (XII.9.5), and (XII.9.1). 


The next lemma shows other uniform bounds for solutions on every com- 
pact set in 92. 


Lemma XII.9.2 Let the assumptions of Lemma XII.9.1 be satisfied. Then 
there exists a constant c = c(Q, R,q, 0, Vv») such that for all R > 6(2)° 


Mlloq.en + Ilpllager S¢ 


Proof. Using Theorem IV.4.1 and Theorem IV.5.1 in equation (XII.0.1), we 
find 


IlPll2,q,2n + llpllaaen Sa Ally: Vellaen, + [licen (xIL9.6) 
+ IlPllaen, + [!¥+ll2-1/4.4(0.2)) 


for all Ry > R > 6(°) and with c = c(2,q, R, Ri). From Theorem II.3.4 and 
(1.5.18) we find for any s € [1,00) and any R > 6(2°) 
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Ilvlls,en S ca([lella,en + |vl1,2,2%) 
< ¢3(|v|1,2 + ||v«|l2-1/¢,q(02)) 
and so, by Lemma XII.9.1, 
lvllsan < ca, 821, R>d(2) (XII.9.7) 
with cq, = c4(Q, R, s). Since 
|v: Vllaer, < lllleq/(2-a), 22, |Ull1,2,0R,> 
coupling (XII.9.6) and (XII.9.7) with the help of Lemma XII.9.1, 
Il ll2,¢,02 + [lPlltaen S C5 (lIPllaer, +1) (XII.9.8) 


with cs independent of A € (0,Ao9]. To estimate the pressure term on the 
right-hand side of (XII.9.8), we use Lemma IV.1.1 to obtain (after the possible 
modification of p by adding a constant) 


IIPllaen, S CoAllMllag,an, +|li2), 
which, by (XII.9.7) and Lemma XII.9.1, in turn implies 


IIPllq,en, < C7, 


with c7 independent of A € (0, Ao]. The lemma then follows from this latter 
inequality and (XII.9.8). 


The next result shows that solutions of Theorem XII.5.1 tend, in the limit 
A — 0, to solutions of a suitable Stokes problem. 


Lemma XII.9.3 Let the assumptions of Lemma XII.9.1 be satisfied. Denote 
by w , 7 the unique solution to the following Stokes problem 
Aw=Vr 
in 2 
V-w=0 
(XII.9.9) 
w=v, at OQ 


|wli2<c. 
Then as \ — 0, the solutions v , p constructed in Theorem XII.5.1 satisfy 
Vu Vw in L?() 
v “> w in W*4(QR) (XII.9.10) 
p > 7m in Wt4(Qr) 


for any R > (2°). 
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Proof. Let {An}nen be any sequence converging to zero. From Lemma XII.9.1 
and Lemma XII.9.2 it readily follows that, along a subsequence at least, con- 
ditions (XII.9.10) hold. However, the field w satisfying (XII.9.9) is uniquely 
determined, whatever the sequence may be (cf. Theorem V.2.1) and, therefore, 
the result is proved. 


We are now in a position to show the following main result. 


Theorem XII.9.1 Let the assumptions of Theorem XII.5.1 hold and let 
(v,p) be the solution constructed in that theorem corresponding to f = 0. 
Then, denoting by w, a the solution to the Stokes problem (XII.9.9) we have 
that, as \ > 0, v , p tend to w , m in the sense specified by Lemma XII.9.3. 
Moreover, there is a wo € R? such that 


| ee w(x) = wo (XII.9.11) 
and we have i 
wo +e, = — lim T(v)| log | (XII.9.12) 
At »—0 
where 
T(v) = | T(v,p)-n. 
aQ 
Finally, the limit process preserves the prescription at infinity, i.e., wo = —e1 


if and only if the data satisfy the conditions 
| (uv. +e1):T(hi,m)-n=0 i=1,2 (XII.9.13) 
a2 


where {h;,7;} are the “exceptional” solutions to the homogeneous Stokes 
system constructed in Lemma V.5.1. In the particular case where (2 is exterior 
to a unit circle, (XII.9.13) reduces to 


| (U4, +04) =0 1=1,2. 
aQ 


Proof. The first part of the statement follows from Lemma XII.9.3. Moreover, 
from Theorem V.3.2 we know that w_ satisfies the representation 


in=siieece | [ues Tin(14y, 9))(e — y) —Uig( — 9) Ta(w, 2) (y)Ira(y)doy 
O02 
(XII.9.14) 


for some wo € R?, which, by the regularity of v., proves (XII.9.11). On the 
other hand, by Theorem XII.7.4, we have 


uj(t) = 2 | Exs(a — yea y)Drvs(u)y + [ (ee) Fin(es,€))(—w) 
—Ejj(a — y)Tu(u, p)(y) — Aui(y) Fig (@ — y)oulridey, 
(XII.9.15) 
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where u = v + e;. We wish to take A — 0 into (XII.9.14). From the Hélder 
inequality, (VII.3.41), (VIL.3.43), (XIL5.4), and (XIL5.15) it follows for q € 
(1, 6/5) that 

|f Bute — yur Diui(y)dy| < |lullsq/(a—2q)lt1,34/(8-) | Ella/eq—2) 


< \71)-40-1/a) (u)3 o 


where cy = ci(q, 2). However, the solutions of Theorem XII.5.1 verify the 
estimate (XII.5.47) and so, from the preceding inequality, we obtain 


Ar / Ei; (a — yyur(y)Diui(y)dy| < ce| log A\~?, (XII.9.16) 
2 


where cz is independent of A € (0, Ao]. Now, integrating by parts over the 
region 2°, we find 


is [Ty (w,,e;(@ — y)) — AB; (x — y)ou] ni(y)do, = 0. (XII.9.17) 


Moreover, by Lemma XII.9.2 and the compact embedding theorems of trace 
at the boundary (cf. Theorem II.4.1 and Theorem II.5.2; cf. also the Notes for 
Chapter II), it follows that 


|v — w]l1,¢,a2 + llp—7llqae 70 asr—>0. (XIL.9.18) 


With the aid of (XII.9.17), (XII.9.18), and the asymptotic formula (VII.3.36) 
we thus obtain 


lim J [ui(y)Tir(wy, e;)(a — y)— Aui(y) Bij(w — y)burdoy 


= i vei (y)Ta(tj, 4, )( — y)doy. 
O02 


(XII.9.19) 
Finally, again from (VII.3.36) and (XII.9.18) we find 
—lim | Eij(x — y) Tau, p)(y)mi(y)doy 
A>0JaQ 
Le, 
= lim [f Ta(u,p)m tog. (XII.9.20) 


-[ Ui; (a = y)T; (w, T)(y)ra (y)doy. 
02 


Collecting (XII.9.14)—(XII.9.16), (XII.9.19), and (XII.9.20) we obtain (XII.9.12). 
The last part of the theorem is proved as in Section VII.8. Precisely, we have 
Wo = —e, if and only if uw = w+ e; is a solution to the problem 
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Auo =Va1 
in 2 
V- Uo = 0 
Uo = Vv. +e; at OD 


lim uo(x) = 0. 


|2|—+0o 


However, as we know from the results of Section V.7, such a solution exists if 
and only if (XII.9.13) is satisfied. The theorem is therefore proved. 


Remark XIJI.9.1 An interesting consequence of Theorem XII.9.1 is the 
derivation of an asymptotic formula (in the limit of vanishing Reynolds num- 
ber) for the force, F(v) := —T (wv) exerted by the liquid on a body moving in 
it with constant velocity e;. Specifically, taking v, = 0, from Theorem XII.9.1 
we have that the limit solution w is identically zero so that from (XII.9.12) 
it easily follows in the limit \ — 0 


F(v) = ( —4re; + 0(1))| log |“ (XII.9.21) 


where o(1) denotes a vector quantity tending to zero with A. This formula tells 
us that, in the limit of vanishingly small Reynolds number, the total force 
exerted from the liquid on the body is determined entirely by the velocity 
at infinity e; and that it is directed along the line of this vector, namely, it 
produces only “drag” and no “lift”. Surprisingly enough, it does not depend 
on the shape of the body. 

Equation (XII.9.21) was obtained for the first time by Finn & Smith 
(1967b, Theorem 5.4).1 However, due to the lack of suitable uniqueness theory, 
the solutions v, p used by these authors differ a priori from those in Theorem 
XII.5.1, for which (XII.9.21) was derived. Oo 


Remark XII.9.2 Condition (XII.9.13) is satisfied if the body moves by self- 
propulsion; see Galdi (1999a, 2004 §1.2.2). Oo 


XII.10 Notes for the Chapter 


Section XII.1. The first systematic treatment of the two-dimensional ex- 
terior problem for the Navier-Stokes equations traces back to the work of 
Goldstein (1933a, 1933b) and Leray (1933). In particular, the latter author 
proved existence of a solution to (XII.0.1) with finite Dirichlet integral. Leray’s 
solution is obtained as a suitable limit of a sequence of solutions {v,, px} of 


' Due to a different definition of T(v), the left-hand side of formula (XII.7.4) of 
Finn and Smith (1967b) differs from the left-hand side of (XII.9.21) by a factor 
AT. 
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suitable problems P; defined on a family {Qp,} of bounded domains with 
Ry — co as k — o. For example, in the physically relevant case when 
v, = f = 0 and va £ 0 (steady plane motion of a viscous liquid past a 
translating long cylinder), the generic P; is given by 


Av; = vg: Vug + Vopr 
in QR, 
V+ UR =0 


* 
vp =O at 0 *) 


VE =—Voeo at OBR,, 


where, for simplicity, we have put # = 1. Leray proved the existence of a 
uniform bound for the Dirichlet integral of v;, that is, 


Vopr: Von < M (2) 
Qn, 


with M independent of k. Passing to the limit k — oo, he showed that (at 
least along a subsequence) vz, py converges to vz, pr with vz, pr solving 
(XIL.0.1). The limit solution vy still has a finite Dirichlet integral. However, 
Leray was not able to show that vy also verifies (XII.0.2); cf. loc. cit. pp. 54- 
55. The study of the asymptotic behavior of Leray’s solution was initiated by 
Gilbarg & Weinberger (1974). These authors obtained, in particular, that vz 
converges (in the mean) to some vector, vo, which, as we have noticed in the 
general context of Section XII.3, need not coincide with —v.. 

However, a more fundamental question concerning Leray’s solution is the 
following one (cf. Finn 1970, p. 88): Is vz nontrivial? Actually, we are not 
assured, a priori that vy is nonidentically zero. As a matter of fact, Leray’s 
construction in the linear case would lead to an identically vanishing solution 
vy) as a consequence of the Stokes paradox.To see this, let us disregard in 
(*) the nonlinear term uv; - Vvu,x for each k € N. Applying Leray’s procedure, 


(s) 
L 


we would obtain that v;” solves the Stokes problem with zero boundary data 


and that, in view of (*«), v\? has a finite Dirichlet integral. Therefore, by 
Theorem V.2.2 we infer v\? = 

It is worth emphasizing that the above question arises also if, instead of 
a Leray’s solution, we consider a generalized solution to (XII.0.1), (XII.0.2) 
constructed via Galerkin’s method. Actually, in such a case, we look for v = 
u+V, where wu € De (2) and V is a solenoidal extension of —v.., such that 
V(x) = —V., for all sufficiently large |z|, and V = 0 at 02; see Remark 
X.4.2. Therefore, as we know from Theorem II.7.6(ii) and Theorem III.5.1, 
Ve Dy" (2), for 2 locally Lipschitz (for example). As a consequence, we can 
not exclude u = —V, namely, we can not exclude v = 0. 

In the general nonlinear case, the answer to the question is still unknown. 
However, for symmetric flow (cf. Remark XII.3.2) Amick (1988, §4.2) has 


shown that vz is nontrivial; see also Galdi (1999b, Theorem 3.1). On the 
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other hand, it is very likely that if v = 0, then vz, = 0, but no proof is 
available yet; see Section XII.6. The validity of this latter condition has the 
following important consequence. In fact, if it is true, we would obtain, in 
particular, that, for symmetric flow, vz must converge to a non-zero limit at 
infinity. Since, as observed in Remark XII.3.2, this convergence is uniformly 
pointwise, from Theorem XII.8.1 we could then conclude that every symmet- 
ric solution vz, pz has at large distances the same asymptotic structure of the 
Oseen fundamental solution. Moreover, one could prove vp = QU, for some 
a € (0, 1]; see Galdi (1998, Section 3). 

Section XII.2. The counterexample given here is the same that appears in 
Ladyzhenskaya’s book (1969, pp. xi-xii). 

Section XII.3. Theorem XII.3.1 and Lemma XII.3.3 were obtained for the 
first time by Gilbarg & Weinberger (1978). Their proof of the theorem is 
different from ours since it relies on the maximum principle for the vorticity 
field, which only holds in dimension two. Likewise, the proof of the lemma 
given by these authors is based on the Cauchy integral formula of complex 
functions (cf. (XII.4.29)) which, of course, is applicable only to plane flow. On 
the other hand, our proof relies on a general theorem concerning pointwise 
behavior of functions in spaces D'7. Theorem XII.3.2 is due to me. 


Section XII.4. The question of the pointwise rate of decay of higher order 
derivatives for Vv and p of the type considered in Exercise XII.4.1 is treated 
in Russo (2010a). However this author’s estimates turn out to be more con- 
servative than those given in (XII.4.6) and (XII.4.7). 


Section XII.5. Existence with v. 4 0 was first shown by Finn & Smith 
(1967b), and it relies on their work for the analogous linear problem, cf. Finn 
& Smith (1967a). However, this result is obtained under somewhat more re- 
strictive assumptions on the body force and the smoothness of 92 and v, than 
those required in Theorem XII.5.1, which is taken from Galdi (1993). More- 
over, the method of Finn and Smith is completely different than that of Galdi. 
Another approach to existence with v. # 0 is provided in Galdi (2004, §2.1). 
As we already mentioned, in the case v4. = 0, to date, no general existence 
theory has been developed, and few results are available only under suitable 
symmetry assumptions on the data. In particular, we refer the reader to the 
work by Galdi (2004, §3.3) and to the more recent one by Yamazaki (2009). 


More precisely, the former author assumes the domain or to have two 
orthogonal axes of symmetry, that we may take coinciding with the 7; and x2 
directions. Moreover, denote by .Y the class of vector functions w = (wy , w2) 
such that 

wi(£1, x2) = —wi(-2“1, x2) = wi(21, —22) 5 


we(r1,%2) = We(—21, 2) = —we(x1, —£2). 
Then, in Galdi (2004, Theorem 3.2) it is shown that for every boundary data 
v, € W'/22(92) OS, with flux through 02 sufficiently small,! there exists 


' By a mere oversight, this latter assumption is not mentioned in Galdi, loc. cit. 
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at least one generalized solution to (XII.0.1)-(XIL0.2) with f = 0.? This 
solution, which is, in fact, of class C°°(Q) along with the associated pressure 
field p, is also in the class .7. The simple (but crucial) observation for the 
proof of this result consists in the fact that a vector field w € Dj’?(Q) 0.7 
obeys the following inequality 


2 
hale < ef |\Vw|", 
Q || Q 


and this, in turn, implies 


27 


lim |w(r, 0)|?d0 = 0; 


r—+#oo 0 


see Galdi, loc. cit., for details. As a matter of fact, this latter condition in 
conjunction with Theorem XII.3.4 implies the stronger property for the gen- 
eralized solution: 
lim v(x) =0, uniformly. 
|a|—o0 

However, we are not expecting, in general, to give a specific order of decay for 
such solutions in terms of negative powers of |x|. The reason is because, when 
2 is the exterior of a circle, they belong to the same class where solutions 
(XII.2.7) belong, for which, as we know, no order of decay of the above type 
can be given. 

In the paper of Yamazaki (2009) the case Q = R? is considered, and it 
OF OF 
Ox , Ox, 
class” @& defined by the following conditions 


is assumed that f = ), where F’ belongs to the “antisymmetry 


w(r1,£2) = —wi(—21, 22), W(L1,; —%2) = —w(x1, 22), 


w(21,¢2) = —w(@2, 21), w(—@1, —©2) = —w(x2, 21). 


Under the further assumption that F = O(|2|~7) as |x| — oo, and its magni- 
tude is suitably restricted, in Theorem 2.1 of Yamazaki, loc. cit., it is shown 
the existence of a corresponding generalized solution which satisfies further 
summability properties. Moreover, the vorticity decays like |a|~?. 

I conjecture that the two-dimensional, plane exterior problem correspond- 
ing tO Ux = O is, generically, not solvable. In the spirit of the approach 
followed by Galdi (2009) where an analogous result is proved in the three- 
dimensional case, a way of showing this conjecture could be by assessing that 
the relevant nonlinear Navier-Stokes operator, properly defined, is Fredholm 
of negative index. 


? The case f 4 0 can be easily handled, provided f € .Y and decays suitably fast 
at large distances. 
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Section XII.7. The result of Galdi & Sohr (1995) on the summability prop- 
erties of generalized solutions was later rediscovered by Sazonov (1999), under 
more stringent assumptions. 

The “cut-off” technique employed in Theorem XII.7.2 has been extended 
to dimension greater than two by Farwig and Sohr (1995, 1998). 
Section XII.8. Though inspired by the work of Smith (1965), the method 
presented here is due to me. 

Employing the results of Smith (1965), Amick (1991) proved an analog of 
Theorem XII.8.1—Theorem XII.8.3 for the case of symmetric flows. 


Section XII.9. The main result of this section is from the work of Galdi 
(1993). 


XITlI 


Steady Navier-Stokes Flow in Domains with 
Unbounded Boundaries 


Ov of Veol pLtrAovoLv, anoVVIioKEL VEos. 


MENANDROS 


Introduction 


Let us consider a steady Navier-Stokes flow of a liquid filling a domain with 
two unbounded “outlets.” The relevant region of flow is thus a domain 2 Cc 
R”, n = 2,3 such that 


where {29 is a compact set of R” while, in possibly different coordinate systems, 
Q={c ER": a, >0, 2 = (21,...,2n-1) € Vi(an)} 1 =1,2, 


and 3}; = Y(an) are domains of R"~! smoothly varying with x,. The diffi- 
culties one encounters in studying the mathematical properties of such a flow 
have already been discussed at some length in the Introduction to Chapter 
VI and, therefore, they will not be repeated here. In this respect, we wish 
only to recall that, even in the linearized Stokes approximation, many funda- 
mental problems continue to be open when the cross sections 1; remain either 
bounded or unbounded. As expected, in the Navier-Stokes case, in addition to 
these unsolved questions, we have others that are merely due to the nonlinear 
character of the equations. 


G.P. Galdi, An Introduction to the Mathematical Theory of the Navier-Stokes Equations: 897 
Steady-State Problems, Springer Monographs in Mathematics, 
DOI 10.1007/978-0-387-09620-9_13, © Springer Science+Business Media, LLC 2011 
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The objective of the present chapter is to study two characteristic prob- 
lems (one with bounded cross section, the other with an unbounded one) 
which, though completely solved in the linearized case, when analyzed in the 
nonlinear context present several basic aspects that are still far from clear. 

The first one is the so-called Leray’s problem; cf. also Section VI.1. In this 
case 92 is a “distorted channel” of R”, n = 2,3, that is, 3’; are bounded and 
independent of x,, so that each outlet 2; reduces to a semi-infinite straight 
cylinder for n = 3 and to a semi-infinite strip for n = 2. One has to study 
steady flow that corresponds to a given velocity flux ® through the cross sec- 
tion of 2 and whichin each 92; tends to the Poiseuille flow vy? corresponding 
to &. As we know, these fields satisfy 


Ug = Up en 
n—-1 F, : 
yo 7g7 (e) = - in (XIII.0.1) 
j=l "3 


with C; constants uniquely related to @; see Exercise VI.0.1. 
The second is a problem introduced by Heywood (1976); cf. also Section 
V1.5. Here 2 is an “aperture domain” of R*, namely, 


Q={xER*:2340o0re' eS} 


with S a two-dimensional bounded domain. Therefore, the cross sections »); 
coincide with the whole of R?. The question is to determine a flow correspond- 
ing to a given velocity flux ® through S and whose velocity field tends to zero 
at large distances. 

In both cases we wish to analyze existence, uniqueness, and asymptotic 
behavior of corresponding solutions. To solve these questions we shall use an 
approach that is similar in principle to that employed in the linear case. Of 
course, we now have the further complication of the nonlinear term. This com- 
plication manifests itself in several ways, which we shall now briefly describe. 

As in the linear case, we look for a generalized solution v in the form 


v=ut+a. 


In this relation a is a flux carrier, i.e., a smooth solenoidal field in 2 that 
vanishes on 02, tends to the prescribed velocity field at large distances, and 


satisfies 
| a-n=®@ 
Zz 


with n unit normal to 2’, whereas 


u € Dy” (2). 
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As we have already seen in the case of a region of flow with a compact bound- 
ary, in the case at hand in order to guarantee the existence of a solution it is 
enough to prove an a priori estimate for the Dirichlet integral of wu. Moreover, 
again as in the case of a compact boundary (cf. Sections VII.4 and IX.4), to 
show existence without restrictions on |®|, we have to show that, for each 
a > 0 there is a flux carrier a = a(®; a) such that 


— | u-Va-u<alul{s, forall we D(M). (XIII.0.2) 
Q 


However, if the exits 2; are cylindrical (or, more generally, have bounded cross 
section) the existence of flux carriers satisfying (XIII.0.2) is not yet known. 
Nevertheless, one can construct, in such a case, fields a verifying the following 
condition: 


u-Va- u <¢P|lulf.., for all we D(Q), 

2 

for some c = c(2,n). The consequence of this fact is that, unlike the linear 
case, so far, one is able to produce existence of solutions to Leray’s problem 
only for small values of || (compared to the coefficient of kinematical viscosity 
v). The question of whether Leray’s problem is solvable for any value of the 
flux therefore remains open. On the other hand, if the outlets 2; contain 
a semi-infinite cone, Ladyzhenskaya & Solonnikov (1977) have shown that 
there are vector fields a verifying condition (XIII.0.2) and, as a consequence, 
for domains with this type of outlets it is possible to show existence “in the 
large,” that is, for arbitrary values of the flux &. Thus, in particular, this kind 
of existence holds for an “aperture domain.” 

Once a solution has been determined, the next task is to investigate its 
asymptotic structure. In the case of Leray’s problem, one shows that, again if 
|®| is sufficiently small, all generalized solutions (together with their deriva- 
tives of arbitrary order) must tend to the corresponding Poiseuille velocity 
field exponentially fast. Similarly, for Heywood’s problem, one is able to give 
a detailed asymptotic expansion, which resembles that given for the linear 
case, provided |®| is sufficiently small. If these problems can be solved for 
arbitrary values of the flux, it remains an open question.! 

Another point that we would like to emphasize is the two-dimensional 
version of the flow through an aperture. The situation is in a sense similar 
to the plane exterior flow which we have analyzed in the preceding chapter. 
Specifically, in the case at hand we can prove, with no restriction on the flux, 
existence of vector fields v which solve the momentum equation, satisfy the 
flux and boundary conditions and such that 


| Vu: Vu < 00. (XIII.0.3) 
Q 


' It is likely that in the case of the (three-dimensional) aperture flow the restriction 
on & can be removed, but no proof is known. 
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The difficulty is to show that (XIII.0.3) guarantees that v vanishes at large 
distances. We shall not investigate this question here, and refer the reader 
to the paper by Galdi, Padula, & Passerini (1995), where it is shown that v 
tends to zero uniformly pointwise. Moreover, if the aperture S' is symmetric 
around the x2-axis,? and if |®| is sufficiently small, it can be shown that the 
solution behaves at large distances as a suitable Jeffery-Hamel solution, see 
Galdi, Padula, & Solonnikov (1996); see also Remark XIII.9.5. If S is not 
symmetric, the question of the asymptotic behavior is open. 

Finally, we wish to remark that, even though obtained for particular re- 
gions of flow, most of the results we find could be extended without conceptual 
difficulties to more general situations. For example, we could show existence of 
generalized solutions (with no restriction on the flux) in domains whose out- 
lets contain and are contained in suitable semi-infinite cones or for domains 
of the type considered in Section VI.3. Likewise, we could furnish a complete 
asymptotic description (for small values of the flux) of generalized solutions in 
domains whose outlets contain the body of revolution {|x’| < «%, a > 1}. For 
other results concerning steady flow in domains with unbounded boundaries, 
we refer the reader to the Notes for this Chapter. 


XITI.1 Leray’s Problem: Generalized Solutions and 
Related Properties 


Let us consider the steady flow of a viscous liquid moving in a smooth infinite 


“distorted channel.” We shall thus assume that the relevant region of flow is 
a domain 2 C R”, n = 2,3, of class C®! with two cylindrical ends, namely, 


=| J.2; (XIII.1.1) 


where (25 is a compact subset of 2 and ;, 7 = 1,2, are disjoint domains 
which, in possibly different coordinate systems, are given by 


OQ ={z ER": In <0, a’ € Sy} 


Qy = {x ER”: an >0, a’ € Zo}. 


Here, a’ = (41,...,%n—1) and XY, i = 1,2, are C*°-smooth simply connected 
domains of the plane if n = 3, while, if n = 2 (the case of plane flow), 
3; = (—dj,d;), for some d; > 0. Denote by Xa cross section of 92, that is, 
any bounded intersection of 2 with an (n — 1)-dimensional plane that in 2; 


? Orthogonal to S. 
' Here applies the same remark we made for the linear case in Footnote 1 of Section 
VI1. 
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reduces to X;, and by n a unit vector orthogonal to /’ and oriented from 2; 
toward 22 (say). 

The main objective of this and of the next three sections is to study the 
solvability of the following Leray’s problem:? Given ® € IR, to find a pair v,p 
such that 


vAv=v-Vu+Vp 
in Q (XIII.1.2) 
V-v=0 
with 
v=0 aton 
(XIII.1.3) 
| v:-n=@® 
5 
and 
v= vy) as |x| > 00 in Q; (XTII.1.4) 


where v, i = 1,2, are the velocity fields (XIII.0.1), of the Poiseuille flow in 
22;, corresponding to the fluz &. 


We begin to give a generalized formulation of this problem, which parallels 
that furnished for the linearized case in Section VI.1. Specifically, multiplying 
(XTII.1.2), by y € D(2) and integrating by parts, we deduce 


v(Vv, Vy) =(v-Vy,v), for all gy € D(Q). (XIII.1.5) 


We thus have the following definition 


Definition XIII.1.1. A vector field v : 2 — R” is called a weak (or gener- 
alized) solution to Leray’s problem (XIII.1.2)—(XIII.1.4) if and only if 
(i) ve Wc (2); 
(ii) v satisfies (XTII.1.5); 
(iii) v is (weakly) divergence-free in 92; 
(iv) v satisfies (XIII.1.3) in the trace sense; 
(v) (v— v6?) € W12(Q;), ¢=1,2. 


Remark XIII.1.1 As shown in Section VI.1, for all v with v — v(x!) € 
W17(Q;) one has 


=k |v(x’, tn) — v4? (a) Pde! > 0 as |r| > co in 92. 
Ji 


Therefore, condition (v) of Definition XIII.1.1 is the generalized version of 
(XIII.1.4). a 


? For simplicity, we shall assume that no body forces are acting on the liquid. 
Obvious generalizations are left to the reader as an exercise. 
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Remark XIII.1.2 Since 
|(v- Vep, v)| < sup |V¢ll|vll2,0 


with o = supp ¢, identity (XIII.1.5) is well defined for a generalized solution. 
Oo 


The following result shows that to every weak solution we can associate a 
corresponding pressure field. 


Lemma XIII.1.1 Let v be a generalized solution to Leray’s problem (XTII.1.2)— 
(XII1.1.4). Then there exists p € L7.,,.(Q) such that 


v(Vv, Vp) = (v-Vb,v) + (pV) for all b € CS°(Q). — (XTII.1.6) 


Proof. In view of (i) of Definition XTI.1.1 and Corollary III.5.2, it suffices to 
show that 


F(t) =(v-Va,v), we Dy? (2) 


defines a bounded linear functional on Dj’*(Q’), with Q! any bounded domain 
of 92. However, by the Holder inequality and the embedding Theorem II.3.4, 
we have the following. 


IF ()| < la2,e/llvlla.o: S elbli.2,e/llvllt,2,2 


with c = c(’,n), and the lemma follows. 


We end this section by establishing the differentiability properties of gen- 
eralized solutions. Specifically, we have the following 


Theorem XIII.1.1 Let v be a generalized solution to Leray’s problem 
(XTI.1.2)—(XIII.1.4) and let p be the corresponding pressure field associated 
to v by Lemma XIII.1.1. Then 


v, pEC™(M) (XII.1.7) 
for all bounded domains 2’ with Q' Cc 2. 


Proof. We show the proof for n = 3; the case where n = 2 is treated analo- 
gously. Since v € W,,°(Q), we have 


v- Vue Le? (2) (XIII.1.8) 


loc 


and, therefore, from Theorems IV.4.1 and IV.5.1 it follows that 


vE Wein), pe Wee? (2). 


oc 
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Thus v and p have a better regularity than assumed at the outset and, with 
the help of Theorem II.2.4 we infer 
v- Vue Li (2) forall q <3, 


loc 
which improves on (XIII.1.8). Again using Theorem IV.4.1 and Theorem 
IV.5.1, we find 
ve W272), peweyi(M), forall q¢<3. 


loc 


We then obtain a further improvement on the (local) summability of the 
solution and iterating this procedure, we prove, by induction, the validity of 
(XIII.1.7). 


Remark XIII.1.3 Ifthe domain 2 is not of class C°, we can prove a weaker 
version of (XIII.1.7), namely, 


v, pEeC™() 


only for every bounded 2’ with @ C2. The regularity up to the boundary 
will then depend on the assumed regularity of 2, as specified by the assump- 
tions of Theorem IV.5.1; cf. Footnote 1. | 


XITI.2 On the Uniqueness of generalized Solutions to 
Leray’s Problem 


In this section we shall prove a general uniqueness result for generalized solu- 
tions to Leray’s problem (XIII.1.2)—(XIII.1.4). To this end, we need to study 
in some detail the continuity properties of the trilinear form (v -Vu, w). 

We begin to show some embedding inequalities in the domains 92;, 1 = 1, 2. 
For t > 0, to > t; > 0, we set 


O={rEeQ: In < —t} 


M={rEM: ee A 
ee ytd (XIII.2.1) 
24 = 2— [2 UN,| 


12i,t1,t2 = fig a) oF. 4=1, 2. 


Lemma XIII.2.1 Let Q = ;, and = Xj, i = 1,2, and let u € 
W'4(Q1441), m > 0, g > 1. Then the embedding inequalities (II.3.17)— 
(I1.3.18) hold in Q4441 with constants cy, c2, and cz independent of t. More- 
over, for all u € D':?(Q) with u=0 at 02 — {an = 0} we have 


I |4,2¢ 141 SK 612 Oy pia 


(XIII.2.2) 


[l2elle,s2e.e40 < K\uli,2,0 41 
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where! ‘i 
(4121+ 55151?) itn=s 
Ae (2+1)| ifn=2 
Tv T 
and 


9 1 1/2 Tee 
_ [f+ +121 ] ifn =3 


(4nd?)/6 ifn =2. 


Proof. The first part of the lemma is an immediate consequence of Theorem 
II.3.4. Actually, once we establish, from this theorem, inequalities (II.3.17)— 
(1.3.18) for t=0 with constants c;, i = 1,2,3, independent of t, by virtue of 
the translational invariance 7, — ©, —t they remain established for all t > 0, 
with the same constants c;. We shall now show the second part of the lemma. 
From (11.3.9) (in the case n = 3) and the elementary inequality 


d 
Ou(&1, 2 
juteraa)l? < fh laters) | ae) ny © (de 
-d O& 
(in the case n = 2), we have 
Ileull sx S Alleulld sy lul? os, (XIIL.2.3) 


where 


Furthermore, from (II.5.3) we have 
llul[3 =» < wlul?o », (XIII.2.4) 


where js is the Poincaré constant for 1’. An upper bound for jy is obtained 
from Exercise II.5.2 and (11.5.5), and we have 


Dy, 
zih ifn=3 


Integrating (XTII.2.3) over the variable x3, we derive 


t+1 
lulldvoseas <2 ‘i lal.» (XIIL2.5) 
£ 


' Recall that || = 2d if n = 2. 
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On the other hand, for all 2’ € XY, €3 € (t,t +1) and q>1, 


t+1 
lula’, 19 < |ule gait +4 f ju(a’,é)|*-! [Vula',é)|dé,  (XILL2.6) 


and so, integrating this latter inequality with q = 2 over x’ and &3, with the 
help of the Schwarz inequality we find 
Welds S M3 og ees + 2Mlulla,c2e ess/Ul1,2,0, 141° 


Using (XIII.2.4) in this relation furnishes 


llulld. 2 S (Ut 27M) lUlt 2 oe 


Inequality (XIII.2.2); becomes then a consequence of the latter and of 
(XTI.2.5). The case where n = 2 is treated in a completely similar way. 
Finally, we show (XIII.2.2)2. We consider the case where n = 3, leaving to the 
reader the two-dimensional case as an exercise. From (II.3.9) we have 


9 
llullo.e S gllullaslulta.s 


and so, integrating between ¢t and t+ 1 we find 


8 t+1 j 
2 
slg. Sf lull slult 
t 


Using (XIII.2.6) with g = 4 and integrating over 2’ € ©’ and &3 € [t,t + ll, it 
follows that 


luld2 Slee +4 f ju)3| Ve 


M,t41 


and so, observing that from the Hélder inequality and (XIII.2.4), 


ells oes S lll. eysllellaes ess S VEG 2. cys /Ult.2.00,044 


| fu]2| Vee] < llell2 co, eltla.2,eeenn 
2,041 


from the last four displayed inequalities and recalling the value of 4, we con- 
clude that 


9 |sa[t72 
Fel sasean Sp (1+ a) lls ltl asa 


and (XIII.2.2), follows. The lemma is proved. 


Next we shall investigate the continuity of the trilinear form (v -Vu, w) 
in suitable function spaces. To this end, set 
Ce= {v € Wien (2) : |v _ vs 1.2.0, S00, Bail, 2} 
where, we recall, vi? is the (uniquely determined) velocity field of the 
Poiseuille flow in 2; corresponding to the flux @. 
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Remark XIII.2.1 Every weak solution to Leray’s problem (corresponding 
to the flux ®) is in the class Cg. Oo 


Lemma XIII.2.2 Let Q be as in (XIII.1.1) and let u, w € Dy?(Q). Then if 
1,2 
v € Do’ (22) we have 


I(v : Vu, w)| < €1|V|1,2|4l1,2|w|1,2 (XIII.2.7) 
with cy = c1(Q,n). Moreover, if v € Dy'?(2), we have 
(vu: Vu, w) =—(v-Vw,u) (XIII.2.8) 


so that 
(v- Vu, u) = 0. (XIII.2.9) 


Finally, if v € Ce, and 
A; = |v = oO |1 9,045 


there is c; = ¢;(92,n) > 0, i = 2,3 such that 


|(u Vv, w)| < co (Sig Ai + |vla.2,00 + [P1) [ela zlewla.2 


|(v- Vw, u)| <e (a + Whigs \o1) julz.2/wl12  (XIII.2.10) 
2 
I(v- Vv, u)| < ¢3 (Soy AP + ll? 9,2, + 1PP) lee. 
If, in addition, V -v = 0, then 


(v- Vu, u) =0. (XIII.2.11) 


Proof. We split (v -Vu4, w) as the sum of three integrals Z,, Z2, and Zo over 
the regions 92,, 22, and 2, respectively. We have, by the Holder inequality, 


IZi| < llulla.a,|]wll4.2,\uls,2- (XTIL-2.12) 
However, from Lemma XIII.2.1, it follows that 
llull4.o, <Ksluli for all ue Dy?(Q), i= 1,2, (XIII.2.13) 
and so (XIII.2.12) yields 
Zi] < Kj |o|1,2|/w]1,2]tl1,2. (XTII.2.14) 


Likewise, we prove 
\Z>| < K3|V|1,2/w]1,2| 21,2. (XIII.2.15) 
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From the embedding Theorem II.3.4 it follows that? 


IZol < [lvll4,20]|ell4,20]e4I1,2 


IA 


e|| P||1,2,.29|]@II1,2,.20|tl1,2- 


However, since v and w_ vanish (in the trace sense) at the boundary 02, 
from (II.5.18) we find that ||- ||1,2,0, and |-|1,2,0, are equivalent norms so that 
the latter inequality furnishes, in particular, 


\Zo| < clv|1,2|w|1,2/ul1,2. (XIII.2.16) 


Relation (XIII.2.7) is a consequence of (XIII.2.14)—(XIII.2.16). To show 
(XTII.2.8) we notice that it is trivially verified (by integration by parts) if 
w,v © C5°(2). Under the assumptions on w, v stated in the theorem, condi- 
tion (XIII.2.8) follows from the continuity property (XIII.2.7) and the density 
of CS°(Q) into Do’?(Q). Of course, (XTII.2.8) implies (XIII.2.9). Let us now 
prove (XIII.2.10). We split, as before, (u . Vv, w) as the sum of 71, Z2, and 
To. We have 
Zi] < |(u- V(v — v§”), w)o,|+(u- voy”, w) 9, |: 


Thus, by (XIII.2.13) and the Holder inequality, we deduce that 


foe) 
\Zi| < «7 Aj |el1,2|w]1,2 +f Joo? |1,2,1/ulla,sllella,y, 
1 


where integration is performed over the x3 variable. Because of Exercise 
VI.0.1, (XIII.2.3), and (XIII.2.4), it readily follows that 


Ti | < c(Ai ae |P|) wlio] w 1,2: (XIII.2.17) 


Likewise, we show 


T3| < c(Ae2 a |P|) |wli2)w 1,2: (XIII.2.18) 


Concerning Zo, we have 


[Zo] < ¢|v|1,2,.29|| UI]1,2,20 |] wl]1,2,.20; 


where use has been made of the Holder inequality and the embedding Theorem 
II.3.4. However, as already remarked, || - |]1,2,0) and | - |1,2,9, are equivalent 
norms for functions from Do’? (Qo) and so 


\Zo| < c|v|1,2,.2|U1,2|w]1,2, (XIII.2.19) 


and (XIII.2.10), becomes a consequence of (XIII.2.17)—(XTII.2.19). The proof 
of (XIII.2.10), is very much the same as that just furnished for (XIII.2.10), 


? Throughout the rest of the proof, the symbol c will denote a quantity depending 
(at most) on 2 and n. 
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and, therefore, it will be omitted. Also the proof of (XIIL2.10), is obtained 
in a similar fashion, once we notice that 


vo - Vo =0 in Q; i= 1,2. 
To show the last property (XIII.2.11), we observe that, since by (XII.2.10), 
v:-Vu-ue L'(2), 
it follows that 


; v-Vu-u= lim v-Vu-u (XTII.2.20) 
Q 


ES te 


with ,r is defined in (XIII.2.1). By integration by parts, for all R > 0, 


1 
| v-Vu-u=-— | v-nu +f v- nu (XII.2.21) 
Mor 2 | Js (R) ¥2(R) 


where 3 (J) [respectively ')()] denotes the cross section ¥ [respectively 
3] calculated at x, = —R [respectively x, = R] in the system of coordinates 
that 2, [respectively 22] is referred to. Since 


Ins | ven? = f (of!) ru? + f vo - nu, 
21(R) 21 (R) ©1(R) 


it follows that 


1 1 
Za] < (lv — v6" ll2,s:¢R) + ls? lle, 2.cey lll? (2): 
By Remark XIII.1.1 and Exercise VI.0.1 we have 


| 


1 
(lo — v6 ll2,5,0%) + [oh ll2,s,c@)) < e1 


for some c; independent of R. Therefore, 


el = el sate (XIII.2.22) 
By the trace inequality of Theorem II.4.1 and (XIII.2.4) we readily see that 
I|tI|4,5,(R) S cllulli 2,.0n < Cy U]1 2, 0R; 
which, along with (XIII.2.22) and the condition u € Dj’?(Q), implies 

oar 
Likewise, one shows 


lim v-nu? =0 
R—-o0o ¥o(R) 
so that, by this relation, (XIII.2.20), and (XIII.2.21) we conclude the validity 
of (XTII.2.11). The lemma is proved. 
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Remark XIII.2.2 Explicit values for the constants c;, 1 = 1, 2,3 appearing 
in the statement of Lemma XIII.2.2 can be of some interest. In particular, 
c2 is related to uniqueness conditions for generalized solutions; see Theorem 
XIII.2.1. Even though it appears difficult to give an estimate valid for a general 
domain (2, this is actually possible if 22 is of special shape. For instance, if 2 
is an infinite straight cylinder of circular cross section »’, one can show 


cp 1/2 
cg = 2max 4 Kk, —= |’ 
» = 2max fre Bis} 
where « is the constant given in (XIII.2.2) while cp is the Poiseuille constant 


defined in Exercise VI.0.1. oO 


We are now in a position to show the main result of this section. 


Theorem XIII.2.1 Let v be a generalized solution to Leray’s problem 
(XTI.1.2), (XTIH.1.4) corresponding to the flux ®. If 


2 
i V 
Sv = vf |1,2,0, + lvli,2,0 + 18] < a 
1=1. 2 


with cz given in (XIII.2.10),, then v is the only generalized solution corre- 
sponding to ©. 


Proof. Let v1 be another generalized solution corresponding to &. Setting 
U=V1—vV 
from (XTII.1.5), it follows that 
v(Vu, Vy) + (u: Vu, y) + (u-Vv,¢~)+(v-Vu,y)=0 (XIIIL.2.23) 
for all y € D(2). It is readily shown that 
u € Dy (2). (XIIT.2.24) 
Actually, in Q;, 7 = 1,2, 


(@)) 


u= (v1 — ¥G ) 


—(v— v9 


and, as a consequence of (i), (iv), and (v) of Definition XIII.1.1 and in view 
of Exercise VI.1.1, it follows that 


u € Dy? (2). 
Since uw is solenoidal, we have, in fact 


u € Dy? (2); 
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cf. Section III.5. However, by Exercise III.5.1, 

51,2 1,2 

Do (2) = Do” (2) 


and (XIII.2.24) is proved. By virtue of Lemma XIII.2.2 we can now extend 
(XTI.2.23) to all y € D(2) and, because of (XIII.2.24), we may take yp = wu. 
By properties (XTII.2.9) and (XIII.2.11), 


(v- Vu, wu) = (u- Vu, w) = 0, 
and so (XIII.2.23) with y» = u delivers 
viulzo+(u- Vv, u) =0. (XIII.2.25) 
Employing (XIII.2.10),, we find 


2 
|(u- Vv, u)| < ee (>: lar— wl 2,0; + elie “) |aeli 2: 


i=l 


and the theorem follows from this inequality and (XIII.2.25). 


Remark XIITI.2.3 In the case when 2 is an infinite straight cylinder an 
estimate from above for the constant cg is given in Remark XIII.2.1. Oo 


XITI.3 Existence and Uniqueness of Solutions to Leray’s 
Problem 


Existence will be proved by the same Galerkin technique employed in Chapters 
IX—XI for analogous questions in domains with compact boundaries. To this 
end, we need, as in the linear case, a suitable extension of the Poiseuille 
velocity fields vs, i = 1,2. However, since in the case at hand the equations 
are nonlinear, we have to face the same problem we already encountered in 
Section IX.4 and Section X.4. Actually, let us denote by a an extension of 


v, i = 1,2, that is, a sufficiently smooth solenoidal vector field in 2 that 


vanishes on 022, equals vi at large distances in 2;, 7 = 1,2, and such that 


fan=o, 
>» 


We then look for a solution to (XIII.1.2)—(XIII.1.4) of the form 
v=uta, “eD;”. 


As we have learned from the Galerkin technique, for such a solution to exist 
we need an a priori bound for |u|;,2 depending only on the data. Replacing 
formally this v into (XTII.1.2) we find 
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vAu =u:-Vu+u:-Va+a:-Vut+Vp—vAa+a-Va 


V-u=0 in 2 


u=0 at don 


[un=o 
») 


lim w=0 in §);. 


|2|—+00 


Dot-multiplying the first equation by uw , which, according to the Galerkin 
method, can be assumed to be a member of D(2), integrating by parts and 
employing the boundary conditions we formally derive the following identity 


V ee Va:Vu- | a-Va-w, 
Q Q Q Q 

Using the results of Lemma XIII.2.2 along with the properties of a , it is not 
difficult to show that the latter identity leads to the following estimate! 


1/2 
V vu: vus~f wvaure(y Vu: Vu) 
Q 2 Q 

with C' depending only on the data. Thus, exactly as in the case of a region 
of flow with a compact boundary, if we want to prove existence without re- 
strictions from below on the kinematical viscosity v, we should show that for 
any a € (0,v) there exists a(a;a@) such that 


-[ wVaru<a Vu: Vu_ for all u € D(). 
Q Q 


However, the existence of such an extension is not known and, perhaps, in 
view of what we have seen in the case of a bounded region of flow, it may 
not hold. Nevertheless, in place of the preceding property, one does prove the 
existence of an extension a verifying 


i ws Varu <c'|6| | Vu: Vu for all u € D(M) 
Q Q 

for some c = c(2,n), which, therefore, furnishes the desired bound on |t|;,2 
provided 

|D| < cv. 


As a consequence, the question of existence of solutions to Leray’s problem 
for arbitrary values of v or (equivalently) for arbitrary values of the flux 
remains open. 

We shall now pass to the construction of the field a that will satisfy this 
property. 
' See also the proof of Theorem XIII.3.2. 
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Lemma XIII.3.3 There exists a field a : §2 — R” such that 
(i) ae W279); 


(ii) V-a=0ingQ; 

(iii) a = 0 at O22; 

and, for some R > 0, 

(iv) a= vy) in OQ: 

(v) la|1,2,2,r < cl; 

with Q? and 2o,R defined in (XIII.2.1) and with c = c(Q,n, R). 

Proof. The field @ is constructed exactly as in Section VI.1. The only thing 
to prove is condition (v). However, we know that in 2,r @ satisfies 


2 


Jal1,2,002<¢>, og? |12.5% 
t= 1 


with c = c(M,r,n), so that (v) follows from this inequality and Exercise 
VI.O0.1. 


The preceding lemma allows us to show the following existence result. 


Theorem XIII.3.2 There is a constant c = c(Q2,n) > 0 such that if 
|P| < cv, (XTII.3.1) 


Leray’s problem (XTII.1.2)—(XIII.1.4) admits at least one generalized solution 
v. Moreover, for some positive C = C(2,n), 


2 
Sv = of |1,2,0, + lvli2,0 < C+ “(|e + |). (XIII.3.2) 
i=1 

Proof. We look for a solution of the form 

v=uta 
with a given in Lemma XIIL3.3 and u € Dy*() satisfying 
v(Vu, Ve) - (u - Vy, u) = —(u - Va, y) + (a - Vy, u) 
—(a - Va, ~) + v(Aa, yp). 


It is clear that v_ satisfies all the requirements (i)-(v) of Definition XIII.1.1. 
A solution to (XIII.3.3) is determined via the Galerkin method. Thus, let 


{ei} C D(2) 


denote a sequence whose linear hull is dense in Dj’7(Q). By Lemma VII.2.1 
and the embedding Theorem II.3.4, we can take {y,,} satisfying the following 
conditions: 


(XIII.3.3) 
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(i) (Pi. P;) = 6153 
(ii) Given y € D(2) and € > 0, there are a positive integer m = m(e) and 
real numbers 71,...,;%m Such that 


Ile — So n¢llo <é, 
i=1 


A sequence of “approximating solutions” {um } to (XTII.3.3) is then sought of 
the type 


m 
Um = s EkmYP rE 
k=1 


U(Vtim, Vex) 7 (tm Vr: tea) = —(tm ‘Va, Pr) zs (a : Vr; thi.) 
-(a . Va, Pr) a v(Aa, Pr): 

(XIII.3.4) 
with k = 1,...,m. Existence to (XIII.3.4), for each m € N, can be established 
exactly as in Theorem IX.3.1 and Theorem X.4.1 (see Lemma IX.3.2), pro- 
vided we show a suitable bound for |wm|1,2. To obtain this bound, we multiply 
(XIII.3.4), by €m and sum over k from 1 to m. Recalling that, by Lemma 
XIII.2.2, for all m € N, 


(thee * V ttre tie) = (ax Vitig th, ) = 0, (XIIL.3.5) 
we find 
Vth lio — —(tm . Va, Um) + (a - Va, Um ) oe v(Aa, um). (XIII.3.6) 
From Lemma XIII.2.2 and Lemma XIII.3.3 it follows that 
|(tm “Ve, thin)| < 119] [rbmal2 2 ae 
|(a Va, Um)| < c1|P|? |tem|i,2 
with c, = ¢(2,n). Furthermore, from (VI.1.9) and (VI.1.10) we have 
|(Aa, tm )| = |(Va, Vem) ay al 
and so, again by Lemma XIII.3.3 
|(Aa, um) | < c2|P| jetm|a,2, (XIII.3.8) 


with co = c2(2,n). Thus, if we take, for instance, 
1 
@| < —y, 
|| ca 


using (XIII.3.5)—(XII1.3.8) and Lemma IX.3.2 we show existence to problem 
(XTII.3.4) for all m € N. Furthermore, 
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2c 
[ttmli.2 S$ (|| + |6)). (XIII.3.9) 


Using (XIII.3.9) and the weak compactness property of the spaces D!:?(Q), 
we may find a subsequence {wm} and a vector field w € Do’?(Q) such that 
Um! — u weakly in Dg’? (Q) 


Um’ — uw strongly in L?(’), for all bounded Q c 2. 
Reasoning as in Theorem IX.3.1 and Theorem X.4.1 and taking advantage 
of condition (ii) on {y,}, we then show that u_ satisfies (XTII.3.3) for all 
y € D(2). Since in view of (XIII.3.9) and the property of weak limits, we 
have 9 
C3 
luli.2 < —=([P| + ||’), 


with the help of Lemma XIII.3.3 and Exercise VI.0.1 we also have 


|v — v no. <|a- v 12,9; + julie 


IA 


i 2c3 
lal1,2,00,2 + 1% l1,2,0:90.2 + (Fl +1877) ¢xr1.3.10) 


IA 


1 
C4 (1 + =) (|| + |4|?). 
Likewise, again by Lemma XIII.3.3 and Exercise VI.0.1, we find 


|]1,2,% < |a@l1,2,25 + |uli,2 
1 
< es (1+ 2) (1+ 18?) 


Therefore, estimate (XIII.3.2) follows from this inequality and (XIII.3.10), 
and the theorem is proved. 


Remark XIII.3.4 Theorem XIII.3.2 states, in particular, that, unlike the 
linearized case, the nonlinear Leray’s problem is solvable under the restriction 
(XTII.3.1) for the flux ®. The investigation of whether this restriction can be 
removed is, undoubtedly, one of the most challenging problems in theoretical 
fluid dynamics. In this respect, it should be observed that if we relax require- 
ment (v) of Definition XIII.1.1, that is, if we do not impose a priori that 
the solution converges to the corresponding Poiseuille flows in the outlets 2;, 
then one can show existence of solutions for arbitrary values of &. Specifically, 
Ladyzhenskaya & Solonnikov (1980, Theorems 3.1, 3.2) have shown? that for 
any ® € R there exists a pair v , p obeying (XIII.1.2)—(XIII.1.4). Concerning 
the behavior at infinity, this solution satisfies the following conditions:3 


? Actually, in a class of domains larger (for shape) than that considered by us here. 
3 See (XIII.2.1) for the definition of the domains involved in (XIII.3.11). 
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Vu: Vu<ct, for allt >0 
Qt 
: (XIII.3.11) 


| Vu: Vu<c forallt>0, 
Qt t41 


with c; and cg independent of t. Moreover, v , p is unique if || is “sufficiently 
small.” These results resemble in a sense those for D-solutions of the two- 
dimensional nonlinear exterior problem, since in the case at hand the main 
problem also remains the investigation of the asymptotic behavior, starting 
with a certain regularity at large distances, here expressed by (XIII.3.11). In 
particular, denoting by S; = S;(@, X;), i = 1,2, the “limit sets,” i.e., the set 
constituted by those vector fields that the solution v_ satisfying (XTII.3.11) 
tends to eventually as |a| — oo in 92;, one should investigate if S; = {v0}. oO 


Remark XIII.3.5 Also in view of what was observed in the preceding re- 
mark, it appears of a certain interest to determine an explicit and possibly 
sharp value for the constant c entering condition (XTII.3.1). In this respect 
we have a result due to Amick (1977) that ensures that, if 2 is simply con- 
nected, c depends only on 2; (through their sections 7;) and not on 929; see 
Amick, loc. cit. Theorem 3.6. Moreover, c can be determined in an “optimal” 
way by solving a suitable variational problem strictly related to the nonlinear 
stability property of Poiseuille flow and, if the cross sections 3’; are of special 
shape, c can be explicitly evaluated. For instance, if 27; is a circle of radius 
R;, we have 
c= 127.9 min{R, Ro}; 


see Amick loc. cit. §3.4. | 


Exercise XIII.3.1 (Generalization of Theorem XIII.3.2 to domains with more 
than two cylindrical ends). Assume that instead of two exits to infinity, 21 and 922, 


the domain 2 has m > 3 exits Q},..., Qj, where 1,..., Qj can be represented as 
21 (“upstream” exits) and 21 4,,..., as Q2 (“downstream” exits). Assume also 
that 


I 
2-|J) a; 
4=1 


is bounded and that 2 is of class C°°. Denote by &; the fluxes in Q!. Then show 
that for every choice of ®; satisfying the compatibility condition of zero total flux, 
i.e., 


j I 
yas yd a, 
i=1 


i=jtl 
there is a c= c(2,n) > 0 such that if 


1 
> |Di|< aw 
i=1 


Leray’s problem is solvable in 92. 
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With the help of Theorem XIII.2.1 we can readily obtain conditions under 
which solutions determined in Theorem XIII.3.2 are unique. Actually, com- 
bining Theorem XIII.2.1 with (XIII.3.2) we immediately find the following 
result. 


Theorem XIII.3.3 Let v be a generalized solution to Leray’s problem con- 
structed in Theorem XIII.3.2, corresponding to flux &. If 


1 1 
le (1+5) +3] i+ (1+2) IGP? < = 
Vy Vy C2 


with co and C' given in Theorem XIII.2.1 and Theorem XIII.3.2, respectively, 
then v is the only generalized solution corresponding to ®. 


XITI.4 Decay Estimates for Steady Flow ina 
Semi-—Infinite Straight Channel 


Our objective in this section is to establish the rate at which solutions de- 
termined in Theorem XIII.3.2 decay to the corresponding Poiseuille velocity 
fields. We shall show that, as |a| — oo, they decay pointwise and exponentially 
fast. As in the linear case, this will follow as a corollary to a more general 
result holding for a class of solutions wider than that determined in Theorem 
XIII.3.2. More generality regards, essentially, the behavior at infinity, while a 
restriction on & of the type (XIII.3.1) is always needed. 

We shall restrict our attention to flows occurring in the straight cylinder 


2 = {tp > 0} x XY, 


where the cross section ¥/ is a C°-smooth, bounded, and simply connected 
domain in R"~! (n = 2,3). However, some of the results we find can be 
extended to cover more general situations. The cross section at distance a 
from the origin will be denoted by (a), despite all cross sections having the 
same shape and size. Let vo = vo(x’) be the vector field associated with the 
Poiseuille flow in 2 and corresponding to flux ®. Further, let wu , 7 be asmooth 
solution! to the following boundary-value problem: 


vAu=u-Vutu-Vv9o+v9:-Vut Vr 


V-u=0 
u=0 at d02—{x, =0} (XIII.4.1) 


ure 
oy 


' For simplicity, we assume u ,t smooth, that is, indefinitely differentiable in the 
closure of any bounded subset of (2. We note, however, that the same conclusions 
may be reached merely by assuming that wu and 7 possess a priori the same 
regularity of generalized solutions and then employing Theorem XIII.1.1. 
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Remark XITI.4.1 If vis a generalized solution to Leray’s problem, then 
uU=vU-— v satisfies (XIII.4.1) with Q = Q;, 2 =X; and v9 = v0) oO 


We begin to show some local estimates for problem (XIII.4.1). To this end, 
for R > 0 we let 
QO" = {2 € Qi 2, > Rh. 


Lemma XIII.4.1 Let wu ,7 be a smooth solution to (XTII.4.1) with 
\uli2 <M <oo. 
Then for every m > 0 and R > 0, the following estimate holds 
Ullma22,0%% + [[Vrllm2o%e <cllulli2,0" (XII.4.2) 
where c = c(n,m, M, 1’, @,v). 


Proof. Throughout the proof, the symbol c;, i = 1,2,..., denotes a generic 
quantity depending, at most, on m, M, »’, and @&. Let 


O<Ee< 


. XIII.4. 
m+2 ( 


By (XIII.2.2), and assumption, for all k = 0,1,2,..., and all Ri; > 0 we 
derive? 


[fae eel late ap cage = Mlle nae ieee, yy (Me ae ge eee 
55 Wie a te ya 
and so, summing over & we obtain, in particular, 
|e. Vulls;o.0m < c1lUlioom for all Ry > 0. 


In a similar fashion, from the Holder inequality, the regularity of vo, and 
inequality (XTIII.2.4) we readily find 


vo Vutu-Vvolls/2,0m < c2lUlisom for all Ry > 0. 


Thus, setting 
f=u-Vut+v9:-Vut+u-: Vvo, 


it follows that 
IF lls 2,07 < c3|Ul1 9.0R1 5 for all Ry = 0. (XIII.4.4) 


? We give a proof that applies equally to both cases n = 2 and 3. However, for 
n = 2 the proof could be simplified. 
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Employing (VI.1.13) with s = Ri +k, k = 0,1,2,..., 6 = and taking into 
account (XIII.4.4), after summing over k we find 


Itl]2,3/2,0R2 <callulli2n-- for all Ro > 1. 
From this relation and the first part of Lemma XIII.2.1 it then follows that 


sup |u| < cs. (XTII.4.5) 
QR2 


Thus, 
Ju -Vullo ore < cellulli son 


which, by the regularity properties of vo, in turn implies 
WFlloar < c7\ulysqre- (XIII.4.6) 


We next employ (XIII.4.5) together with (VI.1.13) calculated for s = Rs +k, 
k € N, and 6 = e. Summing over & and taking into account (XIII.4.5) we 
deduce 


Ilello2,0%8 a IVT llo,a%s S cs|U|1,2,9R3-«, (XII.4.7) 
for all Rg such that 
R3 > Rote. (XIII.4.8) 
We now choose 
Rog=R+e, R3=R+1. (XIII.4.9) 


Since € obeys (XIII.4.3) (with m = 0), it follows that (XIII.4.7) is satisfied 
and that Rg —¢ = R+1-—e > R. Therefore, (XIII.4.7)-(XII1.4.9) prove 
(XTII.4.2) for m = 0. Iterating this method, it is possible to show the validity 
of (XIII.4.2) for all m > 0. We show this for m = 1, leaving to the reader 
the proof of the general iterative procedure. By assumption, the first part of 
Lemma XIII.2.1, and (XTII.4.5) it readily follows that 


|u - Vuli2,0%s < elt 4 ors as ¢5|Vuli 2.0: 


IA 


c9(|lUllS > ors + ||ull22,0%8): 
In view of (XIII.4.7) and the assumptions on uw we deduce 
|u - Vuli2,08s < €10||Ul|1.2, aR3-e- 
Likewise, from the regularity properties of vp and (XIII.4.7) we find 
I|vo- Vu+ u- Vvolli2,0%3 S c1illelli2,0%3-e- 


As a consequence, we infer that 


lf lli 2.0% < €12||U\|1,2,0R%3-¢- (XIII.4.10) 
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We now employ (VI.1.13) with s = R4 +k, k € IN and 6 = c. Summing over 
k and taking into account (XIII.4.10), it follows that 


Il24||3,2,.0R4 + IVT |l1,2,0%4 < €13|U|1,9,0R3-e, (XIII.4.11) 


for all Ry such that 
Ra > Rg +e (XIII.4.12) 


where Rs satisfies (XIII.4.8) with Rg > 1. If we choose 
Ro=R+e, R3=R4+2, R=R+1, 


we see that, by (XIII.4.3) with m = 1, conditions (XTII.4.8) and (XTII.4.12) are 
satisfied and, furthermore, Rg —¢ = R+e > R. We then conclude the validity 
of (XTII.4.2) with m = 1. The proof of the lemma can be then considered 
accomplished. 


The conclusions of Lemma XIII.4.1 can be derived under much weaker as- 
sumptions on the summability of Vu, provided that the flux @ is “sufficiently 
small.” To show this, we need a preliminary result concerning a differential 
inequality. 


Lemma XIII.4.2 Let y € C'(IR,) be nonnegative with a nonnegative first 
derivative. Assume for allt > 0 


ay(t) < ary’ (t) + ag(y’(t))9/? +b (XIII.4.13) 
where a is a positive constant while a,,a2, and b are nonnegative constants. 
Then if 

lim inf t~*y(t) = 0 


we have 1 
y(t) <2——, forallt >0. (XIII.4.14) 
a 


Proof. From Young’s inequality (11.2.7) it follows that there is a c = c(a1) 
such that for all t > 0 


ary'(t) S ely)? + br 
where 6; = b+ 1. As a consequence, (XIII.4.13) yields 
ay(t) < d(y'(t))3/? + by (XII.4.15) 


with d = az +c. Assume (XIII.4.14) is false, We can then find to > 0 such 
that 


by 
y(to) > oe 
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and, since y(t) > 0, 
y(t) > 24 for all t > to. (XIII.4.16) 
Employing (XIII.4.16) in (XIII.4.15) we obtain 
A(y(t))?/ < y/(t), for all t > to 


with? 
As a : 
5d >0 


Integrating this inequality from t and t, > t, it follows that 


EE SO ae 


“i.||!OC«w 3 am 


and so taking the liminf as t; — oo of both sides of this inequality we derive 


AN3 
lim inf t7° y(t) > (=) > 0, 
ti—00 3 


which contradicts the assumption. The lemma is therefore proved. 


The result just shown allows us to prove the following. 


Lemma XIII.4.3 Assume u, 7 is a smooth solution to (XIII.4.1) such that 


Lln—7co 


lim infe,? f (f |Vu(a", t)|?d=)dt = 0. 
0 X(t) 
Assume, further, that the flux & associated with the Poiseuille flow vo satisfies 


V 
|D| < Toph (XIII.4.17) 


where cp is the constant given in Exercise VI.0.1 and A, w are given in 
(XTI.2.3) and (XIII.2.4), respectively. Then 


Vu: Vu<o. 
Q 


Proof. Multiplying (XIII.4.1), by wu and integrating by parts over (0, 7p) x &’, 
we find 


3 Notice that we can always take d > 0. 
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Glen) =v f , | Vu: Vud» 
0 x(t) 

Ou: 1% | 

= —TUn + $—— — =u"(Un + v0) 

[.. | 2 Otn, 2 
vow 14 | 
TUn + ~—— — =u" (Un + v0) 

[. | 2 OXn 2 ° 
-| i) u-Vvo- ud» 

0 Z(t) 


where Vp = Upen. By using the Schwarz inequality, (XTII.2.3), and (XIII.2.4) 


we obtain 
| 7 wu: Vuo-udXdt| < | |Vv0|" 
0 X(t) X(t) 
1/2 
< (An)? ( | ve G(an) 
X(t) 


= (Aucp)'/?|®|G(an), 


dt 


(XIII.4.18) 


dt 


1/2 


(XIII.4.19) 
where, in the last step, we have used the results of Exercise VI.0.1. Assuming, 
now, the validity of (XIII.4.17) and setting 


y =v — (Aucp)'/?|9| (> 0), (XIII.4.20) 
from (XIII.4.18) and (XTII.4.19), it follows that 


Ouz 1 


with b a nonnegative quantity independent of x,,. Integrating both sides of 
this relation from t to t+ 1 furnishes 


ie your 1 
rf G(an)dtn < | [run +-— — =u? (un + w)| +b. (XIII.4.21) 
t 2441 
We wish to estimate the term involving rt. To this end, we proceed as in 


the linear case; see Theorem VI.2.1. Specifically, denoting by w a solution to 
(VI.2.14), from (XIII.4.1) we find 


| TUn = -| VT-wW 
Qe t41 2,t41 


= ‘ [VVu: Vw-u-Vw-u (XIII.4.22) 
Qe,t41 


—u-Vw-v9 — vo -w- ul. 
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Taking into account the properties of w, from Lemma XIII.2.1 and (XIII.2.4) 
we find 


it Vu: Vw} < Coltt]1 2,0 441 1l]o,0¢ c42 
2,441 
< CoVTlUlt 2.04644 
fw Ve-u) < colada, lllae.e 
2441 
< con VEU)? » 0, 145 (XIII.4.23) 


| a Very) < cod lttlla,e, eealttla,2,0.-001 
Qt t41 


< CoO BUNT 9 04 044 


i vo: w-ul < CoO BUNT 204 644 
24,041 


with 
~ ! 
v= max |uo(x’)|. 


Putting 
C1 = Co /M(v +k? + 20), 


from (XIII.4.21)-(XIII.4.23) we deduce 


oe 2 1 Ou? 2 
vf Gender selene 3h [vo — uP(am + m0)] +. 


(XIII.4.24) 
We now observe that, again from (XIII.2.4) and Lemma XIII.2.1, it follows 
that 


Ou? 
i < 2letlle,csegalttla eves <2VE IU 0, oe 
Qe t41 OLn ; 


| uuo| < Syl UlT oy oa (XTII.4.25) 
Mp,e41 


a wuin| < lleall2. co, coq lltle,eess <*2VE TUS 9 0 o4- 
t,t4+1 


Replacing these latter inequalities into (XIII.4.24), we find 


#+1 
vf G(an)dan < calultoo, 1 + Callie 1 +2 (XTII.4.26) 
t 
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where 
C2 = C1 + Jey + 40,/[) 
c3 = mse 


ut) = f Ges 


and recalling the definition of G(x,,), it follows that 


Setting 


y(t) = alt 9 oe est 
Therefore, inequality (XIII.4.25) yields 
y(t) < coy'(t) + ca(y/ (t))°? +b 
which, in turn, by Lemma XIII.4.2, implies 
ose. 
7 


The result then follows from this estimate and an argument entirely analogous 
to that employed at the end of the proof of Theorem VI.2.1. 


The next result establishes an exponential decay property of the type of 
de Saint-Venant. 


Lemma XIII.4.4 Let the assumptions of Lemma XIII.4.3 be satisfied. Then, 
there are positive constants 0; = 0;(2’,n, ||ul|1,2,0, 8, v), i = 1,2, such that 


\|e\la2,.0% < o1|ulla2,eexp(—o2R), for all R> 0. 


Proof. We notice that, in view of Lemma XIII.4.3, ||a||1,2,0 is finite. Multi- 
plying (XIII.4.1), by u and integrating by parts over (R, wv) x © = Or», we 
find 


2 4 
_ iy [run Piet ae w)| (XIII.4.27) 


From Lemma XIII.4.1 and the embedding Theorem II.5.2 it follows, in par- 
ticular, that 
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sup (ju(2’,2@n)| + |7(2',2n)|) 20 as an > 00, 
x'ex 


and so, reasoning as in the proof of Theorem VI.2.2, we can show that, in 
the limit x, — oo, the surface integral over /'(x,,) is vanishing. Thus, in this 
limit, (XTII.4.27) yields 


(XIII.4.28) 
with 
VH(R) = v\ult oar: 


Proceeding as in (XIII.4.19), we can show 


: u-Vvo u < (Aucp)'/?|6|H(R), 
QR 


which, in view of (XIII.4.17), once replaced in (XIII.4.28) furnishes 


WHR) <= | 


2 
1 

| TUn 4 i —u? (un + Up) 

(R) 


2dr, 2 


with y given in (XIII.4.20). We next integrate both sides of this relation 
between t+/ andt+/+1,1=0,1,2,..., to obtain 


t+I41 V V 
rf Hin) < -2 | wad | u- 
t+l 2 J O(¢4141) 2 J (t+) 


(XIII.4.29) 


The volume integral on the right-hand side of (XIII.4.29) can be increased 
exactly as in (XIII.4.22), (XIII.4.23), and (XII.4.25), , and so we deduce 


1 
| TUn + zu (un + vo)| < cl en aera a [te fase eaeiis eee eas 
Q41,t4141 
(XIII.4.30) 


with cy = c(n, ©’, ®). Collecting (XTII.4.29) and (XIII.4.30) we derive 


tHI-+1 F Vv Ba 
#) A(R) < coltli eos -5f B45 | : 
os 1,2,Qey.ei41 9 S (e441) 2 J 5(e+)) 
(XIII.4.31) 


where cz also depends on |u|i2,9. Summing both sides of (XTII.4.31) from 
!=0 tol =oo and taking into account that, by Remark XIII.1.1 


lim u?(x’,t)d= = 0, 
t—oo Z(t) 
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we find 


vf H(R) < coH(t) + al u’. (XIII.4.32) 
t 2 J5(t) 


However, by (XIII.2.4), 
fowsnf wu =-uH'@ 
X(t) X(t) 
and so from (XIII.4.32) we arrive at 
vf H(R) < ceoH(t) — H(t). 
t 


Using Lemma VI.2.2 into this inequality furnishes the desired result and the 
proof of the lemma is complete. 


From Lemma XIII.4.1, Lemma XIII.4.3, and Lemma XIII.4.4, and with 
the help of Lemma XIII.2.1, we are able to deduce at once the following main 
result. 


Theorem XIII.4.1 Let u , 7 be a smooth solution to (XIII.4.1) satisfying 


Ln—co 


liminga,® [ | |Vu(a", t)|?d=)dt = 0. 
0 X(t) 


Then, if ® satisfies (XIII.4.17), it follows that 
I|tl|1,2,.@ < 00. 
Moreover, there is a positive constant cy = c1(’,n, ®, ||ulli.2,0,v) such that 
|D°u(a)| + |D°Vr(x)| < cr exp(—o22n) (XTIT.4.33) 


for every x € 2 with x, > 1 and all |a| > 0, and where op is given in Lemma 
XITI.4.4. 


This theorem, along with the uniqueness Theorem XIII.3.3 and the help 
of Remark XIII.4.1, immediately produces the following general result con- 
cerning the asymptotic behavior of weak solutions to Leray’s problem. 


Corollary XIII.4.1 There exists a positive constant c = c(92,n) such that, 
if 

|D| < cy, 
all generalized solutions v to Leray’s problem (XIII.1.2)—(XIII.1.4) satisfy 


the decay property (XIII.4.33) in each outlet Q;, i = 1,2 with u =v — vl) 
and T = p — Cj. 
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Remark XIII.4.2 Another equivalent way of stating Theorem XIII.4.1 is to 
say that, under condition (XIII.4.17) for ®, every (smooth) solution u to 
(XTII.4.1) either verifies 


liminte,® f (f |\Vu(a’, t)|?dX)dt > 0 
0 Z(t) 


Ln—0o 


or decays pointwise and exponentially fast with all its derivatives of arbitrary 
order. w 


Remark XIII.4.3 Reasoning as in Remark VI.2.1, we can show that r(x) 
tends to a constant 7) exponentially fast. a 


Remark XIII.4.4 Corollary XIII.4.1 is similar to the analogous result de- 
termined for the linearized Stokes approximation in Section VI.2, with the 
addition of the flux restriction (XIII.4.17). oO 


XITI.5 Flow in an Aperture Domain. Generalized 
Solutions and Related Properties 


We shall now focus our attention on the investigation of existence and unique- 
ness of flows in certain domains with “exits” having an unbounded cross sec- 
tion. Even though our method carries over to more general situations, we shall 
restrict ourselves to the special case where the region of motion (2 is a three- 
dimensional “aperture domain,” that is (cf. also Section III.4.3 and Section 
V1.5), 


= {a € R® :@3 #0 or #’ = (21,22) € S} (XTII.5.1) 


with S (the aperture) a bounded locally Lipschitz domain of R? that con- 
tains a disk of finite radius; Heywood (1976). The reason for this choice is 
because the technical details simplify to an extent in such a way that the 
analysis becomes formally simpler. However, whenever the case dictates, we 
shall explicitly mention possible extensions of our results to more general do- 
mains. Moreover, again for the sake of simplicity, we shall assume no body 
force acting on the liquid, leaving the obvious generalization to the interested 
reader. 

We wish to solve the following Heywood’s problem: Given ® € R (the 
flux through the aperture), to determine a pair v, p defined in (2 given by 
(XTII.5.1), such that 
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vAv=v-Vu+Vp 
in 2 


V-v=0 
v=0 at On 
(XIII.5.2) 
| a v(x) =0 


fu=o. 
Ss 


The reader will immediately recognize that (XIII.5.2) is the fully nonlinear 
counterpart of the problem studied within the linear approximation in Section 
VL5. 

We begin to give a weak formulation of problem (XIII.5.2). To this end, 
multiplying (XIII.5.2), by » € D(2) and formally integrating by parts we 
find 

v(Vv, Ve) =(v-Ve,v), for all py € D(Q). (XTII.5.3) 


Thus, also in light of what we did for the linear case in Section VI.3 and 
Section VI.5, we give the following definition 


Definition XIII.5.1. A vector field v : 2 > R® with Q given in (XIII.5.1) is 
said to be a weak (or generalized) solution to problem (XIII.5.2) if and only if 


(i) ve Dy*(2); 
(ii) v satisfies (XTII.5.3); 
(iii) v satisfies (XIII.5.2). in the trace sense. 


Remark XIII.5.1 In view of Lemma II.6.3, it is easy to show that every 
function satisfying (i) also satisfies 


lim | |v(|a|,w)|dw = 0. (XTII.5.4) 
S3 


|a|—+00 


Actually, let ~ be a function that equals zero in a neighborhood of S and 
one far from S. Then w = wv € D!?(R3), w = 0 at {x3 = 0}, and the 
assertion follows from the reasonings preceding Theorem II.6.3. With the help 
of (XIII.5.4) it is at once recognized that conditions (i)-(iii) of Definition 


XIII.5.1 translate (XTII.5.2) into a weak form. Oo 


Our next objective is to associate to every weak solution a suitable pressure 
field. Since the “aperture” S is bounded and contains a disk of finite radius, 
we shall suppose without loss of generality that 


{a' ER? : |a’'| <1} CSc {a ER’: |x'| < 2}. 
We have the following lemma. 


Lemma XIII.5.1 Let v be a generalized solution to problem (XIII.5.2). 
Then there is a p € L?,.(Q) such that 


loc 
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U(Vv, Vp) = (v- Vv) +(p,V-w) for all p € CE°(Q). (XIII.5.5) 
Moreover, there are constants p,,p— € R such that 


p—ps € L°(Ri — Bs) 
pop. 6 L'(RE = 25). 


Proof. Let  € Dy'*(Q’) where Q is any bounded domain of 2. Since 


(v- Ve, v)| < llvlla ollie, 


by the Sobolev inequality (II.3.7) we find 


l(v- Va, v)| < callollgllie < colvl? slbli.e, 


and so 
(v- Ve, v) 


defines a bounded linear functional in Dj’?(Q’). Therefore, the first part of 
the lemma is a consequence of Lemma IV.1.1. Let y = x(|z]) be a smooth 
function that equals zero for |z| < 3 and one for |z| > 4 and set w = yv, 
mt = xp. Using Definition XIII.5.1 and the identity (XIII.5.5), it is not hard 
to show that w, 7 is a weak solution to the following Stokes problem in Ri 
(an analogous property holding in R? ) 


vAw=Vr-+F 
in R? 


V-w=g9 (XIII.5.6) 
w=0 atr3=0 
where 
F=v-Vw+2Vy:-Vu+vAy—v-Vxyv + pVx 
(XIII.5.7) 


g=v-Vx. 


Recalling that p € L?,.(Q) and using the properties of y and condition (i) of 


loc 


Definition XIII.5.1, we find for all % € C§°(R3.) 


|(2Vx- Vv, p) +(vAx, H) — (vu Vv, b) + (PVx, ¥)| 


; (XIII.5.8) 
Se (lulls. + llell3.o + llplle.c) IPl1,3/2 
where o = supp (vy). As a consequence, (XIII.5.8) implies 
2Vx-Vut+vdAxy —v- Vxv + pVx € Dg”? (R3). (XIIL5.9) 


Moreover, by Theorem II.6.3, by (XTII.5.4) and (i) of Definition XTII.5.1, it is 
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v € L°(R4) 
and so we find 
I(v- Vw, p)| = |(v @ w, V¥)| S [lollé. ps li3/2- (XIIL5.10) 
Finally, 
v- Vx € L?(R4). (XTI.5.11) 


From (XIIL5.7)-(XIII.5.11), it follows that 
Fe D,'*(Ri), 9 € L3(R3). (XIII.5.12) 


Since, by assumption, w is a generalized solution to (XIII.5.6) (cf. Section 
IV.3), from (XTII.5.12) and Theorem IV.3.3 we conclude, in particular, that 


a —p+ € L?(R4) 


for some constant p, € R%. Recalling that 7 =p in Ri — Bs, we obtain the 
desired result. 


Remark XIII.5.2 The preceding lemma shows, among other things, that 
the pressure field tends in each outlet to a definite constant in the sense of L°. 
This observation, along with the analogy to the linearized case (cf. Remark 
VI.4.7), suggests a different formulation of problem (XIII.5.2), where one pre- 
scribes, in place of the flux condition (XIII5.2),, the following ones: 

lim p(x) = py 


|z|—-0co, a3>0 


lim p(x) = p-, 
|x| 00, 43<0 
where p+ are prescribed constants.' This view, which originates with the work 
of Heywood (1976), has been taken by several authors. We refer the reader to 
the papers of Solonnikov (1981, 1983) and the references cited therein. | 


The last result of this section concerns the differentiability of weak solu- 
tions to problem (XIII.5.2). Since the aperture S has no “thickness,” we can 
prove that these solutions are regular everywhere in 92 except at the bound- 
ary OS. Of course, if S had “thickness” so that 2 would become smooth, 
the corresponding generalized solutions would be equally smooth. In the cur- 
rent situation, we have the following result whose proof, which patterns that 


furnished in Theorem XIII.1.1, is left to the reader as an exercise. 


Theorem XIII.5.1 Let v be a generalized solution to problem (XTII.5.2) and 
let p be the corresponding pressure field associated to v by Lemma XIII.5.1. 
Then = 

v, pECo (2) 
where §2' is any bounded domain of 22 that does not contain 0S. 


' Of course, one of the two constants can be taken to be zero. 
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Remark XIJI.5.3 We wish to observe that some of the concepts and results 
introduced so far, can be recovered when 2 is a two-dimensional aperture 
domain: 


{x €R?:22 40 or x € (—d,d)}, 


for some d > 0. Of course, in this case we can also give a weak formulation of 
problem (XIII.5.2). In these regards, we notice that the reasoning developed in 
Remark XIII.5.1 cannot be repeated here, because of the lack of the Sobolev 
inequality. However, one can show the validity of the following inequality 


ce 
——~ <c Vu: Vv 
ao (l2| 44? Q 


where c > Oandv € Dy(2); see Galdi, Padula, & Passerini (1995). Using this 
inequality, it can be proved that (XIII.5.4) is valid also in the two-dimensional 
case and that, in fact, v(x) tends to zero uniformly pointwise as |x| — oo. Fur- 
thermore, the first part of Lemma XIII.5.1 continues to hold and the pressure 
field tends uniformly pointwise to a suitable constant p+ [respectively p_] at 
large distances in R? [respectively R?]. Finally, Theorem XIII.5.1 holds also 
in the two-dimensional case. For detail we refer the reader to the paper of 
Galdi, Padula, & Passerini. Oo 


XITI.6 Energy Equation and Uniqueness for Flows in an 
Aperture Domain 


The main objective of this section is to formulate conditions under which a 
generalized solution is unique. As in the case of the three-dimensional exterior 
problem, however, we are not able to furnish such conditions merely in the 
class of generalized solutions but, rather in a subclass obeying a suitable 
energy inequality. In fact, as we shall prove later, this subclass is certainly 
nonempty. 

Let us derive formally the energy equation for solutions to problem 
(XTII.5.2). To this end, we multiply (XIII.5.2), by v and integrate over 
Qe = 20 Be for sufficiently large R to obtain 


0 iL 
-vV Voi vory | vas | Pons | (p—pz)v-n 
Qn dB, On 2 Jap, aBt 


+f, 2 Per ber —P) fm 


where p; and p_ are the limits to which p tends as || > oo in R4 and R3, 
respectively, cf. Lemma XIII.5.1, and BR = BRN R3. Letting R — oo and 
assuming that all surface integrals tend to zero (at least along a sequence), 
we find 
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| Views (XIII.6.1) 
Q 


Vv 


where @ is the flux of v through S and p, = p; — p_. Relation (XIII.6.1) is 
the energy equation for problem (XIII.5.2) and describes the balance between 
the energy dissipated by the liquid and the work done on it. Notice that, 
in agreement with physical intuition, a positive flux implies py < p_, while 
p— < p+ otherwise. 

As the reader may have noticed, in obtaining (XTII.6.1) we have assumed 
that the solution has a certain degree of regularity at large spatial distances 
that a priori need not be matched by a generalized solution. We may thus 
wonder which extra conditions we must impose on a generalized solution so 
that it will obey the energy equation. An answer is furnished by the following. 


Theorem XIII.6.1 Let v be a generalized solution to problem (XIII.5.2). 
Then, if 

v € L*(Q), 
v obeys the energy equation (XIII.6.1), where p,. = py —p— and p+ are the 
constants associated to p by Lemma XIII.5.1. 


Proof. Let wr = Wr(|#|) be a smooth “cut-off” function such that 
lif|z|<R 

0 if |z|>2R 

|\Vwr(|2|)| <M, for some M independent of R. 


In view of Lemma XIII.5.1, identity (XTII.5.5) continues to hold for all w € 
W’?(2'), where Q! is an arbitrary bounded domain with @ Cc Q. Thus, we 
may take w = Wrv to obtain 


y(wrVv, Vv) = (Wrv: Vo,v) + (p, V- (wrv)) + (v- Vor, v-v). (X62) 


Recalling the properties of Wr and the assumptions on v, we deduce at once 
that 


WR((2|) -| 


jim (WRVv, Vv) = ake 
na (XIII.6.3) 
jim (vu: Vir,v-v) =0. 


Moreover, 


(0.9: (env)) = | @—ps)v-Vor+ [ -pjv- Vr 
+p. f V-(ne) 


=| (p-ps)v- Von | (p—p_)v-Vipr—p.®, 
Re RS 
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where p are the constants associated to p by Lemma XIII.5.1. Taking into 
account that, again by Lemma XIII.5.1, 


p—p+ € L'(R4 — Bs), 
and setting Qrar = 2N Bor Br, we thus find 


< |lp— p+ll3,ercrllvilsi|/Vvallson 


| (p—p+)u- Vir 
R? 


+ 


2R dr 


< cllv|ls|lp — p+ lla,.0n.cn . 
R Hh 


= clog 2\|v||3||p — pe |laQpon- 
Therefore, 


= 0. 


lim 
R—-oo 


i (p—p+)v: Vor 
RY 


Employing a similar argument for the integral over R? , we may then conclude 
that 

jim (p, V- (Wrv)) = —p.@. (XIII.6.4) 
Furthermore, setting as before BR = R219 Br, after integration by parts we 
obtain 


(rv-Vv,v) = | une Vo-u+ | umv Vorv=3 [| v-Vopv-v, 
BE B Q 


so that, recalling the assumption on v and the properties of wp, it follows 
that 

jim (wrv- Vv,v) =0. (XIII.6.5) 
Equation (XIII.6.1) becomes a consequence of (XIII.6.2)—(XTII.6.5). 

Let w be a generalized solution to (XIII.5.2) and let 7 be the pressure 
field associated to w by Lemma XIII.5.1. We shall say that w satisfies the 
energy inequality if 
TP 


Jwlis <- (XIII.6.6) 


where 7, = 74 — m_ and 7+ are the constants associated to 7 by Lemma 
XIII.5.1. The following uniqueness result holds. 


Theorem XIII.6.2 Let v be a generalized solution to problem (XIII.5.2) 
such that 


3 
\|e||3 < eae 


Then v is unique in the class of all generalized solutions w corresponding to 
the same flux © and satisfying (XIII.6.6). 
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Proof. Let wr be the “cut-off” function introduced in the proof of Theorem 
XIII.6.1. As in that case, we may take w = wpw in the identity (XIII.5.5) to 
obtain 


y(wRVv, Vw) = —(wrv:- Vu, v)—(v-w, v- Vvr)+(p, V:(wew)). (XII.6.7) 


Using the summability properties of v, w it is not difficult to show the fol- 


lowing relations 
jim (wrVv, Vw) = (Vv, Vw) 


(XIII.6.8) 
jim (Wrv:-Vw,v) = (v-Vwu,v). 
Moreover, with the aid of (II.3.7), we find 
I(v “W,U° Vivr)| < l>l3 on onllWlle,enonll VYall6,cnon 
C2 
< Fllell3.cnonlli2, 
and so 
lim (v- w,v- Vv) =0. (XIII.6.9) 


R-0o 


We next consider the following identity 


(%.V-(nw)) = f (py )w- Vert f (p—p_)w-Vvr—p.®, (XIII1.6.10) 


3 3 
+ = 


where p+ are the constants introduced in Lemma XIII.5.1 and p, = p, — p_. 
By the Hélder inequality, (II.3.7), and the properties of wp, it follows that 


S |lp — p+lls/2,.0n,2Rl|Wll6,cn22llVeall6,cn,2n 


Lf (p—p+)w- Vor 
RY 


Cc 
< Rie _ P+(l3/2,0R2n/Wl1,2- 
(XIII.6.11) 
It is not difficult to see that 


p= p27 (Re = B,). (XIII.6.12) 


Actually, we know that yv and yp, with the x “cut-off” function introduced in 
the proof of Lemma XIII.5.1, satisfy the Stokes system (XIII.5.6), (XIII.5.7) 
(and an analogous one in R? ). Because of the assumption on v, we have 


v € L3(2), v- Vue Do *7(2), 
from which it readily follows that 


FeD, ie), ¢6F-R) 
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with F and g given in (XIII.5.7). Thus, applying the results of Theorem 
IV.3.3 to (XIII.5.6), (XIII.5.7) and recalling that yv is a generalized solution 
o (XIII.5.6), (XIII.5.7), we find (XTII.6.12). As a consequence of (XIII.6.12), 
from (XIII.6.11) (and the analogous property in R®.), we conclude that 


jim (p, V- (hew)) = pe. (XIII.6.13) 


Therefore, (XIII.6.7)—(XIII.6.12) yield 
—v(Vv, Vw) = —(v: Vw, Vv) + pF. (XTII.6.14) 


Writing identity (XTII.5.5) with w in place of v and choosing Wrv for w, by 
means of arguments very close to those just used one can show 


—v(Vw, Vv) = —(w- Vv, Vw) + 22. (XTII.6.15) 


We next observe that by Theorem XIII.6.1, v obeys the energy equality 
(XIII.6.1) while w, by hypothesis, satisfies the energy inequality (XIII.6.6). 
Thus, adding the four displayed relations (XIII.6.1), (XIII.6.6), (XIII.6.13), 
and (XIII.6.14) and setting u = v — w, we arrive at 


viult < —(v-: Vw, v) — (w- Vv, w). (XIII.6.16) 
The following relations are easily shown: 
(w-Vv,w) =—-(w:Vw,v), (u-Vv,v) =0. (XTII.6.17) 


Assuming, for a while, the validity of (XTII.6.17) and using it into (XIII.6.16) 
delivers 
viults < —(v- Vw,v) + (w-Vw,v) + (u- Vv, v) 


(XIII.6.18) 
= (u-Vu,v). 


Employing the Schwarz inequality on the right-hand side of (XIII.6.18) along 
with the Sobolev inequality (II.3.7), we find 


|(u- Vu, v)| < |lvlls|leulle|eli.2 < 


Sy lell ltl. o- 


If we combine this inequality with (XIII.6.18), we arrive at 


(-- Falls) lal?» <0, 


which, in turn, furnishes wu = O under the stated assumption on v. To show 
the theorem completely, it remains to prove the identities (XIII.6.17). Setting 
Bt = R3.O Br, we have 
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| w-Vo-w =~ | wove f wnv-w- | w3u-w. (XIII.6.19) 
BE BE OBRORS. s 


By the Holder inequality, it follows that 


< cR | lg opens llMlls,aBarn’ - (XIII.6.20) 


| WwW: nv: Ww 
OBRORY 


However, since 
P| fl? + le) abe 
) OB 


we have, at least along a sequence, 


dR <o, 


lols apanee + llells,oaaney = oR?) 


and therefore, from (XIII.6.20) and (XTII.6.19) we conclude that 


w:-Vv-w=— we Voie | www, (XTII.6.21) 
RS R3 S 
Likewise, 


w-Vu-w=— wiVwrvt f wv w (XTII.6.22) 
RY s 


3 
RY 


and (XIII.6.17), follows from (XIIH.6.21), (XIII.6.22). In a completely analo- 
gous way one can show (XIII.6.17),, whose proof is thus left to the reader as 
an exercise. The theorem is proved. 


Remark XITI.6.1 In the case of a plane aperture domain, Theorem XIII.6.2 
continues to hold, provided the assumption on the L°-norm of v is replaced 
by the following one 

sup |v(2)| |z] < cv, 

2EQ 


for a suitable c > 0; see Galdi, Padula, & Solonnikov (1996). Oo 


XITI.7 Existence and Uniqueness of Flows in an 
Aperture Domain 


The objective of this section is to show existence and uniqueness of generalized 
solutions to problem (XIII.5.2). The main feature of these solutions is that, 
unlike the case of flow in domains with cylindrical ends (Leray’s problem), 
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they exist without restriction on the coefficient of kinematical viscosity v or 
on the flux &. This nice circumstance is due to the fact that, in the case under 
consideration, for any 7 > 0 there is a solenoidal vector a = a(x;7) € Dg’?() 
carrying the flux ® such that 


| u-Va- u <n] Vu: Vu, for allu € D(Q). (XTII.7.1) 
Q Q 


The validity of (XIII.7.1), in turn, is made possible by the fact that the “out- 
lets” to infinity for the domain (XIII.5.1) have an unbounded cross section. 
The existence of such fields a(x; 7) was discovered by Ladyzhenskaya & Solon- 
nikov (1977, §2). It should be remarked that the method used by these authors 
to construct the fields a(x;7) applies to domains whose outlets to infinity Q; 
are more general than those of domain (XIII.5.1); in fact, the only condition 
required is that each 2; contains a semi-infinite cone; cf.also Solonnikov & 
Pileckas (1977, Lemma 4), Solonnikov (1981), and Solonnikov (1983, §2.4) 

The construction of the field a(a;7) is the object of the next lemma. As 
the reader will recognize, this construction resembles the one given in Lemma 
IX.4.2 for the case of a flow in a bounded domain. 


Lemma XIII.7.1 Let 2 be as in (XTII.5.1) and let 7 > 0. Then there exists 
a solenoidal vector field a = a(x;7) € C®(2) vanishing in a neighborhood of 
OQ2 such that 


(i) |a(x)| < M|a|~?; |Va(x)| < M|z|~3, for all sufficiently large |x|; 
(ii) ae DY 


) 
(iii) foo= 
(iv) a verifies oan, 


Proof. Let 
1 
ey ,0). 
Sala (22 #10) 
Clearly, 
Vxb=0 2-{0} 
in 22 — {0}. 
V-b=0 


We next introduce a system of cylindrical coordinates (r, 0,73) with the origin 
at the center of the unit disk C = {|z’| < 1} which, without loss, we have as- 
sumed to be strictly contained in S. The three unit vectors will be denoted by 
e,, eg, and es, respectively. By a simple computation based on the properties 
of b we find 


i bx n-e3 =-1, (XIII.7.2) 
os 


where n is the exterior unit normal to 0S.1 In fact, introducing 


! Since S is locally Lipschitz, n exists a.e. on 0S; cf. Lemma II.4.1. 
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W= (bo, —by, 0) 


we have 
V'-w=0 inw=S—C, 


where V’ is the divergence operator restricted to the variables x’. Thus, by 
the divergence theorem, 
wen= W Ep. 
as ac 


Since for any vector s = (s1, 82,0), w-s = —b x s- es, it follows that 


1 27 
-f bxn-e=~ f bxene=— | (sin? 6 + cos? 6)dé = 1, 
as ac 2m Jo 


which shows (XIII.7.2). Now, let p = p(x) denote the regularized distance of 
x from 02. By Lemma III.6.1 we obtain, in particular, 

8(x) < pla) < ky8(e) 
; (XIIL7.3) 
|D%p(x)| < ke [6(a)]''"!, 0< Jal <2 


where 6(x) = dist (x, 0) and ky, kg are independent of x. Let y denote the 
23-axis and set 
d = dist (0S, 7). 


Let o, w be smooth nondecreasing functions of the real variable t such that 


Ce eap 
t ift>d 
and 
() Oift <0 
t)h= 
‘ lift>1. 


Finally, we set 


“(egg alle’ 
c(a) = 9 («1 Ce) 


In view of the property of the function w, we at once recognize that 


) , S01): (XIII.7.4) 


0 if o(|a"|) < p(x) 
C(x) = (XIII.7.5) 
1 if o(|2’|) > p(x)e"/* 
which implies, in particular, 


supp (VC) C {a EM: p(x) <a(|2'|) < (ae (XIII.7.6) 
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Moreover, setting 
C={xeE: |x'| < d/2} 


it is immediately seen that 
C(z) =0, forallaeC. (XIIL.7.7) 
In fact, for « € C' we have 
d(x) > d—|z'| > d/2 
which, by (XIII.7.3), in turn yields 
p(x) > d/2, forallxeC. (XIII.7.8) 
In addition, if « € C, from the definition of the function o we derive 
o(\a"|) =d/2, for allx eC. (XTII.7.9) 
Thus, from (XIII.7.8) and (XTII.7.9) we find 
p(x) > o(|x"|), for alla EC, 


which, by (XIII.7.5), implies (XIII.7.7). Also, setting 


—l/e 
N,={reas(e)<% hi 


we have 
¢(x) =1, for alla € Nz. (XIII.7.10) 


In fact, since o is nondecreasing, 
o(\a'|) = d/2, 
and so, by (XIII.7.5), we have ¢ = 1 whenever 


d 
p(x) Ss se 


which, by (XIII.7.3) implies (XTII.7.10). The next task is to prove an esti- 
mate for VC and D?¢ at large distances. To this end, we observe that, by a 
straightforward computation, we obtain 


OC oy a6 
Ox a oY Shs Oxrp,OX] 


= 27a)", + pee 
Ox] 


where the prime means differentiation with respect to the argument involved 
and 
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/Ola'| 1 1 p(x) 


OFF Oey TD) ala) On 
IS 7 gl! 7 (0)? ] Olz'| Ala" | 
Ox; | o(|z"|) a (|x’|)| Oxy Oxy 
oe FF lz"| 1 Op Op 1 &p 


o(|x’|) Ox,0x, =p? (x) Oxy, Oxy ~— p(X) OO] 


Therefore, observing that 
YT, Ie" Io’ lo"| <M, 


for some M independent of x, by virtue of (XIII.7.3), (XIII.7.6), and (XIII.7.7) 
we conclude that 


|V¢(@)| < eed (x) 


for all x € Q, (XIII.7.11) 
|D°¢(x)| < e26-*(2) 


with c, and cg independent of x. The field a is introduced by the following 


relation 
a=V x (¢b). (XIII.7.12) 


Clearly, @ is solenoidal and, in view of (XTII.7.7) it is also in C™(Q). From 
the identity V x (¢b) = V¢ x b+ ¢V x b and the properties of b we have 


a=VCxb (XIII.7.13) 
from which, and with the help of (XIII.7.10), it follows that 
a(x) =0, forall € Ne. (XIII.7.14) 
Furthermore, we have 


[ a [ (D1 (be) — Do(¢b)) 


and so, by the divergence theorem, (XIII.7.2), and (XIII.7.10), we infer 


Jas ¢(bara — Dyna) = — f bx n-e3=1, 
S Os os 


which proves property (iii). From (XTII.7.11) and (XTII.7.13) we find 


) all x € supp (a) C supp (V¢). 
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If we take |x| sufficiently large, |x| > R (say), from (XIII.7.6) and the definition 
of a we have 
d(x) < es|a"| < cgd(x), x € supp (a). 


Therefore, for all  € supp (@) with |z| > R, we find 


sore ot 1\_& la’? 62(z) 1 
ii 7 (me 7 =) 2 (2+ 6*(zx) |x’? ) 67(x) + |x’? 


and, likewise, 
C8 


Vala SS 
ee (62(a) + |x’|2)°/ 
ty 


Observing that 5?(x) > x3, property (i) follows from these latter inequalities. 
/ 


) 
Using (i) and the fact that a € C%(), for all bounded 2’ with 2 C2, we 
deduce, in particular, that 


I |\Va(zx)|? < 00. 


Therefore, 
a€ D'?(2) 


and since a is solenoidal and by (XIII.7.14) it vanishes in a neighborhood of 
O02, we may conclude, with the help of a standard “cut-off” argument, the 
validity of statement (ii) in the lemma. It remains to prove condition (iv). We 
begin to observe that, given 7 > 0, using integration by parts and the Schwarz 
inequality, for all u € D(2), 


[w-va-u| - [weve 
Q Q 


holds. As a consequence, to prove (iv), we will show that, given an arbitrary 
small \ > 0, we may select € in such a way that 


1 
<4 f vuivu+ = war 
2 Joa 2n Ja 


| war<rA |} Vu: Vu. (XIII.7.15) 
2 Q 


To this end for a fixed h > 0, we split Ri into the following three regions (an 
analogous splitting holds for R® ): 


Ry = {x ER}: 23 >h, z’ € Sh 


Ry = {rE Ri: 23 <h, x’ € St 


Rs = R38. - {R, UR} 
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and denote by Ri, i = 1,2,3, the intersection of R; with the support of a. 
By virtue of (XTII.7.11),, (XIII.7.13), and the definition of b, we find 


[ee <ec ft ae — Payee i=1,2,3. (XIII.7.16) 


with c independent of c. We wish to show the inequality 
a2 
|e mye se [eu i=1,2,3 (XIII.7.17) 
which, with the help of (XIII.7.16), implies 


i ua? < 8cc1E Vu: Vu. 
RS Q 


Since an analogous reasoning holds for R*, we conclude the validity of 
(XTII.7.15) and complete the proof of the lemma. It remains to show the 
inequality (XIII.7.17). To this end, we notice that, for functions uw € D(2) 
the following estimate holds 


2 
| a ae us Vu, (XIII.7.18) 
Q ne +1 
with cz = c2($); cf. Exercise XTII.7.1. In view of (XIII.7.7), we have 
|x"| > d/2, for alla € Ry. (XIII.7.19) 
Moreover, since 7 
O(a) >a23>h forall a € Ry, 


it follows that 
1 < C3 
6?(a) ~ ae +1 


with c3 = c3(h). Thus, from (XIII.7.18)—(XIII.7.20) we infer that 


for all z € Ry (XIII.7.20) 


wu 4c2c3 


——— — Vu: Vu. XIJII.7.21 
nn P@wP = & Io ( ) 


Let us next consider the region Re. For all x € Ra, 
O(a) = xg 
|z"| > d, 
and so 


u2 2 1 | ue 
Ry 07(x)|x'|? ~ d? Jz, 23° 


942 XIII Steady Navier-Stokes Flow in Domains with Unbounded Boundaries 


However, using the elementary inequality? 


oo lore) 2 
[ PO <a / ($) (XIII.7.22) 


holding for (sufficiently smooth) functions vanishing in a neighborhood of zero 
and infinity, we at once obtain 


/ 4 <4 f vu: Vu 
Ry 3 


28 | Vu:V (XIII.7.23) 
Wy eEa PEP = U: U. eile 
R, 07(x)|x"|? ~ d? Jo 


and, as a consequence, 


It remains to estimate the integral over the region Ro. To this end, setting 
di (y) = dist (y,0S) ye S, 
for all 2 € Ry we find that 
6?(x) = x3 + 67 (2') 
|x"| > d/2 


which, in turn furnishes 


u? (a’ on 
a eotag a $ <af tx [= da’. (XIIL7.24) 


Since S' is locally Lipschitz and u € e we may use Lemma III.6.3 to 
obtain 


2(,/ 
[ew < af Vu: Vude' (XIII.7.25) 
s d(x’) Ss 
with c = c(S). Integrating (XTII.7.25) over x3 € [0,h) delivers 
[ ann |“ us = de & ef Vu: Vu. (XIII.7.26) 
Using (XIII.7.26) in conjunction with (XTII.7.24) allows us to conclude 


u? (x) 


G 
= Ke Vu: Vu. 
Re O7(a)\2’/? ~ off 


Estimate (XTII.7.17) then follows from this inequality, (XTII.7.21), and (XIII.7.23) 
and therefore, by what we observed, the proof of the lemma is complete. 


? For the (simple) demonstration of (XIII.7.22), see the proof of Lemma III.6.3. 
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Exercise XIII.7.1 Show inequality (XIII.7.18), for all w € D(2). Hint: Estab- 
lish (XIII.7.18) for Q a half-space. Then use a “cut-off” argument together with 
inequality (1.5.18). 


The result just shown permits us to obtain the following. 


Theorem XIII.7.3 Given arbitrary © € R, problem (XIII.5.2) admits at 
least one corresponding generalized solution v. This solution obeys the energy 
inequality: 

DP 


Rakes = 


where p, = p4 — p— and px are the constants associated by Lemma XIII.5.1 
to the pressure field p corresponding to v. 


Proof. We look for a solution of the form 
v=u-+ a 


where a = a(x;77) is the vector constructed in Lemma XIII.7.1 corresponding 
to a certain value of 7 that will be specified later, and u € Dj’7(Q) obeys 


v(Vu, Ve) — (u- Vy,u) = —®(u- Va, y) + (a: Ve, u) 


(XIII.7.27) 
—€" (a: Va,y) —v®(Va, Ve). 


It is clear that v satisfies all requirements of Definition XIII.5.1. As in anal- 
ogous circumstances, a solution to (XIII.7.27) will be determined via the 
Galerkin method. Let {y,} C D(2) denote a sequence of functions whose 
linear hull is dense in Dg’*() and satisfying the properties listed in Lemma 
VII.2.1. We set 


m 
Um = S ExmPr 
k=1 


where the coefficients are required to satisfy the following system 


V(VUm, Vex) a (Um -VP_, Um) = —P(tm : Va, Pr) a Pa . Vr: Um) 


—£?(a- Va, p;,) — v®(Va, p;,) 
(XIII.7.28) 
with k = 1,...,m. Existence to the algebraic system (XIII.7.28) for each 
m € N can be established exactly as in Theorem IX.3.1, provided we show a 
suitable bound for |tu,,|1,2. To obtain such a bound, we multiply (XIII.7.28) 
by km and sum over the index k& from one to m. Observing that 


(Um + VUm;Um) = (a: Vum, Um) = 0, (XIII.7.29) 
we find 


V|Um|i.2 = —P(tUm * Va, Um) — (a: Va, Um) — vP(Va, Vum). (XIII.7.30) 
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Using the Schwarz and Cauchy inequalities, we deduce for all 7 > 0 


(a: Va, tm) = —P?(a- Vm, a) < £ alld + Z|um|2o (XIIL7.31) 
—v®(Va,Vum) < ut lali» + dum|7o- 
Moreover, by Lemma XIII.7.1, 
— B(Um - Va, tim) < n|O||tm7 2- (XIII.7.32) 
Thus, choosing y 
" G41)’ 


and recalling that a € L4(Q)N D':?(Q), we may use (XII.7.29)—(XIII.7.32) 
and Lemma IX.3.2 to show existence to (XIII.7.28) for all m € N. Moreover, 
we also find that 

|um|i2 < c1(®, v). (XIII.7.33) 
Employing (XIII.7.33) together with the weak compactness of the spaces 
Do’ (2) we may select from {um} a sequence, denoted again by {um}, and a 


vector field u € Dy (Q) such that 
Um > u in Dg’?(2) 
(XIII.7.34) 
Um > u in L?(2'), 


for any bounded domain 2’ C 22. By these convergence properties and taking 
advantage of the properties of the functions {y~,}, we use a by-now-standard 
procedure to show that w solves (XIII.7.28) and that, as a consequence, v is 
a weak solution to (XIII.5.2). It remains to show that v satisfies the energy 
inequality. For this purpose, setting 


Um = Um + @a, 
from (XTII.7.30), after a simple manipulation we find 
V|Umli,2 = —P(Um - Va, Vm) + vO(Va, Vom) (XIII.7.35) 
where use has been made of the property 
(Um + Va,a) = 0. 


With the help of the convergence conditions (XIII.7.34), it is easily shown 
that 
lim (Um: Va,Um) = (v: Va,v). (XTII.7.36) 
Actually, we have 
|(Um + V@,Um) — (v: Va,v)| < |((Um — v)- Va, vm)| 


+|(v- Va, (Ym — ¥))| 
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Recalling that for R sufficiently large 


|Va(x)| < clz|~3, |z| > R, (XIII.7.37) 


1/2 1/2 
nim) < (f Ival*/jem v2) (f ival%*v2,) 
Q 2 
ae 1/2 
< ¢ (/ “ts ) ( |Val*/3|am — vl) ; 
a |2| Q 


Thus, from this inequality, (II.6.10), and (XTII.7.33) it follows that 


we find 


1/2 
I,(m) < ce (/ |[Val*/3|am — vl) (XIII.7.38) 
Q 


with cy independent of m. Setting Qe = QN Br, N® = 2 — Dp, from 
(XTII.7.37) we have 


[ \allom— oP < f IVal*}om — vl? + f |Val*/3|am — v|? 
2 QR QR 
4/3 | = [? 
Cc Um — UV 
< cx | ee al —_.— 
oe ‘ | R? Jor |x|? 


and so, again by (1.6.10) and (XIII.7.33), we find 
Ii(m) < cs | \Om — vpP?>+—s 


with c4 and cs independent of m. Taking the lim sup as m — oo at both sides 
of this latter relation and bearing in mind (XIII.7.34),, by the arbitrarity of 
R we conclude that 

lim sup [;(m) = 0, 


that is, 

lim I;(m) = 0. 
Likewise, we show 

lim I2(m) =0 


and (XIII.7.36) is completely established. Let us now take the liminf as 
m — oo of both sides of (XIII.7.35). Employing (XIIL.7.36), (XIIL7.34),, 
and Theorem II.2.4 we obtain 


vivlio < —P(v- Va, v) + v®(Va, Vv). (XIII.7.39) 


946 XIII Steady Navier-Stokes Flow in Domains with Unbounded Boundaries 


We wish to put the right-hand side of (XIII.7.39) into a different form. To 
this end, we recall that v obeys the identity (XTII.5.5). Denoting by wr the 
“cut-off” function of Theorem XIII.6.1, we choose, as test function w into 


(XTII.5.5) the function Pyra. We thus obtain 
Pv (wrVv, Va)— O(wrv: Va,v) = —P(p, V - a 
(vr )- P(br ) ( (Wra)) (XITL7.40) 
—Oy(Vv,a® VvrR) + &(v-a® Vue, v). 


Using the properties of the function a and recalling that |Vwr| < MRo! with 
M independent of R, we readily establish the following relations: 


jim (WrVv, Va) = (Vv, Va) 
jim (bev - Va,v) = (v- Va, v) (XIII.7.41) 
iim (Vv,a® Vir) = jim (v-a® Vwpr,v) =0. 


Furthermore, reasoning exactly as in the proof of (XIII.6.4), we show 
jim (p,V- (Ura) = (ps ~P-) (XI.7.42) 


with py constants defined in Lemma XIII.5.1. Collecting (XTI.7.40)—(XIII.7.42) 
we find 


—@(v-Va,v)+B(v- Va,v) = —p,®, 


which, in view of (XIII.7.39), proves that v obeys the energy inequality. The 
theorem is completely proved. 


Remark XIII.7.2 Existence for arbitrary value of the flux can be established 
for a wide class of domains with outlets 2; whose cross sections ¥7;(x,,) become 
unbounded for large values of x,. This class certainly includes domains for 
which 2; are bodies of rotation of the type considered in the linear case in 
Theorem VI.3.1. The proof of this result, which patterns that just given in 
Theorem XIII.7.3, can be found in Solonnikov & Pileckas (1977, Theorem 8); 
cf.also Ladyzhenskaya & Solonnikov (1980, Theorem 4.1). For existence in 
domains of more general types, we refer the reader to the work of Solonnikov 
(1983, §3.3). Oo 


Remark XIII.7.3 An existence result of the same type as Theorem XIII.7.3 
can be proved also in dimension two; see Galdi, Padula, & Passerini (1995) 
and Remark XIII.5.3. | 


The remaining part of this section is devoted to analyze the uniqueness of 
generalized solutions constructed in Theorem XIII.7.3. To reach this goal, we 
need an intermediate result that ensures the existence of generalized solutions 
to (XIII.5.2) enjoying the additional property of being members of L3(2). 
This result will be obtained under the assumption that the magnitude of the 
flux @ is suitably restricted. 
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Lemma XIII.7.2 Let c be the constant entering the estimate given in The- 


orem VI.5.1. Then, if 
3V 


16c?’ 
problem (XIII.5.2) has at least one generalized solution v that satisfies 


|P| < 


v € Di? (2) nN LN). 


Moreover, the following estimate holds: 


lvls < Ia. (XIII.7.43) 


Finally, denoting by p the pressure field corresponding to v according to 
Lemma XIII.5.1, and by p+ the constants associated to p by the same lemma, 
we have 


p—ps € L?(R3) 0 L9/7(R3). (XIII.7.44) 


Proof. Let 
X = Di7(2) 0 Dy /7(2) 
Il - lx =| + ln2+]- 113/25 
and set 
Xs ={wexXx:]||- |x < od}. 
Clearly, X endowed with the norm || - ||. is a Banach space and X¢ is a closed 


subset of X. Consider the mapping 
L:we x; L(w)=vEex 
where v solves 
y(Vv, Ve) = —(w: Vw,¢), for all p € D(22) 


(XIII.7.45) 
ic = @. 
S 


The map L is well defined. Actually, by the Sobolev inequality (11.3.7), 
1 
lw - Vw|_1.3/2 < |lwll3 < 3 lwlis2 (XIII.7.46) 


Moreover, by the interpolation inequality (II.2.7) and again by (1.3.7), for 
some 0 € (0,1), 


2(1-6) » 92(1—0 


) 
jw-Vwl-12 < |lwlld < lewis’ lel 3 lwlis/alwli2. (XIL7.47) 
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Thus, 
w- Vw € Dd, (2) NDS *7/7(2) 


d 


and from Theorem VI.5.1 we infer that the solution v to (XIII.7.45) is in 
the space X, which proves that LD is well defined. By the estimate given in 
Theorem VI.5.1, (XIII.7.46), and (XIII.7.47), we obtain 


4 
Ilvl|x <e (\2 - = lol) (XIII.7.48) 


Using this inequality, it is easy to show that, for suitably restricted |®| the 
map L transforms X5 into itself, with 6 appropriately chosen. In fact, for 
w € X5, (XIII.7.48) delivers 


4 
lellx < (lel +0) 
3V 
and so, choosing 
5 = 2c|9, (XIII.7.49) 


and recalling the assumption of the lemma, we obtain 


i 4 
lvllx <4 (5 > 5) = 6, (XIII.7.50) 


thus proving the desired property of L. Furthermore, for all w 1, wo € X5, in 
virtue of Theorem VI.5.1, (XIII.7.46), and (XIII.7.47) it easily follows that 


2c 
|| L(w1) — L(we)||x < > (Iwi — walls|lwalls + [lw2 — willal|eolls) 

< | 
—||w, —w ‘ 

re ha 2||x 

Since, by assumption, 

8c 16c?|9| 
—d= 1 
3y 3y 7a 


we conclude that LZ is a contraction operator on X5 and, therefore, it admits 
a fixed point in X5. The existence of a solution v € X to problem (XIII.5.2) 
is thus established. Moreover, the Sobolev inequality (II.3.7), together with 
(XIII.7.49) and (XIII.7.50), implies 


loll < leh. a2 < = 
3S B 1,3/2 8 B 
proving (XIII.7.43). Finally, the summability properties of the pressure field 


are at once established from Lemma XIII.5.1 and Theorem VI.5.1. The lemma 
is then completely proved. 


|2|, 
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Combining Lemma XIII.7.1 with Theorem XIII.6.2 we obtain the following 
uniqueness result. 


Theorem XIII.7.4 Assume that & verifies the condition 
|B| < my, 


with m = min{3/4c, 3/16c?} and where c is the constant introduced in Lemma 
XIII.7.1. Then the corresponding generalized solution v constructed in The- 
orem XIII.7.3 is unique in the class of generalized solutions w satisfying the 
energy inequality (XIII.6.6). 


Other simple but interesting consequences of Lemma XIII.7.1 and Theorem 
XIII.6.2, in light of Theorem XIII.7.4, are given in the following corollary. 


Corollary XIII.7.1 Let the assumption of Theorem XIII.7.4 be satisfied. 
Then every generalized solution v corresponding to ® and verifying the in- 
equality (XIII.6.6) satisfies the following summability conditions 


v € (2) NDy7(N). 


In particular, v satisfies the energy equation. 


XITI.8 Global Summability of Generalized Solutions for 
Flow in an Aperture Domain 


The remaining part of this chapter is devoted to the investigation of the 
asymptotic structure of generalized solutions. As in the case of flows in exte- 
rior regions, this study will be performed in two different steps. In the first, 
we determine general summability properties of weak solutions of the type 
constructed in Theorem XIII.7.3. Successively, using these conditions, we will 
furnish a complete representation of the solution at large spatial distances. 
However, as we proved in Theorem XIII.7.4, in order for a weak solution to 
verify the conditions stated in Theorem XIII.7.3, a small value of the flux @ is 
needed. As a consequence, the asymptotic structure of generalized solutions 
corresponding to arbitrary values of ® remains open. 

In this section we shall determine the summability properties of weak 
solutions corresponding to fluxes of suitably restricted size. Such a result will 
be achieved as a corollary to a more general one, which we are going to derive. 


Notation. Unless the contrary is explicitly stated, in the sequel we shall 
denote by 9 the half-space R%.. 

Let y € C1(R) be a nonincreasing nonnegative function with y(t) = 1 
when t < 1 and y(t) = 0 when t > 2. For a > 0 set 


Ya(x) = (=) (XIII.8.1) 


a 
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Clearly, the support of Vyq is contained in the domain 
Sa ={zeER*: a<|a| < 2a} 


and : 
|\Vea(x)|< -, ceER’, (XIII.8.2) 
a 


with c (> 0) independent of a and x. We put 
May =RENSa, Qa =RENBa. (XIII.8.3) 


The following result holds. 


Lemma XIII.8.1 Let v € L°,.(2) 0 L3(2) with V-v =0.1 Then there is a 
sequence {ux} of solenoidal? functions in Q such that 


uz, € L'(2) for all s € (3/2, 6], for allk EN 


XUIT.8.4 
jim ||we,, — v||3 = 0. ( ) 


In addition to (XIII.8.4), given e > 0, the sequence {ux} can be chosen such 


that 


UE = ul) + ul?) 


Q) 
Uy. ||13 SE 
Ile). : Z (XIII.8.5) 
supp (u,z") C 2, 
eee lla.e2, S llella.2,. for all q € (1,6), 
where the number p depends only on € and v. 
Proof. Consider the problem: 
V-2,=—-V-(yev) =—-VeR-v 
Zp € Do" (2) (XIII.8.6) 


[Ze lar < ell Vern - llr- 


From Corollary V.3.1 and the assumption on v we know that there is a solution 
to problem (XIII.8.6) for any r € (1, 6]. From the Sobolev inequality (II.3.7) 
we have (see (XIII.8.3)1) 


Ze lls < cleslaas2 < ell V¥ells,cq lells.ea) 
and so, in view of (XIII.8.2), 
2x13 < c[lUlls,.24, (XIIL.8.7) 


' In the generalized sense. 
? In the generalized sense. 
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with c; independent of k. Moreover, since Vy, - uv € L"(22), 1 <r < 3, for all 
k EN, again by the Sobolev inequality we deduce that 


spell - QO), ter<s, 
that is, 
zp € L*(2), for all s € (3/2, 0c). (XTIT.8.8) 


Given ¢ > 0, we choose p = p(e,v) such that 
(1 — gp) vll3 < €/2 (XIII.8.9) 
and set, for all sufficiently large k, 


Uk = PRU + Zk 


ul = v.(1 — ypu + 26 


Since for k large enough 
PkPp = Pops 
it follows that 


UR = ul) + ul), 


The field uw, is solenoidal for all k € N. Furthermore, by (XIII.8.8) and as- 
sumption, we deduce (XIII.8.4),. By (XIII.8.7) and the properties of y, we 
also have 


Ile, — lls < I] — ox Jolla + [lZells > 0 as k — 00 
and we recover (XIII.8.4),. Statements (XII.8.5), and (XIIH.8.5), are evident. 
Finally, by (XIII.8.7) and (XTII.8.9) for & large enough, it follows that 


1 € 
uP ls <4 — vp)ells + cillolls,ou) S 5+ 5 = © 


€ 
2 


The lemma is proved. 


Lemma XIII.8.2 Let v, p be a weak solution to the problem 
vAv=v:-Vu+Vp 
in 22 
V-v=0 
v=v, at ON, 


where, for all s € (1,3/2], 
vy € L9(02) 


and 
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Cs) tae ((Vx))1/2,2 
are finite.’ Then if 
v € L*(2) 


it follows that 
v € D612) 0 L3/8-9(Q), for all q € (1,2). 


Proof. For simplicity, we shall put v = 1. Consider the following sequence of 
problems 


V-w=0 
w=v, at ON, 


Aw =uzp-Vwt+Vr 
in 92 
(XIII.8.10) 


where {u,} is the sequence of functions associated to v by Lemma XIII.8.1 
and corresponding to a certain value of ¢, which will be specified later.* It is 
simple to show for problem (XIII.8.10) the existence of a weak solution wy, 
for each k € N. Actually, we may extend the field v, to some U € D1?(2); 
see Section II.10. U need not be solenoidal, but we may add to it a field u 
such that 


V-u=-V-U 
u € Dy?(2) 
|uli2 < eV - Ufo. 
The field u exists by virtue of Corollary V.3.1. Thus, 
V=u+U 


is a solenoidal extension of v, satisfying, by the trace Theorem II.10.2 and 
the property of u, the bound 


|Vii2 < €((Ux))1/2,2- (XIII.8.11) 
We look for a solution to (XIII.8.10) of the form w = z + V,° where 
Az=up:-Vz+up-VV-AV+Va 
in 2 
V-2=0 (XIIL.8.12) 
z=0 at on, 


3 These are the trace norms at the boundary of functions defined in a half-space; 
see Section II.10. 

* Notice that, since v € D'*(Q), by the embedding Theorem I1.3.4, it follows that 
VE Lf,.(@) so that the assumptions of Lemma XIII.8.1 are satisfied. 


> For simplicity, we shall drop the subscript k in wz and zp. 
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Multiplying (XTI.8.12), by z, integrating by parts over 2, and using (XIII.8.12), 
we formally obtain 


— |zl7,2 = (ue V,z) + (VV, V2). (XIII.8.13) 


Using the Holder inequality in the terms at the right-hand side of this relation, 
together with the Sobolev inequality (II.3.7), we deduce 


(uz VV, z)| < |lualls|V Ir 2ll2lle < yiluells|V 121 2|1,2 
(VV, Vz)| < [Vi 2]2[1,2- 
These inequalities along with (XTII.8.11) and (XTII.8.13), yield 
[21,2 < c1((v«))1/2,25 
and recalling that w = z+ V, we also have 
|wli2 < co((V«))1/2,2- (XIII.8.14) 


The above bound on z allows us to determine, for all k € N, a generalized 
solution to (XIII.8.10) satisfying (XTII.8.14). Since 


uz € L"(Q2) for all r € (3/2, 6], 
and V - ux = 0, by inequality (1.6.22) we find for all g € (6/5, 3/2] 
juz» Vwl_ig < |lurwlle < |leelleg/6—allwlle < crlluelleg/(6—qlwli,2 < c. 
Thus, we may assert 
F=uz- Vw € Do '(Q) for all ¢ € (6/5, 3/2]. (XIII.8.15) 

Using (XIII.8.15) and Theorem V.3.3, it follows that 

w € D'4(2) 9 £34/8-9(Q) for all q € (6/5, 3/2]. (XIII.8.16) 
In view of (XIII.8.16), we may give a different estimate for F’. Specifically, by 
the Holder inequality and (XIII.8.5), 4 we have for all q € (6/5, 3/2] 

[Flag = [ue Vel—ig S [leg Ulsllellsq/(9-a) + Pll. ll2ll4q/ 4-0). 


S ¢€||w|]3q/(3-¢) + lela, [lwllaq/(a—a),22,- 
(XIII.8.17) 
From (XIII.8.17) and estimate (V.3.28) we deduce 


(1 — €c)||tl|3q/(3—a) + lwla¢ + Illa S © (((v*))1-1/4.¢ 


+|o|]4,0,llevllaq/(4—a),@,) » 
(XIII.8.18) 
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where c denotes the constant entering (V.3.28). Thus, choosing ¢ < 1/c, from 
(XTI.8.14) and (XIII.8.18) we deduce, for all g € (6/5, 3/2], that 


|wli2+ || ||39/(3-q) + |wli.g + [Ill 
< 2 (((vx))1/2,2 + (Ux))1-1/4,4 (XIIL8.19) 
+||w|l4q/(4-4),2,) - 


Our next objective is to show the existence of a constant cz; = c3(p,q, Vv) 
independent of & such that 


Ile ||4q/(4—a),2> S 03 (((%))1/2,2 + ((¥*))1-1/4,4) - (XIII.8.20) 
Contradicting (XIII.8.20) means that there are sequences 
{Um}, {Vam} 
such that if {wm, 7m} are weak solutions to the problem 


Awm = Um* VWwm =F Vim 


in 2 
V-Wm = 0 (XIII.8.21) 
Wm = Vx, at ON, 
we have that 
((Vam))1/2,2 + ((Vam))1-1/¢,q 7 9 asm — ov, (XIII.8.22) 
while 
|| m||4q/(4—g),.2, =1. (XIII.8.23) 


In view of (XIII.8.19) it follows, in particular, that 
|Wm|1,2 + ||Wml3q/(3—q) + |Wmliq + llmllq SM, 


with M, independent of m. Therefore, by Theorem IT.1.3, Exercise I.6.2, and 
Theorem II.5.2 there is W, 7 such that (at least along a subsequence) 


Wm > W in DP4(2) 1 £34/E-9 (2) Nn DY (2) 
Wm > WwW in L"(Qr) for all r € (1,3¢/(3—q)), R>0 (XIII.8.24) 
Tm 9 F in L4(Q). 


Because of (XIII.8.22) and the trace Theorem IT.10.1, it follows that w has 
zero trace at OQ; also, V -@ = 0 and so 


w € Dy4(2) Dy (2). (XIII.8.25) 


Moreover, owing to (XIII.8.5), 4, we have 
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I|eIl3 < Mo, (XIII.8.26) 


with Mz independent of m, and we may select a subsequence (denoted again 
by {um }) and find a field U € L3(Q) such that 


Um > U_ weakly in L3(Q). (XTII.8.27) 
By (XIII.8.24), for all a € C§°(2), we have 
(Vwm, Vw) > (Vw, Vw) 
(™m, V+) > (7, V-w). 
Also, by (XIII.8.27), it follows that 


(XIII.8.28) 


(tm «Vb, Wm) —(U- V%p, W) = ((Um —U) - Vp, w) 
—(Um + Vy, (W- wm)) (XTII.8.29) 
= T(m) + T2(m). 
By the Holder inequality, 
[Vp - W]|3/2 < VPlla/q—1) ll Pllsq/(a—a) 
and (XIIL.8.24) and (XIIL.8.27) imply 


lim Z,(m) = 0. (XIII.8.30) 


m— co 


In addition, 
(tm Va, (W— Wm))| < ||Uml|s|l|ls/ | — wWmlls.o 
where 9 = supp (w) and s < 3q/(3 — q). Thus, by (XIII.8.24), we find 


lim Z2(m) = 0. (XIIL.8.31) 


m—-co 


Collecting (XIII.8.28)—(XIII.8.31), taking into account that w,,, Tm is a gen- 
eralized solution to (XIII.8.21), and using (XIII.8.22), it follows that 


0= lim {(Vwm, Vp) — (Um: Ve, wm) — (mm, V+) 
Therefore, by (XIII.8.25), @ solves the homogeneous problem 
(Vw, Vp) = (U- Vw, Ww) + (7,V-w) for all w € CH(2) 

; 2 (XIIL8.32) 

WE Dy (Q)N Do (2). 


We may take, in particular, % € D(2) to obtain 
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(Vw, Vw) = (U-Vw,@) for all » € D(2) 


(XIIL8.33) 
we Dy). 

Using the density property of D(2) into Dy" (2) along with Lemma X.2.1, 
we may replace 7 with W in (XIII.8.32) to derive 


— |W. =(U-VU,w). (XIII.8.34) 
However, U is (weakly) divergence-free and, as a consequence, 
(U-Vw,,w,) =0 


along a sequence {w,} C D(Q) approximating @ in Dj’?(2). Thus, again by 
Lemma X.2.1, we obtain 
(U-Vw,w) =0 


and (XIIL8.32),, (XIII.8.34) imply @ = 0 ae. in Q. From (XIII8.24), we 
then find 
Wm — 0 strongly in L44/(4-9(Q,), 


which contradicts (XIII.8.23). The validity of (XTII.8.20) is therefore estab- 
lished and (XIII.8.19) furnishes that, for all & € N, there exists a generalized 
solution w,;, 7, to (XIII.8.10) satisfying the estimate 


|we 1,2 + |lwellsq/(3—ayt |wel1.¢ + IlteIle 


(XIII.8.35) 
< c({(vs))1/2,2 + ((U*))1-1/q,4) 


with a constant c independent of k. As a consequence, from {w,, 7} we can 
select a subsequence, denoted again by {w,, 7}, and find a pair {W, 7} obey- 
ing the property (XIII.8.24). Taking into account (XIII.8.25), and reasoning 
as we did to recover (XIII.8.32) we show that {W, 7} is a generalized solution 
to the problem 
ee 
in 


V-w=0 (XIII.8.36) 
w=v, at don 
such that 
w € D14(2) N L34/B-9(Q) MN D1? (2) 
(XIII.8.37) 


mE LU(2). 


However, v, p is also a generalized solution to (XIII.8.36) and by assumption, 
(XTII.8.36), and (XIII.8.37) we conclude that the differences 
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solve the generalized form of (XIII.8.36) with v. = 0. Since w € Dj7(), 
reasoning as we did to show that (XIII.8.33) admits only the identically van- 
ishing generalized solution, we prove w = 0, 7 = const. a.e. in 2. We then 
conclude that 


v € D'4(Q) 1 L3V/ 8-9 (9), for all ¢ € (6/5, 3/2]. (XIII.8.38) 


Since 3q/(3 — q) (> 2) can be chosen as close to 2 as we please by picking 
q(> 6/5) suitably close to 6/5, and since 


Jv Vol-ar < |ll, 
we may assert that 
v- Vu € Dp '4(Q) for all g € (1,3/2| 
and, as a consequence, by Theorem V.3.3 it follows that 


v € D'4(Q) A L3/ 8-9 (Q) for all q € (1,3/2]. (XIII.8.39) 


Since v € D'4(Q), the lemma follows from (XIII.8.39) after application of 
the interpolation inequality (II.2.7). 


Combining Lemma XIII.8.1, Theorem XIII.7.4, and Corollary XIII.7.1, we 
obtain the (first part of the) following result concerning (global) summabil- 
ity properties of generalized solutions to problem (XIII.5.2) in the aperture 
domain 92. 


Theorem XITI.8.1 Let the flux & satisfy the assumption of Theorem XIII.7.4. 
Then any corresponding generalized solution v to (XIII.5.2) that obeys the 
energy inequality (XIII.6.6) enjoys the following summability properties: 


we D'4(Q) nN aoc (e)) for allq € (1, 2]. 


Moreover, denoting by p the pressure field associated to v by Lemma XIII.5.1 
we have 


p—p+ € L*(R4) for alls € (1,3], 


where the constants p+ are defined in Lemma XIII.5.1. 


Proof. We have to show only the summability of p. However, since 


v- Vu € Dp '*(Q) for all s € (1, 3], 


the stated property follows at once from Theorem VI.5.1. 
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XITI.9 Asymptotic Structure of Generalized Solutions 
for Flow in an Aperture Domain 


Using the results on the Stokes problem in the half-space as given in Theorem 
IV.3.2 and Theorem IV.3.3, it is a straightforward exercise to show that every 
generalized solution to problem (XIII.5.2) satisfies the following asymptotic 
properties 

lim D*v(x) =0 


|xz|—+0o 


(XIII.9.1) 
D* (p(x) — p+) = 0, 


|z|00,cER4 


for all ja] > 0; cf. Exercise XTII.9.1. However, nothing can be said about the 
order of decay, unless we put some suitable restriction on the magnitude of 
the flux & of the velocity field through the aperture S. Actually, under the 
hypothesis of Theorem XIII.7.4, it is a relatively simple task to determine 
the precise asymptotic structure of any corresponding generalized solution 
v and of the associated pressure field p. In showing this, we shall follow an 
approach entirely analogous to that employed in similar circumstances for flow 
in exterior domains; cf. Section X.8 and X.6. 

First of all, we need a representation for v. By Theorem XIII.7.4, any 
generalized solution corresponding to “small” @ satisfies the condition 


yu; € L?(2), 1,i=1,2,3, 


and so, by Lemma VI.5.1, it follows that for all z € R% v(x) admits the 
representation 


VIR 


wl) =—2f DiGE 2, y)alu)esluay 


(XIII.9.2) 


2 [ (vi(w) Tu (G*, g#)(a, y)ra(y)doy, 


where G* is the Green’s tensor for the Stokes problem in R%. and g* is the 


associated “pressure” field. Relation (XTII.9.2) is the starting point of our 
asymptotic analysis. Since what we shall say equally applies to R¥ and R#, 
to fix the ideas we shall deal with Ri. Setting, for simplicity, G* = G and 
g* =g, we begin to notice that from (XII.9.2) we derive, in particular, for 
all x € R3 


ee) =F [, PiGulevinur(udy + TalGy.an(00) [ liao, 


= [ [Tin (Gj, 95)(@, y) — Tia (Gj, 9j)(x, 0)] vi(y)ru(y)doy. 
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Recalling the estimates (IV.3.50), from the latter relation, it follows for all 
sufficiently large x € R¥. that 


we) =—2 f DiGij(e, wala) (wd + BiTa(G;,93)(2.0) + vile) 
° (XIII.9.3) 


where 


= Uy je) = x|~3). 9. 
Bux fu, yi(a) = O(|x|-%) (XIIL.9.4) 


Our next objective is to give an asymptotic estimate of the integral term in 
(XIII.9.3). Specifically, we shall show that this term can be split as the sum of 
two terms: the first is proportional to D,G;;(x, 0) and the second is O(|a|~3*°), 
for arbitrary positive 6. To reach this goal, we need some preliminary results. 
For R > r > 6(S) and with the origin of coordinates in the interior of S, we 
set 
Q, = RAN Ba, a=r,R 
QR = QR _ 22, 


N° =R3 —-2, a=r,R 


G(R)= | Vu: Vv. (XIII.9.5) 


We have the following. 


Lemma XIII.9.1 Let the assumptions of Theorem XIII.7.4 be satisfied. 
Then the generalized solution v verifies 


G(R) < cR7! 
with c independent of R. 


Proof. Without loss of generality, we set p, = 0. Multiply (XHI.5.2), by v, 
integrate by parts over Qr,r,, Ri > R, and use (XIIL.5.2),. We thus obtain 


2 
vf vo vo= f ye 2 pen Suen _ (XIIL9.6) 
core OBRUOBR, on 2 


Since, by Theorem XIII.7.4, 
v- pv, vw € L(R3), (XIII.9.7) 
Tr 


letting Ry — oo along a suitable sequence into (XIII.9.6), we find 


2 
»9(R) = f ve oe — pon Son : 
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In view of (XIII.9.7) we have 


GEL'(R,oo), for all R> 6(S), 


and since G’(R) < 0, the result follows from Lemma X.8.1. 


Lemma XIII.9.2 Let the assumptions of Theorem XIII.7.4 be fulfilled. Then 
the generalized solution v satisfies 


v(x) = O(|z|~"), as |x| > 00 in RS. 


Proof. Set |x| = 2R, for R > 6(S). From (XIII.9.3)—(XIII.9.4) and (IV.3.50) 
it follows that 


joel <e| f vw) ay+ f vw) ay +O(|z|-3).  (XIIL9.8) 


79 r | — yl? 


Since, by Theorem XIII.7.4, v € L?(2), we deduce 


2 
: W) dy < ey|a|~2. (XIII.9.9) 
QR |x — y| 


Furthermore, let 6(S) < p/2 < p< R and let ~, be a smooth function in R? 
with 
a) a [HPS 0? 
ew’ Lif |x| > p. 


Extending v(x) by zero for z € R® and applying inequality (II.6.20) to the 
function ~,(x)v(x), we obtain 


2 
; Z OR ae Vu: Vv 
QR |x - y| QR 


with cy independent of R. Thus, from (XTII.9.5) and Lemma XIII.9.1 we 


deduce : 
or |x — yl 


and the lemma follows from this inequality, (XTII.9.8), and (XIII.9.9). 


Lemma XIII.9.3 Let the assumptions of Theorem XIII.7.4 be fulfilled. Then 
the generalized solution v satisfies 


v(x) = O(|z|~*), as |z| > 00 in R3. 
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Proof. From (XIII.9.3)—(XIII.9.4) and (IV.3.50) we see that it is enough to 
show that for large |x| in R? 


Nj (x) = a _ DiGislx, yu (yvily)dy = Ol) (XIIL.9.10) 


holds. From (IV.3.50) it follows, in particular, that 


és c 
|D°Gij(z,y)| < je yer? 0 < |a| < 2, (XIII.9.11) 
and so ; 
IN(2)| < ef vy) (XIII.9.12) 
RS Iz — y| 


We split the region of integration R2 into three subregions Qr, Qr3r, and 
2", where R = |x|/2, and denote by I1, Iz, and 3 the three corresponding 
integrals. Since 
jz] <2|c—y|, for y € Qr, 
we find ; 
= = | pa (XIIL.9.13) 
|" JR 


where, in the last step, we have used the property v € L?(Q); cf. Theorem 
XIII.7.4. Also, 
ly] < 3Ja—y|, for ye 29%, 


2 
hse [ vty) 
Q 


ar |yl? 
Recalling that v € L?(Q), we conclude 


and so 


C2 2 C3 
ar a (XIII.9.14) 


Concerning the estimate for Iz, we have 


2 2 
in =} w+ | oh ay, (XIII.9.15) 
Cr lz —y| By (x) |x — y| 


where 


By Lemma XIIL9.2, 


v(x) = O(|z|~*) (XIII.9.16) 
and so 
7 d 
| Ue) < =| yo (XIII.9.17) 
Bi (2) lz — y| |x| By (2) lz — y| z| 
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Furthermore, again by (XIII.9.16), for any positive 7 we have 


2 1/2+n 
[ PO say < te f MEW 
Oi, = 9 jel/*—" Ja, (Zyl 


and so, employing the Holder inequality, 


2 1/q’ 1/q 
[ eleins a= (fan) (f aso)" 
én =a eRe Jog (e lPs Q 


By Theorem XIII.7.4, it follows that v € L"() for all r > 3/2 and arbitrarily 
close to 3/2. Therefore, the preceding inequality yields 


u(y) C6 
1. tly < os (XIIL.9.18) 


where 6 > 0 is arbitrarily close to zero. Collecting (XIII.9.10), (XIII.9.12)— 
(XIII.9.15), (XIII.9.17), and (XIII.9.18), with the help of (XIII.9.3)—(XIII.9.3) 
we derive 


v(x) = O(|a|~9/2*9), (XIII.9.19) 


With this improved estimate on v we can give an improved estimate of the 
first integral on the right-hand side of (XIII.9.15). Actually, from (XIII.9.19) 


wena 2 (2-46) /(3—28) 
/ v W) ay < =| v ; (y) dy. 
Cr |e — yl IZ? Jo, = |e - | 


Thus, applying the Holder inequality and recalling that v € Z"(2) for all 
r € (3/2, 6] we arrive at 
2 
v 
7 OR 2 
cr le—yl? ~ Ia 


and the proof of the lemma is complete. 


Lemma XIII.9.4 Let the assumptions of Theorem XIII.7.4 be fulfilled. Then 
the generalized solution v satisfies as |x| — oo in R? 


[, iGs(e.w ~ Gs (e,0)] x(uos(u)ay = O(e|-**), 
+ 
with 6 an arbitrary small positive number. 


Proof. We denote by Z the integral we want to estimate and write 


fe | [DiGig(a, y) — DiGig(w,0)] vi (y)vily)dy 
QR 


+/ [DiGi;(x, y) — DiGi; (x, 0)] w(y)vi(y)dy (XIII.9.20) 
Qk 


= Ty + To, 
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where |x| = 2R. From the mean value theorem and (XIII.9.11) we deduce 


|DiGij (x, y) — DiGij(x, 0)| = ly De DiGi; (x, By)| < p= Bu pe (0, )) 
We have 
|x| < 2|¢ — Byl, y € Qp, 
and so 


8c 
nj< 55 wuld 
Iz? Jor 
From Lemma XIII.9.3 and the Holder inequality we find 


Cy , 3/2 
IZal < Tog @nli/* lols. 7>.0 


and since, by Theorem XIII.7.4, we can take q arbitrarily close to 1, we derive 
Lil< 5 XIIL9.21 
[x|8-5 


with 6 > 0 arbitrarily close to zero. Moreover, from (XIII.9.11) it follows that 


Ia) < | DiGas(o, yen(u)oi(s)| dy + |DiGes(2, 0)| | v(y)dy 
QR R 


7 1 
<ef [ . way + | ah. 
ar|x—y| |r|" Jor 
(XIII.9.22) 


Therefore, using the estimate on v given in Lemma XIII.9.3 and then applying 
Lemma II.9.2, we infer that 


2 
| YO) ay < 23 i. | (XIII.9.23) 
2 


a |o— yl? * ~ lal? Js |e — ylPlyl? ~ [als 


Likewise, again from Lemma XIII.9.3 and the property v € L"(2) for all 
r € (3/2, 6], we find for any positive 6 sufficiently close to zero 


v(y)dy < —> | 745 XIIL.9.24 
fan Oo s ar fe = cas 


The lemma then follows from (XTII.9.20)—(XTII.9.24). 


The representation (XIII.9.3)—(XIII.9.4), together with Lemma XIII.9.4, 
allows us to show the following result concerning the asymptotic structure of 
a generalized solution corresponding to a flux of suitably restricted size. 


Theorem XITI.9.1 Let the flux & satisfy the assumption of Theorem XIII.7.4. 
Then any corresponding generalized solution v to problem (XIII.5.2) that 
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obeys the energy inequality (XIII.6.6) admits the following asymptotic repre- 
sentation as |x| > oo, x € R3: 


v;(z) = Aj, DiG5; (a, 0) +B, G (Gj IG )(z,0) + Vj(z), 7 =1,2,3. 
(XIII.9.25) 
Here G* = {Gj;}, 8* = {gj } is the Green’s tensor-solution for the Stokes 


problem in R}. (see (IV.3.46)-(IV.3.49)), GF = (Gi, Gz;, G3;), and 


17? 


di 1 sik 
Ay (= al vy, Br = tf, V; (a) = O(\z|-**), 
RY s 


with 6 an arbitrary positive number. 


Remark XIII.9.1 From (XIII.9.25) and (IV.3.50) we obtain the uniform 
asymptotic estimate for v (see also Lemma XIII.9.3): 


v(x) = O(|2|~?). 


Moreover, comparing (XIII.9.25) with the analogous formula (VI.5.23) ob- 
tained in the linear case, we recognize in (XIII.9.25) the presence of the extra 
terms involving the quantities A;;. Therefore, unlike the case of an exterior 
domain (when vx # 0), the nonlinearities give an explicit contribution to the 
asymptotic expansion. | 


Remark XIII.9.2 Following the methods of Coscia & Patria (1992), one can 
show that the first derivatives of v obey the asymptotic estimate 


D,v(2) = O(|z|~3), as |x| — 00. 


We shall not perform this study here; we refer the reader to Theorem 12 of 
the paper by Coscia & Patria; cf. also Exercise XIII.9.2. | 


The final part of this section is devoted to the proof of an asymptotic 
representation for the pressure field p. As before, we shall show this in Ri, an 
analogous formula holding in R?.. Let yp(x) be a smooth function that equals 
one for |x| > 2R and zero for |x| < R with |Ver| < MR, M independent 
of R. Setting 

w= Rv, T=9R(P— P+), 
with p, p+ introduced in Lemma XIII.5.1, we easily establish that w, 7 satisfy 
the following problem 


vAw=VTt+F 
in Ri 
Viw=g (XIII.9.26) 


w=v at xr3=0 


with 
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F = 2Vor:Vu+ Aprvt yru: Vu + (p— p+): Vor 
(XIII.9.27) 
g=Vor:v. 
Denote, further, by h a solution to the non-homogeneous Stokes problem 
vAh = Vo 
in R? 
V- h= —VerR ‘Vv 
h=0 at v3 = 0. 


(XIII.9.28) 


As we know from Theorem IV.3.2, this problem admits a (unique) solution 
satisfying the estimate 


lhlog + loli <ellVer: vii. for allg>1, (XTII.9.29) 


with a constant c independent of R. Using Theorem XIII.7.4, together with 
the properties of yr, we easily show 


jim ||D°(Vyr)D*v||, =0 for allg>1, and |S, |x|=0,1.  (XIII.9.30) 


Choosing gq = q, < 3 and modifying o by the addition of an appropriate 
constant, from Theorem II.6.3 we find 


llollsq./(3—m) S M11Cla- (XIIL.9.31) 


Thus, from (XIII.9.29) and (XIII.9.31), with the help of Theorem II.9.1, we 
find for all « € R¥ 


lo(z)| <2 (lotta: + lolta2) 92 > 3, 


with y2 independent of R. From this relation, (XTII.9.29), and (XTII.9.30) we 
then conclude 
jim, a(x) =0, for alla eR}. (XIII.9.32) 
Setting 
u=we+h, 


from (XIII.9.26)—(XIII.9.28) we find 
vAu=V1+F 
in R? 
Vveu=0 (XIII.9.33) 


u=v atxr3=0 


with 
1 =T+0. (XIII.9.34) 
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Taking into account that F’ is smooth and of compact support, reasoning as 
in the proof of Lemma VI.5.1(ii) from (XTII.9.33)—(XTI.9.34) we then find for 
all x € R3 
) a ’ 
n(x) = -{ gil, y) Fi(y)dy + wv | al EO® go. (XIII.9.35) 
Ro s x3 
where, for simplicity, we set g = gt. Our objective is to let yr — 1 into 
(XIII.9.35) or, equivalently, R — oo. To this end, we recall that g enjoys the 
uniform estimate 


a C1 
|D°g(z,y)| < Je— yen? la| > 0; (XII.9.36) 


cf. (IV.3.50), (IV.3.51). Therefore, for all z € R¥. we have 


[ _lg@.y) ey) Agr(y)| dy < e2 | wwAvr)l gy 


RS Ba(«) ja— a7 


+f ov) Avalw)| ty 


5 —Ba(«) |a — yl? 


where d < 23. The Holder inequality, with r > 3 and s < 3/2, yields 


1/r’ 
v(yJA i 
| PWMAPRWD) ay < / le — yl?" dy) |Avaelle 
Ba(x) |x _ y| Ba(x) 


1/s 
v(yJAa P 
| PWDAPRWD ay < | lc—yl-"dy) | Avaolle 
R3—Ba(z) |e— yl R 


3 —Ba (x) 
(XIII.9.37) 
and so, in view of (XIII.9.30) from (XIII.9.37) we conclude 
lim g(x,y) v(yJAyr(y)dy = 0. (XTII.9.38) 


R—-0o 3 
RY 


By similar reasonings, which we leave to the reader, we show 


jim | g(z,y)- Vu(y) - Ver(y)dy =0 
— co R3 


Jim, . g(x,y) - Ver(y) (p(y) — p+)(y)dy = 0 


jim f v(u) Voy) -aleventoddy = f vty) Velu) -9(e.a)du 


R-0o Jip3 
RY + 


(XIII.9.39) 
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Collecting (XIII.9.27);, (XIII.9.32), (XIII.9.34), (XIII.9.38), and (XIII.9.39) 
we arrive at the following representation for p 


0 (ag) 
p(x) =r. | giles very) Drei(y)dy +20 f vi(y) BED toy, (XIII.9.40) 
RS s v3 


Using the mean value theorem, together with (XIII.9.36), from (XIII.9.40) we 
find 


Ogi(x,0 “3 
pla) =x — f gile,yda(y)Dros(y)ay + 2° f+ O(e\~*), 
RS U3 s 


(XIII.9.41) 
Our next task is to furnish an estimate of the volume integral Z on the right- 
hand side of (XIII.9.41). To this end, we write 


I= | gs, y(y)Divi(y)dy + / ge, y)en(y)Divi(u)dy. 
R3—-B, (x) By (x) 


Integrating by parts the first integral, we find 


| 


a g(x, y)vi(y)r(y)ru(y)doy + ff, semrule) roy 


Digi(z, y)vi(y)vi(y)dy + } g(x, y)vi(y)ur(y)ni(y)doy 


5 —-Bi(x) 


and so, employing the estimates of Theorem XIII.9.1 and Exercise XIII.9.2 
we deduce that 


Ta=— fi Prsile-wdralyostody + f gula-a)vi(aden(y)malydoy 


+O(|z|~*), as || — oo. 

(XIII.9.42) 
However, from (IV.3.46)3,4 and (IV.3.48)5,6, it follows that g(x, y)| = 0 
for all x € R°. and from (XIII.9.42) we conclude that 


y3=0 


i -{ Digi(a, y)ui(y)vi(y)dy+O(|\x|~*), as |x| > oo. (XIII.9.43) 
R3 —Bi (2) 


Let us denote by Z, the integral in (XIII.9.43). We have 


Ty = Digi(e.0) foe f Drgy(e.4) ~ Drain, 0)] (ade (w)ey 


+ {— Bile) 
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and so, by Theorem XIII.9.1 and (XIII.9.36) we find 


Ty = Digs (e0ase i Dead iuGida 
R} —Bi(2) 
+ O(l2|-4) 
(XIII.9.44) 


where A; is defined in Theorem XIII.9.1. By (XIII.9.36) and the mean value 
theorem we have 


ly| 
|x — By|* 


As a consequence, setting || = 2R, it follows that 


i Digs(,v) — Digi(,0)| v2 (yay < 2, fe ?(y)lyldy. 
Or |r| 


|Digi(z, y) — Digi(x,0)| <e 


Reasoning as in the proof of (XIII.9.21) we then show 
‘ |Digi (x,y) — Digi(a, 0)| v? (y)dy = O(\2|-**°) (XIIL9.45) 
QR 


where 6 > 0 can be taken arbitrarily close to zero. Furthermore, again by 
(XTII.9.36) and Theorem XIII.9.1, we have 


| Dig; (x, 0) If? < ae af, y3/2+95(y)dy = O(\a|~4+°) — (XIIT.9.46) 
and 
J. (Pile udy sf 
QF— Bi (2) Jef ie—viza le ylTYl” — exqt.9.47) 
= O(|x|~**). 


Collecting (XIII.9.41) and (XIII.9.43)—(XTII.9.47) we then obtain the fol- 
lowing result. 


Theorem XIII.9.2 Let the flux @ satisfy the assumption of Theorem XIII.7.4. 
Then the pressure field associated to any generalized solution to (XIII.5.2) 
that obeys the energy inequality (XIII.6.6) admits the following asymptotic 
representation as |x| + oo, x € R? 


p(t) = p4 + Digz (x, 0) Aj + 2v.D3g;" (x, 0) By + P(x) (XTII.9.48) 


where p+ and A;,, B> are defined in Lemma XIII.5.1 and Theorem XIII.9.1, 


respectively, while g* is the vector “pressure field” associated to the Green’s 
tensor for the Stokes problem in the R3 ; see (IV.3.46)—(IV.3.49). Finally, 


P(x) = O(|e|~***), 


with 6 a positive number that can be taken arbitrarily close to zero. 
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Remark XITI.9.3 From (XIII.9.36) and (XIII.9.48) we derive, in particular, 
the following uniform asymptotic estimate 


p(x) — pt = O(|a|~%), |z| 00, we RR. 


Remark XIII.9.4 A consideration similar to that performed in Remark 
XIII.9.1 applies to the representation formula (XIII.9.48). | 


Exercise XIII.9.1 Let v be any generalized solution to problem (XIII.5.2). Show 
that v and the corresponding pressure field p obey the asymptotic conditions (9 .1). 
Hint: Consider (XIII.5.2) as a Stokes problem in R{ with a body force —v- Vv. Then 
apply the estimate of Theorem IV.3.2, Theorem IV.3.3 together with the embedding 
inequalities of Theorem I1.3.4. 


Exercise XITII.9.2 Let the assumptions of Theorem XIII.9.1 be fulfilled. Show that 
the first derivatives of the velocity field v satisfy the following asymptotic estimate. 


Dyv(x) = O(|2|~*), |z| + 00, k= 1,2,3. 


Hint: From the representation formula (XIII.9.3)—(XIII.9.4) we have 
1 
vj (a) == f Gij(e,w)eu(y)Dresy)dy + BTa(G5, 9))(2,0) + vi(0) 
R 
+ 


Differentiate both sides of this relation and argue as in the proof of (X.8.28). Finally, 
use the asymptotic estimates given in (IV.3.50); and in Lemma XIII.9.3. 


Remark XIII.9.5 In the case of a two-dimensional aperture domain, the 
asymptotic structure of any generalized solution v obeying the energy inequal- 
ity and corresponding to small flux & is known if the aperture S is symmetric 
around the axis orthogonal to S, see Galdi, Padula, & Solonnikov (1996); see 
also Nazarov (1996). In such a case, v and the associated pressure p admit 
the following representation for large || 


v(x) = V(e) + O(\2|-!-*) 
p(x) = Px (a) + O(\2|-2-*) 


xéER2, ae€ (0,1), 


where V+, Px is a suitable Jeffery-Hamel solution for the half-plane R4, cor- 
responding to ® (Rosenhead, 1940). Specifically, in a polar coordinate system 
(r, @£) with the origin at x = 0 and @ counted from the positive [respectively, 


negative] x,-axis, we have 


Vi(x) = 9 


P(x) = prs) + const. 
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Here, e,. is the unit vector in the r direction, f+(@) is a symmetric solution to 
a suitable second-order nonlinear ordinary differential problem with 


max {|f(9)|, Lf. (0)|} 


0€ [0,27] 


sufficiently small, and P a known function of f+. a 


XITII.10 Notes for the Chapter 


Section XITI.1. The first, significant contribution to the solvability of Leray’s 
problem is due to Amick (1977, 1978)' who reduced the proof of existence to 
the resolution of a well-known variational problem relating to the stability 
of Poiseuille flow in a pipe; see Remark XIII.3.5. Our definition of general- 
ized solution is essentially taken from his work. However, Amick left out the 
investigation of uniqueness while he examined the asymptotic structure of so- 
lutions only in some particular cases. A rich and detailed analysis of Leray’s 
problem and, more generally, of the problem of flow in domains having outlets 
to infinity of bounded (not necessarily constant) cross sections is due to the St 
Petersburg School. We refer, in particular, to the papers of Ladyzhenskaya & 
Solonnikov (1980), Solonnikov (1983), Kapitanskii (1982), Nazarov & Pileckas 
(1983, 1990), Kapitanskii & Pileckas (1983) and the literature cited therein. 
One of the main features of this approach is, as we already observed, that 
condition (XIII.1.4), is replaced with suitable “growth” assumptions at large 
distances. 

Existence of solutions in two-dimensional, suitably symmetric channels 
with “islands” has been investigated by Morimoto & Fujita (2002). In this 
connection, we refer the reader to the other contributions by the same authors 
provided in the bibliography cited therein, and pertaining to more general flow 
regions, as well as to the review article of Morimoto (2007). 

A different approach to existence (and uniqueness) in a two-dimensional 
infinite channel, based on the theory of semi-Fredholm operators, has been 
taken by Rabier (2002a, 2002b). More precisely, this author shows the exis- 
tence of solutions “around” a Poiseuille flow corresponding to any given flux & 
and to symmetric data, whereas for data that are not necessarily symmetric, 
the same result holds provided 3|®|/(4v)) < 4647. 

The problem of existence and uniqueness of flow in curved pipes has been 
addressed by Galdi & Robertson (2005). 


Section XIII.2. The method used here has been inspired by the work of La- 
dyzhenskaya & Solonnikov (1980). However, all main results, such as Theorem 
XIII.2.1, are due to me. 


' A previous attempt of Ladyzhenskaya, unfortunately, failed, cf. Dokl. Akad. Nauk 
SSSR, 124 (1959) 551-553. 
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Section XITI.3. The methods and results of this section are due to me. 


Section XIII.4. The main results of this section, Theorem XIII.4.1 and 
Corollary XIII.4.1, are due to me. They are obtained by coupling the ideas of 
Horgan & Wheeler (1978) with those of Ladyzhenskaya & Solonnikov (1980). 
In particular, Lemma XIII.4.2 and Lemma XIII.4.3 are special cases of analo- 
gous results of Ladyzhenskaya & Solonnikov. Somewhat weaker estimate can 
be obtained from the work of Horgan (1978) and Ames & Payne (1989). Spa- 
tial decay estimates in outlets with cross sections that reduce to a point at 
large distances have been obtained by Iosif‘jan (1979). 

In the case n = 2, the straight semi-infinite cylinder reduces to the semi- 
infinite channel {x1 € (0,d),x2 > 0}, where the decay of the solution (to the 
appropriate data at infinity) has been shown to be of exponential type, for 
small data at least. It is interesting to observe that if, instead, we consider the 
three-dimensional semi-infinite layer, {a1 € (0,d),v2 € R,23 > 0}, solutions 
only show a power-like decay (for small data), that turns out to be optimal; 
see Pileckas (2002), Nazarov & Pileckas (1999b). 


Section XIII.5. The aperture flow problem was formulated by Heywood 
(1976, 86). To him is due the generalized formulation given in Definition 
XIL.5.1. 

Properties of the pressure field in weighted spaces, analogous to those 
furnished in Lemma XIII.5.1 in L°-spaces, are proved by Borchers, Galdi, & 
Pileckas (1993, Theorem 3.1). 


Section XIII.6. Results of this section are due to me. The idea of exploiting 
the energy inequality in the study of uniqueness is taken from Borchers, Galdi, 
& Pileckas (1993). 


Section XIII.7. Existence of generalized solutions for the aperture flow prob- 
lem was first proved by Heywood (1976, Theorem 17) under the assumption 
of small flux. This restriction was successively removed by Ladyzhenskaya & 
Solonnikov (1977). Other significant results in this direction, in classes of so- 
lutions that are more regular than weak ones at large distances, are due to 
Borchers & Pileckas (1992) and Chang (1993); cf. also Coscia & Patria (1992), 
Chang (1992). In particular, Borchers & Pileckas (1992) prove existence for 
the formulation where the flux condition is replaced by the prescription of the 
pressure drop p; — p_. 

Lemma XIII.7.1 and Theorem XIII.7.4 are due to me. Similar results can 
be found in Borchers & Pileckas (1992) and Borchers, Galdi, & Pileckas (1993). 

There is much literature concerning steady flow in domains with exits 
having unbounded cross sections, more general than aperture domains. In 
addition to the papers already quoted, we wish to mention the work of Pileckas 
(1981, 1984) and Galdi & Sohr (1992). Special regards are deserved by the 
contribution of Amick & Fraenkel (1980); cf.also Amick (1979). Here the 
authors analyze existence and pointwise asymptotic decay of plane flow in 
domains with two outlets 2; of unbounded cross section ¥7;, 7 = 1,2, under 
very general assumptions on the way in which X); may grow at large distances. 
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For instance, (2; can be a symmetric channel of the type 
2; = ee E R? 1 G2 € Si(@1), xr, > o} (*) 


with 
= (—a*, x*), k>0. (4) 


Existence is proved either with small or arbitrary flux, depending on the rate 
at which ©; widens at infinity (that is, in case (*), (**), on the value of k). 
It is interesting to observe that, as expected (cf. Remark VI.4.6), if this rate 
is too slow, the pressure field becomes unbounded at infinity. Such a detailed 
study is made possible since, in the two-dimensional case, it is possible to use 
conformal-mapping techniques. Important questions, however, left out of this 
work are uniqueness and decay order of solutions. 

The problem of existence, uniqueness and asymptotic behavior of solutions 
in domains (2 with m > 2 outlets Q;,7 = 1,...m, whose cross-section becomes 
unbounded in such a way that the Dirichlet integral of the velocity field is 
infinite, has been recently studied and solved in a series of papers by Pileckas 
(1996a, 1996b, 1996c, 1997) and Nazarov & Pileckas (1997), in the particular 
case when each (2; is a body of revolution of the type 


{z ER”: tp > 0, |z'| < gi(tn)}, n=2,3. 


Here g;(2,,) are smooth functions satisfying the following “growth” conditions 


(i) gi(t) = 9o = const. > 0; \gi(t2) = gi(ti)| < M|te = ty| 


dgi dgi 
ii) li = <M 
Me) ae ot Lae 
(iii) | g,  YE-)—4(t)dt < 00, some q > 2; i g, TY (t)dt = oo. 
0 0 


Notice that (iii) implies that the velocity field has an infinite Dirichlet in- 
tegral, see the Introduction to Chapter VI. Moreover, requirements (i) and 
(ii) exclude the case of aperture domains Then, for n = 2, if the total flux 
is sufficiently small one shows the existence of a unique solution and the va- 
lidity of corresponding sharp asymptotic estimates. For n = 3 existence and 
asymptotic decay are shown for arbitrary values of the total flux, provided g; 
satisfies the further conditions 


/ gt! (t)dt = 00 
0 


< y<1, for sufficiently large t. 


4 


dgi 
mot 


As expected, uniqueness only holds for small flux. For detailed result and 
further references, we refer the reader to the review article of Pileckas (1996c). 
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Section XITII.8. The results of this section are due to me. Results similar 
to those proved in Lemma XIII.8.2 are given by Borchers & Pileckas (1992) 
under the following assumption on the velocity field v 


lal’ t*Vu: Vu < oo, for some e > 0. 
2 


Section XIII.9. Asymptotic representation formulas similar to (XIII.9.25) 
and (XIII.9.48) are furnished by Borchers & Pileckas (1992). Results of the 
same type as those showed in Theorem XIJII.9.1 and Theorem XIII.9.2 can be 
derived from Borchers, Galdi, & Pileckas (1993, Theorem 4.1). 

Existence, uniqueness, and asymptotic behavior of solutions to the plane 
aperture domain problem in the case of symmetric aperture have been given, 
independently, by Nazarov (1996) and Galdi, Padula, & Solonnikov (1996). 

Finally, existence, uniqueness, and asymptotic behavior of solutions in 
two-dimensional domains constituted by a semi-infinite channel merging into 
a half-plane, have been addressed by Nazarov, Sequeira, & Videman (2001, 
2002). 


E ’a canzuncella 
d’ ’aruta nuvella, 
guardate, vedite ... fenesce accussi’. 


S. DI GIACOMO, A’ Testa d’Aruta, vv. 42-44 
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counterexample to, 605-606 
Exterior domain, 37 
Generalized Oseen flow in an, 485/ff 


Index 1011 


Navier-Stokes flow in a three- 
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regularity of, 500-501 
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flow 
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Friedrichs, 73 
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Navier-Stokes flow for, 
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asymptotic behavior of, 927 
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regularity of, 904 
uniqueness of, 911, 918 
pressure associated to, 904 
Stokes flow for, 
generalized solutions to, 371 
asymptotic decay of, 379ff 
existence and uniqueness of, 378 
pressure associated to, 371 
regularity of, 372 
Leray—Schauder theorem, 584, 644 
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in bounded domains, 640ff 
in three-dimensional exterior 
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in two-dimensional exterior 
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Minkowski inequality, 42 
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steady-state, 4 
Navier-Stokes flow in aperture domains, 
see also Heywood’s problem, 928 ff 
generalized solutions for, 929 
asymptotic structure of, 965-966 
derivative of, 966 
pressure associated to, 970 
existence of, 945 
global summability properties of, 
951 
pressure field associated to, 929-930 
regularity of, 931 
uniqueness of, 951 
Navier-Stokes flow in bounded domains 
generalized solutions for, 587 
existence of, 
with homogeneous boundary 
data, 596ff 
with nonhomogeneous boundary 
data, 602ff 
non-uniqueness of, 596 
pressure field associated to, 590 
regularity of, 621ff, 636-639 
uniqueness of, 592 
with homogeneous boundary 
data, 602 
with nonhomogeneous boundary 
data, 619 
Navier-Stokes flow in distorted 
channels, see Leray’s problem 
Navier-Stokes flow in three-dimensional 
exterior domains; irrotational case 
generalized solutions for, 654 
asymptotic structure of, 
with vo #0, 709ff 
derivative of, 717 
pressure associated to, 719 
vorticity of, 720 
asymptotic structure of, 
with vo = 0, 726 
derivative of, 724, 726 
pressure associated to, 724, 726 
existence of, 681 
global summability properties of, 
701 
pressure field associated to, 655 
regularity of, 658-659 
uniqueness of, 668ff 
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with v. #0, 709 
with v» = 0, 727 
Navier-Stokes flow in three-dimensional 
exterior domains; rotational case 
generalized solutions for, 763-764 
asymptotic structure of, 
with vo -w £0, 777ff 
derivative of, 787 
pressure associated to, 790 
asymptotic structure of, 
with vo -w = 0, 795ff 
derivative of, 796, 797 
pressure associated to, 796, 797 
existence of, 765 
global summability properties of, 
772 
pressure field associated to, 752, 756 
regularity of, 757 
uniqueness of, 760ff 
with vo-w #0, 777 
with vo-w =0, 796 
Navier-Stokes flow in two-dimensional 
exterior domains, 799ff 
generalized solutions for, 654 
asymptotic structure of, 
with vo. #0, 876 
derivative of, 885 
pressure associated to, 886 
vorticity of, 828-829, 887 
asymptotic structure of, 
with vo = 0, 857 
existence of, 687, 838ff 
global summability properties of, 
857 ff 
non-existence for large data of, 17, 
856 
non-uniqueness of, 805-806 
pressure field associated to, 655 
regularity of, 658-659 
uniqueness of, 803ff 
Non-existence for large data for 
Navier-Stokes flow, 17, 856 
Non-uniqueness for Navier-Stokes flow 
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Neumann problem, generalized, 146ff 
Nirenberg inequality, 51 
generalized 54 
Norm, 29 
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Olmstead—Gautesen drag paradox, 474 
Orthogonal complement, 143 
Oseen flow 
generalized, see generalized Oseen 
flow 
q-generalized solutions for, 420 
asymptotic behavior of, 471, 472 
asymptotic behavior of the vorticity 
of, 475 
existence, uniqueness and estimates 
in R” of, 452, 459 
existence, uniqueness and estimates 
in exterior domains of, 481, 484 
local representation of, 471 
pressure associated to, 421 
regularity of, 422 
representation of, 470 
generalized solutions for, 
three-dimensional; existence of, 425 
two-dimensional; existence of, 465 
uniqueness of, 422ff 
limit of vanishing Reynolds number, 
A87 ff 
time-dependent, see time-dependent 
Oseen flow 
Oseen fundamental solution, 429ff 
three-dimensional, 434—435 
estimates of, 436/f 
two-dimensional, 439-440 
estimates of, 440/f 
n-dimensional; estimates of, 443 
paraboloidal wake region exhibited 
by the, 
three-dimensional, 436 
two-dimensional, 440 
Oseen volume potentials, 444 
time-dependent, 532 
Oseen-Fujita truncated fundamental 
solution, 470 


Paraboloidal wake region 
three-dimensional, 436, 714 
two-dimensional, 440, 881-882 


Paradox 
of Olmstead—Gautesen, 474 
of Stokes, 302, 309, 318, 319, 351ff, 
887 ff 
of Whitehead 417, 732 
within the Oseen approximation, 
419, 474 
Partition of unity, 40 
Perturbation series around Stokes flow, 
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Physically Reasonable (PR) solutions, 
651, 

Plane flow in exterior domains, 14, 
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Poincaré constant, 70 
Poincaré inequality, 69, 70, 71, 75 
generalized, 175, 191 
Poincaré—Sobolev inequality, 75 
Poiseuille solution, 18, 366, 900 
Poiseuille constant, 369 
Poisson integral, 133 
PR solutions, see Physically Reasonable 
solutions 
Pressure field associated to a q-gene- 
ralized solution, 235, 305, 371, 
390, 421, 500, 590, 655, 752, 904, 
929-930 
Problem V-v = f 
in bounded domains, 161ff 
in domains with noncompact 
boundary, 191 ff 
in exterior domains, 188/ff 
in a half-space, 261 
Projection operator Py, 142 


q-generalized solutions 

for generalized Oseen flow, 499 

for Navier-Stokes flow 587, 644 

for Oseen flow 420 

for Stokes flow in bounded domains, 
234 

for Stokes flow, interior estimates, 
266, 270 

for Stokes flow, estimates near the 
boundary, 278 

for Stokes flow in R”; existence and 
uniqueness of, 244 

for Stokes flow in a half-space; 
existence and uniqueness of, 257 
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for Stokes flow in exterior domains, 
341 
asymptotic behavior of, 313, 314 
regularity of, 265, 266, 276, 306, 372 
q-weak solutions, see g-generalized 
solutions 


Regularity of generalized solutions 
see generalized Oseen flow, 
Navier-Stokes flow, Oseen flow, 
Stokes flow 

Regularized distance, 219 

Regularizer, 44 

Representation formulas 

for Navier-Stokes flow in exterior 
domains 
three-dimensional case 692-693 
two-dimensional case 867-868 
for Navier-Stokes flow in aperture 
domains 965-966 
for Oseen flow, 472-473 
local, 471 
for Stokes flow in aperture domains, 
411, 414 
for Stokes flow in bounded domains, 
292, 294 
for Stokes flow in exterior domains, 
315 
local, 312 
for time-dependent Oseen flow, 532 
Reynolds number, 231, 420, 496 
effective, 497 

see also limit of vanishing Reynolds 
number 

Riesz potential, 126 


Scalar potential, 141 
Schauder estimates, 287 
Schmidt orthogonalization procedure, 
425 
Schwarz inequality, 42 
Segment property, 51 
Self-propelled body 352, 364, 653, 703 
Semi-infinite straight channel 
Stokes flow in; estimates in W""’?, 
375 
Stokes flow in; asymptotic decay, 379 
Sequence 
Cauchy, 30 
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weak, 32 
convergent, 29 
weakly convergent 32 
Singular kernel, 129 
Sobolev “cut-off” function, 102 
Sobolev theorem, 128 
Sobolev space, 50 
Space 

Banach, 30 

C*(Q), 35 

C™(2), 35 

C§ (2), 35 

C5° (2), 35 

C*®(2), 36 

D™7(Q), 80 

D™7(Q), 83 

D5" (2), 84 

Dj™ (2) 109 


H,(Q), 142 
Hj(Q), 193 
Hy(2), 193 
L1(Q) 40 

L4,.(2), Lf,.(2), 43 
L7(At), 526 

L™4 (Ay), 526 
w™4(Q), 49 
Wa"? (2), 50 


Ww-™4 (2), Wo (2), 60 
w™-1/49(9Q), 64, 67 
Wrioe’ (22), Wie (Q), 81 
Sobolev, 50 
anisotropic, 55 
homogeneous, 80 
negative, 60 
trace, 64, 67-68 
Star-shaped or star-like 38 
Steady-state Navier-Stokes 
equations, 4 
Steady fall of a body, 653 
Stein theorem 
on extension maps, 58 
on singular transforms in weighted 
spaces, 131 
on regularized distance, 219 


Stokes flow in an aperture domain, see 
also Heywood’s problem, 407 
generalized solutions for, 388 
asymptotic behavior of, 414-415 
existence and uniqueness of, 392, 
407 
pressure associated to, 390 
representation of, 411, 414 
existence and uniqueness in D’?, 
407 
Stokes flow in bounded domains, 231ff 
generalized solutions for, 234 
existence and uniqueness of, 237 
regularity of, 267, 277 
q-generalized solutions for, 234 
estimates of 
in Hélder spaces, 
inW™4, 227 234 
interior, 263/f 
near the boundary, 271ff 
existence and uniqueness of 
in Hélder spaces, 287ff 
inW™ 4, 279ff 
pressure field associated to, 186 
uniqueness of, 228 
maximum modulus theorem for, 298 
Green’s tensor, 288 
estimates for 289 
Stokes flow in channels with unbounded 
cross sections 387/f 
generalized solutions for, 388 
asymptotic behavior of, 393ff 
existence and uniqueness of, 390 
pressure associated to, 390 
Stokes flow in exterior domains, 299ff 
existence and uniqueness in D”’?, 
334-335 
generalized solutions, 304 
asymptotic behavior of, 313, 314 
pressure field associated to, 305 
regularity of, 306 
q-generalized solutions for, 304 
existence and uniqueness of, 341 
Green’s tensor, 349 
estimates for, 350-351 
representation of linear functionals, 
345 
Stokes flow in R”, 238ff 
existence and uniqueness 


in D™?, 243 
of q-generalized solutions, 244 
Stokes flow in R¢, 247/f 
existence and uniqueness 
in D™*4, 256 
of q-generalized solutions, 257 
Green’s tensor, 261-262 
estimates for, 263 
Stokes flow in a semi-infinite straight 
channel 
asymptotic behavior of, 379ff 
estimates in W'%, 374-375 
Stokes flow in an unbounded distorted 
channel, see Leray’s problem 
Stokes flow, transition to 
from Navier-Stokes flow 
in bounded domains, 640ff 
in three-dimensional exterior 
domains, 731 ff 
in two-dimensional exterior 
domains, 887/ff 
from Oseen flow, 487/f 
Stokes fundamental solution, 239-240 
Stokes paradox, 302, 309, 318, 319, 
351 ff, 839, 854, 894 
for generalized solutions, 309 
Stokes potential 
volume, 240 
double-layer in a half-space, 247 
Stokes solution 
past a sphere, 300 
past a cylinder, 302 
Stokes-Fujita truncated fundamental 
solution, 310 
Stream function, 301 
Stretching tensor, 2 
Stress tensor, 2 
Support of a function, 28 
Symmetric flow, 826, 855 


‘Tensor 
stretching, 2 
Cauchy stress, 2 
Time-dependent Oseen flow 
Cauchy problem for 
existence of solutions to, 527, 538, 
540-541 
uniqueness of solutions to, 527, 536, 
539, 540-541 
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representation of solutions to, 532 
Time-dependent Oseen fundamental 
solution, 515-516 
estimates of 
integral, 517/ff 
pointwise, 517 
Total head pressure, 819 
Trace inequalities, 62-64, 68, 122 
Trace of a function, 63-64 
on a bounded boundary, 61ff 
on a bounded portion of the 
boundary, 68 
defined in a half-space, 121 ff 
Trace operator, 64, 67 
Trace space of functions 
from W"’?, 64, 67 
from D?4(R%), 122, 125 
Transition to the Stokes flow 
from Oseen flow, 487ff 
from Navier-Stokes flow, 
in bounded domains, 640/f 
in three-dimensional exterior 
domains, 731 ff 
in two-dimensional exterior 
domains, 887 ff 
Trilinear form, 588 
continuity of, 588, 592, 661, 908 
Troisi inequality, 55 
Truncated fundamental solution 
Oseen-Fujita, 470 
Stokes-Fujita, 310 


Unbounded Dirichlet integral, 20, 367 
Unbounded regions with unbounded 
boundary 
flow in, 17 
Stokes flow in, 365ff 
see also Stokes flow in a half 
space, in semi-infinite channels, 
in channels with unbounded cross 
section, in aperture domains 
Navier-Stokes flow in, 899ff 
see also Heywood’s problem, Leray’s 
problem 
Uniqueness 
see generalized Oseen flow, Navier— 
Stokes flow, Oseen flow, Stokes 
flow 
Unsteady flow, 4 
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Unsteady Oseen flow, 514/f 


Variational formulation, 233, 304, 420, 
586, 653, 751, 903 
Vector potential, 141 
Very weak solution, 297, 644-645 
Viscosity 
infinite limit, see limit of vanishing 
Reynolds number 
kinematic, 4 
Vorticity, 474, 806 
asymptotic behavior of, 475, 720, 
828-829, 887 
see also Navier-Stokes flow, Oseen 
flow 


Wake region 
generalized Oseen flow, 554, 555 
Navier-Stokes flow 
irrotational, three-dimensional 714 


rotational, 749, 777 
two-dimensional, 881—882 
Oseen flow 
three-dimensional, 436 
two-dimensional, 440 
Weak compactness, 32 
Weak convergence, 32 
Weak derivative, 48 
Weak solution, see generalized solution 
Weakly complete, 32 
Weakly divergence free, 155 
Weakly singular kernels, 126 
Weierstrass kernel, 515 
Weighted inequalities, 85-86, 98, 135 
Whitehead paradox, 417, 432 
Wirtinger inequality, 76 


Young inequality 
for convolutions, 125 
for numbers, 42 


